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A new techniques applied to Volterra—Fredholm integral 
equations with discontinuous kernel 

M. E. Nasr 1 and M. A. Abdel-Aty 2 

1,2 Department of Mathematics, Faculty of Science, Benha University, Bcnha 13518, Egypt 
1 Department of Mathematics, Collage of Science and Arts-Gurayat, Jouf University, 

Kingdom of Saudi Arabia 


Abstract 

The purpose of this paper is to establish the general solution of a Volterra,-Fred h olm integral 
equation with discontinuous kernel in a Banach space. Banach’s fixed point theorem is used to 
prove the existence and uniqueness of the solution. By using separation of variables method, the 
problem is reduced to a Volterra integral equations of the second kind with continuous kernel. 
Normality and continuity of the integral operator are also discussed. 

Mathematics Subject Classification(2010): 45L05; 46B45; 65R20. 

Key—Words: Banach space, Volterra-Fredholm integral equation, Separation of variables method. 

1 Introduction 

It is well-known that the integral equations govern many mathematical models of various 
phenomena in physics, economy, biology, engineering, even in mathematics and other fields of 
science. The illustrative examples of such models can be found in the literature, (see, e.g., 
[5,6,9,11,12,14,18,20]). Many problems of mathematical physics, applied mathematics, and 
engineering are reduced to Volterra-Fredholm integral equations, see [1,2]. 

Analytical solutions of integral equations, either do not exist or it’s hard to compute. Eventual 
an exact solution is computable, the required calculations may be tedious, or the resulting 
solution may be difficult to interpret. Due to this, it is required to obtain an efficient numerical 
solution. There are numerous studies in literature concerning the numerical solution of integral 
equations such as [4,8,10,13,16,17,21], 

In this present paper, the existence and uniqueness solution of the Eq. (1) are discussed and 
proved in the space ^(D) x C'[0, T \, 0 < T < 1. Moreover, the normality and continuity of the 
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integral operator are obtained. A numerical method is used to translate the Volterra-Fredholm 
integral equation (1) to a Volterra integral equations of the second kind with continuous kernel, 
The outline of the paper is as follows: Sect. 1 is the introduction; In Sect. 2, the existence 
of a unique solution of the Volterra-Fredholm integral equation is discussed and proved using 
Picard’s method and Banach’s fixed point method. Sect. 3, include the general solution of the 
Volterra-Fredholm integral equation by applying the method of separation of variables. A brief 
conclusion is presented in Sect. 4. 

Consider the following linear Volterra-Fredholm integral equation: 

[ [ $(t,T)k(\x-y\)il>(y,T)dydT-\ I F(t, t)^{x, r)dr = g(x, t), 

Jo Jn Jo (1) 

(x = x(x u x u ,..,x n ), y = y(yi,yi,y n )), 

where fi is a constant, defined the kind of integral equation, A is constant, may be complex 
and has many physical meaning. The function ^(x,t) is unknown in the Banach space 1/2(0) x 
C[0, T], 0 < T < 1, where fi is the domain of integration with respect to position and the 
time t G [0, T\ and it called the potential function of the Volterra-Fredholm integral equation. 
The kernels of time <£>(£, r), F(t,r ) are continuous in (7[0, T\ and the known function g(x,t) is 
continuous in the space L 2 (fi) x C[0,T], 0 < t < T. In addition the kernel of position k(\x — y |) 
is discontinuous function. 


2 The existence of a unique solution of the Volterra- 
Fredholm integral equation 


In this paper, for discussing the existence and uniqueness of the solution of Eq. (1), we 
assume the following conditions: 

(i) The kernel of position k( \x — y\) G L 2 ([fi] x [fi]), x, y G [fi] satisfies the discontinuity 

condition: 

1 

k 2 (|x — y\)dxdy j> = k*, k* is constant. 

(ii) The kernels of time <£>(£, r), F(t,r) G C[0,T] and satisfies |$(£,t)| < M u \F(t,r)\ < 

M 2 , s.t Mi, M 2 are constants, Vf, r G [0, T\. 



(iii) The given function g(x, t ) with its partial derivatives with respect to the position and time 
is continuous in the space L 2 (fi) x C[0, T], 0 < t < T <1 and its norm is defined as, 

rt 


||sOM)|| = max 


o <t<T J 0 


>n 


g 2 (x, t) dx dr = N, N is a constant. 
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Theorem 1. If the conditions (i)-(iii) are satisfied, then Eq. (1) has a unique solution if(x,t) 
in the Banach space L 2 (Q) x (7[0, T\, 0 < T < 1, under the condition, 


1 1 M 1 k* + M 2 T' 

Proof. To prove the existence of a unique solution of Eq. (1) we use the successive approximations 
method ( Picard’s method), or we can used Banach’s fixed point theorem. 

2.1 Picard’s method 

We assume the solution of Eq. (1) takes the form: 

ip(x,t) = lim if n (x,t), 

n—>• oo 

where 

n 

ifn(x,t) = y ^Hj(x,t), te[0,T}, n = 1 , 2 ,... 

i =0 

where the functions Gi(x,t ), i — 0,1,... ,n are continuous functions of the form: 

H n {x, t ) = ip n (x, t ) - ip n -i(x, t ), 

H 0 (x,t ) = g(x,t) 

□ 



Now we should prove the following lemmas: 

Lemma 1. The series ^" =0 Hifx^t) is uniformly convergent to a continuous solution function 

x,t ). 

Proof. We construct the sequences, 

$(t,r)k(\x - y\)if n -i(y,T)dydT + X f F(t,T)if n -i(x,r)dT, 

Jo 

ifo(x,t) = g(x, t). 


gi(j n (x,t) = g(x,t ) + A 



o Jn 


Then, we get 


i>n(x,t) - V’n-lOM) 



$(f, r)k(\x - y\)($ n -i{y, r) - ip n - 2 (y, r))dydr 
F(t, r)(^ n _ i(x, t ) - 2 {x, r))dr. 
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From Eq. (2), then, we have 
H n {x,t ) = j- 


$(t,r)k(\x - y|)if„-i(j/,T)d 2 /dT + |q| f F(t, r)H n ^{x, r)dr; 7 =-, 
0 Jci Jo I 1 



using the properties of the norm, we obtain 


\H n (x,t)\\ < | 7 | 



r)k{\x - y\)H n -i{y, r)dydr 


>0 JCl 

For n — 1, the formula (3) yields 


+ 


F(t,r)H n - 1 (x,r)dr 


( 3 ) 


\Hi(x,t)\\ < | 7 | 



$(f, r)k(\x - y|)i/'o(j/, r)dydr 


0 JCl 


+ 


F(t,r)H 0 (x,T)dT 


by applying Cauchy-Schwarz inequality and using the condition (ii) we get 


|#iOM)|| <|7l^i 


\k(\x — y\)\ 2 dy ) . max 


'ci 


0 <t<T 


\H 0 (y,T)\ 2 dy) dr 


/o \JCl 


+ h\M 2 \\Hq(x, t)|| dr, 


using the conditions (i) and (iii), we have 


\Hi(x,t)\\ < \'y\M 1 k*N+\'y\M 2 N\\t\\, 


( 4 ) 


where max 0 <t<T \t\ = T, so that formula (4) becomes 


\Hi(x,t)\\ < \'y\N(M 1 k* + M 2 T), 


by induction, we get 


Since 


\H n (x,t)\\ < (J n N- (3 = | 'y\(M 1 k* + M 2 T) <1; n= 1,2,.... 


|A|< 


MiA;* + M 2 T’ 

this leads us to say that the sequence ip n (x,t) has a convergent solution. So that, for n —> 00 , 
we have 

OO 

= ^2Hi(x,t). (5) 


i =0 


The above formula represents an inhnite convergence series. □ 

Lemma 2. The function ^ (x,t) of the series (5) represents an unique solution of Eq. (1). 
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Proof. To show that is the only solution of Eq. (1), we assume the existence of another 

solution (p(x,t) of Eq. (1), then we obtain 

l*[il>{x,t) - <p(x,t)} = \[ f $(t,T)k(\x-y\)[if>(y,T)-(p(y,T)]dydT 

Jo Jn 

+ \[ F(t,r)[if(x,T) - (p(x,r)]dT, 

Jo 


which leads us to the following 

IIV’OM) - <p(x,t )|| =| 



<h(f, r)k(\x - y\)(ip(y, r) - (p(y, r))dydr 


o Jn 

t 


+ 


F(t,T)(fj(x,T) - <p(x,T))dT 


by applying the Cauchy-Schwarz inequality and using the conditions (i) and (ii), we get 

H(x,t) - (p(x,t)\\ < \i\M-Lk* [ [ \\1){y,T) - <p{y,T)\\dydT 

Jo Jn 

+ h\M 2 f \\ip{x,T)-(p(x,T)\\dT, 

Jo 

< p\\il>(x,t) - (p{x,t) II, P = \ r y\A / Iik* + |y| M 2 T < 1. 
The formula (6) can be adapted as, 

(! — /?)II - <p(x,t)\\ < 0. 

Since P < 1, so that = (p(x,t), that is the solution is unique. 


( 6 ) 


□ 


2.2 Banach’s fixed point theorem 

When the Picard’s method fails to prove the existence of a unique solution for the homogeneous 
integral equations or for the integral equations of the Erst kind, we must use Banach’s fixed point 
theorem. For this, we write the formula (1) in the integral operator form: 


{Uip)(x,t) = -g(x,t) + (Uil>)(x,t), 

fl 

(Uip)(x,t) = ~ [ f $(t,T)k(\x-y\)il>(y,T)dydT + - f F(t, t)^(x, r)dr. 
I- 1 Jo Jn P Jo 


(7) 


To prove the existence of a unique solution of Eq. (1), using Banach’s fixed point theorem, 
we must prove the normality and continuity of the integral operator (7). 

(a) For the normality, we use Eq. (7) to get 


\\(Uf>)(x,t)\\ = 



r)k(\x - y\)if(y, r)dydr 


o Jn 


+ 


F(t, r)ip(x, r)dr 


h 0. 
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Using the condition (ii), then applying Cauchy-Schwarz inequality, we get 




M 1 

( 

[ |*(l*-y|)l 2 dy) 

1 

A 


V 

1 

Jn J 

F 

h 

m 2 

/ \\Ho(x, r )l dr 
Jo 


o <t<T 


\Ho(y,T)\ 2 dy) dr 


'o \Jn 


using the condition (i), we obtain 

\\(Uijj)(x,t)\\ < 


(M.k* + M 2 T)U(x,t)\\ f 


since 


where 


\\(Uip)(x,t)\\ < /3||^(a:,t)||; 

|A|< 


U = 


(Mik* + M 2 T) < 1, 


Mi k* + M 2 T 

Therefore, the integral operator U has a normality, which leads immediately after using the 
condition (iii) to the normality of the operator U. 

(b) For the continuity, we suppose the two potential functions if)i(x,t) and 'i/j 2 (x,t) i n the 
space L 2 {VL) x C[0, T] are satished Eq. (7), then 

(Ui/> 1 )(x,t) = -g(x,t) + -[ [ ${t,T)k(\x-y\)i/> 1 (y,T)dydT + - f F(t, r)Vq(z, r)dr, 

y y Jo Jn y Jo ^ 

(Uip 2 )(x,t) = -g(x,t) + X [ [ $(t,T)k(\x-y\)'ip 2 (y,r)dydT+ X [ F(t, r)ip 2 (x, r)dr, 

I 1 y Jo Jn I 1 Jo 


Using equations (8), we get 


A 


U[ipi(x,t)-il> 2 (x,t)\=- I / $(t,T)k(\x-y\)[il) 1 (y,T)-il} 2 (y,T)]dydT 

I 1 Jo Jn 

A F 

+ -/ F(t,T)[lj;i(x,T)^l/} 2 (x,T)]dT. 
y Jo 

using the condition (ii) and applying the Cauchy-Schwarz inequality we get , 


\\U[ipi(x,t) -ip 2 (x,t)}\\ < 


M 1 


\k{\x- y\)\ 2 dy 


. max 

0 <t<T 


F ( f _ \ 3 


A 


1 F II 

/ / \My,r)-My,r)\ 2 dy) dr 

+ 


m 2 

y-y 

I 

to 

-T 

Jo \Jn J 


h 


\J 0 II 
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By using the condition (i), the last inequality becomes, 

\\U[i>i(x,t) - ^ 2 {x,t)}\\ < - (MiA:* + M 2 T)\\ijj 1 (x,t) - t/j 2 (x,t)\\, 

/i 

hence, we have 

||C/['0i(x,t) - foix, t)]|| < il> 2 (x,t)\\-, (3= - (Mik* + M 2 T) < 1, (9) 

/' 

with 

l\l < M 

1 1 (Mik* + M 2 T ) ‘ 

Inequality (9) leads us to the continuity of the integral operator U. So that, U is a contraction 
operator. Therefore by Banach’s fixed point theorem, there is an unique fixed point ij)(x,t), 
which is the solution of the linear mixed integral equation (1). 


3 Separation of variables method 

To obtain the general solution of Eq. (1), we do the following: 

For t — 0, the formula (1) becomes 

fj,ip(x,0) = g(x,0). ( 10 ) 

Then, seek the solution of equation (1) in the form: 

OO 

= y^c n (t)7j; n (x), 

n= 1 

in this aim, we write 

i/>(x,t)=i/>o(x,t) + i/>i(x,t), ( 11 ) 

where i/jq( x,t), r ijji(x,t) are called, respectively, the complementary and particularly solution of 
(1). Using Eq. (11) in Eq. (1), we get 


fj,i/) k (x,t) - X / $(t,r)k(\x — y\)i>k(y,T)dydr - X / F(t, T)if; k (x, r)dr = 8 k g(x, t); k = 0,1, 
Jo Jn Jo 

( 12 ) 


also, for Eq. (10), we have 


where, 


^ k (x, 0 ) = S k g(x, 0 ), 


0; k = 0 


1 ; k = 1 
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From the two Eqs. (12), (13), we get 


H[^ k {x,t)-if} k {x, 0)] — A / / ^(t,r)k(\x-y\)if k (y,T)dydr 

Jo Jn 

-A / F(t,T)i> k (x,T)dT = S k [g(x,t) - g(x,0)}. 
Jo 

Now, we can represent the solution of (11) in the series form 

°o 

^k(x,t) = Y ( C 2n (t)i>2n(x) + 4n-l (t)^2n-l (®)) , 
n =1 

where 1 ) 2 n(x), ip 2 n-i(x) are the even and odd functions respectively. 

Using Eq. (15) in Eq. (14), we obtain 


b 


71—1 


E 


( fc )C+T d fc ) 


^2n 


fp2n{x) + p Y ( C 2n-lW “ 45-1 ( 0 )) ^2n-l(^) 


71—1 


OO 


A Jo Jn ^ T ^ X _ V ^ ^ ( C 2 n ( T )^ 2 n(y) + 45-1 (b)J dl/dr 

r-t 00 


- A / F(t, r) ^(r)^ 2 n(^) + c^_ 1 (r)^ 2 n-i(ai)J dr = 5 k [g(x, t ) - ^(x, 1 

n=l V 

Taking k — 0, in Eq. (14), yields 

OO OO 

^Y (45(4 - 45 (°)) ^2n(x) + fJ. Y (45-1 (4 “ 45-1 (°)) ^Jn-lfa) 


71—1 


71 — 1 


- A J J *(t, T)k(\x - s|) E (<S( T )lMi/) + <2-i( r )lfe»-i(»)) dydr 


( 14 ) 


(15) 


(16) 


(17) 


/ t OO 

54 (45( T )^2n04 + 4n-l(^2n-lW) dl/dr = 0. 
n=l 

Theorem 2. (see [3,19]). For a symmetric and positive kernel of Fredholm integral term of Eq. 
(1), the integral operator, 

(Kip n ){x)= / k(\x-yDfin^dy, 

Jn 

through the time interval 0 < t < T < l is compact and self-adjoint operator. So, we may 
write (Ki/j n )(x) = a n ^} n {x), where a n and ip n (x) are the eigenvalues and the eigenfunctions of 
the integral operator, respectively. 
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In view of theorem 2, and Eq. (17), we arrive to the following 

OO OO 

/^54 ( C 2n W - C 2n(°)) $2 n(x) + H 54 ( C 2n-lW “ 4n-l( 0 )) ^2n-l(^) 

n= 1 77.— 1 

/ t oo 

<h(f,r) 54 ^nCsnV)^^) + a 2 r i .-lC2n ) -l( r )^2n-l(^)) dr 

n=l 

/t OO 

r ) 54 (4?( r )V’2nOE) + dydr = 0. 

n=l 


Separating the odd and even terms, we obtain 


4n (t) - 7 / (e*2n$(f, r) + F(f, r))4„ ) (r)dr = (0); 7 = -, 

Y0 P 


4n-i W - 7 / (« 2 n-i$(t, r) + F(t, r))4„ ) _i(r)dr = 4 n _i(0), (19) 

Vo 

the two Eqs. (18) and (19) give the same results for even and odd functions, so it is suffice to 
study the following equation, 


c n\t) - 7 / («n$(t, T) + F(t, r))4 UJ (r)dr = 4 Uj (0); 7 = 7 , 


1®) ('r\r\'r = A°)( 


where Cn\o) is constant will be determined. 
Also, taking k — 1 in formula (16), we obtain 


OO OO 

M 54 ( C 2« (*) “ C 2n (0)) + h J4 ( C 2n-1 W “ C 2n-l( 0 )) ^2n-l(z) 


$(t, t)/c(|x - y\) 54 (c 2 n( r )^ 2 n(?/) + 4n-l( T )^2n-l(j/)) d?/dr 


r f 00 / \ 

X / F (^ r ) 54 ( c 2n( r )^2n(ai) + cJJ.i(r)^n-i(i)) dydr = [^(x,t) - g(x, 1 
„=1 v 7 


Using theorem 2 in Eq. (21), to have 


OO OO 

h 54 ( C 2n (*) ~ C 2n (°)) ^2n(z) + h 54 ( C 2n-l(*) ~ 4n-l(°)) ^2n-l(®) 

77.—1 77.—1 

ft 00 

- X <h(t, r) 54 + a^n-^ra-lM^n-l^)) dr 

n =1 V 

/ t OO 

T ) 54 ( C 2 n( r )^ 2 n 0 r) + 4n-l (r)^ 2 n-l 0*0 ) d^/dr 


5402 B ^ 2 „(*)[ & (x,t) -^(iC,0)], 
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where, 

OO 

1 = £« 2 ^2n(z), 

n= 1 

the formula (22) can be separated to the following equations 


c { 2 n(t) - 7 [ (<* 2 n®{t,T) + F(t,r))c^{r)dr = -a 2n [g(x,t) - g(x, 0)] + c^(0); 7 = -, 

* * (23) 


4n-l (t) ~ 7 / («2n-l $(*, t) + F(t, t) )4n-i ( r ) dr = 4n-l(°)- 


( 1 ) 


.(1) 


Eqs. (20) and (23) represent Volterra integral equations of the second kind that have the same 
continuous kernel <£>(£, r) G (7([0, T] x [0, T]), and each of them has a unique solution in the class 
C'[0, T] the books edited by Linz [15] and Burton [7] contain many different methods to solve 
the integral equations (20) and (23). 

The values of ci°^(0), c^(0) and c^_ 1 (0) can be obtained, we return to the equation (10), and 
we seek the solution of this equation in the form, 


ip(x, 0) = ^c n ( 0)ip n (x). 

71—1 


Hence, in this respect, we write 


ii>(x,t)=i/>o(x,t)+ii>i(x,t), (24) 

where 'ipo(x,t) is a complementary solution while ^i(x,t) is a particularly solution. So, from Eq. 
(10) we write 

fj,ip k (x,0) = S k g(x,0), (25) 

and expand the solution of equation (24) in the form 

OO 

^k(x, 0) = £ (4n (0)^2n(®) + C 2n-l(°)^2n-l(^)) , (26) 

n= 1 

using Eq. (26) in Eq. (25), we obtain 

OO 

{c { 2n(0)lp 2n(x) + 4n-l (°)^2n-l (®)) = %(z,0). (27) 

71 = 1 

If we take k — 0 in Eq. (27), we obtain 

OO 

( C 2 n(°)^ 2 n(^) + 4n-l (0)^2n-l (4>) = 0, 

n=l 


20 


Nasr 11-24 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


equating the odd and even terms in both sides, we get 

c 2n (0) “ 0, 411(0) = 0, 

then , we have 

4 0) (o) = o. 

Taking k — 1 in Eq. (27), we have 

OO 

l^Y ( C 2n(°)^2n(x) + C^_ X (0)^ 2 n-l(^)) = g(x, 0). 

n =1 

Equating both sides of the last equation, we get 

41o) = o, 41i(o) = o, 

so, the last two formulas give us 

<1(0) = 0. 

In view of Eqs. (20) and (23), the general solution of (1) can be adapted in the form 

N 

^N(x,t ) = Y i C n\t) + <£>(*)) l/> n (x), (28) 

n= 1 

where Cn\t) and Cn\t ) must satisfy the inequality 
N 

Y K 0) W + <£>(*) | < e, (N OO, e « 1, 0 < t < T < 1). (29) 

n= 1 

Theorem 3. If, fort G [0, T\, the inequality (29) holds, the series (28) is uniformly convergent 
in the space x C[0,T], N —» oo. Hence the solution of the Volterra-Fredholm integral 

equation (1) can be obtained in a series form of (28). 

Theorem 4. For the given functions g(x,t) G L 2 (fi) xC[0, T], $(f, r) G C([0,T]x[0,T]),k(x,y) G 
C([h2] x [Q]) ? and under the condition (29) , we have 

\\i/)(x, t) — i/)n(x, t)|| —>• 0 as N —> oo, 

where ^(x,t) represents the unique solution of Eq. (1) and the error takes the form: 

E n = II ip(x,t) - ip N (x,t)\\, 


where 


En — y 0 as N —y 1. 
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4 Conclusion and remarks 

From the above results and discussion, the following may be concluded: 

1. Equation (1) has a unique solution ip(x,t) in the space Z/ 2 (D) x C[0,T], under some con¬ 
ditions. 

2. The Volterra-Fredholm integral equation of the second kind, in time and position, after 
using separation of variables method leads to a Volterra integral equations of the second 
kind with continuous kernel. 

3. Solutions of the Volterra integral equations can be obtained by numerical methods. 
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Abstract. Recently Wood-Jang[21] studied some applications of the Choquet integral in 
the trading relationship that Korea shares with selected trading partners. In this study, 
we consider the fuzzy entropy and the Shannon entropy, in addition we also define the 
Choquet entropy on a fuzzy set and develop four fuzzy sets which are related to that of 
the Choquet expected utility CEU(u(a)) for the trade values of utility u from an act a 
on S. Using this data set, we calculate three forms of entropy on four fuzzy sets as in the 
Choquet expeetes utility for the trade values that exist between Korea and four trading 
partner countries. Furthermore, we provide comparisons with three forms of entropy on 
four fuzzy sets which are representative of the four trading partner countries analyzed in 
this study. 


1. Introduction 

Many researchers have studied the Choquet integrals with respect to a fuzzy measure of 
fuzzy sets or interval-valued fuzzy sets and their applications in [2,4-13,19,20,26]. There are 
several examples of such analysis, these include student evaluations, similarity measures, the 
examination of the Choquet expected utility, and various other forms of inequalities. Re¬ 
cently, by using Choquet integrals with respect to a fuzzy measure, Wood-Jang[20,21] studied 
applications of them . These include some applications of the Choquet integral by firstly 
examining the imprecise market premium functions, and then more recently the trade rela¬ 
tionship that Korea shares with selected trading partners. By using fuzzy sets and Choquet 
integrals in [17], studies utilized the concept of Choquet integral expected utility and its re¬ 
lated areas(see[12,13,19,21,26]). Note that Biswas [2] investigated a student’s evaluation on 
the space of fuzzy sets which include data information from the students’ respective classes. 

Our first motivation was to build on our previous efforts by considering three forms of fuzzy 
entropy in [1,3,14,15,18,24,25], the Shannon entropy in [3,21,24,25], and the Choquet entropy 
which we define in this study. From this point of view, we provide a comparative study of three 
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forms of entropy on the level of trade that exists between Korea and four trading partners 
using data obtained from the WTO [23]. Our second motivation for conducting this study, 
was to provide a unique analysis of international trade flows using the Shannon entropy, fuzzy 
entropy, and Choquet entropy techniques. 

In this study, we consider the fuzzy entropy and the Shannon entropy, in addition we 
provide a definition of the Choquet entropy on a fuzzy set and also develop four fuzzy sets 
which are related to the Choquet expected utility CEU{u{a)) for the trade values of utility 
u from an act a on S' for the specified 2-digit HS product codes (01 — 05) for animal product 
exports between Korea and selected trading partners for years 2010-2013 using date obtained 
from the WTO regional trade database[23]. Using this data set, we calculate three forms 
of entropy on four fuzzy sets as in the Choquet expected utility for the trade values that 
exist between Korea and four trading partner countries (New Zealand, USA, India, Turkey). 
Furthermore, we provide comparisons for three forms of entropy on four fuzzy sets for the 
four trading partner countries. 

2. Three forms of entropy on fuzzy sets 

Let X be a finite set of states of nature and F(X) be the set of all fuzzy sets A = 
{(x,m A (x)) | x £ X, m,A —> [0,1] is a function}. Recall that itia is called a membership 
function of A. 


Definition 2.1. ([2,4-13,19,20,26]) 

(1) A real-valued function / x. on X is called a fuzzy measure if it satisfies 

(i) M0) = o, MX) = i, 

(ii) A c B => n(A) < n(B), (1) 

where A , B are subsets of X. 

(2) The Choquet integrals with respect to a fuzzy measure p of A € F(X) is defined by 


m A dp = / p({x £ X\m A {x) > a})da. 


Remark 2.1. Let X = {xi,X 2 ,--- ,x n } be a finite set. It is well known that the discrete 
Choquet integral with respect to a fuzzy measure p is followings. 

P n 

(C) I m A dp = ^2,m A {x(i)) p{E M ) - /x(£ ( * +1) ) , (3) 

i =1 

where (•) indicates a permutation on {1, 2, • • • , n} such that 

m A {x(\)) < m A (X( 2 ) < < m A (x (n ), (4) 

£?(*) = {x € X\m A {x) > m A {x W} for i = 1,2, • • • , n and let E n+1 = 0 (see [4-7,9,10,11,13]). 

By using the Choquet integral, we consider the Choquet expected utility CEU(u(a )) of 
utility u(a) from an act a as follows. Note that in economics, the utility function is an 
important concept that measures preferences over a set of goods and services. Utility is 
measured in units called utils, which represent the welfare or satisfaction of a consumer from 
consuming a certain number of goods. Here, we assume that an act is a function from S to 
X, where S' is a finite set of states of nature. 
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Definition 2.2. ([5]) Let u : X —► [0,1] be a utility and a be an act from S to X. The 
full version of the Choquet expected utility is mentioned above so we can used the CEU 
abbreviation here, with respect to a fuzzy measure /i of utility u from act a is defined by 

CEU(u(a)) = ( C) J u(a(s))d/j,(s). (5) 

Now, we introduce three forms of entropy on a fuzzy set as follows. Firstly, the Shannon 
entropy which was first developed by Shannon [24]. The mathematical communication theory 
has been utilized to measure the fuzziness in a fuzzy set or system [25]. According to Shannon, 
the information source is a person or a device that produces messages, using the average 
minimum amount of information. 

Definition 2.3. ([3,22,24,25]) Let A £ F(X) and X = {xi,x 2 ,--- ,x n } be finite set. The 
Shannon entropy on A is defined by 

n 

Es(A) = - TO A (Xj ) log m A {xj). (6) 

i=1 

Secondly, the fuzzy entropy on a fuzzy set is used to express the mathematical values of 
the fuzziness of fuzzy sets. The concept of entropy, the basic subject of information theory 
and telecommunication, is a measure of fuzziness in fuzzy sets. Luca-Termini [18] note that 
Fuzzy entropy D(A) can be represented by the Shannon function as follows 

n 

D{A) = k ^2 s(m A (xi)), 

where s(x) = —xlogx — (1 — x) log(l — x) is the Shannon function. When we put X — 
{xi,X 2 ,--' ,x n }, we consider the followin fuzzy entropy Ep(A) which is the fuzzy entropy 
D(A) with k = — A 

Definition 2.4. ([1,3,14,15,18,24,25]) Let A £ F(X) and X = {x\,x 2 , • • • , x n } be finite set. 
The fuzzy entropy on A is defined by 

1 " 

E f (A) = -- J~'[m A (x i )logm A (x i ) + (1 - m A (xi)) log(l - m A (xi))]. (7) 

i= 1 

Thirdly, we define the Choquet entropy on a fuzzy set and compare the Choquet entropy 
to another two forms of entropy, this helps to demonstrate the role of the Choquet entropy 
through the trading relationship that exists between Korea and four of its trading partners 
in the next section. 

Definition 2.5. Let A £ F(X) and A be a set. The fuzzy entropy on A is defined by 

E C (A) = 1 -(C) J m A (x)dn(x). 

Note that if X = {xi,x 2 , • • • , x n } is finite set, then we get 

n 

E C {A) = 1 -^2m A {x {i) )[ix{A (i) ) - n(A {i+1) )\, 

where (•) indicates a permutation on {1, 2, • • • , n} such that 

m A (x( i)) < m A {x ( 2 )) < • • • < m A (x( n )) 
and A(j) = i, 2, • • • , n and A(„ +1 ) = 0. 


( 8 ) 

(9) 

( 10 ) 


27 


WOOD 25-33 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


4 JACOB WOOD, LEE-CHAE JANG* 

3. Constructions of four fuzzy sets 


In this section, we create four fuzzy sets, the USA-fuzzy set U, the NZ-fuzzy set N , IN- 
fuzzy set I, TR-fuzzy set T for the CEU of the trade values that exist between Korea and 
four countries. Now, we consider the CEU of a utility on a set of trade values (in USD) 
that represent the trading relationship that Korea shares with selected trading partners(i.e. 
Korea-USA, Korea-New Zealand, Korea-India, and Korea-Turkey). In [21], we examined 
these respective trading relationships by incorporating a clearly defined set of Harmonized 
System (HS) product code categories (i.e. HS Codes i = 1,2,3,4, 5) for each individual year 
that is under review (i.e. 2010,2011,2012,2013). We note that the product code definitions 
have been provided by the UN Comtrade’s online database and the relevant categories are 
defined as follows(see [ 21 ]): 

1. Live animals; animal products. 

2. Meat and edible meat offal. 

3. Fish and crustaceans, mollusks and other aquatic invertebrates. 

4. Dairy produce; birds’ eggs; natural honey; edible products of animal origin, not elsewhere 
specified or included. 

5. Products of animal origin, not elsewhere specified or included. 

Denote that HSPC=HS Product Code, s=Year, a(s)=Trade Value, u(a(s))=the utility 
of a(s), CEU(u(a(s ))=the Choquet Expected Utility of u(a) from a. By using the trade 
values in tables A\ through to A 4 in the Appendix, we calculate the Choquet expected utility 
CEU(u(a)) for the set of trade values (in USD) that represent Korea’s trading relationship 
with a particular country for years 2010, 2011, 2012, and 2013. Let Si = 2010, S 2 = 2011, s 3 = 
2012, S 4 = 2013. Let X = {1, 2,3,4, 5}. Note that (•) indicates a permutation on {1, 2,3,4, 5}, 
such that 


CEU(u(a { i))) < CEU(u(a (2) ) < < CEU(u(a { 5) ). (11) 

Then we denote that au) = a(s^) for i = 1,2,3,4, 5 satisfy the equation (11). We define a 
fuzzy measure /i on X as follows. 

M-E (4) ) = M{a (4 )}) = 0.1, m(^ ( 3) ) = M{a (3 ), a (4) }) = 0.3, 

m (£ (2) ) = ^i({a (2 ),a (3) ,a (4) }) = 0.6, /x(£ (1) ) = /H({a (4 ),a (3 ),a (2 ),o ( i)}) = 1, (12) 

and if a(s) is the trade value of s and u(a) = \/ iooi4i4 ~5T’ then by using Definition 2.3, we 
obtain the following CEU(u(a)) as follows: 

4 

CEU (u(a)) = J2 u ( a ( sii) ))^(E {i) )-(^(E {i+1) )) 

i=1 

= 0.4u(a(s^)) + 0.3u(a(s^)) + 0.2u(a(s^)) + 0.1u(a(s^)). (13) 

By using (5), we obtained the four tables A\ ~ A 4 (see [17]). Ifwetakeroy(i) = CEU(u(a(si))), 
then we develop four fuzzy sets Y : {1,2,3,4, 5} -A [0,1] by Y = {(*, mx{i))\i = 1,2,3,4, 5}. 
Here, Y is one of USA-fuzzy set U, NZ-fuzzy set N, IN-fuzzy set /, and TR-fuzzy set T 
defined by 

U = {(1,0.05664), (2,0.04483), (3,0.93879), (4,0.20821), (5,0.04858)} (14) 

N = {(1,0.00533), (2,0.00000), (3,0.78873), (4,0.15976), (5,0.01557)} (15) 

1 = {(1,0.00154), (2,0.00000), (3,0.04570), (4,0.00000), (5,0.00000)} (16) 

T = {(1,0.00264), (2,0.00887), (3,0.00368), (4,0.00470), (5,0.00000)} (17) 
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4. Calculate three forms of entropy on four fuzzy sets 


In this section, we calculate three forms of entropy on four fuzzy sets U, N, /, T. Note that 
OlogO = 1. Firstly, from ( 6 ) and (14)-(17), we get Shannon entroys Es{U), Es(N), Es(T) on 
four fuzzy sets as follows. 

E S (U) = -(0.05664 log 0.05664+ 0.04483 log 0.04483+ 0.93879 log 0.93879 

+ 0.20821 log 0.20821 + 0.04858 log 0.04858) = 0.83476, ' 


E S (N) = -(0.00533 log 0.00533 + 0.00000 log 0.00000+ 0.78873 log 0.78878 
+ 0.15978 log 0.15978 + 0.01557 log 0.01557) = 0.57291, 

E S (I) = -(0.00154 log 0.00154+ 0.00000 log 0 . 00000 + 0.04570 log 0.04570 
+ 0.00000 log 0.00000 + 0.00000 log 0.00000) = 0.15099, 


E S {T) = -(0.00264 log 0.00264+ 0.00887 log 0.00887+ 0.00368 log 0.00368 

+ 0.00470 log 0.00470 + 0.00000 log 0.00000) = 0.10340. ' " ' ' 

Secondly, from (7) and (14)-(17), we get fuzzy entropys Ep(U), Ep(N), Ep(I), Ep{T) on 
four fuzzy sets as follows. 

E f (U) = — ^(0.05664log0.05664 + (1 - 0.05664) log(l - 0.05664) 
o 

+ 0.04483 log 0.04483 + (1 - 0.04483) log(l - 0.04483) 

+ 0.93879 log 0.93879 + (1 - 0.93879) log(l - 0.93879) ( 22 ) 

+ 0.20821 log 0.20821 + (1 - 0.20821) log(l - 0.20821) 

+ 0.04858 log 0.04858 + (1 - 0.04858) log(l - 0.04858)) = 0.26736, 


Ep(N) = - -(0.00533 log 0.00533 + (1 - 0.00533) log(l - 0.00533) 

5 

+ 0.00000 log 0.00000 + (1 - 0 . 00000 ) log(l - 0 . 00000 ) 

+ 0.78873 log0.78878 + (1 - 0.78873) log(l - 0.78878) ( 23 ) 

+ 0.15978logO.15978 + (1 - 0.15978) log(l - 0.15978) 

+ 0.01557log0.01557 + (1 - 0.01557) log(l - 0.01557)) = 0.21368, 

E f (I) = — ^(0.00154 log0.00154 + (1 - 0.00154) log(l - 0.00154) 

+ 0.00000 log 0.00000 + (1 - 0 . 00000 ) log(l - 0 . 00000 ) 

+ 0.04570 log 0.04570 + (1 - 0.04570) log(l - 0.04570) ( 24 ) 

+ 0.00000 log 0.00000 + (1 - 0 . 00000 ) log(l - 0 . 00000 ) 

+ 0.00000 log 0.00000 + (1 - 0.00000) log(l - 0.00000)) = 0.03834, 

E F (T) = (0.00264log 0.00264 + (1 -0.00264) log(l - 0.00264) 

+ 0.00887 log 0.00887 + (1 - 0.00887) log(l - 0.00887) 

+ 0.00368 log 0.00368 + (1 - 0.00368) log(l - 0.00368) ( 25 ) 

+ 0.00470 log 0.00470 + (1 - 0.00470) log(l - 0.00470) 

+ 0.00000 log 0.00000 + (1 - 0.00000) log(l - 0.00000)) = 0.01447. 
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Thirdly, from (9) and (14)-(17), we get Choquet entropys Eq{U), Ec(N),Ec(I), Eq{T) on 
four fuzzy sets as follows. 

EMU) = 1 - (0.04483 x 0.1 + 0.04858 x 0.1 + 0.05664 x 0.6 

(26) 

+ 0.20821 x 0.1 + 0.93879 x 0.1 ) = 0.536119, v ' 


E C (N) = 1 - (0.00000 x 0.1 + 0.00533 x 0.1 + 0.01557 x 0.6 
+ 0.15976 x 0.1 + 0.78873 x 0.1) = 0.895276, 

E C {I) = 1 - (0.00154 log 0.00154+ 0.00000 log 0.00000+ 0.04570 log 0.04570 
+ 0.00000 log 0.00000 + 0.00000 log 0.00000) = 0.15099, 

E C {T) = 1 - (0.00264 log 0.00264 + 0.00887 log 0.00887 + 0.00368 log 0.00368 
+ 0.00470 log 0.00470 + 0.00000 log 0.00000) = 0.10340. 


(27) 

(28) 
(29) 


Through investigations (18)-(29), we can compare the three forms of entropy on the four fuzzy 
sets U, N, I, T as follows. 

(1) In this study, we found that the Shannon entropy had a range [0,1] and the fuzzy 
entropy had a range [0,0.5] and the Choquet entropy had a range [0.5,1]. 

(2) The Shannon entropy Eg and the fuzzy entropy E F have the same order of four countries 
in the trading relationship that Korea shares with selected trading partner as follows. 


E S (U) > E S (N) > E S (I) > E S {T), 


(30) 


and 


E f {U) > E f {N) > E f (I) > E f (T). 


(31) 


(3) The Choquet entropy has the following order of the trading relationship that Korea 
shares with selected trading partner. 


E C (U) < E f (N) < E f {I) < E f (T). 


(32) 


From (2) and (3), we observe the order in which Choquet entropy was investigated is the 
opposite of the order in the other two forms. 


5. Conclusions 

According to the data analyzed in experiments (27) - (29), we can see that the Shannon 
entropy and the Fuzzy entropy contain the same order of results. However, the results for 
the Choquet entropy were very different to that of the Fuzzy and Shannon entropies, as the 
opposite order of results being obtained. This finding also suggests that the results for the 
Choquet entropy exhibit a much higher level of ambiguity across the four countries (New 
Zealand, India, the US, and Turkey) analyzed, particular those countries that have a smaller 
trading relationship with Korea. 

From an economic perspective, the Shannon and Fuzzy entropies have provided scholars 
with a means of better understanding the scope and magnitude of the potential relationship 
that exists between particular entities, in this case the trading relationship between Korea 
and four trading partners. In an era where the development of stronger bilateral economic 
ties through trade, such an analysis provides a unique but timely portrayal. 

Furthermore, the ambiguities present in the Choquet entropy findings highlight the im¬ 
portant need to carry out additional research. Such efforts would help to establish a clearer 
understanding on the types of trading relationships present between Korea and the four coun¬ 
tries selected for this study. 
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Table Al: The CEU for animal product exports between Korea and the USA for years 

2010-2013 


HSPC 

s 

a{s) (USD) 

u(a(s )) 

CEU( itUS A){.u(a)) 

1 

Si 

286892 = a(s^) 

0.05352 

0.05664 

S2 

330299 = a(s^) 

0.05743 

S3 

358496 = a(s^>) 

0.05983 

S4 

364918 = a(sU)) 

0.06037 

2 

Si 

997539 = s(sW) 

0.09981 

0.04483 

S2 

376805 = a(s^) 

0.06034 

S3 

30005 = a(s^) 

0.01731 

S 4 

272884 = a(sCl) 

0.05220 

3 

Si 

74866073 = a(s^) 

0.86464 

0.93879 

S2 

95654573 = a(s^) 

0.97734 

S3 

100141401 = a(s^) 

1.00000 

S4 

99871717 = a(sW) 

0.99865 

4 

Si 

3722326 = a( s W) 

0.19280 

0.20821 

S2 

4323214 = a(sUl) 

0.20778 

S3 

5016833 = a(sW) 

0.22382 

S 4 

4910771 = a(s^) 

0.22145 

5 

Si 

235669 = a(s ( 2 l) 

0.04851 

0.04858 

S2 

359747 = a(s^>) 

0.05994 

S3 

101795 = fl(sW) 

0.05994 

S 4 

863858 = a(sW) 

0.09088 


Table A2: The CEU for animal product exports between Korea and New Zealand for years 

2010-2013 


HSPC 

s 

a(s)(USD) 

u(a(s)) 

CEU( iiNZ )(u{a)) 

1 

Si 

6650 = a(sO) 

0.00815 

0.00533 

S2 

4497 = a(s^) 

0.00670 

S3 

1589 = a(s^) 

0.00398 

s 4 

2779 = a(s^>) 

0.00527 

2 

Si 

II 

O 

0.00000 

0.00000 

S2 

0 = a(s^) 

0.00000 

S3 

•o' 

II 

O 

0.00000 

S 4 

II 

O 

0.00000 

3 

Si 

70759196 = a(s(' 2 >) 

0.84059 

0.78873 

S2 

91263506 = a(s^) 

0.95464 

S3 

70763937 = a(s^) 

0.84062 

S 4 

46632301 = a(s^) 

0.68240 

4 

Si 

165773 = a(s^) 

0.04069 

0.15976 

S2 

113751 = a(s^) 

0.03370 

S3 

148756 = a(s^) 

0.03854 

S4 

277350 = a(sU)) 

0.05263 

5 

Si 

II 

o 

0.00000 

0.01557 

S2 

II 

O 

0.00000 

S3 

218022 = a(sW) 

0.04666 

S 4 

393025 = a(sU)) 

0.00265 
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Table A3: the CEU for Animal product expert between Korea and India for years 2010-2013 


HSPC 

s 

a(s)(USD) 

u(a(s)) 

CEU(u(a)) 

1 

Si 

1050 = a(s^) 

0.00324 

0.00264 

S2 

1300 = «(#)) 

0.00360 

S3 

450 = a(s^) 

0.00212 

S 4 

700 = a(s^) 

0.00264 

2 

Si 

35432 = a(s^) 

0.01881 

0.00887 

S2 

50639 = a(s w ) 

0.02249 

S3 

2656 = a(sUl) 

0.00515 

S 4 

8230 = a(sCl) 

0.00907 

3 

Si 

8695 = o(s< 4 )) 

0.009318 

0.00368 

S2 

5247 = a(s^) 

0.00724 

S3 

II 

o 

0.00000 

S 4 

1865 = a(s^) 

0.00432 

4 

Si 

""CO 

II 

o 

0.00000 

0.00470 

S2 

21614 = a(s^) 

0.01469 

S3 

30938 = a(s^) 

0.01758 

s 4 

(M 

II 

O 

0.00000 

5 

Si 

II 

O 

0.00000 

0.00000 

S2 

II 

O 

0.00000 

S3 

co 

II 

O 

0.00000 

s 4 

0 = a(s^ 4 )) 

0.00000 


Table A4: The CEU for animal product exports between Korea and Turkey for years 

2010-2013 


HSPC 

s 

a(s)(USD) 

u(a(s)) 

CEU (u(a)) 

1 

Si 

0 = a(s ( P) 

0.00000 

0.00154 

S2 

6900 = a(sW) 

0.00830 

S3 

150 = a(s (2 l) 

0.00122 

S 4 

300 = a(sCl) 

0.00173 

2 

Si 

0 = a(s ( P) 

0.00000 

0.00000 

S2 

0 = a(sd) 

0.00000 

S3 

0 = a(s ( - 3 l) 

0.00000 

s 4 

0 = a(sUl) 

0.00000 

3 

Si 

0 = a(s^) 

0.00000 

0.04570 

S2 

672952 = a(s^) 

0.08198 

S3 

2532837 = a(s w ) 

0.15904 

s 4 

199874 = a(s^) 

0.04468 

4 

Si 

0 = a(s (1) ) 

0.00000 

0.00000 

S2 

0 = a(s t2 l) 

0.00000 

S3 

0 = a(s^>) 

0.00000 

s 4 

0 = a(s w ) 

0.00000 

5 

Si 

0 = a(s^) 

0.00000 

0.00000 

S2 

0 = a(s t2 l) 

0.00000 

S3 

0 = a(s (J> ) 

0.00000 

s 4 

0 = a(sl 4 l) 

0.00000 
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QUADRATIC FUNCTIONAL INEQUALITY IN MODULAR 
SPACES AND ITS STABILITY 

CHANG IL KIM AND GILJUN HAN* 


Abstract. In this paper, we prove the generalized Hyers-Ulam stability for 
the following functional inequality 

p{f(x+y)+f(x-y)-2f(x)-2f(y)) > p(k[f(ax+by)+f(ax-by)-2a 2 f(x)-2b 2 f(y)]) 
in modular spaces without A 2 -conditions. 


1. Introduction and preliminaries 

In 1940, Ulam proposed the following stability problem (cf. [16]): 

“Let Gi be a group and G 2 a metric group with the metric d. Given a constant 
6 > 0, does there exist a constant c > 0 such that if a mapping f : G 1 —>■ 
G 2 satisfies d(f(xy),f(x)f(y)) < c for all x,y € G 1 , then there exists a unique 
homomorphism h : G\ —> G 2 with d(f(x), h(x)) < 5 for all x € Gi?” 

In the next year, Hyers [4] gave the first affirmative partial answer to the ques¬ 
tion of Ulam for Banach spaces. Hyers’ theorem was generalized by Aoki [2] for 
additive mappings and by Rassias [13] for linear mappings by considering an un¬ 
bounded Cauchy difference, the latter of which has influenced many developments 
in the stability theory. This area is then referred to as the generalized Hyers-Ulam 
stability. A generalization of the Rassias’ theorem was obtained by Gavruta [3] 
by replasing the unbounded Cauchy difference by a general control function in the 
spirit of Rassias’ approach. 

A problem that mathematicians has dealt with is ”how to generalize the classical 
function space L pv . A first attempt was made by Birnhaum and Orlicz in 1931. The 
more abstract generalization was given by Nakano [11] in 1950 based on replacing 
the particular integral form of the functional by an abstract one that satisfies some 
good properties. This functional was called modular ( [1], [6], [7], [8], [9], [12], [15], 
[18]). This idea was refined and generalized by Musielak and Orlicz [10] in 1959. 

Recently, Sadeghi [14] presented a fixed point method to prove the general¬ 
ized Hyers-Ulam stability of functional equations in modular spaces with the A 2 - 
condition and Wongkum, Chaipunya, and Kumam [17] proved the fixed point theo¬ 
rem and the generalized Hyers-Ulam stability for quadratic mappings in a modular 
space whose modular is convex, lower semi-continuous but do not satisfy the A 2 - 
condition. 


2010 Mathematics Subject Classification. 39B52, 39B72, 47H09. 

Key words and phrases. Fixed point theorem, Hyers-Ulam stability, modular spaces. 
* Corresponding author. 
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In this paper, we prove the generalized Hyers-Ulam stability for the following 
quadratic functional equation 

P(f(x + y) + f(x -y)- 2f(x) - 2f(y)) 

> p(k[f(ax + by) + f(ax - by) - 2 a 2 f{x) - 2 b 2 f(y)]) 

in modular spaces without A 2 -conditions by using a fixed point theorem. 

Definition 1.1. Let X be a vector space over a field K(R, C, or N). 

(1) A generalized functional p : X —> [0, oo] is called a modular if 
(Ml) p(x) = 0 if and only if x = 0 , 

(M2) p[ax) = p(x) for every scalar a with |a| = 1, and 

(M3) p(z) < p(x) + p(y) whenever 2 is a convex combination of x and y. 

(2) If (M3) is replaced by 

(M4) p(ax + fly ) < ap{x) + /3p(y) 

for all x,y £ V and for all nonnegative real numbers a, j3 with a + (3 = 1, then we 
say that p is convex. 

For any modular p on X, the modular space X p is defined by 
X p = {x £ X | p(\x) —> 0 as A —> 0} 

and the modular space X p can be equipped with a norm called the Luxemburg 
norm, defined by 

\\x\\ p = inf |A > 0 | pQ) < l}. 

Let X p be a modular space and {x n } a sequence in X p . Then (i) {£„} is called 
p-Cauchy if for any e > 0, one has p(x n — x m ) < e for sufficiently large m,n £ N, 

(ii) {x n } is called p-convergent to a point x £ X p if p(x n — x) —> 0 as n —> oo, and 

(iii) a subset K of X p is called p-complete if each p-Cauchy sequence is p-convergent 
to a point in K . 

A modular space X p is said to satisfy the A 2 - condition if there exists k > 2 such 
that X p (2x) < kXp(x) for all x £ X. 

Example 1.2. ([9], [11], [12]) A convex function £ defined on the interval [0, oo), 
nondecreasing and continuous, such that £( 0 ) = 0 , £(a) > 0 for a > 0 , £(a) —> oo 
as a -A oo, is called an Orlicz function. Let (0, E, p) be a measure space and L°(p) 
the set of all measurable real valued (or complex valued) functions on Cl. Deine the 
Orlicz modular p ? on L°(p) by the formula pg(f) = f n ((\f\)dp. The associated 
modular space with respect to this modular is called an Orlicz space, and will be 
denoted by (Zb, Cl, p) or briefly Ifi. In other words, 

= {/ £ L°(p ) | p c (A/) < oo for some A > 0}. 

It is known that the Orlicz space iA is p^-complete. Moreover, (iA, || • || PC ) is a 
Banach space, where the Luxemburg norm || • L is defined as follows 

\\f\\ P( =inf{A>0 | J t(^)dp<l}. 

Further, if p is the Lebesgue measure on R and £(f) = e* — 1, then p^ does not 
satisfy the A 2 -condition. 
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For a modular space X p , a nonempty subset C of X p , and a mapping T : C —> 
C, the orbit of T at x € C is the set 

O(o;) = {x, Tx, T 2 x, ■ • •}. 

If S p (x) = sup{p(it — v) | u,v € ©(&)} < oo, then one says that T has a bounded 
orbit at x. 

Lemma 1.3. [5] Let X p be a modular space whose induced modular is lower semi- 
continuous and let C C X p be a p-complete subset. If T : C —> C is a p- 
contraction, that is, there is a constant L £ [0,1) such that 

p(Tx - Ty) < Lp(x -y), Vx,y£C 

and T has a bounded orbit at a point Xq £ C, then the sequence {T n x o} is p- 
convergent to a point w £ C. 

For any modular p on X and any linear space V, we define a set M 

M := {g : V —► | «?(0) = 0} 

and the generalized function p on M by for each jgM, 

p(g) := inf{c > 0 | p(g{x)) < cip(x,0), \/x £ V}, 

where : V 2 —> [0, oo) is a mapping. The proof of the following lemma is similar 
to the proof of Lemma 10 in [17]. 

Lemma 1.4. Let V be a linear space, X p a p-complete modular space where p is 
convex lower semi-continuous and f : V —> X p a mapping with /(0) = 0. Let 
if) : V 2 —> [ 0 , oo) be a mapping such that 

(1.2) ip{ax,ax) < a 2 Ltp(x,x) 

for all x,y £ V and some a and L with a > 2 and 0 < L < 1. Then we have the 
following : 

(1) M is a linear space, 

(2) p is a convex modular, and 

(3) Mp = M and Mp is p-complete, and 

(4) p is lower semi-continuous. 

2. Solutions of (1.1) 

In this section, we consider solutions of (1.1). 

For any / : V —» X p , let 

Af(x,y) = k[f(ax + by) + f(ax - by) - 2a 2 f(x) - 2 b 2 f(y)\ 

and 

Bf(x, y) = f(x + y) + f(x - y) - 2f(x) - 2f(y). 

Lemma 2.1. Let p be a convex modular on X and f : V —> X p an even mapping 
with /(0) = 0. Suppose that ka 2 > 1 and b 2 > a 2 . Then f is a quadratic mapping 
if and only if f is a solution of (1.1). 
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Proof. Since k ^ 0 and / is even, we have 

( 2 . 1 ) f(ax ) = a 2 f(x), f(bx) = b 2 f(x) 

for all x £ V. Putting y = ay in (1.1), by (2.1), we have 

p(f(x + ay) + f(x - ay) - 2 f(x) - 2a 2 f{y)) 

> p(ka 2 [f(x + by) + f(x - by) - 2 f(x) - 2b 2 f(y)}) 
for all x,y € V and letting y = - in ( 2 . 2 ), by ( 2 . 1 ), we have 

(2.3) p(B f (x, y)) > p{ka 2 [f(x + py) + f(x - py) - 2f(x) - 2p 2 f{y)]) 
for all x,y € V, where p = K Since p is convex and ka 2 > 1, by (2.3), 

(2.4) p(B f {x, y)) > ka 2 p{f(x + py) + f(x - py) - 2f(x) - 2 p 2 f(y)) 
for all x,y £ V. Letting x = py in (2.3), by (2.1), we have 

Pifipx + V) + f(px -l /) - 2 P 2 f{x) - 2f(y)) 

> kb 2 p{f(x + y) + f(x -y)- 2f(x) - 2 f(y)) 

for all x, y £ V, because p is convex and b 2 > a 2 . Interchanging x and y in (2.5), 
we have 


( 2 . 6 ) p(f(x+py) + f(x-py) - 2f(x) - 2 p 2 f(y)) > kb 2 p{B f (x , y)) 
for all x,y £ V. By (M4), (2.4), and (2.6), we have 

P{f{x + py) + f(x - py) - 2f(x) - 2p 2 f{y)) 

> k 2 a 2 b 2 p(f(x + py) + f(x - py) - 2f(x) - 2 p 2 f{y)) 
for all x,y £ V. Since k 2 a 2 b 2 > 1, by (2.7) and (Ml), we get 

f(x + py) + f(x - py) - 2 f(x) - 2p 2 .f{y) = 0 
for all x, y £ V and hence f is a quadratic mapping. The converse is trivial. □ 


Theorem 2.2. Let p be a convex modular on X and f : V — > X p a mapping with 
/(0) = 0. Suppose that ka 2 > 2 and b 2 > a 2 . Then f is a quadratic mapping if and 
only if f is a solution of (1-1). 

Proof. By (1.1), we have 

P( A fo(x,y)) < ^p(A f (x,y )) + ^p(A f (-x,-y)) 

( 2 - 8 ) < \p{B f {x , y )) + ^p(B f (-x, -y)) 

< \p( 2B fo {x,y)) + ^p(2B fe (x,y)) 
for all x, y £ V and similarly, we have 


(2-9) p(A fc {x, y)) < ^p{2B fo (x, y)) + ^p(2B fe (x, y)) 

for all x,y £ V. Letting x = 0 in (2.8), by (M4), we have 

i ;-/,2 

( 2 . 10 ) -p(4fo(y)) > p(2kb 2 f 0 (y)) > —p(df 0 (y)) 
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for all y GV, because p is convex and kb 2 > 2. Since kb 2 > 1, by (2.10) and (Ml), 
we have f 0 (y) = 0 for all y G V and hence by (2.9), we have 

(2-11) p(A fe {.x , y )) < p{2B fe (, x , y)) 

for all x, y G V. Since ka 2 > 2 and b 2 > a 2 , by Lemma 2.1 and (2.11), 2 f e is a 
quadratic mapping and since f 0 {x) = 0 for all x G X, f is a quadratic mapping. □ 

For k = 1 in Theorem 2.2, we have the following corollary: 

Corollary 2.3. Let p be a convex modular on X and f : V —> X p a mapping with 
/(0) = 0. Suppose that b 2 > a 2 > 2. The f is quadratic if and only if 

p(B f (x, y)) > p(f(ax + by) + f(ax - by) - 2 a 2 f(x) - 2b 2 f(y)) 
for all x, y G V. 

Corollary 2.4. Let p be a convex modular on X and f : V —> X p a mapping with. 
/(0) = 0. Suppose that ka 2 > 2 and b 2 > a 2 . Then the following are equivalent 

(1) / is quadratic, 

(2) / satisfies (1.1), and 

(3) / satisfies the following 

P(rBf{x, y)) > p(rAf(x,y)) 
for all x, y G V and all real number r. 

3. The generalized Hyers-Ulam stability for (1.1) in modular spaces 

Throughout this section, we assume that every modular is convex and lower semi- 
continuous. In this section, we will prove the generalized Hyers-Ulam stability for 

(1.1). 

Lemma 3.1. Let p be a convex modular on X and t a real number with 2 < t. 
Then 

p i\ x + \ + 

for all x, y G X. 

Proof. Since p is a convex modular on X , we have 

Kr+ s u (i) +0 - (Mru 9 ) s \* x)+ 

for all x, y G X, because 2 < t. □ 

Theorem 3.2. Let p be a modular onX,V a linear space, X p a p-complete modular 
space and f : V —► X p a mapping with /(0) = 0. Suppose that a > 2, k > a 2 , and 
b 2 > a 2 . Let <f> : V 2 —> [0, oo) be a mapping such that 

(3.1) (f(ax,ay) < a 2 L(f>(x,y) 
for all x, y G V and some L with 0 < L < 1 and 

(3.2) p(rAf(x, y)) < p{rB f (x, y)) + \r\(j>(x, y) 

for all x, y G V and all real number r. Then there exists a unique quadratic mapping 
Q : V —> X p such that 

(3-3) p(Q(x) - !/(*)) < 0) 

for all x G V. 
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Proof. By Lemma 1.4, p is a lower semi-continuous convex modular on Mp, Mp = 

M, and Mp is p-complete. Define T : Mp —>• Mp by Tg(x) = -^g(ax) for all 

g € Mp and all x G V. Let g, h £ Mp. Suppose that p{g — h) < c for some 
nonnegative real number c. Then by (3.1), we have 

p(Tg{x) — Th(x)) < —p{g{ax) — h(ax)) < Lc(f>(x, 0) 

for all x £ V and so p(Tg — Th) < Lp(g — h ). Hence T is a p-contraction. Since 
2k > 1, by (3.2), for r = 1, we get 

(3.4) p(.f(ax) - a 2 f{x) s j < p{2kf(ax ) - 2 ka 2 f(x)) < ^>(z, 0) 

for all x G X. Since a > 2, by (3.4), 

(3.5) p{Tf(x)-f(x)) = p^f(ax)-f(x) S j < ^p(f(ax)-a 2 f(x )) < 
for all x £ X. 

Now, we claim that T has a bounded orbit at f. By Lemma 3.1 and (3.5), for 
any nonnegative integer n, we obtain 

p(-T n f{x) - -f(x)) < -p(T n f{x) - -\f(axj) + -p(^f(ax) - f(x )) 

\a a / a V a z / a \a z / 

< ~2P{~ Tn ~ l ^ aX ^ ~ ~/( aa: )) + 9 ^ 3 ^’°) 
for all x £ V and by (3.1), we have 


ill n ~ 1 1 

(3.6) p(-TV(x) - -/(*)) <—, g L‘<Kx, 0) < 2fa , 3(1 _ L / (». 

for all x £ V and all hGN. By Lemma 3.1 and (3.6), we get 

( 3 - 7 ) 

p(^T"/(*) - ^T m f{x)) = p(^r*/ 0 x) - ^T m f(x)) < ' 


ka 4 ( 1 — L) 


0 ) 


<t>(x, 0 ) 


for all x £ V and all nonnegative integers n, m. Hence T has a bounded orbit at 

hf- 

By Lemma 1.3, there is a Q £ Mp such that {T n X /} is p-convergent to Q. Since 
p is lower semi-continuous, we get 


0 < p(TQ - Q) < liminf pfTQ - T n+l 0 f) < liminf Lp(Q ~T n -^f) = 0 

n—¥oo \ a z / n—too \ a z / 

and hence Q is a fixed point of T in Mp. Since a > 2, there is a a natural number 
t. with k < a 4 ^ 6 and 2 kb 2 < a 4-3 and hence we have 

pQp [ A Q^ y) ~ -Jxyi A fK x , a n V )]) 


< 


,p(Q{ax + by) - a ^f(a n+1 x + a n by )) + ^ P (q(x) - a ^/(a n z)) 


a L 
2 kb 2 


+ M - a 2iiT2 f( aU+lx ~ «”M) + -^-p(Q(y) - a 2n+2 f( an y)) 

for all x, y £ V and all bGN. Letting n —> oo in the above inequality, we get 

If., , 1 


(3.8) 


lim p(—\^Q{x,y) - ^p^A f (a n x,a n y) 
n— >oo \a z L a zn ' z 


= 0 
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for all x,y £ V, because { a 2,i+2 /} is p-convergent to Q. Similarly, we have 

( 3 - 9 ) =o 

for all x,y € V. Since a 2 < k , by (3.2), we have 

P (kch AQ{x ' y) ) 

~ “ ^2^/(a n *,o n |/)]) + %( a 2 n i^4^/(a"*,« n y)) 

- a^^ /(a " X,a " y) ]) + a P (a^^ B/(a " a;,6 " y) ) 

+ a 2nir5^( a " a: ’ a ^) 

- " ^iS+2 y) ) 

1 / 1 r 1 -I \ L n 

+ [^+2 ^ ) + ^+5 ^(*« ») 

for all x,y £ V and all n £ N. Letting n -£ oo in the last inequality, by (3.8) and 
(3.9), we get 

for all x,y £ V. By Corollary 2.3, Q is a quadratic mapping. Moreover, since p is 
lower semi-continuous, by (3.7), we have (3.3). □ 

Corollary 3.3. Let X and Y be normed spaces and e, 9, and p real numbers with 
e > 0, 9 > 0, and 0 < p < 1. Suppose that a > 2, k > a 2 , and b 2 > a 2 . Let 
f : X —> Y be a mapping such that /(0) = 0 and 

\\A f (x, y)|| < \\B f (x, y)\\+e + 9(\\xf* + \\y\\ 2p + \\x\\* Ibf) 
for all x, y £ X. Then there is a quadratic mapping Q : X —> Y such that 

\\Q{x)-f(x)\\< k{a2 1 _ a2p) {e + 9\\x\\^) 

for all x £ X. 

Proof. Let p(z) = ||z|| for all y £ Y and 4>{x,y) = e + d(||:r|| 2p + ||y|| 2p + ||a;|| p ||y|| p ) 
for all x,y £ V. Then p is a convex modular on a normed space Y,Y = Y p , and 
< f>(ax,ay) < a 2p (/)(x,y) for all x,y £ V. By Theorem 3.2, we have the results. □ 

Using Example 1.1, we get the following example. 

Example 3.4. Let #, and p be real numbers with 9 > 0 and 0 < p < 1. Suppose 
that a > 2, k > a 2 , and b 2 > a 2 . Let £ be an Orlicz function and L the Orlicz 
space. Let / : V — L be a mapping such that /(0) =0 and 

[ C {rA f (x,y))dp< f C(rB f (x,y))dp + \r\9(\\x\\ 2p + \\y\\ 2p + \\x\\ p \\y\\ p ) 

Jn Jn 

for all x,y £ X and all real number r. Then there is a quadratic mapping Q : 
X —> Y such that 



for all x £ X. 


40 


CHANG IL KIM 34-41 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1,2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


8 CHANGIL KIM AND GILJUN HAN 

References 

[1] I. Amemiya, On the representation of complemented modular lattices, J. Math. Soc. Japan. 
9(1957), 263-279. 

[2] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan 
2(1950), 64-66. 

[3] P. Gavruta, A generalization of the Hyer-Ulam-Rassias stability of approximately additive 
mappings, J. Math. Anal. Appl. 184(1994), 431-436. 

[4] D. H. Hyers, On the stability of the linear functional equation, Proc. Nat. Acad. Sci. 27(1941), 
222-224. 

[5] M. A. Khamsi, Quasicontraction mappings in modular spaces without A 2 -condition, Fixed 
Point Theory and Applications, 2008(2008), 1-6. 

[6] S. Koshi and T. Shimogaki, On F-norms of quasi-modular spaces, J. Fac. Sci., Hokkaido 
Univ., Ser. 1 15(1961), 202-218. 

[7] W. A. Luxemburg, Banach function spaces. Ph.D. Thesis, Technische Hogeschool te Delft, 
Netherlands, 1955. 

[8] B. Mazur, Modular curves and the Eisenstein ideal. Publ. Math. IHS 47(1977), 33-186. 

[9] J. Musielak, Orlicz Spaces and Modular Spaces. Lecture Notes in Mathematics, Springer- 
Verlag, Berlin, 1983. 

[10] J. Musielak and W. Orlicz, On modular spaces, Studia Mathematica, 18(1959), 49-65. 

[11] H. Nakano, Modular semi-ordered spaces, Tokyo, Japan, 1950. 

[12] W. Orlicz, Collected Papers, vols. I, II. PWN, Warszawa 1988. 

[13] Th. M. Rassias, On the stability of the linear mapping in Banach sapces, Proc. Amer. Math. 
Sco. 72(1978), 297-300. 

[14] G. Sadeghi, A fixed point approach to stability of functional equations in modular spaces, 
Bulletin of the Malaysian Mathematical Sciences Society, 37(2014), 333-344. 

[15] Ph. Turpin, Fubini inequalities and bounded multiplier property in generalized modular 
spaces, Comment. Math. 1(1978), 331-353. 

[16] S. M. Ulam, Problems in Modern Mathematics, Wiley, New York, 1964. 

[17] K. Wongkum, P. Chaipunya, and P. Kumam, On the generalized Ulam-Hyers-Rassias stability 
of quadratic mappings in modular spaces without A 2 -conditions, 2015(2015), 1-6. 

[18] S. Yamamuro, On conjugate spaces of Nakano spaces, Trans. Am. Math. Soc. 90(1959), 
291-311. 

Department of Mathematics Education, Dankook University, 152, Jukjeon-ro, Suji- 

gu, Yongin-si, Gyeonggi-do, 16890, Korea 
E-mail address: kci206@hanmail.net 

Department of Mathematics Education, Dankook University, 152, Jukjeon-ro, Suji- 

gu, Yongin-si, Gyeonggi-do, 16890, Korea 
E-mail address: gilhan@dankook.ac.kr 


41 


CHANG IL KIM 34-41 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


Complex Multivariate Taylor’s formula 

George A. Anastassiou 
Department of Mathematical Sciences 
University of Memphis 
Memphis, TN 38152, U.S.A. 
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Abstract 

We derive here a Taylor’s formula with integral remainder in the sev¬ 
eral complex variables and we estimate its remainder. 

2010 Mathematics Subject Classification : 32A05, 32A10, 32A99. 

Key Words and phrases: Taylor’s formula in several complex variables, re¬ 
mainder estimation. 

1 Main Results 

We need the following vector Taylor’s formula: 

Theorem 1 (Shilov, [3], pp. 93-94) Let n £ N and f € C n ([a, b\, X), where 
[a, b] C R. and (V, ||-||) is a Banach space. Then 

Tl 1 /j \i, nf) 

f(b) = f (a) + £ [ -^-f® (a) + j——- / (6 - x) n ~ x /<") (*) dx. ( 1 ) 
i=1 *• \ n L J- Ja 

The remainder here is the Riemann X-valued integral (defined similar to nu¬ 
merical one) given by 

Qn- 1 = 7 —jT 7 f (b-x)^ 1 f (n) (x)dx, ( 2 ) 

{n- 1 )! J a 

with the property: 

WQn- 1 || < max f (n) {x) ICML. ( 3 ) 

a<x<b n\ 

The derivatives above are defined similar to the numerical ones. We make 

Remark 2 Here Q is an open convex subset of C k , k > 2; z := (z±,Zk), 
xo '■= (xqi, ■■■, xok) € Q. Let f : Q —> C be a coordinate-wise holomorphic 
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function. Then, by the famous Hartog’s fundamental theorem ([1], [2]) f is 
jointly holomorphic and jointly continuous on Q. Let n £ N. Each n th order 
complex partial derivative is denoted by f a := where a := (ai, 


a.i € Z+, i = 1, k and \a\ := a i = n - 

i—1 

Consider 

9 z (i) := / (*o + t (z - x 0 )), 0<i< 1 . 

Clearly it holds that x$ +t(z — Xq) £ Q and g z (t) € C, V t £ [0,1]. 
Then we derive 


(4) 


9z ] ( t ) = 


53 “ x 0i) 


d_ 

dxi 


for all j = 0 , 1 , n. 


Ooi +t(Z!- x 0 i) ,A’ofc + t ( z k - X 0 k)) , 

(5) 


Notice here that any mixed partials commute. We remind that (C, |-|) is a 
Banach space. By Shilov’s Theorem 1, about the Taylor’s formula for Banach 
space valued functions, we obtain 


Theorem 3 It holds 


n— 1 ( j ) 

f{zx i .,.,z k ) = g z ( 1 ) = 53 - \- R n (z,0), 

3 = 0 J ' 

where 

R n (Z, 0) = ]' (1 - 9)^ <£*> (9) d9 , 

and notice that g z (0) = / (xq) . 

We make 


( 6 ) 

(7) 


Remark 4 Notice that (by (7)) we get 

\Rn(z,0)\ < ^maxj^) (0)|) ^ 
We also have for j = 0,1,..., n: 

( \ 


( 8 ) 


gf (o) = 53 

a:=(ai,...,aio) 


j! 


i=l,...,fc; |a|:=5I a i~3 

i= 1 


k 

i n / 

v i / 


( 2 i - ) foe {Xo) ■ 

»= 1 / 


(9) 
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Furthermore it holds 


gl n) ( 0 ) = 


a~(ai,...,ak), a,eZ + l J} tt,;! I 

k \ 7 — 1 / 

|a|:=E a»=n V 7 


n (*i - x 0 i) ai ) fa ( x 0 + 0 (z — £ 0 )) 


o < e < i. 

Another version of (6) is 


n n [f) fnl 

f{zi,-,z k ) = g z { 1) = +R n (2,0) 


wnere 

R~n (z,0 ) = j 1 (1 - of- 1 («£*> (0) - gW (0)) dff. (12) 

Identities (6) and (11) are the multivariate complex Taylor’s formula with inte¬ 
gral remainders. 

We give 

Example 5 Let n = k = 2. Then 

9z (t) = f (xoi +t(z 1 — Xoi) , XQ 2 +t(z 2 ~ XQ 2 )) .) t £ [0, 1] , 


() f ()f 

g z (t) = (z-i - Xoi) Q - (xo +t(z- X 0 )) + (x 2 - X02) a - ( x 0 + t (z - X 0 )) ■ 

OXi OX 2 

(13) 

In addition, 

g " (t) = [zi ~ Xoi) ( x 0 +t(z - £ 0 ))^ + (x 2 - X 02 ) (JffT ( x 0 +t(z - X 0 ))j 

= (21 - Xoi) |(zi - Xoi) (*) + (22 - £02) g^g Xi (*)} + ( 14 ) 

( df 2 df 2 1 

(a - >a) |(a - Xoi) W + (a - *02) ag M} ■ 

Hence, 

9z (*) = ( z i - x oi) 2 |^2 (*) + ( z i ~ x oi) (z 2 ~ x m) dx ^ dxi (*) + 

(2 ‘ “ Xol) < a - xm) alki <*> + < 22 - 102)3 if <*> ■ (15) 

where * := Xo + t (z — xq). 

Notice that g z ( t ), g' z (; t ), g'f (t) € C. 
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We make 

Remark 6 We define 


\f(x 0 + d(z-x 0 ))\ p de) , p> 1, 


(16) 


where zxq denotes the segment zx o C Q. 
We also define 


L ,** : = max 1 / (®o +0(Z- *o))| • 


(17) 


By (10) we obtain 


g i n) ( e) 


< 


E 


k 

|o:|:=5Z &i=n 


^ \zi - I fa (xo +0(z — a?o))|, 


k 

i n q <' / 

\*=1 1 


v e e [o, i]. 

Therefore, by norm properties for 1 < p < oo, it holds 


(18) 


( \ 


< 


P,ZXQ 


E 


a:=(ai,...,afcj, ck 


n! 


n 


2 = 1 ,.|a|:= E c*i = 

i — 1 


where 


for all 1 < p < oo. 
That is 


i n “*• 

\*= 1 1 

< (^El 2i ll/a lip,53*. 

Il/allp,**? : = |“^ll/allp,*x5. 


^ ]£ \ 

n^-*0i| ai Jll/allp,^ ( ig ) 

Vi=l / 


7 (") 


Ip, 2X0 

for all 1 < p < oo. 

Therefore by (8) we obtain 

\Rn (Z,0)| < 


<(lk-* 0 || Jl ) n ||/*||p,«o, 


( 20 ) 


( 21 ) 


\ Z - X 0\\ h ) n ll/illoo.zxo 


( 22 ) 


Next, we put things together and we further estimate R n (2,0). 
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Theorem 7 Here p,q > 1 : ^ + | = 1. It holds 


\R n (-2,0)1 < min <( 


I 




(n-l)! ’ 

ll^ll — 

M II p,ZXQ 

k (n—l)\(q(n— 1) + 1) q ) 

II/; II 00,^1 


> < 


\z-Xo\\ h ) min < 


(n- 1 )! ’ 

ll/alL.^r 


l (n—l)!(g(ra—1)+1) « 

Proof. Based on (7), Holder’s inequality and (21). ■ 


(23) 


(24) 
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On the Barnes-type multiple twisted g-Euler zeta function of 

the second kind 

C. S. Ryoo 
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Abstract : 

In this paper we introduce the Barnes-type multiple twisted g-Euler numbers and polynomials 
of the second kind, by using fermionic p-adic invariant integral on Z p . Using these numbers and 
polynomials, we construct the Barnes-type multiple twisted (/-Euler zeta function of the second kind. 
Finally, we obtain the relations between these numbers and polynomials and Barnes-type multiple 
twisted q -Euler zeta function. 

Key words : p-adic invariant integral on Z p , Euler numbers and polynomials of the second kind, 
g-Euler numbers and polynomials of the second kind, Barnes-type multiple twisted q-Euler numbers 
and polynomials of the second kind, Barnes-type multiple twisted q -Euler zeta function. 

2000 Mathematics Subject Classification : 11B68, 11S40, 11S80. 

1. Introduction 

Recently, Bernoulli numbers, Bernoulli polynomials, (/-Bernoulli numbers, (/-Bernoulli polyno¬ 
mials, the second kind Bernoulli number, the second kind Bernoulli polynomials, Euler numbers of 
the second kind , Euler polynomials of the second kind, Genocclii numbers, Genocchi polynomials, 
tangent numbers, tangent polynomials, and Bell polynomials were studied by many authors(see [1, 
2, 3, 4, 9]). Euler numbers and polynomials possess many interesting properties and arising in many 
areas of mathematics and physics. In [5], by using Euler numbers Ej and polynomials Ej(x) of 
the second kind, we investigated the alternating sums of powers of consecutive odd integers. Also 
we carried out computer experiments for doing demonstrate a remarkably regular structure of the 
complex roots of the second kind Euler polynomials E n (x)( see [ 6 ]). The outline of this paper is 
as follows. We introduce the Barnes-type multiple twisted (/-Euler numbers and polynomials of 
the second kind, by using fermionic p-adic invariant integral on Z p . In Section 2, we construct 
the Barnes-type multiple twisted g-Euler zeta function of the second kind. Finally, we obtain the 
relations between these numbers and polynomials and Barnes-type multiple twisted q -Euler zeta 
function. 

Throughout this paper we use the following notations. By Z p we denote the ring of p-adic 
rational integers, Q p denotes the field of rational numbers, N denotes the set of natural numbers, C 
denotes the complex number field, and C p denotes the completion of algebraic closure of Q p . Let v p 
be the normalized exponential valuation of C p with |p| p = p _1/ p(p) = p -1 . For 

g £ UD( Z p ) = {g\g : Z p —> C p is uniformly differentiable function}, 
the fermionic p-adic invariant integral on Z p of the function g £ UD(X p ) is defined by 

, p N -1 

I-i(g)= g(x)dfJ,-i(x) = lim V *(*)(-!)*, see [ 1 , 2 , 4], ( 1 . 1 ) 

/-w N—too z ' 

J x=0 
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From (1.1), we note that 


J 9{x + i)dn-i(x) + J g(x)dp-±(x) = 25 ( 0 ). 


( 1 . 2 ) 


First, we introduced the second kind Euler numbers E n . The second kind Euler numbers E n are 
defined by the generating function: 


2e 4 


= X> 


t 11 


e 2 1 + 1 n\ 

n =0 


We introduce the second kind Euler polynomials E n (x) as follows: 


2e* 


e*'= Y J E n {x)- [ . 

1 ' n\ 


n —0 


(1.3) 


(1.4) 


In [5, 6 ], we studied the second kind Euler numbers E n and polynomials E n (x) and investigate their 
properties. 

2. Barnes-type multiple twisted q-Euler numbers and polynomials of the second kind 

In this section, we assume that w\ ,..., Wk G Z p and ai,...,a,k G Z. Let T p = Ujv>i C p N = 
lim.Y^co C p N , where C p n = {w|w p = 1} is the cyclic group of order p N . For w G T p , we denote by 
tf> u : Z p —>• C p the locally constant function a; 1 —> co x . 

We construct the Barnes-type multiple twisted (/-Euler polynomials of the second kind, 

E n ,uj,q(wi,... ,w k ', ai,..., a k \ x). 

For k G N, we dehne Barnes-type multiple twisted (/-Euler polynomials of the second kind as follows: 

J ■■■ J w Kl+ ''' + “ fc g aiSl+ ''' +afc “ fc e (s+ 2 wi ® 1 + ''' + 2 , " fea:,t+fe)t (i/i_ 1 ( 2 : 1 ) • • • dp-i{x k ) 


k- times 


k ^kt 


2 k e' 


( 2 . 1 ) 


(uq a i e 2wit + l)(ojq a2 e 2w2t + 1 ) • • • (ujq ak e 2wkt + 1 ) 

°°^ -j-7l 

^ ^ En,uj,q (^15 • • • 5 ^ki ttl 5 • • • 5 CLk | %') T • 

n\ 

n —0 

In the special case, x = 0, E n ^ >q (wu ... ,w k ;a x , ..., a k | 0) = E niUJiq (w u ■ ■ •, w k \ 01 ,... ,a k ) are 
called the n-th Barnes-type multiple twisted (/-Euler numbers of the second kind. By (2.1) and 
Taylor expansion of e i x + 2w ^ x ^-\ \- 2 w k x k +k)t, we j iave following theorem. 

Theorem 1. For positive integers n and k, we have 

E n> u,q(wi,...,Wk-,ai,...,ak \ x) 


- \~x k q a i x i~\ - \~a k x k 


(x + 2wixi + • • • + 2wkXk + k) n dg-\{x\) ■ ■ ■ dp-i{x k )- 


fc-times 

In the case when x = 0 in (2.1), we have the following corollary. 

Corollary 2. For positive integers n, we have 
En,u,q (ifo 7 • • • i TXk > , . . . , CLk ) 

= / '•• / co^ i=1 Xi q^ i=1 ° iXi (2w\Xi H- + 2wkXk + k) n dp_ 1 (xi) ■ ■ ■ dp-i(xk)- (2.2) 

J%ip J z p 

'-V-' 

k- times 


48 


Ryoo 47-51 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


By Theorem 1 and (2.2), we obtain 

(^1 > • • • j VJk , 0>1 , . ..., Ok | x) ^ ' ( / / 5 • • • •> ^k , 0>1 , • • *, &k)x , (2.3) 

2=0 ' ' 

where ()() is a binomial coefficient. 

We define distribution relation of Barnes-type multiple twisted g-Euler polynomials of the 
second kind as follows: For to € N with m = 1( mod 2), we obtain 

°°^ £ n 

y^E n u q (wi,... ,w k ;ai,... ,a k \ x) — 

Z —' n\ 

2 ^ gkmt 

(cjrnqa 1 m e 2 w 1 'mt _|_ ^ ^rnqa 2 rn e 2w 2 mt • {uj 171 qa k mg2wkmt _|_ ^ 

x + 2 w\l\ + • • • + 2 Wklk + k — mk 

x ^2 (-1 ) l i + -+ lk cj^=i li q^=i aili e 

From the above equation, we obtain 


n —0 


m 


^ flo 

y^E„u q (wi,... ,w k ;ai,.., ,a k \ x) — 
i n\ 


n=0 


oo m— 1 


= ^?n" ^ (_l)d+-+ifc a; E i =ih g E i= i««b 


n —0 Zi,...,ifc=0 


a: + 2 rci?i + • • • + 2wklk + k — mk \ t,' 


Y -E n , a j 771 q ni , ■ • ■ , ICfc 5 Ul, . . . , CLk 

t n . 

By comparing coefficients of — in the above equation, we arrive at the following theorem. 

iv. 

Theorem 3 (Distribution relation). For to £ N with m = 1( mod 2), we have 
E n , u ,q(wi,...,Wk;ai,...,a k \ x) 

m— 1 

,Ef=i aih 


^2 (-1 )h+-+h w E i = I h^ 


h,...,l k =0 


X E n ^m,qm | 1^1, • • • , w fc, Ul, . . • , CLk 

From (2.1), we derive 


x + 2wih + • • • + 2 Wkh + k — mk 


m 


J ■■■ J 0) XlH tXfc^aixiH hafcXfcglx+^iXi-l—•+ 2 «JfcX fc +fe)t^_i( a; i) . . . 


fe-times 


= 2 fe ^ (-l) mi 

mi,...mfe=0 


H - l" m fc w Ei=i m iqJ2i= 1 aimi e (x+2juimi-l-f-2uifcm fc +fc)t 


From (2.2) and (2.4), we note that 

-^n,o;,g(^l? • • • 5 ^ 1 ? • * * ? | *t) 

OO 

= 2 fc (_l)" ll +-+m^Ef= i «^( a; + 2 W iTOi + --- + 2w fc TO fc + )fe) n . 

mi,. ..m r —0 


(2.4) 


(2.5) 


By using binomial expansion and (2.1), we have the following addition theorem. 
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Theorem 4( Addition theorem). Barnes-type multiple twisted g-Euler polynomials of the sec¬ 
ond kind E nuiq {wi,... ,w k ',a k ,... ,a k | x) satisfies the following relation: 

E n ,u,q{w\,..i%Wk\ai,...,ak I x + v) = ■ ■ ■, Wk', oi, • • -j Ofe | x)y n ~ l . 


3. Barnes-type multiple twisted g-Euler zeta function of the second kind 


In this section, we assume that q £ C with |g| < 1 and the parameters wi ,..., w k are positive. 

d l 

Let u> be the p^-th root of unity. By applying derivative operator, — 7 | t= o to the generating function 

at 1 

of Barnes-type multiple twisted g-Euler polynomials of the second kind, E n<ul , q (w i,..., w k \a k ,..., a k | 
x), we define Barnes-type multiple twisted g-Euler zeta function of the second kind. This function 
interpolates the Barnes-type multiple twisted (/-Euler polynomials of the second kind at negative 
integers. 

By (2.1), we obtain 


F Ut q(wi, t... ,Wk',ai,... ,a k \ x,t) = 


k ^kt 


2 fe e 


(<jjq ai e 2wit + !)••• (uiq ak e 2wkt + 1) 


E E nuitq (w 1 ,...,w k ;ai,...,a k \ x) — . 

n.\ 


(3.1) 


n —0 


Hence, by (3.1), we obtain 


y^E nwq (wi,...,w k ;ai,...,a k | x) — 

n—0 

oo 

_ 2 k 'y ' ( —l) 7 ™ 1-1 - e ( x + 2w i m i-\ - V2w k m k +h)t 

mi,...m r =0 


By applying derivative operator, 



to the above equation, we have 


E„„ u ,q{wi,---,w k ;a 1 ,...,a k \ x) 

OO 

= 2 k (—l) 1 ” 1 " 1 mi qF,i=i a * m *( x _|_ 2w; 1 m 1 + • • • + 2w k m k + k) n . 

mi,...mfc=0 


By (3.2), we define the Barnes-type multiple twisted g-Euler zeta function of the second kind 
(oj, q (wi ,..., w k \a\,..., a k | s,x ) as follows: 


Definition 5. For s,x £ C with Re(x) > 0, oi,..., a k £ C, we define 


OO 

Cw,g(^ii* • • ,Wk',ai,... ,a k I s,x) =2 k ^ 

mi,...,77ifc=0 


- \~ m k(jjF k i=l Trli qE>i = l a i m i 

(x + 2 wiTOi + • • • + 2 w k m k + k) s 1 


(3.3) 


For s = —l in (3.3) and using (3.2), we arrive at the following theorem. 
Theorem 6. For positive integer l, we have 

(cj,q(wi,...,w k ;ai,...,a k \ -l,x) = Ei(wi, ..., w k ; ai ,..., a k \ x). 


By (2.6), we define multiple twisted q -Euler zeta function of the second kind 
C,u, q (w l, ...,w k ;ai,...,a k | s) as follows: 
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Definition 7. For s € C, we define 


Gu,q(wt$? ■ ■ i w k\ai, ■ ■ ■ ,ak 


OO 

<)=2‘ E 


(2wimi + • • • + 2w k m k + k) s 


For s = —l in (3.4) and using (2.5), we arrive at the following theorem. 
Theorem 8. For positive integer l, we have 

Cuj,q(wi,...,Wk-,ai,...,ak | —l) = Ei(wi,...,w k ;ai,...,a k ). 
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Some Approximation Results of Kantorovich type 

operators 

Prashantkumar Patel 
April 26, 2019 


In this manuscript, we investigate a variant of the operators define by Lupa§. 
We compute the rate of convergence for different class of functions. In section 
3, the weighted approximation results are established. At the end, stated the 
problems for further research. 

Keyword: Positive linear operators; Rate Convergence; Weighted approxi¬ 

mation 

2000 Mathematics Subject Classification: primary 41A25, 41A30, 41A36. 

1 Introduction 

In [1], Lupa§ proposed to study the following sequence of linear and positive 
operators 


Ph ] (/,*) = 2--;£K^/(^V *>0, / : [0, oo) —► R, (1.1) 

where (nx) 0 = 1 and (nx)j. = nx(nx + 1 )(nx + 2)... (nx + k — 1), k > 1. 

We can consider that Pn\ n > 1, are defined on E where E = fj E a and 

a>0 

E a is the subspace of all real valued continuous functions / on [0, oo) such as 
sup(exp(—aa:)|/(a;)|) < oo. The space E a is endowed with the norm ||/|| a = 

x>0 

sup(exp(—aa:)|/(a;)|) with respect to which it becomes a Banach space. 

x>0 

In recent year, Patel and Mishra [2] generalized Jain operators type variant of 
the Lupa§ operators defined as 

P}? ] {f,x) = £ (-) , a: > 0, / : [0,oo) —>■ R, (1.2) 

fc=o ' ^ ' 

where (nx + fc/3) 0 = 1, (nx + k/3)i = nr and (nx-\-k/3)k = nx(nx + k(3+l)(nx + 
kp + 2)... (nx + kp + k — 1), k > 2. 

We mention that P = 0, the operators Pn' 1 reduce to Lupa§ operators (1.1). In 

1 
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[2], the authors have used following Lagrange’s formula to define the operators 

( 1 . 2 ): 


= 0(0) + 


k —1 


d 


fc-1 


dz k_1 


rr mzrwiz) 


z=0 \f( z ) 


(1.3) 


But, if we use following Lagrange’s formula then the generalization of the oper¬ 
ators (1.1) is written better way: 


<t>{* 


1 - 


z df(z) 
f(z) dz 


-1—1 OO 


1 


= 


k=0 




z=0 


/(*) 


By choosing <j>(z) = (1 — z) Q and f{z) = (1 — z)&, we have 

( 1 -*)"“ [1 ~ Z / 3(1 - 2)- 1 ]- 1 
= X! 0! ( a + k P)( a + k/3 + l)...(a + k/3 + k-l) ^ 


Taking z = b, we get 




k =o 


Now, we may dehne the operators as 


Pn ] (f,x) = P/3 (k,nx)f (- 


k =0 


(1.4) 


where p p(k,nx) 


k =o 


and (nx + Pk)k = 

0<^<1 


(nx + pk)(nx + f3k + 2)... (nx + j3k + k 


1), k > 1 and 


The parameter /? may depend on the natural number n. It is easy to see that 
for p = 0, the operators Pn\f,x) reduces to Lupa§ operator (1.1). We mention 
that, the operators (1.2) and (1.4) has no much difference as their moments are 
same. To calculate the moments of (1.4), we follows techniques developed in [2] 
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and along the lines of [2], we have 


Pl P] (hx) 

P [ n P \t, X ) 




PW{t\x) 


PV\t\x) 


1 

x 2/3 

1-/3 + n(l-/3) 2 

a; 2 2a;(l + 2/3) 6 (/3 + /3 2 ) 

(1 —/3) 2 ?i(l — /3) 3 n 2 (l — /3) 4 

a; 3 6a; 2 (l + /3) 6a; (l + 6/3 + 3/3 2 ) 

(1 — /3) 3 ?r(l — /3) 4 n 2 (l — /3) 5 
2(l3/3 + 34/3 2 + 13/3 3 ) 

?r 3 (l — /3) 6 

a; 4 4a; 3 (3 + 2/3) 36a: 2 (l + 3/3 +/3 2 ) 

(1 — /3) 4 n(l — /3) 5 n 2 (l — /3) 6 

2a; (13 + 146/3 + 209/3 2 + 52/3 3 ) 30 (5/3 + 23/3 2 + 23/3 3 + 5/3 4 ) 

n 3 (l — /3) 7 n 4 (l —/3) 8 


In the present paper, we modify the operators defined by (1.4) into integral 
form in Kantorovich sense, see also G.G. Lorentz [3, Ch.II, p.30]. Actually, we 

replace / ( — ) by an integral mean of /( x) over a small interval around the 

W 

k 

point — as follows 
n 

°° p(k+ l)/n 

K [ J }] (f,x)=n'^2pp(k,nx) f(t)dt , (1.5) 

k =o Jk / n 


where pp(k,nx) was as defined in (1.4) and / belongs to the class of local 
integrable functions defined on [0, oo). 

The focus of the paper is to investigate these linear and positive operators. 
Section 2, provided results in connection with the rate of convergence for 
under different assumptions of the function /. 


2 Approximation properties 


For any integer s > 0, we denote by e s the test function, e s {x) = X s , x > 0 , 
and we also introduce the s-th order central moment of the operator k\^ , that 
is 

n , s {x ) = A']f I (V’x, s ,a;), where ip x , s (t) = (t - x) s ,x > 0,f > 0. 

Lemma 1 The operators k}£\ n £ N defined by (1-5), verify 


1. KW(l,x) = l; 


2. Kf(t,x) 


x (1 + /3) 2 
1-/3 + 2n(l - /3) 2 ’ 
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3. KW{t\x) 


x 2 x (3 + 2/3 + /3 2 ) 
(1-/3) 2 + n(l-/3) 3 


1 + 20/3 + 12/3 2 + 2/3 3 + /3 4 
3n 2 (l — /3) 4 


^ A'lf 1 (i 3 , x) 


x 3 3x 2 (5 + 2/3 + /3 2 ) x (10 + 32/3 + 15/3 2 + 2/3 3 + /3 4 ) 

(1 — /3) 3 ”*" 2n(l —/3) 4 n 2 (l — /3) 5 

1 + 142/3 + 2 1 9/3 2 + 96/3 3 + 19/3 4 + 2/3 5 + /3 6 
^ 4n 3 (l — /3) 6 


5. 


Kf(t 4 


x 4 2x 3 (7 + 2/3 + /3 2 ) 

(l-/3) 4+ n(l-/3) 5 

2a; 2 (25 + 44/3 + 18/3 2 + 2/3 3 + /3 4 ) 
n 2 (l — /3) 6 

a; (43 + 326/3 + 329/3 2 + 116/3 3 + 23/3 4 + 2/3 5 + /3 6 ) 


n 3 (l — /3) 7 

1 + 1072/3 + 3398/? 2 + 2824/3 3 + 900/3 4 + 174/3 5 + 28/3 6 + 2/3 7 + /3 8 

5n 4 (l — /3) 8 


Proof: Observe that Kn\l,x) = Pn\l,x) = 1. 
Now, 




OO 


x) = n 

k =0 
oo 


^2pp(k,nx) 
k =0 
o 


r(fc+l)/n 


t dt 


k/n 

1 + 2 k 1 


fc =0 


2n 2 n 

(1 + /3) 2 


= -Pf(l,a;)+^ ] (f,a;) 


1-/3 2n(l — /3) 2 ' 


Similarly, we have 

OO „(fe+l)/ n 

pg(k,nx) / f 

fc=0 ■ /fe / n 

^ ,, 1 + 3/c + 3fc 2 

= ^p 0 (k,nx) - — - 


dt 


k=0 


^ 2 PW(l, x ) + ±pW(t,x) + pW(t 2 ,x) 

x 2 X (3 + 2/3 + /3 2 ) 1 + 20/3 + 12/3 2 + 2/3 3 + /3 4 


(1-/3) 2 


i(l - /3) 3 


3n 2 (l — /3) 4 


4 
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KW(t\x) 


and 

KW(t\x) 


°° Ak+\)/n 

n^^Y>p{k,nx) / t 3 dt 

k =o • 7fe / n 


X p d(k,nx) 


k =0 


1 + 4 A; + 6fc 2 + 4fc 3 
4n 3 



-Pf](i 2 ,x)+/fl(t 3 ,x) 


a; 3 3x 2 (5 + 2/3 + /3 2 ) x (10 + 32/3 + 15/3 2 + 2/3 3 +/3 4 ) 

(1 — /3) 3 2n(l —/3) 4 n 2 (l — /3) 5 

1 + 142/3 + 2 1 9/3 2 + 96/3 3 + 19/3 4 + 2/3 5 + /3 6 
4n 3 (l — /3) 6 


oo + fc+l)/ri 

nXp / g(fc, nx) / < 4 dt 

k =o 

OO 

/c—0 

++'(i,x) + l+o,.) + 4pf ( ^, x ) 

x 4 2x 3 (7 + 2/3 + /3 2 ) 2x 2 (25 + 44/3 + 18/3 2 + 2/3 3 + /3 4 ) 

(1 — /?) 4 ?x(l — /3) 5 n 2 ( 1 — /3) 6 

| x (43 + 326/3 + 329/3 2 + 116/3 3 + 23/3 4 + 2/3 5 + /3 6 ) 

+ n 3 (l-/3) 7 

1 + 1072/3 + 3398/3 2 + 2824/3 3 + 900/3 4 + 174/3 5 + 28/3 6 + 2/3 7 + /3 8 

5n 4 (l — /3) 8 


/ 1 /c 2k 2 2k 3 k 4 \ 

\5?x 4 n 4 n 4 n 4 n 4 / 


5 
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Lemma 1 implies the following identities 
o(x) 


7 O / \ X P , (! + ^) 2 

i, n „Ax) - 1 _ /3 + Ml f3)2 , 


( 2 . 1 ) 


Hn,2 (x) 
fin, 3{x) 


x 2 /3 2 , x (2 + /3 + 2/3 2 + /? 3 ) | 1 + 20/3 + 12/3 2 + 2/3 3 + /3 4 /0 ^ 

H ^ > \2-2) 


(1-/3) 2 ' n(l — /3) 3 ' 3n 2 (l-/3) 4 

a; 3 /? 3 3cc 2 /3 (4 + /3 + 2 (3 2 + /3 3 ) 

(1-/3) 3 + 2n(l - /3) 4 

x (9 + 13/? + 23/? 2 + 12/3 3 + 2/? 4 + /? 5 ) 


2 (l-/9) 5 

2 i n«/Q3 . i i o/^4 




1 + 142/? + 219/3 2 + 96/? 3 + 19/3 4 + 2/3 5 + /3 6 
4?i 3 (l — /?) 6 

x 4 /? 4 2x 3 /3 2 (6 + /? + 2/3 2 + /? 3 ) 


(l-/?) 4 


41 -/?) 5 


(2.3) 

(2.4) 


2x 2 (6 + 18/? + 25/? 2 + 26/? 3 + 12^ 4 + 2/3 5 + /? 6 ) 


n 2 (l — /3) 6 

| x (42 + 185/? + 252/? 2 + 239/? 3 + 100/3 4 + 19/? 5 + 2/? 6 + /? 7 ) 

+ n 3 (l-/3) 7 

1 + 1072/3 + 3398/? 2 + 2824/? 3 + 900/3 4 + 174/? 5 + 28/3 6 + 2/? 7 + 

5n 4 (l — /3) 8 

Remark 1 Since /? G [0,1), (1 — /3) 2 < 1 and (1 — /?) -2 < (1 — /?) -3 < (1—/3) -4 , 
we /iaxe 


fin, l(x) f/ 


2xn/3 + (1 + /?) 2 
2n(l - /3) 2 


(2.5) 


and 


fl n ,2(x) < 


< 


3n 2 x 2 f3 2 + 3 nx (2 +/3 + 2/3 2 +/3 3 ) + 1 + 20/? + 12/? 2 + 2/? 3 + /? 4 

3n 2 (l — /3) 4 

3 n 2 x 2 (3 2 + 6 nx (1 + 2/3) + 1 + 35/3 


3n 2 (l — /3) 4 

Also, using max{l, x, x 2 , x 3 , x 4 } < (1 + x + x 2 + x 3 + x 4 ), we have 

0 ^ ^ f /3 4 20 | 180 

- U1-/3) 8 + n(l-/?) 8 + n 2 (l-/3) 8 

C/in C/inn \ 

(1 + x + x 2 + x 3 + x 4 ) 


( 2 . 6 ) 


n 3 (l — /3) 8 5n 4 (l — /3) 8 

< Bp(n)( 1 + x + x 2 + x 3 + x 4 ), 


(2.7) 


where 


Bg{n) = 


f3 4 


20 


180 


840 8400 , . 

+ ^77-TTa • (2.8) 


(1 — /3) 8 n( 1 — /3) s n 2 ( 1 —/3) 8 n 3 (l — /3) 8 5n 4 (l —/3) 8 
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Theorem 1 Let Kn^ be defined by (1.5) and fi n G [0,1) with f3 n — > 0. Then for 
f € C[0, oo) one has lim ifjf"! (/, •) — f uniformly on any compact K C [0, oo). 

n—too 

Proof: By making use of Lemma 1, we have 

lim K]^ n \t\x) = ad, with /?„ —» 0 

n—>o o 

j = 0,1,2, uniformly on any compact K C [0, oo). Consequently, our assertion 
follows directly from the well-known theorem of Bohman-Korovkin. 

Let Cb[ 0, oo) denote the space of real valued continuous and bounded functions 
/ on the interval [0, oo), endowed with the norm 

II/II = sup |/(x)| 

0<:r<oo 

For any 6 > 0, Peetre’s if-functional is define by 

K-fif,5)= inf {||/-s||+%"||}, 

gSC|[0,oo) 

where Cg[0,oo) = {g G C'b [0,oo) : g',g" G Cb[0,oo)}. By DeVore and Lorentz 
[4, P.177, Theorem 2.4], there exists an absolute constant C > 0 such that 

K 2 {f,5)<Cu2^f,V5), (2.9) 

where the second order modulus of smoothness of g G C'b [0, oo) is defined as 
uj 2 {g\5)= sup sup \g(x) — 2g(x + h) + g(x + 2/i)|, S > 0, 

0<h<8 

also usual modulus of continuity of / G Cb[0,oo) is defined by 
u>i{g;d)= sup sup \g(x + h) - g(x )|, S > 0. 

0<h<5 tc>0 


Theorem 2 Let k\^ be defined by (1.5) and fj G [0,1) then for each x > 0 the 
following inequality 


\KW(l,x)-m < (/; Y3~W + 6^(l + 2 W + l + 35^ 


holds. 

Proof: Since Kn\ l,x) = 1 and p p(k,nx) > 0, we can write 

OO j.(k+l)/n 

\K [ n ] (f,x) ~ f(x)\ < n^2pp{k,irx) / \f(t)-f(x)\dt. (2.10) 

k—0 Jk / n 

On the other hand 

l/(*) - f{x )| < Wi(/; \t - x|) < (1 + 5~ 2 (t - x) 2 )wi (/; (5). 
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For \t — x\ <6 the last increase is clear. For \t — x| > 5, we use the following 
properties 

Wi(/; XS) < (1 + A) Wl (/;5) < (1 + A 2 ) Wl (/;5), 
where one can choose A = S~ 1 \t, — x|. This way the relation (2.6) implies 


\ K n ] (/.*)“ /O)I < 


°° r{k+l)/n 

pp(k,nx) / (1 + S~ 2 (x — f) 2 )wi(/; 5)dt 

k =o 


(fi n ,o(x)+ 5 2 fln, 2 {x))ui(f;6) 



3n 2 x 2 /3 2 + 6nx (1 + 2/3) + 1 + 35/3 
3n 2 (l — /3) 4 


wi(/;<5). 


Choosing S 


3n 2 x 2 f3 2 + 6 nx (1 + 2/3) + 1 + 35/3 A 


1/2 


n 2 (l — /3) 4 




we obtain the desired 


result. 

Further, we estimate the rate of convergence for smooth functions. 


Theorem 3 Let be defined by (1.5) and f3 € [0,1). Then for f € C 1 [0,oo) 
and a > 0 one has 


\K [ n 0 ] (f,x)~ f{ X )\ < ^n||/'llc[0,a] +C„Wl ’ 

where b n = 2an/3 + (1 + /3) 2 and 

c n = 2y / n 2 a 2 /3 2 + 2 na (1 + 2/3) + 1 + 35/3 

(l + (1 - /3)" 2 1 /na 2 /3 2 + 2a (1 + 2/3) + (1 + 35/3)?!- 1 ) . 

Proof: We can write 


f{x) - f{t) = ix- t)f\x) + (x - *)(/'(£) - /'(x))> 


where f = £(f,x) is a point of the interval determinate by x and t. If we 

p(k+l)/n 

multiply both members of this inequality by npp(k,nx) / dt and sum 


over k , there follows 

\ K n ] (fiX) - /(X)| < |/ , (x)|fl„, 1 (x) 


' k/n 


< 


+n^2ppik,nx) / \x-t\-\f'if)~ f'it)\dt 

k =o Jk / n 

( 2xn/3 + (1 + (3) 2 ' 

^ 2n(l - /3) 2 


max |/'(x)| 

aiG[0,a] 

(fe+l)/n 


( 2 . 11 ) 


+n^ pp(k,nx) / |x — f|(l + <3 — 1 S)dt. 

k =o Zfc/n 
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According to Cauchy’s inequality, we have 


°° i‘(k+l)/n 

n Pp(k, nx) / \x — t\dt 

k =o •' fe / n 

00 ( Ak+l)/n 

— nx ) / (x — t) 2 dt 

k =0 yJk/n 


1/2 


< ‘ 


^2pp{k,nx) 


.k=0 




r»(/c+l)/n 


nx) 


,/c=0 


//c/n 


(x — t) 2 dt 


1/2 


Hence, 

n(fc+l)/n 

fc =0 Jk ! 

Using inequalities (2.12) in (2.11), we write 


n 


00 /-(fe+l)/n ,- 

^p / 3(fc,nx) / |x-f|df < yH„,2(a:). (2-12) 

n J kin 


\K, 


m 


(/,*) - /(*)! < ( 2 °2n(t-^ )2 ) H/'llciO.a] 


(2.13) 


+ V / 'Mi()(l + | 5 1 \/fV2(®)) wi (f';6)dt. 

1 , . /7 77 ^ \/n 2 a 2 7 2 + 2na (1 + 2/3) + 1 + 35/3 

Inserting 0 = and using \ \l n Ax) < ---^- 

yjn V n(l — p)- 

a: G [0, a] , the proof of our theorem is complete. 


Theorem 4 Let f £ Cb[0,oo). Then for all x £ [0, oo) there exists a constant 
A > 0 such that 

(1 + / 3) 2 




\ K n ] tf,x) - /( X)\ < AUJ 2 (f,£n(x))+U> 1 + ^j" 

,nhp r p A AA - 3n 2 x 2 p 2 +6nx(l+20)+l+350 ( 2xnP+(l+P) 2 \ 2 

(Wte/e SnW — 3n 2 (l-/3) 4 + ^ 2n(l-/S) 2 j ' 

Proof: Consider the following operator 

*[«(/,*)= kP(m - f (77 ++ /(*>• 

By the definition of the operators and Lemma 1, we have 

AT]f ] (< - x, x) = 0. 

Let g £ C%[ 0, oo) and x € [0, oo). By Taylor’s formula of g , we get 

g{t) - g(x) = (t - x)g'(x) + f (t- u)g"(u)du , t £ [0, oo). 

J X 


(2.14) 
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One may write 


K [ n ] ( 9, x) - g(x) = g'(x)kW (t -x,x)+ (t - u)g"{u)du , x 

= kffl (t — u)g"(u)du,x 

= K jfl (t — u)g"(u)du,x 


1 -/3 + 2„(l- / 3)2 / x 


n+av 


_ (1 + P ) 2 

1 - $ " r 2n(l - /3) 2 


— u du. 


Now, using the following inequalities 


(t — u)g"(u)du 


<{t- x f \\r 


and 


X I (1+/3) 2 . q 

1-/3 + 2rx(l-/3)^ / X (1 + /3) 2 


— u ) du 


1-/3 2n(l-/3) J 

we reach to 

1^(5, *)-5(*)l < 


< 


x (1+^) 2 


1-/3 2n(l-/3) 2 J 


(2.15) 


\W% 


x (1 + /3) 2 


1-/3 2n(l-/3) 2 J 


< 


3rrar/3 2 + 6 nx (1 + 2/3) + 1 + 35/3 
3n 2 (l — /3) 4 

/ 2xnf3 + (1 + /3) 2 
^ 2n(l - /3) 2 

-[/S] 


(2.16) 


By means of the definitions of the operators K„ and , we have 

- /(z)l < l^if 1 (/-5,a;)l + I(/ — fl')(^)l + \k^ ] {g,x) - g{x)\ 

x {l + p) 2 


+ 


/ 


1-/3 2n(l — /3) 2 


~ f{x) 


and 


KW(f,x) < \K^(f,x)\ + 2\\f\\ < 11/11^(1,*)+ 2||/|| = 3||/||. 
Thus, we may conclude that 

\K [ J* ] (f,x) - f(x)\ < 4\\f-g\\ + \kW(g,x)-g(x)\ 


f 


x (1 + /3) 2 


1-/3 2n(l — /3) 2 


- f(x) 


10 
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In the light of inequality (2.16), one gets 


\ K n ] (f, x )~ f( x )\ < 


4 ||/-all 

3 n 2 x 2 /3 2 + 6 nx (1 + 2/3) + 1 + 35/3 
3n 2 (l-/3 ) 4 

/ 2xnf3 + (1 + /3 ) 2 
^ 2n(l — /3 ) 2 


+Wl 



(1 + /3 ) 2 \ 
2n(l - /3 ) 2 7 ' 


Therefore taking the infimum over all g £ Cb[0,oo) on the right-hand side of 
the last inequality and considering (2.9), we find that 


I K n ] (f,x) - f(x)\ < 

< 


< 


4^2 (f,Zn(x))+U 1 (/, YTp + 

4C , W 2 (/, £n(tt)) + Wi ^/, - 

AU 2 {f,£n{x)) + U>i ^/, q + 


(1 + / 3) 2 \ 

2n(l - /3 ) 2 y 

(1 + / 3) 2 \ 

2n(l - /3 ) 2 / 

(1 + / 3) 2 \ 

2n(l - /3 ) 2 y : 


which completes the proof. 


Theorem 5 Let 0 < 7 < 1 , /3 € [0, 1 ) and f £ Cb[0, 00 ). Then if f £ IApm{t), 
that is, the inequality |/(t) — f(x)\ < M\t — x] 1 ,x,t € [0, 00 ) holds, then for each 
x £ [ 0 , 00 ), we have 


\ K n ] (f,x)~ f(x)\ <df (x), 


where d n (x) 


3 n 2 x 2 /3 2 + 6 nx (1 + 2/3) + 1 + 35/3 
3n 2 (l — /3 ) 4 


and M > 0 is a constant. 


Proof: Let / £ Cb[0, 00 ) PI Lip M ( 7 ). By the linearity and monotonicity of 
the operators Kn \ we get 

\ K n ] (f,x)~ f(x)\ < K^{\f(t) - f{x)\,x) 

< M (|f — a;| 7 , x) 

= Mn'y^pp(k,nx) / \t — x^dt. 

k =0 ■' fc / n 


11 
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Now, applying the Holder inequality two times successively with p = —, q = 

7 

2 , . 

-- , we obtain 

2-7 


\ K n ] (f,x) ~f{x) | 


< 

< 

< 


00 ( r(k+l)/n \ 

M ^ pp(k, nx) In/ |t — x\ 1 dt J 

k=0 V •' k / n / 

M(Q ni 2(x))% 

3n 2 x 2 j3 2 + 6 nx (1 + 2/3) + 1 + 35/3 


3n 2 (l-/3 ) 4 


7 

2 


X 

2 


This completes the proof. 


3 Weighted approximation properties 


Now, we introduce convergence properties of the operators K.]^ via the weighted 
Korovkin type theorem given by Gadzhiev in [5, 6 ]. For this purpose, we recall 
some definitions and notations. 

Let p{x) = 1 + x 2 and B p [ 0, oo) be the space of all functions having the property 


1 /0)1 < M fp(x), 


where x € [0, oo) and Mj is a positive constant depending only on /. The set 
i?p[ 0 ,oo) is equipped with the norm 


II/IIp = sup 

#£[0,oo) 


1 / 0)1 
1 + x 2 


C p [0, oo) denotes the space of all continuous functions belonging to B p [0, oo). 
By [0, oo), we denote the subspace of all functions / € Cp[0, oo) for which 


lim !M < OO. 
x^-oo p(x) 

Theorem 6 ([5, 6]) Let {An} be a sequence of positive linear operators acting 
from Cp[ 0 , oo) to H p [ 0 , oo) and satisfying the conditions 


lim n 


: >\\A n {t v ;x) - x v \\ p = 0,u = 0, 1 , 2 . 


Then for any function f £ Cp[0, oo), 


lim || A n (fp) - /(-)llp = 0 . 

n—>o o 


Note that, a sequence of linear positive operators A n acts from C^Ckoo) to 
Bp[ 0 ,oo) if and only if 

\\A n {p\x )|| < M p , 

where M p is positive constant. This fact also given in [5, 6 ]. 
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Theorem 7 Let {Kn 7 ^} be the sequence of linear positive operators defined by 
(1.5) and p n £ [0,1) with p n 0 as n —» oo. Then for each f £ C^O, oo), we 
have 

lim || K^\f-x) - f{x)\\ p = 0. 

n—> oo 

Proof: Using Lemma 1, we may write 

\Kj?"\p,x)\ 1 (3 + 2 p n +p 2 n ) 

xeipfoo) 1 + a: 2 “ (1 -fin) 2 n(l - p n ) 3 

1 + 20/3 n + 12/? 2 + 2 P 3 + 

3n 2 (l — p n ) 4 

Since lim p n = 0, , there exists a positive constant M* such that 

n—>o o 


1 _ (3 + 2p n + /3 2 ) 

(1 - p n ) 2 n(l - /3 n ) 3 


1 + 20/3 n + 12 /? 2 + 2/3 3 + p* 
3n 2 (l - p n ) A 


< M* 


for each n. Hence, we get 


\\K^(p,x)\\ p <l + M% 


which shows that {illf'^ } is a sequence of positive linear operators acting from 
C p [ 0 , oo) to -B p [ 0 ,oo). 

In order to complete the proof, it is enough to prove that the conditions of 
Theorem 6 

lim \\K^(t v ;x) - x v \\ p = 0,v = 0,1,2 

n—>o o 

are satisfied. It is clear that 


lim ||i^"](l;z)-l||p = 0 


By Lemma 1, we have 


~x\\p = 


< 


sup 

xGoo 



(1 + P n ) 


X 

1 + X 2 

2 I 


1 - Pn 2 n(l - Pn ) 2 


(1 + Pn) 2 1 
2n(l — P n ) 2 l+X 2 


Thus taking into consideration the conditions p n —> 0 as n —> oo, we can 
conclude that 


lim \\K^{t-,x)~ x\\ p = 0 
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Similarly, one gets 


\\K [ P n] (t 2 ;x) 


P 


= sup 

a; Goo 


((l-/?n ) 2 



X 2 

1 + X 2 


(3 + 2f3 n + /3 2 ) a; 
n(l - (3 n ) 3 1 + a; 2 


1 + 20^ + 12/3 2 + 2j3 3 + /?n 1 

3n 2 (l — /3 n ) 4 1 + a; 2 


< 


< 


sup 

IE Goo 


sup 

oi Goo 


l 


(1 - A ,) 2 

(l-/3„) 2 


which leads to 


\ (3 + 2/3 n + /3 2 ) 1 + 20 /3 n + 12/3 2 + 2/3 3 + Pn 

J n( l-/?„) 3 3n 2 (l — /3„) 4 

(3 + 2/3 n + /3g) 1 + 20/3 k + 12/3 2 + 2/3 3 + /3 4 

?i(l - /3 n ) 3 3n 2 (l - /3 n ) 4 


lim ||^v|f" ] (t 2 ;a;) 


a; 2 ||p = 0 with /?„ —> 0. 


Thus the proof is completed. 

Now, we compute the order of approximation of the operators ibjf" in terms of 
the weighted modulus of continuity fl 2 (/, <5) (see[7]) defined by 


W,s) 


sup 

x>0,0<h<6 


\f(x + h) - fix) I 
1 + (x + h) 2 


fec° p [ 0,oo) 


and has the following properties: 

(a) fl 2 (/, 5) is monotone increasing function of 5, 

(b) lim Cl 2 (f,S) = 0, 

5->0+ 

(c) for each A e [0, oo), fl 2 (/, A<5) < (1 + A)fl 2 (/, <5). 

Theorem 8 Let {K^} be the sequence of linear positive operators defined by 
(1.5). Then for each f € C^O, oo), we have 


sup 

0<lE<OO 


I Kn'{f;x) - f(x) | 
(1 + X 2 ) 3 


<Cn 2 (/, (Bp(n)) 


1/4 


where C is positive constant and Bp(ri) is defined in (2.8). 

Proof: For x > 0 and t > 0, by the definition of f2 2 (/, <5) and the property 
(c), we may write 


I fit) - f{x) I 


— (l + (x + \t — a:| 2 )) ^1 + ^ ^ ^ f^ 2 (/, hn) 

< 2(l + a: 2 )(l + (f — x)~) ^1 + ^(/?^ 2 ) • 
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By using the monotonicity of k\^ and the following inequality (see 


(1 + (t-x?) (l t tJ)<!(l + «)(l + 


(t - x) 4 

8t 


one gets 

\ K n ] tf, x ) - /O)I 


< 2(1 + x 2 )K^ ^(1 + (t- x ) 2 ) ^1 + ^ , xj Cl 2 (f, 8 n ) 

< 4(1 + x 2 )(l + 5l)KW n 2 (/,5„) 

< 4(1 + x 2 )(l + 5%) ^1 + -^K [ n m ((t- x) 4 ,x)^j fl 2 (f,S n ) 

< C x {l + x 2 ) ^1+ x) 4 ,x)^j Cl 2 (f,S n ), 


with the help of the inequality (2.7) this inequality leads to 

\K [ n ] {f,x) - f{x) | < Ci(l + x 2 ) ^1 + Bl3 ^ (1 + x + x 2 + a ; 3 + x 4 )^ f h(f,8 n ), 


which gives the required result. 

Remark 2 In [9], the authors has consider the generalization of the operators 
(1.1) as 


pM(f,a n ,b n ,x) = 

k =0 


{a n x)k , 

2 k k\ ■' 



x > 0, / : [0, oo), —> K, (3.1) 


where {a n }, {b n } are increasing and unbounded sequences of positive numbers 
such that 


lim — = 0 , 

n—>-oo b n 


-ii = i + o 

Or). 



They studied the convergence properties of these operators in weighted spaces of 
continuous functions on positive semi-axis. Also, A. Erengin and F Tagdelen 
[10] consider the generalization of the Kantorovich type operators P,^ (/, a n , b n , x) 
given by (3.1) as follows: 


KM(f,a n ,b n ,x)=b n 2 -“"*^ 


{a n x) k [ (k+1)/K 


k—0 


2 k k\ 


' k/b n 


f(t)dt, 


(3.2) 


where f is an integrable function on [ 0 , oo) and bounded on every compact subin¬ 
terval of [ 0 , oo). 

Motivated by the operators (3.1) and (3.2), we generalize the operators and 
k\^ in following way 


Pn ] (fi CL n ,b n ,x) = ^ 

k—0 


2 -(a^+fc/3 )( anX + k (3) k 

2 k k\ ; 



x > 0 , / : [ 0 , oo) -+ K, 
(3.3) 
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and 


K [ n ] (f,a n ,b n ,x) = b n ^2 


2~( a nX+ki3 )(a nX ) k Ak+V/br, 


k—0 


2 k k\ 


/ k/b n 


f(t)dt 


(3.4) 


and extend the studies of the present article in a similar direction for the opera¬ 
tors (3.3) and (3.4). The analysis is different so we may discuss that elsewhere. 
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Mittag-Leffler-Hyers-Ulam Stability of Linear Differential 
Equations using Fourier Transforms 

J.M. Rassias, R. Murali, and A. Ponmana Selvan 


Abstract. In this paper, we are going to study the Mittag-Leffler-Hyers-Ulam stability 
and Mittag-Leffler-Hyers-Ulam-Rassias stability of the general Linear Differential Equations 
of Higher order with constant coefficients using Fourier Transforms method. Moreover, the 
Mittag-Leffler-Hyers-Ulam stability constants of these differential equations are obtained. 

Some examples are given to illustrate the main results. 

AMS Subject Classification: 34K20, 26D10, 34A40, 39B82. 

Key Words and Phrases: Mittag-Leffler-Hyers-Ulam stability, Mittag-Leffler- 

Hyers-Ulam-Rassias stability, Linear Differential equation, Fourier Transforms. 

1. Introduction 

A classical question in the theory of functional equation is the following : “when is it 
true that a function which approximately satisfies a functional equation ( g ) must be close to 
an exact solution of (< 7 )?” If the problem accepts a solution, we say that the equation ( g ) is 
stable. 

A simulating and famous talk presented by Ulam [40] in 1940, motivated the study of 
stability problems for various functional equations. He gave a wide range of talks before 
a Mathematical Colloquium at the University of Wisconsin in which he presented a list of 
unsolved problems. One of his question was that when is it true that a mapping that approx¬ 
imately satisfies a functional equation must be close to an exact solution of the equation? If 
the answer is affirmative, we say that the functional equation for homomorphisms is stable. 
In 1941, Hyers |9j was the first Mathematician to present the result concerning the stability of 
functional equations. He brilliantly answered the question of Ulam, the problem for the case of 
approximately additive mappings on Banach spaces. In the course of time, the Theorem for¬ 
mulated by Hyers was generalized by Rassias Th. [36], Aoki [4], Bourgin [6] and J.M.Rassias 
[29] for additive mappings. Then a number of authors has studied the Ulam problem for 
various functional equations by different methods in [2[[2T[[30[[3Tl[32[[33U34[[35]. 

A generalization of Ulam’s problem was recently proposed by replacing functional equa¬ 
tions with differential equations: The differential equation 

4> ^/, x, x', x", ...x^^j = 0 
1 
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has the Hyers-Ulam stability if for a given e > 0 and a function x such that 


/ // (n) 

/y» /~Y t nr* v / 

1 -j O/ f it/ -j • • • U/ 


< O 


there exists a solution x a of the differential equation 

<f ^/, x, x', x", ...x^'j = 0 

such that |x(i) — x a (t) I < K (e) and lim K(e ) = 0. If the preceding statement is also true when 

e—>0 

we replace e and A'(e) by <f{t) and <p(t), where (f,ip are appropriate functions not depending 
on x and x a explicitly, then we say that the corresponding differential equation has the 
generalized Hyers-Ulam stability. Obloza seems to be the first author who has investigated 
the Hyers-Ulam stability of linear differential equations [25L [26]. Thereafter, In 1998, C. 
Alsina and R. Ger [3] were the first authors who investigated the Hyers-Ulam stability of 
differential equations. They proved in |3j the following Theorem. 


Theorem 1.1. Assume that a differentiable function f : I —>• R is a solution of the 
differential inequality ||a: , (t) — x(i)|| < e, where I is an open sub interval o/M. Then there 
exists a solution g : I -A R of the differential equation x'(t) = x{t) such that for any t G I, 
we have || f(t) — < 7 (f)|| < 3e. 

This result of C. Alsina and R. Ger [3] has been generalized by Takahasi [39]. They proved 
in [39 ] that the Hyers-Ulam stability holds true for the Banach Space valued differential 
equation y'(t) = A y(t). Indeed, the Hyers-Ulam stability has been proved for the first order 
linear differential equations in more general settings [TTUT21 fT3l fTT] fT8UT9j [20], Using 
the approach as in [401], Miura, Takahasi and Choda [19], Miura [20], Takahasi, Miura and 
Miyajima [39] and Miura, Jung and Takahasi are m proved that the Hyers-Ulam stability 
holds true for the differential equation x' = Xx , while Jung nu proved a similar result for 
the differential equation f(t)x'(t) = x. 

In 2006, S.M. Jung [14] investigated the Hyers-Ulam stability of a system of first or¬ 
der linear differential equations with constant coefficients by using matrix method. In 
2007, G. Wang, M. Zhou, L. Sun [ 42] studied the Hyers-Ulam stability of a class of 
first-order linear differential equations. I. A. Rus [3~7| discussed four types of Ularn sta¬ 
bility: Ulam-Hyers stability, Generalized Ulam-Hyers stability, Ulam-Hyers-Rassias stabil¬ 
ity and Generalized Ulam-Hyers-Rassias stability of the Ordinary Differential Equation 
u'(t) = A(u{t)) + f(t,u(t)),t G [a, b}. In 2014, Q. H. Alqifiary and S. M. Jung [5] proved 
the Generalized Hyers-Ulam stability of linear differential equation by using the Laplace 
Transforms. These days the Hyers-Ulam stability of differential equations are investigated 
[TirnimrT5irTSl[22ll24ll27l[2glfi3] and the investigation is ongoing. 

Recently, Vida Kalvandi, N. Eghbali and J.M. Rassias [41] studied the Mittag-LefHer- 
Hyers-Ulam stability of a fractional differential equation of second order. In this paper, with 
the help of Fourier Transforms, we investigate the Mittag-Leffler-Hyers-Ulam stability and 
Mittag-Leffler-Hyers-Ulam-Rassias stability of the linear differential equation 

x'(t) + l x(t) = 0 (1-1) 

and the non-homogeneous linear differential equation 

x'(t) + l x(t) = r(f) ( 1 . 2 ) 
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where l is a scalar, x(t) and r(t ) are the continuously differentiable functions. Also, by using 
Fourier Transforms, we establish the Mittag-Leffler-Hyers-Ulam stability and Mittag-Leffler- 
Hyers-Ulam-Rassias stability of the second order homogeneous linear differential equation 

x"{t) + l x'(t) + m x(t) = 0 (1.3) 

and the non-homogeneous second order differential equation 

x"(t ) + l x'(t) + m x(t) = r(t) (1.4) 

where l and m are scalars, x(t) is a twice continuously differentiable function and r(t ) is a 
continuously differentiable function. 


2. Preliminaries 

In this section, we introduce some standard notations, Definitions and Theorems, it will 
be very useful to prove our main results. 

Throughout this paper, F denotes the real field M or the complex field C. A function 
/ : (0, oo) -A F of exponential order if there exists a constants A, B £ R such that 
\f(t)\ < Ae tB for all t > 0. 

For each function / : (0, oo) -A F of exponential order. Let g denote the Fourier 
Transform of / so that 

OO 

g(u) = j f(t ) e~ ltu dt. 

— OO 

Then, at points of continuity of /, we have 

OO 

f{x) = h f 9{u) e ~ ixu dUi 

—oo 

this is called the inverse Fourier transforms. The Fourier transform of / is denoted by -F(£). 
We also introduce a notion, the convolution of two functions. 

Definition 2.1. (Convolution). Given two functions / and g, both Lebesgue integrable 
on (—oo, Too). Let S denote the set of x for which the Lebesgue integral 

OO 

h(x) = J fit) g{x - t) dt 

— OO 

exists. This integral defines a function h on S called the convolution of / and g. We also 
write h = f * g to denote this function. 

Theorem 2.2. The Fourier transform of the convolution of f(x) and g{x) is the product 
of the Fourier transform of f(x) and g(x). That is, 

Hf(x) * g[x)} = F{f[x)} F{g(x )} = F(s) G(s ) 
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or 


T ■ 


oo 

J f{t ) g(x - t) dt 


)=F(s) G(s), 


where F{s ) and G{s ) are the Fourier transforms of f(x) and g(x), respectively. 

Definition 2.3. [41] The Mittag-Lefiler function of one parameter is denoted by E a (z) 
and defined as 

oo 1 


k =0 


Y{ak + 1) 


where z, a E C and Re(a) > 0. If we put a = 1, then the above equation becomes 


Ei(z) = J2 


T(k + 1) 


z k = 


oo u 

z K 


£ 


k ( 


Definition 2.4. 


k= 0 v J fc=0 
The generalization of E a [z ) is defined as a function 

1 


EaM — 


k =0 


T(a/c + /?)' 


where z,a,/3 £ C, Re{a) > 0 and Re(/3) > 0. 

Now, we give the definition of Mittag-Leffler-Hyers-Ulam stability and Mittag-Leffler- 


Hyers-Ulam-Rassias stability of the differential equations (1.1), (1.2), (1.3) and (1.4). 


Definition 2.5. The linear differential equation (1.1) is said to have the Mittag-Leffler- 


Hyers-Ulam stability, if there exists a constant K > 0 with the following property: For every 
e > 0, let x(t) be a continuously differentiable function satisfies the inequality 

| x'(t) + l x{t )| < eE a (t a ), 

where E a is a Mittag-Leffler function, then there exists some y : (0, oo) -A F satisfies the 


differential equation (1.1) such that \x(t) — y(t)\ < KeE a (t a ), for any t > 0. We call such K 


as the Mittag-Leffler-Hyers-Ulam stability constant for the differential equation (1.1). 


Definition 2.6. The linear differential equation (1.2) is said to have the Mittag-Leffler- 


Hyers-Ulam stability, if there exists a constant K > 0 with the following property: For every 
e > 0, let x(t) be a continuously differentiable function satisfies the inequality 

|x'(t) + l x(t) — r(t)| < eE a (t a ), 

where E a is a Mittag-Leffler function, then there exists some y : (0, oo) — > F satisfies the 
differential equation (1.2) such that | x(t) — y{t)\ < KeE a (t a ), for any t > 0. We call such K 
as the Mittag-Leffler-Hyers-Ulam stability constant for the differential equation (1.2). 


Definition 2.7. The linear differential equation (1.3) is said to have the Mittag-Leffler- 


Hyers-Ulam stability, if there exists a constant K > 0 with the following property: For every 
e > 0, let x(t) be a twice continuously differentiable function satisfying 

| x"(t) + l x'(t) + m x{t )| < eE a (t a ), 
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where E a is a Mittag-Leffler function, then there exists some y : (0, oo) — > F satisfies the 


differential equation (1.3) such that |x(t) — y(t) \ < KeE a (t a ), for any t > 0. We call such K 


as the Mittag-Leffler-Hyers-Ulam stability constant for the differential equation (1.3). 


Definition 2.8. The linear differential equation (1.4) is said to have the Mittag-Leffler- 


Hyers-Ulam stability, if there exists a constant K > 0 with the following property: For every 
e > 0, let x{t) be a twice continuously differentiable function satisfying 

| x"(t) + l x'(t) + m x(t) — r(t)| < eE a (t a ), 

where E a is a Mittag-Leffler function, then there exists some y : (0, oo) -A F satisfies the 


differential equation (1.4) such that \x(t) — y(t)\ < I\eE a (t a ), for any t > 0. We call such K 


as the Mittag-Leffler-Hyers-Ulam stability constant for the differential equation (1.4). 


Definition 2.9. We say that the homogeneous linear differential equation (1.1) has the 


Mittag-Leffler-Hyers-Ulam-Rassias stability, if there exists a constant K > 0 with the fol¬ 
lowing property: For every e > 0, let x(t) be a continuously differentiable function, if there 
exists cj) : (0, oo) —> (0, oo) satisfies the inequality 

\x'(t) +1 x(t )| < 4>(t)eE a (t a ), 

where E a is a Mittag-Leffler function, then there exists some y : (0, oo) -A F satisfies the 


differential equation (1.1) such that \x(t) — y(t)\ < K(j){t)eE a (t a ), for any t > 0. We call such 


K as the Mittag-Leffler-Hyers-Ulam-Rassias stability constant for the equation (1.1). 


Definition 2.10. We say that the non-homogeneous linear differential equation (1.2) has 


the Mittag-Leffler-Hyers-Ulam-Rassias stability, if there exists a constant K > 0 with the 
following property: For every e > 0, let x(t) be a continuously differentiable function, if there 
exists i: (0, oo) -A (0, oo) satisfies the inequality 

| x’(t) + l x(t) - r(t )| < 4>(t)eE a (t a ), 

where E a is a Mittag-Leffler function, then there exists some y : (0, oo) — > F satisfies the 
differential equation (1.2) such that | x(t) — y(t)\ < Kcj)(t)eE a (t a ), for any t > 0. We call such 
K as the Mittag-Leffler-Hyers-Ulam-Rassias stability constant for the equation (1.2). 


Definition 2.11. We say that the homogeneous linear differential equation (1.3) has 


the Mittag-Leffler-Hyers-Ulam-Rassias stability, if there exists a constant K > 0 with the 
following property: For every e > 0, let x(t) be a twice continuously differentiable function, 
if there exists cj) : (0, oo) -A (0, oo) satisfies the inequality 

| x"(t) + l x'(t) + m x(t)| < cj)(t)eE a (t a ), 

where E a is a Mittag-Leffler function, then there exists some y : (0, oo) — > F satisfies the 
differential equation (1.3) such that \x(t) — y(t)\ < Kcp(t)eE a (t a ), for any t > 0. We call such 
K as the Mittag-Leffler-Hyers-Ulam-Rassias stability constant for the equation (1.3). 


Definition 2.12. We say that the non-homogeneous linear differential equation (1.4) has 


the Mittag-Leffler-Hyers-Ulam-Rassias stability, if there exists a constant I\ > 0 with the 
following property: For every e > 0, let x(t) be a twice continuously differentiable function, 
if there exists < f> : (0, oo) -A (0, oo) satisfies the inequality 

| x"(t) + l x'(t ) + m x(t) — r(t )| < 4>(t)eE a (t a ), 
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where E a is a Mittag-Leffler function, then there exists some y : (0, oo) 


F satishes the 


differential equation (1.4) such that \x(t) — y(t)\ < Kcj)(t)eE a (t a ), for any t > 0. We call such 
K as the Mittag-Leffler-Hyers-Ulam-Rassias stability constant for the equation (1.4). 

3. Mittag-Leffler-Hyers-Ulam Stability 

In the following theorems, we prove the Mittag-Leffler-Hyers-Ulam stability of the ho¬ 
mogeneous and non-homogeneous linear differential equations (1.1), (1.2), (1.3) and (1.4). 
Firstly, we prove the Mittag-Leffler-Hyers-Ulam stability of first order homogeneous differen¬ 
tial equation & 


Theorem 3.1. The differential equation (1.1) has Mittag-Leffler-Hyers-Ulam stability. 

Proof. Let l be a constant in F. For every e > 0, there exists a positive constant K 
such that x : (0, oo) —> F be a continuously differentiable function satisfies the inequality 


(3.1) 

F satisfying the 


| x'(t) + l x(t )| < eE a (t a ) 

for all t > 0. We will prove that, there exists a solution y : (0, oo) 
differential equation y'(t) + l y(t) = 0 such that 

| x(t) - y(t )| < I<eE a (t a ) 

for any t > 0. Let us define a function p : (0, oo) —> V such that p(t) =: x'(t ) +1 x(t) for each 
t > 0. In view of (3.1), we have \p(t)\ < eE a {t a ). Now, taking Fourier transform to p(t), we 
have 

^{pit)} = E{x'(t) + l x(t)} 

P(0 = P{x'm + l E{x{t)} = -i£X(0 + l X(0 = (l- i£)X(0 

P(0 


m = 


Thus 


Taking Q(f) = 


1 


(i-ity 

E{x(t)} = X(0 = 
, then we have 


no (l + it) 
u-e ' 


(3.2) 


(l-if) 

E{q(t)} = 


1 


(l~i 0 




Now, we set y(t) = e lt and taking Fourier transform on both sides, we get 


Hvit)} = Y{ 0 = 


CXJ 

/ 


e lt e lst dt = 


J e~ lt e ist dt + J . 


e "" e""“ dt + I e lt e lst dt = 0 . 


(3.3) 


Now, 


F{y’(t) + l y(t)} = F{y\t )} + l F{y(t)} = -ifY(f) + l T(0 = (l - if)Y (£)• 
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Then by using (3.3), we have E{y'{t) + l y(t)} = 0, since T is one-to-one operator, thus 


y'{t) + l y(t) = 0, Hence y{t) is a solution of the differential equation (1.1). Then by using 


(3.2) and (3.3) we can obtain 


T{x(t)} - E{y(t)} = X(0 - Y(0 = = P(0 Q(0 = HpH)} X{q(t)} 

=> J r {x(t)-y(t)} = J 7 {p(t)*q(t)}. 

Since the operator T is one-to-one and linear, which gives x(t) — y(t) = p(t ) * q(t). Taking 
modulus on both sides, we have 


< KeE a (t° 



OO 

/» 


OO 

/» 

x(t)-y(t) 1 = \p(t)*q(t)\ = 

/ p(t) q(t — s) ds 

-oo 

VI 

/ q(t — s ) ds 

-oo 


Where K = 


f q(t — s) ds 


exists for each value of t. Then by virtue of Definition 


2.5 


the 


homogeneous linear differential equation (1.1) has the Mittag-Leffler-Hyers-Ulam stability. 

□ 

Now, we are going prove the Mittag-Leffler-Hyers-Ulam stability of the non-homogeneous 


linear differential equation (1.2) using Fourier transform method. 


Theorem 3.2. The differential equation (1.2) has Mittag-Leffler-Hyers-Ulam stability 


Proof. Let l be a constant in F. For every e > 0, there exists a positive constant I\ 
such that x : (0, oo) —> F be a continuously differentiable function satisfies the inequality 


| x'(t) + l x(t) — r(t)\ < eE a (t a ) 


(3.4) 


for all t > 0. We have to show that there exists a solution y : (0, oo) —> F satisfying the non- 
homogeneous differential equation y'(t) + l y{t) = r{t) such that | x(t) — y(t)\ < KeE a (t a ), 
for any t > 0. 

Let us define a function p : (0,oo) —> F such that p(t) =: x'{t) + l x(t) — r(t) for each 


t > 0. In view of (3.4), we have \p(t)\ < eE a {t a ). Now, taking Fourier transform to p(t), we 
have 

E{p(t)} = E{x'(t) + l x(t) - r(t)} 

P(0 = X{x'(t)} + l - E{r(t)} 

= -i£X(0 + l X(0 - R(0 = {l- i0X(0 - R(0 

p(o+m 


X(0 = 


(i - iO 


Thus 


E{x(t)} = X(0 = 


{P(0 + R(Q} (i + jQ 


(3.5) 
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Let us choose Q(f) as —-—, then we have 

(/ - *£) 




i 




(l-if) l (l-if) 

Now, we set y(t) = e~ lt + ( r(t ) * q(t)) and taking Fourier transform on both sides, we get 

OO 

m) R(0 


Hy(t)} = no = / 


e~ lt e ist dt + 


(i - *o a-*o 


(3.6) 


Now, + l y(t)} = —ifY(f) + l Y(£) = i?(£). Then by using (3.6), we have 

+ ^ ?/(*)} = T{r(t)}, 

since T is one-to-one operator, thus y'(t) + l y(t ) = r(t), Hence y(t) is a solution of the 


differential equation (1.2). Then by using (KL5j) and (3.6) we have 


=no - no = 


{P(0 + R( 0} (i + iO ^(0 


i 2 -e (i- 

= ^(0 Q (0 = 

J 7 {x(t)-y(t)} = J 7 {p(t)*q(t)} 

Since the operator T is one-to-one and linear, which gives x(t) — y(t) = p(t) * q(t). Taking 
modulus on both sides, we have 



OO 

/» 


oo 

/» 

x{t)-y[t) I = \p{t)*q(t)\ = 

/ p(t) q(t — s ) ds 

-oo 

X 

VI 

/ q(t — s ) ds 

-oo 


Where K = 


f q{t — s) ds 


< KeE a (t a ). 

, the integral exists for each value of t. Hence, by the virtue of 


Definition 2.6 the non-homogeneous differential equation (1.2) has the Mittag-Leffler-Hyers- 
Ulam stability. □ 


Now, we prove the Mittag-Leffler-Hyers-Ulam stability of the homogeneous and non- 
homogeneous second order linear differential equations (1.3) and (1.4). 


Theorem 3.3. The differential equation (1.3) has Mittag-Leffler-Hyers-Ulam stability. 


Proof. Let l , m be constants in F such that there exist y, v G F with yv = m, y+v = —l 
and y u. For every e > 0, there exists a positive constant K such that x : (0, oo) —> F be a 
twice continuously differentiable function satisfying the inequality 


x"(t) + l x'(t.) + m x(t )| < eE a (t a ) 


(3.7) 


for all t > 0. We will show that there exists a solution y : (0, oo) —> F satisfying the 
homogeneous differential equation y" (t) + l y'(t) + m y(t ) = 0 such that 

| x(t) - y(t )| < KeE a (t a ), 
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for any t > 0. Let us define a function p : (0, oo) —> F such that p{t ) =: x"(t)+l x'(t) + m x(t) 


for each t > 0. In view of (3.7), we have \p{t)\ < eE a {t a ). Now, taking Fourier transform to 
p(t), we have 

P{p{t)} = F{x"{t) + l x'(t ) + m x(t)} 

P{t) = P{x"(t)} + l E{x'{t )} + m E{x(t)} = (£ 2 - i£l + m) X{t) 

x(n = m 

Since l,m are constants in F such that there exist p, v 6 F with p + v = —l, pu = m and 
p 7 ^ u, we have (£ 2 — i£l + m) = {it — p) {it — v). Thus 

P{t) 


X{x(t)} = X(0 = - 


Let Q(£) = — 


1 


{it - p) {it - v) 

pum = - 


, then we have 


{it - p) {it - v) 


{it - p) {it - v )' 




(3.8) 


{it - p) {it ~ v) 


- £/g ^ 

Now, setting y(t) as - and taking Fourier transform, we obtain 


p — v 

■W)} = Y(i) = 


- "XI e « dt = o. 


P — V 


(3.9) 


Now, 


F{y"{t) + 1 y'{t ) + m y(t)} = {t 2 - itl + m) Y{t). 

Then by using (|3.9[), we have F{y"{t) + 1 y'{t) +m y(t )} = 0. Since T is one-to-one operator, 


then y"{t) + l y'{t) + m y(t) = 0, Hence y{t) is a solution of the differential equation (1.3). 
Then by using ( |3.8[ ) and ( |3.9[ ) we can obtain 

m 


X{x{t)}-X{y{t)} = X{t)-Y{t) = 


= P{t) Q{t) = Hp{t )} P{q(t)} 


t 2 — itl + m 
=> F{x{t) - y(t)} = F{p{t) * q{t )} 

Since the operator T is one-to-one and linear, which gives x{t) — y(t) = p(t) * q{t). Taking 
modulus on both sides, we have 


< KeE a (t a ). 


, the integral exists for each value of t. Then by virtue of 



OO 

p 


oo 

p 

x{t)-y{t) I = \p{t)*q(t)\ = 

/ p{t) Q{t ~ s ) ds 

-oo 

7T 

X 

VI 

/ q{t — s ) ds 

-oo 


Where K = 


f q(t — s) ds 


Definition |2.7| the homogeneous linear differential equation (1.3) has the Mittag-Leffler-Hyers- 
Ulam stability. □ 


76 


Rassias 68-85 



















J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


10 


J.M. RASSIAS, R. MURALI, AND A. PONMANA SELVAN 


Theorem 3.4. The differential equation (1.4) has Mittag-Leffler-Hyers-Ulam stability. 

Proof. Let l , m be constants in F such that there exist /j,i/£F with fin = m, fi + n = —l 
and fi f n. For every e > 0, there exists a positive constant K such that x : (0, oo) —> F is a 
twice continuously differentiable function satisfying the inequality 


| x"(t) + l x'(t) + m x(t) — r(t )| < eE a (t a ) 


(3.10) 


for all t > 0. We have to prove that there exists a solution y : (0, oo) — > ¥ satisfying the 
non-homogeneous differential equation y"(t) + l y'(t) + m y(t) = r(t ) such that 

\x(t) - y(t )| < KeE a (t a ), 

for any t > 0. Assume that x{t) is a continuously differentiable function satisfying the 
inequality (3.10). Let us define a function p : (0,oo) — > ¥ such that p(t) =: x"(t) + l x'(t) + 
m x(t) — r(t ) for each t > 0. In view of (3.10), we have \p(t)\ < eE a (t a ). Now, taking Fourier 
transform to p(t), we have 

E{p(t)} = E{x"(t) + l x'{t) + m x(t) — r(t)} 

p(0 = E{x"{t)} + l E{x'(t)} + m E{x(t)} - E{r{t)} = - ifl + m) X{£) - R(£) 

m+m 


= 


£? — i£l + m 


Since l,m are constants in F such that there exist fi, v e F with p + n = —l, fin = m and 
p f n, we have (£ 2 — i£l + m) = (if, — fi) (if — n). Thus 


Taking 


setting 


^{x(t)} = X(f) = 


Q(f) = E{q(t)} = 


P(f) + R(f) 

(if - fi) (if - n )' 


1 

(if - fi) (if - n ) : 


(3.11) 


, , fie ^ — ne ut ... ... 

y(t) = -h ( r(t) * q(t)) 


fi — n 

and taking Fourier transform on both sides, we get 


E{y(t)} = Y(f) = 
Now, 


fie ^ - ne vt ist ^ 

- - e lst dt + 

fi — n 


m) 


m 


(if - fi) (if - n) (if - p) (if - n) 


. (3.12) 


F{y"(t) + l y'(t) + m y(t)} = E{y"(t )} + l E{y'(t )} + m E{y(t)} 

= (f 2 -ifl + m)Y(f)=R(f). 

Then by using ( |3. 12 ), we have E{y"(t) + l y'(t) + m y(t)} = J 7 {r(t)}, since T is one-to-one 
operator, thus y"(t ) + l y'(t) + m y(t) = r(t), Hence y(t) is a solution of the differential 
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equation (1.4). Then by using (3.11) and (3.12) we can obtain 

m+m 


T{x(t)} - E{y(t)} = X(t) - Y(t) = 


m 


(it - aO (it - v) (it - A i) (it ~ v) 

= P(t) Q(t) = Hv(t)} Hq m 

=> E{x(t) - y(t)} = E{p(t) * g(A)} 

Since the operator T is one-to-one and linear, which gives x(t) — y(t ) = p(t) * q(t). Taking 
modulus on both sides, we have 



OO 

/* 


OO 

/» 

x(t)-y(t)\ = \p(t)*q(t)\ = 

/ p(t) q(t — s ) ds 

-oo 

4T 

VI 

/ q(t — s ) ds 

-oo 


Where K = 


f q(t — s ) ds 


< KeE a (t a ). 

, the integral exists for each value of t. Then by virtue of 


Definition 2.8 the non-homogeneous linear differential equation (1.4) has the Mittag-LefHer- 
Hyers-Ulam stability. □ 

4. Mittag-Leffler-Hyers-Ulam-Rassias Stability 

In the following theorems, we are going to investigate the Mittag-Leffler-Hyers-Ulam- 


Rassias stability of the differential equations (1.1), (1.2), (1.3) and (1.4). 


Theorem 4.1. The differential equation ( 1.1 ) has Mittag-Leffler-Hyers-Ulam-Rassias sta¬ 
bility. 

Proof. Let l be a constant in F. For every e > 0, there exists a positive constant K 
such that x : (0, oo) —> F be a continuously differentiable function and (j) : (0, oo) -A (0, oo) 
be an integrable function satisfies 

| x'(t) + l x(t )| < (j)(t)eE a (t a ) (4-1) 

for all t > 0. We will prove that, there exists a solution y : (0,oo) —^ F which satisfies the 
differential equation y'(t) + l y(t) = 0 such that 

| x(t) - y(t )| < K(f(t)eE a (t a ) 

for any t > 0. Let us define a function p : (0, oo) — > F such that p(t) =: x'(t) +1 x(t ) for each 


t > 0. In view of (4.1), we have |p(f)| < 4>(t)eE a (t a ). Now, taking Fourier transform to p(t), 
we have 

P(t) (l + it ) 


Choosing Q(t) = 


1 


E{x(t)} = X(t) = 
, then we have q(t) = 


P-t 2 

1 


(4.2) 


(l-it) 

taking Fourier transform on both sides, we get 


(l-it) 


. Now, we set y(t ) = e lt and 


CXJ 

Hy(t)} = Y(t)= J 


—It Ast 


(4.3) 
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+ l V(t)} = -i£Y(0 + l Y(0 = (l- if)Y (£) 


Then by using (4.3), we have F{y'(t) + l y(t)} = 0, since T is one-to-one operator, thus 
y'(t ) + l y{t) = 0, Hence y(t) is a solution of the differential equation 0 ). Then by using 
(4.2) and (4.3) we can obtain 


Y{x{t) - y(t)} = E{p(t) * q(t)} 

Since the operator T is one-to-one and linear, which gives x(t) — y(t ) = p(t) * q(t). Taking 
modulus on both sides, we have 



OO 

/» 


oo 

/» 

II 

-+o 

* 

X 

II 

-to 

X 

1 

/ -to' 

X 

/ p(t) q(t — s ) ds 

-oo 

-to 

VI 

/ q(t — s ) ds 

-oo 


Where K = 


f q(t — s) ds 


< Kct){t)eE a (t a ). 

, the integral exists for each value of t and is an integrable 


function. Then by virtue of Definition 2.9 the differential equation (1.1) has the Mittag- 
Lefffer-Hyers-Ulam-Rassias stability. 


□ 

Now, we prove the Mittag-Leffler-Hyers-Ulam-Rassias stability of the non-homogeneous 


linear differential equation (1.2) with the help of Fourier Transforms. 


Theorem 4.2. The differential equation (1.2) has Mittag-Leffler-Hyers-Ulam-Rassias sta¬ 
bility. 

Proof. Let l be a constant in F. For every e > 0, there exists a positive constant K 
such that x : (0, oo) —> F is a continuously differentiable function and cf> : (0, oo) —> (0, oo) an 
integrable function satisfying 


| x'(t) + l x(t) — r(t )| < (f{t)eE a (t a ) 


(4.4) 


for all t > 0. We will now prove that, there exist a solution y : (0, oo) —>• F, which satisfies 
the differential equation y'(t) +1 y(t ) = r(t) such that 

|x(f) - y(t )| < K<j>(t)eE a (t a ), 

for any t > 0. Let us define a function p : (0, oo) — > F such that p(t) =: x'(t) + l x(t) — r(t) 


for each t > 0. In view of (4.4), we have \p(t)\ < 4>(t)eE a (t a ). Now, taking Fourier transform 
to p(t), we have 

{P(S) + R(0} (1 + iO 


Now, let us take Q(C) as 


E{x(t)} = X(0 = 

then we have 


E~e 


(4.5) 


{i-iO 


E{q(t)} = 


1 


(l-it) 
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OO 

m R(0 
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Hvm = Y(t) = j 


e~ lt e ist dt + 


Now, 


(l-if) {l-%) 

— OO 

+ l y{t )} = E{y'(t)} + l E{y(t)} = + l Y(f) = R(0 


(4.6) 


Then by using (4.6), we have E{y'(t) + l y(t)} = F{r(t)}, since T is one-to-one operator, 
thus y’ It) +l y(t ) = r(t). Hence y(t) is a solution of the differential equation (1.2). Then by 
using (4.5) and (4.6) we can obtain 

F{x{t) - y(t)} = F{p(t) * q(t)}. 

Since the operator T is one-to-one and linear, it gives x(t) — y(t) = p(t)*q(t). Taking modulus 
on both sides, we have 



OO 

/» 


OO 

/» 

x(t)-y(t) | = \p(t)*q(t)\ = 

/ p(t) q{t — s ) ds 

-oo 

43^ 

_a, 

VI 

/ q(t — s ) ds 

-oo 


If K = 


f q(t — s) ds 


< K <j)(t)eE a (t a ). 

the integral exists for each value of t and is an integrable function. 


Hence by the virtue of Definition 2.10 the differential equation (1.2) has the Mittag-LefHer- 
Hyers-Ulam-Rassias stability. □ 

Now, we are going to establish the Mittag-LefHer-Hyers-Ulam-Rassias stability of the 


second order homogeneous differential equation (1.3). 


Theorem 4.3. The second order linear differential equation (1.3) has Mittag-Leffter- 
Hyers- Ulam-Rassias stability. 

Proof. Let l, m are constants in F such that there exist p, v e F with p,v = m, p+u = —l 
and p. f v. For every e > 0, there exists a positive constant K such that x : (0, oo) — > F is 
a twice continuously differentiable function and <p : (0, oo) -A (0, oo) an integrable function 
satisfying the inequality 

| x"(t) + l x'(t) + m x(f)| < 4>(t)eE a (t a ) (4-7) 

for all t > 0. We will now prove that there exists a solution y : (0, oo) — > F satisfying the 


homogeneous differential equation (1.3) such that 


|x(f) - y(t )| < K4>(t)eE a (t a ), 

for any t > 0. Let us define a function p : (0, oo) — > V such that p(t) =: x"(t) + l x'(t) + m x(t) 
for each t > 0. In view of (4.7), we have \p(t)\ < <f{f)eE a {t a ). Now, taking Fourier transform 
to p(t), we have 

-P(£) = F{x"(t)} + l E{x'(t)} + m 7 7 {x(t)} = (£ 2 - i£l + m) X(f) 


*(0 = 


P (0 


C 2 — if l + m 
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Since l,m be constants in F such that there exist y, v G F with p + v = —l, fw = m and 
fi 7 ^ v, we have (£ 2 — i£l + m) = (if, — fi) (if — v). Thus 


T{x(t)} = X(f) = 


m 


- ao ' 


Choosing Q(£) as . - - -r, then we have X{q(t)} = — ; - -, 

- N (*£ ~ v) (*£ - A*) (*f - v) 

/JjG ^ — 1S€- ^ 

a function y(t) = - and taking Fourier transform on both sides, we get 


(4.8) 

and we define 


// — v 
T{y(t)} = Y(f) = 


pe 


-A* _ i/ e ~ ut 


Ast 


dt = 0. 


fi — v 


(4.9) 


—oo 

tl 


Now, T{y"(f) + l y'(t ) + m y(t)} = (A — ifl + m ) Y(f). Then by using (4.9), we have 
X{y"(t)+l y'(t)+m y(t)} = 0, since T is one-to-one operator, thus y"(t)+l y'(t)+m y(t ) = 0, 
Hence y(t) is a solution of the differential equation (1.3). Then by using (4.8) and (4.9) we 
can obtain 


X{x(t)}-X{y(t)} = X(f)-Y(f) = 


m 


f 2 — ifl + m 

= P(0 Q(f) = Hp(t)} xum 

=> T{x(t) -y(t)} = F{p{t)* q(t)} 

Since the operator T is one-to-one and linear, which gives x(t) — y(t) = p(t ) * q(t). Taking 
modulus on both sides, we have 


\x(t) -y(t )| = \p(t)*q(t)\ = 


p(t) q(t — s ) ds 


< W)\ 


q(t — s) ds 


< Kcf(t)eE a (t a ). 


Where K = 


f q(t — s ) ds 


exists for each value of t and f(t) is an integrable function. 


Then by the virtue of Definition 2.11 the homogeneous linear differential equation (1.3) has 
the Mittag-Leffler-Hyers-Ulam-Rassias stability. □ 

Finally, we are going to investigate the Mittag-Lefflcr-Hyers-Ulam-Rassias stability of the 


second order non-homogeneous differential equation (1.4). 


Theorem 4.4. The second order linear differential equation (1.4) has the Mittag-Leffler- 
Hyers- Ulam-Rassias stability. 

Proof. Let l, m be constants in F such that there exist p, v E F with pu = m, p+u = —l 
and p f v. For every e > 0, there exists a positive constant K such that x : (0, oo) —> F is 
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a twice continuously differentiable function and 4> : (0, oo) — > (0, oo) an integrable function 
satisfying the inequality 

| x"{t) + l x'(t) + m x(t) — r{t )| < 4>(t)eE a (t a ) (4-10) 

for all t > 0. We have to prove that there exists a solution y : (0, oo) —> F satisfying the 
non-homogeneous differential equation (1.4) such that | x(t) — y(t)\ < K(j)(t)eE a (t a ), for any 
t > 0 . 

Let us define a function p : (0, oo) —> F such that p(t) =: x"{t) + l x'(t ) + m x(t.) — r(t) 
for each t > 0. In view of (4.10), we have \p(t)\ < (f>(t)eE a (t a ). Now, taking the Fourier 
transform to p(t), we have 

-P(£) = F{x"(t)} + l F{x\t)} + m J r {x(t)} - F{r(t)} 

= (e 2 -»^ + m) X(0-R(£) 

m+m 


x(0 = 


i 2 — + m 


Since l,m be constants in F such that there exist p, v 6 F with p + v = —l, pu = m and 
p 7 ^ v, we have (£ 2 — i£l + m) = (*£ — p) (*£ — v). Thus 


rr „„ m+m 

^{x(i)( = X©= K _ fi) K _„ r 


(4.11) 


Assuming Q{£) = F{q(t)} = — 


1 


(*£ - v) (*£ ~ v) 


and defining a function 


. . pe — ve vt ... ... 

y(t) = -——-b (r(t) * q(t )) 

and also taking Fourier transform on both sides, we get 


E{y{t)} = y (0 = 


pe 


- ue~ vt 


Ast 


fi — V 


dt + 




^(0 


(*£ - )U) (*£ - v) {i£ - p) {i£ - v )' 


(4.12) 


Now, ^{^'(t) + l y\t ) + m y(t)} = (£ 2 — + m) Y(£) = R(£). Then by using (4.12), we 

have F{y"{t) + l y'(t) + rn y(t)} = F{r(t)}, since F is one-to-one operator; thus 

y"(t) + l y'{t) + m y{t) = r(t). 


Hence y[t) is a solution of the differential equation ( |1.4| ). Then by using (4.11) and (4.12) we 
can obtain 


F{x{t)} - F{y{t)} = - 


m+RA) 


m 


(*£ - y) (*£ - v) (i£ - p) (i£ - v) 

= m Q(Z) = Hp(t)} F{q(t)} 

F{x(t ) - y(t)} = F{p(t) * q(t)} 
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Since the operator T is one-to-one and linear, which gives x(t) — y(t ) = p(t ) * q(t). Taking 
modulus on both sides, we have 

\x(t)-y(t )| = \p(t) *q(t)\ 


OO 

J P(t) Q(t ~~ s ) ds 

— OO 


< |p(*)| 



< Kcj)(t)eE a {t a ). 


Where I\ = 


f q(t — s) ds 


, the integral exists for each value of t. Then by the virtue of 


Definition 2.12 the non-homogeneous linear differential equation (1.4) has the Mittag-Lefffer- 
Hyers-Ulam-Rassias stability. □ 


Conclusion: We have proved the Mittag-Leffler-Hyers-Ulam stability and Mittag-Lefffer- 
Hyers-Ulam-Rassias stability of the linear differential equations of first order and second or¬ 
der with constant co-efficients using the Fourier Transforms method. That is, we established 
the sufficient criteria for Mittag-Lefffer-Hyers-Ulam stability and Mittag-Lcfffer-Hyers-Ulam- 
Rassias stability of the linear differential equation of first order and second order with con¬ 
stant co-efficients using Fourier Transforms method. Additionally, this paper also provides 
another method to study the Mittag-Leffler-Hyers-Ulam stability of differential equations. 
Also, this paper shows that the Fourier Transform method is more convenient to study the 
Mittag-Leffler-Hyers-Ulam stability and Mittag-Lefffer-Hyers-Ulam-Rassias stability of the 
linear differential equation with constant co-efficients. 
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Abstract 

We consider in this paper, the solution of the following systems of difference 
equation: 

^ _ %n— 2 nj _ Vn —2 ~ _ z n— 2 

x n +1 — ~TZ ; 7 Un +1 — "TT ; > z n+1 — "TT ; 

±1 + X n - 2 y n -lZn ±1 + y n —2 z n—l x n ±1 + z n-2 x n-l y n 

where the initial conditions X- 2 , £-1, xo, y _ 2 , y_i, yo,Z- 2 , Z- 1, zq are arbi¬ 
trary non zero real numbers. 

Keywords: difference equations, recursive sequences, periodic solutions, system of 
difference equations, stability. 

Mathematics Subject Classification: 39A10. 


1 Introduction 

Difference equations related to differential equations as discrete mathematics related 
to continuous mathematics. Most of these models are described by nonlinear delay 
difference equations; see, for example, [9], [10]. The subject of the qualitative study 
of the nonlinear delay population models is very extensive, and the current research 
work tends to center around the relevant global dynamics of the considered systems of 
difference equations such as oscillation, boundedness of solutions, persistence, global 
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stability of positive steady sates, permanence, and global existence of periodic solu¬ 
tions. See [13], [17], [19]-[22], [26], [28], [29] and the references therein. In particular, 
Agarwal and Elsayed [1] deal with the global stability, periodicity character and gave 
the solution form of some special cases of the recursive sequence 

bx n x n -3 

Xn -\-1 CLX n d" ; - • 

CX n —2 dX n _ 3 

Camouzis et al. [5] studied the global character of solutions of the difference equation 


bx n -2 + X n -3 
x n +1 — 1 : • 

A + X n _3 

Clark and Kulenovic [7] investigated the global asymptotic stability of the system 

Xn y n 


x n+l 


cy r , 


Dn +1 — 


b + dx r 


In [9], Din studied the boundedness character, steady-states, local asymptotic sta¬ 
bility of equilibrium points, and global behavior of the unique positive equilibrium 
point of a discrete predator-prey model given by 

ax n - f3x n y n 5x n y n 

X n +l .. i Dn +1 

1 + 7 x n x n + rjy n 

Elsayed et al. [23] discussed the global convergence and periodicity of solutions of 
the recursive sequence 


b + cx n -1 

X n +l (IX n -\- 

cl + ex n -i 

Elsayed and El-Metwally [24] discussed the periodic nature and the form of the solu¬ 
tions of the nonlinear difference equations systems 


Xn+l 


XnVn —2 

yn -1 (±1 ± x n y n - 2 ) ’ 


Dn+1 ~ 


ynXn—2 

Xn— 1 (if i yn x n— 2 ) 


Gelisken and Kara [25] studied some behavior of solutions of some systems of rational 
difference equations of higher order and they showed that every solution is periodic 
with a period depends on the order. 

In [27] Kurbanli discussed a three-dimensional system of rational difference equa¬ 
tions 

^ _ Xn— 1 _ Un— 1 _ X n 

X n +1 Tj Un +1 7; %n+1 • 

Xn—lVn 1 Un—lXn 1 ^n—lUn 

Touafek et al. [33] studied the sufficient conditions for the global asymptotic stability 
of the following systems of rational difference equations: 

m _ Xn—3 _ Un— 3 

X n +1 11 i ) Un+1 11 i • 

±1 ± XnSVn-l ±1 ± y n -3X n -l 
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with a real number’s initial conditions. 

Our goal in this paper is to investigate the form of the solutions of the system of 
three difference equations 

x n —2 ^ Un-2 ~ Z n —2 

x n +1 = ~rz : j Un +1 — , z n +1 = ~z : , (TJ 

±1 + X n - 2 yn-lZn ±1 + y n -2Z n -lXn ±1 + Z n - 2 X n -iy n 

where the initial conditions X- 2 , X-i, Xo, y~ 2 , y~ 1 , yo , Z- 2 , Z-i, zo are arbitrary 
real numbers. Moreover, we obtain some numerical simulation to the equation are 
given to illustrate our results. 


2 The System 


%n +1 


_ x n —2 _ 

l+®n- 2y n -\Zn 5 


Vn+l 


Vn -2 

1 +Vn-2 z n—l x n 5 


Zn +1 


_ 2 _ 

1+%1-2%1-12/n 


In this section, we study the solution of the following system of difference equations. 


%n— 2 Vn —2 %n—2 / 0 \ 

^n+1 — -? Vn+l — -• ^n+1 — -* (") 

1 + x n — 2 y n —\z n 1 + y n — 2 z n —\x n 1 + z n - 2 x n -iy n 

where n E N () and the initial conditions are arbitrary real numbers. 

The following theorem is devoted to the form of the solutions of system (1). 
Theorem 1. Suppose that {x n ,y n ,z n } are solutions of the system (1). Then for 
n = 0,1, 2,..., we have the following formulas 


x 3n—2 


%3n 


n fi (1 + {3i)x- 2 y-iZo) _ ^ (1 + (3 i + l)x-iy 0 z- 2 ) 

i= 0 (1 + (3i + l)x- 2 y~iZo) ’ j=o (1 + (3* + 2)x^iyoZ- 2 ) ’ 

+T 1 (1 + (3i + 2)xoy~2Z~i) 
i= 0 (1 + (3i + ?>)xoy- 2 z-i) ’ 


y?yn —2 


2/3n 


+T 1 (1 + (3i)x 0 y- 2 Z-i) = n f\ (! + (3i + l)x- 2 y-iZo) 

i=o (1 + (3i + l)xoy- 2 Z-i) ’ ^ ^ j =0 (1 + (3t + 2)a;_2|/-i^o) 

+T 1 (1 + (3 i + 2)x~iy 0 z_ 2 ) 
i= 0 (1 + (3i + 3)a;_i|/o^-2) ’ 


Z3n-2 


Z 3 n 


"pr 1 (1 + (3i)s-i2/ 0 z_ 2 ) __ = . TT 1 (1 + (3t + l)x Q y- 2 Z-i) 

i =0 (1 + (3 i + 1 ) 37 — 12 / 0 ^— 2 ) ’ i=o (1 + (3* + 2)xoy- 2 z_i) 

"pj. 1 (1 + (3 i + 2)a;_2|/-i^o) 
i=o (1 + (3 % + 3)x- 2 y-iZo) ’ 
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Proof. For n = 0 the result holds. Suppose that the result holds for n — 1. 

n f? (1 + {3i)x_ 2 y. l z 0 ) n ~ 2 (1 + (3i + l)x_ iyo z_ 2 ) 

2 M (1 + (3i + l)x- 2 y-iZo) ’ 4 to (1 + (3» + 2)x- iyo z- 2 ) ’ 

n ff (1 + (3i + 2)x 0 y- 2 z-i) 

X3n—3 X 0 11 /q . q\ 

i=o (1 + ( 3 * + 3 )xoy- 2 Z-i) 

"rr 2 + (3i)® 0 ?/-2«-i) _ "fr + ( 3 * + 1 )^- 22 /-i^o) 

i=o (1 + (3* + l)x 0 y- 2 Z-i) i= o (1 + (3? + 2)a;_22/-i^o) 

_ Vr 2 + ( 3i + fyx-iyoz-z) 
y?yn—3 yo 11 

i=o (1 + (3* + 3)a_i2/ 0 2-2) 


_ n - 2 (1 + (3i)x-iyoZ- 2 ) _ n " 2 (1 + (3i + 1 )xo2/- 2 2-i) 

i =o (1 + (3* + V)X-iyoZ- 2 ) i =o (1 + (3* + 2)aio2/-2^-i) 

_ ^ "fr 2 (1 + (3i + 2)x-2V-\Zq) 

^ n_3 “ to (1 + (3i + 3)x- 2 y-iZo )' 

It follows from Eq.(l) that 


X3n-2 — 


X3n-5 

1 + ^ 3 n- 5 ?/ 3 n- 4 ^ 3 n -3 


X—2 n 


(l+(3i)g-2j/-izo) 

(l+(3i+l)a:_23/-izo) 


1 I Ay, TT (l+(3i)a:_2y-izo) 
l'" -2 11 (l+(3*+l)a;_2y-izo) 


TT (l + (3/+l).r 2 jA i. ~(j > 
Ay —1 II (l+(3i+2)o;_2j/-i^o) 


)(-o n 


(l+( 3 t+ 2 ).r 2J/- j-'u) ' 
(l+(3i+3)a;_2?/-i2o) - 


X—2 n 


(l + ( 3 /').r ry |£g) 
(l+( 3 i+l)x_ 2 i/_izo) 


1 I ™ ~ TT ft (1+(3 z)x-23/-izq) \ / (l+(3i+l)x_23/-izo) \ ( (l+( 3 i+ 2 )x- 2 y-lzo) \\ 

1 -f X— 2 y_\Zo \\(l + ( 3 i+l)x- 2 y-iz 0 )>\{l+( 3 i+X)x- 2 y-izo)^{l+( 3 i+ 3 )x- 2 y-izo)>> 


TT (l+(3Qg-2j/-izo) 
~ 2 11 (l+(3i+l)a:_2j/_izo) 


1 I ~ ~ TT r (l+(3i)a:-2y-izo) \ 

' — 2 y~ 1^0 11 1 (l+(3*+3)a;_2j/_ 1 zo) 1 

j=0 

n fr 2 (! + (3*)a?_22/—l^to) 1 

" ;E ~ 2 to (i + ( 3 *+ i)x-2v~izo) i+ ( (1+(3 ::^;u 0) ) 

x TT ^ + (SQ^-alZ-i^o) / (1- + (3n - 3)x- 2 y- 1 z 0 ) 

i =o (1 + ( 3 i + l)x- 2 y-iZo) (1 + ( 3 n — 3 )x- 2 y^iZo) + X- 2 y-\Zo‘ 

pr 2 (1 + (3i)x- 2 y-iz 0 ) . (1 + (3 n - 3)a;_2|/-i^o) , 

i =o (1 + (3i + l)x- 2 y-\Zo) (1 + (3 n — 2 )x- 2 y-\Zo) 
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Then, we see that 


n— 1 

x 3n - 2 = x-2 n 

i =0 


(1 + {3i)x- 2 y- 1 z Q ) 

(1 + (3 i + l)x- 2 y-iZo)' 


Also, we see from Eq.(l) that 

y 3 n—5 


y 3 n —2 ~ 


1 + y 3 n-hZ 3 n-A'X 3 n- 3 


n —2 


y -2 n 


i =0 


(l+(3i)goy_2Z-i) 

(l+(3i+l)xo!/-2Z-i) 


n—2 


I A,, TT (l+(3i)a;oy_2Z-i) rr (l+(3t+ljxoy_ 2 2-ij \ / rr (l+(3t+2!)xo^_2Z-i) \ 

11 (l+(3i+l)xoJ/-2Z-i) 1 11 (l+(3i+2)a:o3/-2Z-i) A 0 11 (l+(3i+3)x 0 i/-2Z-i) ' 


n—2 


(l+(3i+l)x 0 i/_2g-i)' 


i=0 

n—2 


i =0 


n—2 

n 

i =0 


(l+(31+2).ToijL2^-i) ' 

-2*-l) ' 


y -2 n 


i=0 


(l+(3/').ro^_2~ i) 

(l+(3i+l)xoJ/-2Z-h.j 


n—2 


1 + .To/y- 2^-1 n 


i=0 


(l+(3i)xoy-2Z-i) 

(l+(3i+3)xo!/-2Z-i) 


Vr 2 + (3i)a:oj/-2«-i) 

= y -2 n 


1 


i=0 (1 + (3* + l)^0|/-2^-l) 1 + Y+(J 


xoy_ 2 2_i 


n-3)xoy-2Z-i- 

1 + (3n - Z)x 0 y- 2 Z-\ 


tt (1 + {‘ii)xoy- 2 Z-l) , _ 

i =o (1 + (3* + l)xoy- 2 z~i) 1 + (3n — 3)xoy_ 2 Z-i + Xoy_ 2 Z-i' 
Y? (1 + ( 3i)x 0 y- 2 z-i ) , 1 + (3 n - 3)x Q y- 2 Z-i , 

^ i =o (1 + (3* + l)xQy- 2 z-i) 1 + (3w — 2)aioy/-2^-i 


Then, we see that 


y 3 n —2 


"At 1 (1 + (3i)xQy- 2 Z-i) 

^ 1=0 (1 + (3 % + l)^0?/-2^-l) 


Finally, we see that 
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Z 3n-2 ~ 


Z3n-5 


1 + ^3n-5 a; 3n-4l/3n-3 


n —2 


Z—2 n 


i =0 


(l+(3i)x-iypz-2) 

(l+(3i+l)x-\yoz-2) 


n —2 


n —2 n—2 

TT (l+(3t)a;-iyo2-2) \/ TT (l+(3t+l)a:_iyoz-2) \ / TT 

' — ^ A 1 (l+(3i+l)a:_ii/o 2 -2) ' ' y — ^ A1 (l+(3i+2)x-ivnZ-o) ' \A/0 At 


j=0 

n—2 


Z—2 n 


i=0 


(l+(3i)g_ij/oz_2) 

(!+(3i+l)a:_i2/o2-2) 


i=0 


j=0 


(l+(3i+2)a;-ii/oz_2) ' 
(l+(3i+3)a:_i?;o2-2) y 


n—2 


1 + X-iUqZ-2 1 I 


i =0 


(l+(3t)a:-ii/oz-2) 
(l+(3i+3)o;_ 12/02-2 


= ^-2 n 


2 (1 + (3i)s_ij/o«-2) 


i=0 (1 + (3* + l)^-iy 0 ^-2) 1 + !+(3n—3 


-lj/0^-2 


3)^_i2/o^-2 


(1 + (3i)a;_i?/o^_ 2 ) 1 + (3 n - 3)s_i y 0 z_ 2 x 

i =o (1 + (3i + 1 )^-i2/o^- 2) 1 + (3n — 2)ar_iyo^-2 


Then 


"Fr 1 C 1 + (3i)x_i2/ 0 2-2) 

~3n—2 ^—2 ll/i , / Q • , i \ \ • 

i =o (1 + (3* + l)X-iyoZ-2) 


This completes the proof. 


3 The System 

Xn+ 1 _ l+x n -2yn-lZn 5 ^ n+1 _ ~1+2/n—2%i—iTn ? ^'^~ 1 


_£«__2_ 

— IT z n—2 x n—iyn 


In this section, we obtain the form of the solutions of the system of three difference 
equations 


Xn +1 — 


•En—2 


1 T X n —2yn—lZn 


lln +1 — 


Vn—2 


1 T 2/ra— 2-2-n— iTra 


Zn+1 — 


Z n -2 


-1 + Z n - 2 Xn-iyi 


(3) 


where n E TVo and the initial conditions are arbitrary nonzero real numbers. 
Theorem 2. Suppose that {x n , y n , z n j are solutions of the system (2). Then for 
n = 0,1, 2,..., we have the following formulas 

X-2 X-i(X-iyoZ-2 - 1) Xo 

%3n—2 -| j %3n— 1 / , -i \ i *£3ra j 

1 + nx- 2 y-iz 0 (n + l)a:_i7/oz_2 - 1 1 + nx 0 y- 2 Z-i 


U3n-2 


y3n 


(-l) n+1 y_ 2 (l + (n - l)x 0 y- 2 z-i) 
x 0 y- 2 z-i - 1 

(~l) n ?/o((^ + l)S-lS/ 0 Z -2 ~ 1) 
x-iyoZ-2 ~ 1 


(—l)”2/-i(l + nx_ 2 y-iz 0 ), 
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Z3n-2 ~ 


(~l) n+ 1 Z - 2 


Zsn-i — 


(~l) n+1 z-i(x 0 y- 2 Z-i - 1) 


" j z^ n 


-l) n z 0 


nx-iyoZ -2 — 1 ’ 1 (n - l)xoy- 2 z-i + 1 1 l + nx- 2 y-iz 0 ' 

Proof. For n = 0 the result holds. Suppose that the result holds for a — 1. 

X -2 X-^X-iyoZ -2 ~ 1) x 0 

X3n—5 i , / i\ j X^n—4 , X ^ n —3 


1 + (n - l)x- 2 y~iZQ ’ 


nx-iyoZ-2 ~ 1 


1 + (n - l)x 0 y- 2 z-i ’ 


(-l) r h/_ 2 (l + (n - 2)x 0 y- 2 z-i) , lV ,_i (1 , . \ 

y3n-5 = - — 7-T- , V'in—A = (-1) V- l(l + (n - l)X- 2 y-lZ 0 ), 


y3n—3 


x 0 y- 2 Z-i - 1 

(-l) n - 1 y 0 (nx-iy 0 Z -2 ~ 1) 
x-iyoZ -2 ~ 1 


Z3n-5 ~ 


(~l) n Z-2 


‘ j Z 3n—4 


(—l) n z_i(x 0 y_ 2 Z-i ~ 1) 

(n - l)x_iy 0 Z-2 ~ 1 ’ (n - 2)x 0 y_ 2 Z-i + 1 

from system (2) we can prove as follow 

X3n-5 


> z 3n -3 — 


(:-l) n -^0 


1 + (n - l)a:_ 22 /-i 2 o ’ 


X3n-2 ~ 


1 + ^3n-5l/3n-4^3n-3 


X-2 


l+{n-l)x- 2 y-iz 0 


1 


X-2 


- l+(ra-l)a:_23/_iZo 
X-2 


)(( 1) 71 1 2/ i(l + ( n - i)g- 2 y-i^o))( i + (l-i ) ) r_ 1 2 ?_ lZ o ) 

x-2 


1 + (n - l)x- 2 y-iz 0 + x- 2 y-iz 0 1 + nx- 2 y-iz 0 
Also, we get 

y3n-4 


y3n-l ~ 


— 1 + y3n-4Z3 n -3 x 3 n -2 

_ (—l) n ~ 1 |/-i(l + (n - l)x- 2 y-iz 0 ) _ 

-1 + ((-l)-Vi(l + (n - l)x- 2 y-iZo))( 1+{ t%~-2y-iz 0 )( i+JLn-w ) 
(~l) n y-i(l + (n - l)x- 2 y-iz 0 )(l + nx- 2 y-iz 0 ) 


1 + (n- l)x- 2 y-iz 0 


= (-l) n r/_i(l + nx- 2 y-iz 0 ) 


Z3n-3 

~ 1 + ^3n-3 a; 3n-2l/3n-l 

(-i)"-Ao 

_ l+(n—l)x-2y-lZQ _ 

- 1 + ( l+(Mla-P 0 ) ( i+nx X : 2 2 y - lZ0 ) ((-!) n l/-i (! + nx- 2 y-iz 0 )) 

_ (-l) w *o _ (-1)^0 

1 + (n- l)x- 2 y-iz 0 + x- 2 y-iz 0 1 + nx- 2 y-iz Q ' 
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4 The System 


%n+l 


x n— 2 


-l+x n - 2 y n -l z n 


i Un +1 


Vn-2 


l+yn-2Z n -l x n 


i Zn +1 


z n—2 


-l+z n -2'X n -iyn 


In this section, we study the solution of the following system of difference equations 

x n —2 Vn—2 z n —2 


x n +1 


") Vn+1 


z n +1 


(4) 


1 d" X n — 2 y n —\Z n 1 d" yn—2 z n—l x n 1 d~ Z n — 2 X n —iy n 

where n e iV 0 and the initial conditions are arbitrary nonzero real numbers. 
Theorem 3. Suppose that {x n ,y n , z n } are solutions of the system (3). Then for 
n = 0,1, 2,we have the following formulas 


x 3n—2 ~ 


X-2 


nx- 2 y~iZo - 1 


i %3n—l 


(—l) n+1 a;_i(a;_i2/o£-2 - 1) 


V3n-2 ~ 


ZZn-2 ~ 


ZZn 


y -2 


"j ll'in— 1 


(n - l)a;_iyo ^-2 + 1 

2/_i(a;_22/-i2o - 1) 


" i %3 n 


-l) n xo 


"j V3n 


1 + nx 0 y- 2 z-i 

yo 


7 fyaio— x / I 1 \ -| J J 

nx 0 y- 2 z-i + 1 (n + l)x- 2 y-iz Q - 1 nx-iy 0 Z- 2 + 1 

(_l)n+U_ 2 (( n _ l)a;_ l2/o2 ;_ 2 + 1) 


x-iyoZ- 2 - 1 

(-l) n z 0 ((n + l)x- 2 y-iZo - 1) 


z 3n -1 = (—l) n ^-i(na’o|/- 2 ^-i + 1), 


x~ 2 y~iZo - 1 

Proof. For n = 0 the result holds. Suppose that the result holds for n — 1 


_ X-2 _ (—l) n x-i(x-iyoZ- 2 -1) _ (-l) n 

X 3 n—5 / i X 3n —4 / n\ , i X 3n — 3 


VZn-b — 


(n - l)x- 2 y-iZo - V 

y- 2 


') UZn-A — 


(n - 2)x-iy 0 Z- 2 + 1 

y~i(x- 2 y-iZo - 1) 


> VSn-3 ~ 


1 + (n - l)x 0 y- 2 z-i ’ 

yo 


Z 3n-5 — 


Z 3 n—3 ~ 


/ -, \ . j yan—ti 1 ; yan—a / 1 \ . ? 

(n — l)a’o 2 /- 2 ^-i + 1 nx- 2 y-\Zo — 1 (n - l)a:_iyo ^-2 + 1 

(-l) n ^_ 2 ((n- 2 )ai_iyo ^-2 + l) _ , 


ai_iyo^-2 - 1 

( —l) n_1 ^ 0 (^TC-2|/-1^0 - 1) 


", Z3n—4 = (-1)” 2_l((n - l)^0|/-2^-l + 1), 


x~ 2 y~iZo - 1 
from system (3) we can prove as follow 

^3n-4 


^3n-l — 


— 1 + x 3n —4.y 3n — 3 z 3n — 2 


(-l) n x-i(x-iypz- 2 -l) 

(n— 2 )x-iyoz- 2 +l 


-1 + 




) ( (n— 1 


yo 


[)( 


(-l) 11 + 1 2 :_ 2 ((n-l)a-_i^o 2:_2 + l)' 


(—l) n a;_i(a;„i?/o^_2 - 1) 


~((n - 2)a;_i?/o^-2 + 1 ) + ((-l) n a;_i)((-l) n + 1 ?/o^-2) 

( — l) n+1 X-i(x-iyoZ- 2 - 1) 


(n - l)x-!y 0 Z- 2 + 1 
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Also, we get 

_ y3n— 3 

1/3 n T ' 

1 + y3n—3^3n—2-^3n—l 

_ yo _ 

_ _ (n-l)x-iypz- 2 +l _ 

i /_ yo _\ / (-i)»+ 1 ^ 2 ((»-i)a;-iyo^- 2 +i) \, ■ —i) iU- tyo g-s^l) 

' ' (n—l)x-il/o«-2+l A x-iyoZ-2-l A (n—l)x-iyoZ-2+l 

_ yo _ 

(n - l)x-!y 0 Z -2 + 1 + y 0 ((-l) n+1 Z- 2 )((-l) n+1 X-i) 

yo 

nx-iyoZ-2 + 1 


Z3n-5 

Z3n-2 ~ —— - 

— 1 + ^3n-5^3n-4|/3n-3 

(~l) n Z-2((n~2)x- 1 y 0 Z- 2 +l) 

_ _ x-iypz-2-1 _ 

1 / (-l) ra Z-2((»-2)x_ij/ 0 z_2+l) W (-l) n X- 1 (x- 1 y 0 Z- 2 -l) \ /_ yo _ 

r ' x-iyoZ- 2—1 A (n— 2 )x-iyoZ- 2 +l A (n—l)x-iyoZ- 2 +l 

(-l) n z-2((n-2)x-iypz-2+l) 

_ _ x-iypz-2-1 _ 

— ((n—2)x-iyoz-2+l) 

(n—l)x-iyoZ- 2 +l 

(-1 ) n+1 z- 2 ((n - lJx-iyoZ -2 + 1) 

X-iyoZ-2 ~ 1 

This completes the proof. 


5 The System 


™ _ _ x n—'l _ n . _ _ un-Z _ ~ _ _ -yi— L 1 _ 

n+1 ~ — l+^’n-21/n-l^n 7 ^ n+1 ~ -l+y n - 2 Z n -\X n ’ n+1 _ l+^ n _ 2 a; n _i|/ n 


Vn -2 


*n-2 


In this section, we investigate the solution of the following system of difference equa¬ 
tions 


T'n+l 


x n—2 


1 T X n — 2 y n —lZ n 


yn +1 — 


Vn—2 


1 T yn—2Zn—l‘ x n 


j ^n+1 


Z'n—2 


l + z n _ 2 x n -iyi 


(5) 


where the initial conditions n E A r 0 are arbitrary non zero real numbers. The 
following theorem is devoted to the form of the solutions of system (4). 

Theorem 4. Suppose that {x n ,y n ,z n } are solutions of the system (4). Then for 
n = 0,1, 2,..., we have the following formulas 


x 3n-2 


x 3n 


(-l) n+1 o ;-2 ((to - 1 )x- 2 y-iZo + 1 ) 
x- 2 y~izo - 1 

(-l) n o;o((n + l)x 0 y_ 2 Z-i - 1 ) 
x 0 y- 2 z-i - 1 


®3n-i = (-l)Tc_i(na;_i?/o£-2 + 1), 
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(-1 ) n+ V 2 _ (-l) n+ Vi(o;_ 22 /-i£o - 1) _ (~l) n ?/o 

y3n—2 -i j l/3n—l / \ . 1 i V3n 1 j 


^3n-2 — 


nx 0 y-2Z-i - 1 

Z-2 


in - l)x- 2 y~\z 0 + 1 

2_l(x 0 2/-22-l - 1) 

Z3n —1 / , ,\ ; ^3n 


nx-iy f) Z -2 + 1 

A) 


nx-iyoZ -2 + 1 7 """ * (n + l)a; 0 ?/-2^-i - 1 ’ nx- 2 y-iz 0 + 1 

Proof. For n = 0 the result holds. Suppose that the result holds for n — 1 


x 3n-5 ~ 

x 3n-3 = 


(-l)Ar- 2 ((n - 2)a;_ 2 ?/_iZo + 1) 

x- 2 y~iZo - 1 
(—^-) n ~ 1 xo(xoy- 2 z-i - 1) 


, x 3n-4 = (-1)” X-! ((n - l)X-iy 0 Z -2 + 1), 


y3n-5 ~ 


Z3n-5 ~ 


x 0 y- 2 Z-i - 1 

-i) n y-2 


(n - l)x Q y- 2 Z-i - 1 

Z—2 


i y3n—4 


(n - 2)x_ 2 y_iz 0 + 1 


"j y3n—3 


(-l) n |/-i(a;-2|/_i^o - 1) (-1)" *2/o 


n— l n 


_ z-i(x 0 y- 2 z-i - 1) 

j Zs n —4 , Z3 n —3 


(n - l)ar_iy 0 ^-2 + 1 ’ 
z 0 


in - l)x-iy 0 Z- 2 + 1 7 ’ nx 0 y_ 2 z_i - 1 

from system (4) we can prove as follow 

x 3n-3 

— 1 + x 3 n -3y3 n - 2 z 3 n -\ 

(-l) rl ~ 1 xo(nxoy-2Z-i-l) 
X 0 y-2Z-l~l 


(n - l)x- 2 y-iZo + 1 ’ 


x 3 n — 


-1 


(-l) n 1 x 0 {nxoy- 2 Z- 1 -l) \r (-l) n+1 y^2 \ / Z-i (xoy- 2 Z-i-l) \ 

' \ nxoy~ 2 Z— i —-1 '' (n+l)xoy- 2 Z-i — l > 

(-l) n a;o((n + l)x 0 y- 2 Z-i - 1) 


(-1)’ 1 1 xo(nxpy-2Z-i-l) 
x 0 y- 2 Z-i~l 


■ r oy - 2 ~ !.-((»- 1 ) xuy - 2 - j - 1 ) 
((n+l)xoy- 2 Z-i-l) 


xoy~ 2 z-i - 1 


Also, we get 

y3n—l 


idra—4 


— 1 + y3n-4Z3n-3 x 3n-2 


(~l) n y-i(x- 2 y-izo-l) 

(n- 2 )x- 2 y-izo+l 


-)( 


l / (—I)"''/ x(:r. j//-i-(i-D w_ZQ_ 

' V (n-2)x_2j/-izo+l A (n—l)x-2y-iZo+l 

(-l)"+Vl(x_ 2 ^izo~l) Nn+1 ( i\ 

(n- 2 )x- 2 y-iz 0 +l [ — ^) + y-l[X- 2 y-lZo ~ 1) 


(_l)ii+ 1 a ,_ 2 ((n-l)3:_2^—izp+l) ^ 
X-2V-1Z0-1 


(n-2)x-2y-izo+l+X-2y-iz 0 

(n-2)x- 2 y-iz 0 +l 


(n - l)X- 2 y-\ZQ + 1 


Z'in—2 — 


Z?yn-b 


1 + ^3n-5^3n-4|/3n-3 


(n-l)x_ij/o^- 2 +l 


Z-2 


)((-l)"- 1 x_i((n - l)x-iy 0 z- 2 + l))( (w _i )a; _ 1 

(n—l)x-iyoZ- 2 +l _ Z— 2 


■ (n-l)x-iy 0 Z- 2 +l 
Z-2 


( l) n 1 yp n 
-lJ/0^-2 + l y 


(n-l)x-ij/QZ_ 2 +l+x_ii/ 0 Z _2 UX-iyoZ -2 + 1 
(n—l)x-iyoZ-2+l 
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This completes the proof. 

The following cases can be proved similarly. 


6 On The System 


%n+l 


_ x n— 2 _ 

— l+^’n-22/n-lTn 5 


Vn +1 


Un—'l 

-l+2/n-2^n-l2V 


Zn+1 


Zy-2 

— 1+ Zn—2 x n—iyn 


In this section we study the solution of the following system of difference equations 

%n —2 Vn —2 ^n —2 / r \ 

*^n+1 ^ ' • Vn+ 1 ^ ' • ^n+l ^ j • (6) 

-1 +X n _ 2 yn~lZn “I + y n -2Z n -lX n ~l + Z^Xn-lVn 

where the initial conditions n G No are arbitrary non zero real numbers. 
Theorem 5. Let {x n ,y n ,z n },be solutions of system (5). Then 

1- {x n }n=- 2 i {Vn}n =-2 an d { z n}n=- 2 an d are periodic with period six i.e., 

*^n+6 ?/n+6 Vni ^n+6 


2- We have the following form 


%6n—2 %—2i *^6n—1 1? ^6n ^0? 


Z-2 

*^6n+l • %6n -\-2 

x_ 2 y~iZo - i 

1/671-2 = y-2, 

y~2 

y%n+l T i 1/677+2 

x 0 y- 2 z-i ~ 1 

-2-671—2 = 2-2) 

_ 2_2 

2677+1 1 ) 2g n _)_2 

a;_i|/o2_2 - 1 

Or equivalently 


%-l(%-iyoZ-2 ~ 1)) ^6n+3 

1/677-1 = y-1, 1/677 = 2/0, 

2/_l(a?_22/_l2b - 1 ), 1/677+3 

^6n— 1 ^—1 5 ^0? 

2-l(^ 0 //- 2 2-l — 1), 2 6n+3 


3-0 

x 0 y- 2 z-i - 1 ’ 
yo 

®_iJ/ 0 2-2 - 1’ 
2 0 

x- 2 y-izo - 1’ 


x- 2 y-iz 0 - 1 

y -2 

3-0?/— 2 2—i - 1 
2-2 


,£_i(a;_ii/o2-2 - 1), 


r 7 +oo J 31—2 

l3-77/ n= _2 = S 31-2,3T-!, X 0 , 

{1/77},tr _ 2 = |y-2,//-i,yo, 

{277)^2 = 1 2-2, 2-1,2o, -—-2_ 1 (x 0 y_ 2 2_i - 1), 

31_i VnZ-o — I 


£0 


,y^i(x- 2 y-iz 0 - 1), 


x Q y- 2 Z-\ - 1 
2/o 

X-iyoZ-2 - 1 

2p 

3^- 2 //-l2 0 - 1 
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7 On The System 


%n+l 


_ x n — 2 _ 

-l-x n - 2 y n -l z n : 


Vn+l 


Un—'l 

-^-Un-2 z n-l x n^ 


Zn +1 


z n-2 

— z n— 2 x n— lVn 


In this section we study the solution of the following system of difference equations 

x n— 2 Vn— 2 ^ £?7—2 

x n+1 = 1 , Vn+l = 1 , z n+1 i , 

1 x n—2yn—\Zn 1 //t7— 2£n—l*^ra 1 Z n — 2 X n —\y n 

( 7 ) 

where the initial conditions n G N 0 are arbitrary non zero real numbers. 
Theorem 6. Let {x n ,y n , z n }+=_ 2 be solutions of system (6). Then 

1- { x n}n=- 2 ; {yn}n =-2 an d {£n }^°-2 an d are periodic with period six i.e., 

x n+ 6 x ni yn+ 6 I/ 77 , ^n+ 6 ^n- 

2- We have the following form 


x 6n—2 x —2t "^671—1 x —li x 6 n x 0i 


•£"677+1 


y&n+i — 


£677+1 — 


x -2 


, x 6n+2 ~ ~ x -l( x -iyO z -2 + 1), ^677+3 

377-2 = y~ 2 , 1/677-1 = y~ 1 , 1/677 = I/O, 

, 1/677+2 = — 2 /— 1 (aj_ 22 /_ 1-ZfQ + 1), 1/677+3 


x oy~2 z ~i + i 

Zftn— 2 ^—2? Zftn— 1 ^6n 

2-2 


x_iy 0 z_ 2 + 

Or equivalently 


y, ^677+2 = ~£-l(Tol/-2£-l + 1), £677+3 


X 0 

x 0 y_2 z -i + 1 ’ 

I/O 

X_i|/o£_2 + 1 ’ 
£q 

x_ 2 y~i z o + 1’ 


{ x n} n =—2 \ x —2t x —li x 0t 


X-2 


x~2y~i z o + 


y, -a;_i(a;_i|/o £_2 + 1), 


Xo 


x 0 y- 2 z-i + 1 


{ 1 / 77 },tr _2 = |l/-2,|/-l,|/0, 

{^ n } 77= —2 = { 2 - 2 , 2 - 1 , 20 ,- 


I/-2 


ar 0 |/_22_i + 1 

£-2 

X_i|/o£_2 + 1 


, -y-i(x- 2 y-iZo + 1 ), 


, -z-i(x 0 y- 2 z-i + 1), 


l/o 


LT_i|/o£_2 + 1 
£q 

X_ 2 |/_i£o + 1 
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8 The System 


%n +1 i_ 


x n—2 _ lIn—2 _ ~ 

x n—2lln—l z n 5 ^ n+1 _ l-y n -2Zn-lX n 5 71+1 


Z n -2 

1 — z n—2 x n— Wn 


In this section, we study the solution of the following system of difference equations. 


%n —2 

*Era+l T j 2/n+l 

1 x n—2yn—l z n 


Vn -2 


yn—2 z n—l x n 


Zn+1 


Z n -2 


Zn—2 x n—iyn 


( 8 ) 


where n E iV 0 and the initial conditions are arbitrary nonzero real numbers. 

The following theorem is devoted to the form of the solutions of system (7). 
Theorem 7. Suppose that {x n ,y n ,z n } are solutions of the system (7). Then for 
n = 0,1, 2,..., we have the following formulas 


%3n-2 


x 3n 


Vr 1 (-1 + (3i)x- 2 y-iz 0 ) Vr 1 (- 1 + ( 3 i + l)x^j 0 z. 2 ) 

i=o ( — 1 + (3i + l)x- 2 y~iZo) ’ i = o (—1 + (3 i + 2)a:_iyo^-2) ’ 

’Tj- 1 (-1 + (3 % + 2)x 0 y- 2 z-i) 
i= o ( — 1 + (3i + 3)x 0 y- 2 z-i) ’ 


y3n-2 


y3n 


rf (- 1 + (gg-Coy-gj^l) = ’rr (-1 + (3i + l)x- 2 y-iz 0 ) 

J ~ 2 i=o (-1 + (3» + l)* 0 y- 2 *-i) ’ ^ _1 ^ 7=0 (-1 + (3i + 2)x- 2 y- lZo ) ’ 

pr 1 (-1 + (3 i + 2)lc_iy/q^_ 2 ) 

^ i=o ( — 1 + (3i + 3)x-iyoZ- 2 ) ’ 


'Tr 1 (~1 + (3i)a;-i2/oZ- 2 ) = pr 1 (~1 + (3i + l^oi/^-i) 

~ 2 U (-1 + ( 3 » + l)x- iyo z- a ) ’ " 3n_1 ^ Lo (-1 + ( 3 i + 2)x 0 y. 2 z. 1 ) ’ 

pr 1 (-1 + (3i + 2 ]x_ 2 j/-i^o) 
i= o ( — 1 + (3i + 3)x- 2 y-\Zo) ’ 


Proof. For n = 0 the result holds. Suppose that the result holds for n — 1. 


%3n-5 


x 3n—3 


_ , 'T, 2 (-1 + (3f)a:_2|/-i^o) _ _ Ty 2 (-1 + (3 i + l)x-iy 0 Z- 2 ) 

i=o (— 1 + (3i + l)x- 2 y-iZo) ’ ' i = o (—1 + (3i + 2)x-\yoZ- 2 ) : 

n ff (- 1 + ( 3 » + 2)x 0 y- 2 z-i) 
i= o ( — 1 + (3i + 3)xoy- 2 Z-i) ’ 


y3n-5 


y3n—3 


_ Tr 2 (-1 + {3i)x Q y- 2 z- 1 ) _ n ~ 2 (-1 + (3 i + tyr-gy-igo) 

^ ?,=o ( — 1 + (3i + l)xoy~ 2 Z-i) ’ ^ ^ i=o ( — 1 + (3i + 2)x- 2 y-iZo) 

n Fr 2 (-1 + (3i + 2)x-iypZ- 2 ) 

^ j=o ( — 1 + (3 i + 3)x-iyoZ- 2 ) ’ 
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n fr 2 (-1 + (3 *)x_i7/ 0 2-2) T4 2 (-1 + (3* + l)x 0 y- 2 Z-i) 

-5 = Z—2 II 7 1 | /o- I IN -V’ ^3n-4 = 2-1 H 7 n -7, 

i=o (- 1 + (3* + l)rc_i|/o^_ 2 ) i=o (-1 + (3* + 2)x 0 y_ 2 Z-i) 

^ n n 2 (~1 + (Si + 2)lc_ 2 y/_i^ 0 ) 

i= o ( — 1 + (3i + 3)x_2y~iZo )’ 

It follows from Eq.(7) that 


x 3n-2 


x 3n-5 


1 + x 3n— 5 y3n—A^3n— 3 

n — 2 

n (-l+(3i)x_2y-i z o) 

(~ l+(3*+1)^_2 2 /_l 2 o) 


n — 2 n—2 n—2 

TT (~l+(3Q^_23/—1 s q) ■,/ TT ( —l + (3/+l)^_23/—l 2 p) w TT (~ 1+(3/+2)3:_23/_ 1 zq) ■ 

T_2 „ (-1+(3i+1)x_23/_izo) ' ti (-l+(3i+2)x_23/_iz 0 ) A' 11 ii (-l+(3i+3)x_23/_lzo) 

4=0 4=0 4=0 

n—2 

_ T TT (~l+(3i)x- 2 y-iz 0 ) 

,J ~ 2 4 A (—l+(3i+l)x_2y-izo) 


1 ~ TT (7 (-l+(3t)a:-2y-iZo) \/ (-l+(3t+l)x_ 2 i/-lzo) \ / (-l+(3i+2)x_22/-iZo) ^ 

1 X_ 2 f/- 1^0 11 U (- 1+ (3i+l)x_ 2 j/_izo) J1 (-l+(3i+2)x_ 2 j/-izo) > 1 (-H-(3i+3)x_ 22 /-iz 0 )" 


1 


n—2 


-^-2 n 

i =0 


X-2V-1ZQ 


(— l + (3/-j.f gy_i£g) 
(-l+(3i+l)x_ 2 i/_izo) 


m l - I +(37):/ -23/ l-o) \ 
(—l+(3i+3)x_ 2 y— izq) ' 


n f? (-1 + (3i)x_ 2 y~iZo) 1 

a - 2 M (-1 + (3i + D.r 2 /y ::o) 1 + ( ( _ 1+( ^,, 12o) ) 
x n yr (-1 + {3i)x- 2 y-iZo) , (-1 + (3in - 3)aj_ 2 |/-i^o) , 

i=o ( — 1 + (3* + l)^- 2 ?/-i^o) ( — 1 + (3n — 3)a;_2|/_i^o) + x - 2 '!J-iZq 

n yr (~1 + {3i)x_ 2 y-iz 0 ) (-1 + (3 n - 3)x- 2 y- 1 z 0 ) . 

i =o ( — 1 + (3 i + l)x- 2 y-iZo) (— 1 + (3 n — 2)x_ 2 y~iZo) 


Then, we see that 


Tin—2 


Vr 1 (-1 + (3i)a;_2|/-i^o) 
i=o ( — 1 + (3i + l)a;_ 2 |/_i^o) 
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Also, we see from Eq.(l) that 


y.in —2 


V'in—'o 


1 + y3n-5 z 3n-4 x 3n-3 

n —2 

n (-l + (Si)x 0 y_ 2 z -i) 
_ (-l+(3i+l)x 0 y_ 2 2_ 1 ) 


n — 2 n—2 n — 2 

TT (-i+(3i)x 0 y_ 2 z_ 1 ) w TT TT (-l + (3i+2) 3 - 0 ^_ 2 z_ 1 ) 

' 4 (- 1 + ( 3i + 1 ) a: 0 !/- 2 z -l) 1 t 1 (-l+(3i + 2)a;oa-2 z -l) ‘ T ° ft (-l + (3i + 3)a-0H-2 z -l) 

7=0 7=0 i=0 


n—2 


-y -2 n 


i (I 


(—l+(3i)a;oj/-2Z-i) 
(—l+(3i+l)xo?/-22—l) 


n—2 

1 - x 0 y- 2 z-i [I 

i =0 

n—2 


( —l + (3i)j’0.l/—2-- I ) 
(—l+(3i+3)x 0 y_2 *—i) 


-y -2 n 


-2/-a n 


-1 + (3i)a;o2/_2Z-i) 

=0 ( — 1 + (3* + 1)xqD-2 z -i) 
n_2 ^-1 + (3z)x 0 7/-2^-l) 


1 


#02/-2-Z-l 


-l+(3n—3)aio2/-2^-i — 

-1 + (3 n - 3)x 0 y_ 2 z-i 


-y- 2 n 


=0 ( — 1 + (3i + l)aio|/- 2 ^-i) — 1 + (3 n — 3)xoy_ 2 z_i + x oy- 2 z -i 
n fr 2 ( _1 + (3i)x 0 7/- 2 ^-i) , -1 + (3n - S)x Q y- 2 z-i, 


=o ( — 1 + (3t + 1 )^o2/-2^-i) — 1 + (3n — 2)a;o|/-2^-i' 


Then, we see that 


y‘in—2 

Finally, we see that 


Vr 1 (-1 + {3i)x Q y- 2 z-i) 
i= 0 ( — 1 + (3i + l)xo|/-2^-l) 


z 3n-2 


z 3n—5 


1 + z 3n-5 x 3n-4y3n-3 


n—2 

n __ l-(3i). 1.»/() —12 > 

_ (—l-fc( 3 *+l):c —ij/qZ— 2 ) 


n—z n—i 

1 , TT (-l + (3i)a:_ 1 a 0 z_2) \ / TT 

( —2 11 ( — l + (3i+l)x_i i/ri2_o)^ —1 11 


7=0 
n—2 


TT (~l+(3i)a:-i^oZ-2) 

(—lT-(3i+l)cc_ij/o^r_2) 

*=0 


(—l+(3^+l)^_iyo z — 2 ) \{ TT 

(-l+(3i+2)x_ 1 y 0 z_ 2 )AJ/0 11 


j. -l + (3; + 2).r. 1 ;/()-. _ 2 ) 
(-l + (3i+3)a:_ 1 y 0 B_ 2 ) ' 


1 


n—2 


x_i?/o^-2 n 

i =0 


(—l+(3»)a:—lj/pg— 2 ) 
(-l+(3i+3)o;_ij/o«-2 


n Ar 2 (-1 + (3i)x_iy 0 2;_2) , 1 v 

"- 2 - (1 (-1 + (37 + i)x. m z. 2 y+ ,. :3 : J 
pj 2 (-1 + (3i)a;_i|/o^_2) , -1 + (3n - 3)x- 1 y 0 Z- 2 

i =o ( — 1 + (3 i + 1)x_i7/o-2'— 2 ) — 1 + (3n — 2)x_iyo^-2 
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Then, 


n— 1 

Z3n-2 = —Z-2 n 
i =0 


(-1 + (3i):r_i2/ 0 z_2) 
(—1 + (3 i + l)^-i2/o*-2) 


This completes the proof 


8.1 Numerical Examples 

For confirming the results of this section, we consider the following numerical example 
which represent solutions to the previous systems. 

Example 1. We consider interesting numerical example for the difference equations 
system (1) with the initial conditions x_ 2 = 13, x_i = 0.4, x 0 = 3, j/_ 2 = 0.5, 
y-i = 7, yo = 3.7, Z -2 = 0.9, Z-\ = 17 and zq = 0.72. (See Fig. 1). 


plot of x =x 0 /(1+x 0 y <z ),y =y J(1+x y 
r nj -i n-9 v n-2 J n-1 n /,J n+1 / n-2 ' n 7 r 


J( 1+x H y z 

P ' n-1 7 n n-P'’ 



n 


Figure 1. 

Example 2. We put the initial conditions for system (2) as follows: x _ 2 = 1.3, a;_i = 
—0.4, xo = 0.3, y -2 = 0.5, j/_i = 0.1, r/o = —0.7, z_ 2 = —0.9, z_i = 0.7 and £ 0 = 
0.2. (See Fig. 2). 
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Figure 2. 

Example 3. For the difference equations system (3) where the initial conditions 
X -2 = 1.3, x-i = 0.4, x Q = 0.3, y_ 2 = 0.25, y _i = 0.1, y 0 = 0.7, ^_ 2 = 0.9, Z-\ = 
0.7 and zq = 0.2. (See Fig. 3). 



Figure 3. 
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Example 4. We assume x_ 2 = 1.3, x_i = 0.4, x 0 = 0.3, y_ 2 = 0-25, y_ i = 0.1, 
yo = 0.7, Z-2 = 0.9, Z-i = 0.7 and zq = 0.2 for system (4) see Fig. 4. 

7 

6 
5 

4 

'E' 

N 3 

g 2 

x 

1 

0 

-1 

-2 

0 5 10 15 20 25 30 35 40 45 50 

n 

Figure 4. 

Example 5. See Fig. 5, if we take system (5) with X- 2 = 3, X-i = —0.4, x 0 = 
2, y~2 = —0.5, ?/_ i = 0.9, yo = 0.7, z _ 2 = 0.19, Z-i = —0.4 one/ zq = 0.1. 


plot of x =x 0 /(-1+x 0 y <z ),y =y J -1+x y 0 z J;z =z /(I +x .y z 
r n+1 n-2 v n-2 J n-1 it ^ n+1 J n-2 v n 7 n-2 n-1' n+1 n-2 v n-vn n-2' 
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Figure 5. 

Example 6. See Fig. 6, if we consider system (6) with X -2 = —9, x_i = 0.4, x 0 = 
—2, y ~2 = 0.2, y^i = 0.7, yo = 1.8, Z -2 = 9, Z-\ = —0.4 and zq = —2. 


plot of x =x „/(-1-x „y ,z ),y =y „/(-1-x y „z ' 
r n+1 n-2 ' n-2 J n-1 n 7 J n+1 J n-2 ' rr n-2 n-1 


,Z n+1 Z n-2^ 


-ViVJ ; 



Figure 6. 
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Example 7. We take the difference equations system (7) with the initial conditions 
X -2 = 9, X-! =4, x 0 = 2, y_ 2 = 3, y -1 = 7, y 0 = 18, £_ 2 = 11, Z-i = -4 and z 0 = 
5. (See Fig. 7). 


plo‘ ° f x n , /("I 


■ X n-2Vl Z n)’Vfy n 


7(1-x y 

9 ' r\ J n. 


/('-x.iyzj; 
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APPROXIMATION OF SOLUTIONS OF THE INHOMOGENEOUS 
GAUSS DIFFERENTIAL EQUATIONS BY HYPERGEOMETRIC 

FUNCTION 

S. OSTADBASHI, M. SOLEIMANINIA, R. JAHANARA AND CHOONKIL PARK* 


Abstract. In this paper, we solve the inhomogeneous Gauss differential equation and 
apply this result to estimate the error bound occurring when an analytic function is ap¬ 
proximated by an appropriate hypergeometric function. 


1. Introduction 

More than a half century ago, Ulam [22] posed the famous Ulam stability problem which 
was partially solved by Hyers [7] in the framework of Banach spaces. The Hyers’ theorem was 
generalized by Aoki [4] for additive mappings. In 1978, Rassias [14] extended the theorem 
of Hyers by considering the unbounded Cauchy difference inequality 

ll/O + y) - fix) ~ f(y)W < e(||®|| p + ||y|| p ), (e > 0 ,p£ [0,1)). 

Since then, the stability problems of various functional equations have been studied by many 
authors (see [1, 6, 8, 9, 13, 15, 17, 18, 19, 20]). 

Alsina and Ger [3] were the first authors who investigated the Hyers-Ulam stability of 
differential equations. They proved that if a differentiable function / :!—>! is a solution of 
the differential inequality | y'(t) — y(t) | < e, where I is an open subinterval of R, then there 
exists a solution /o : I —> R of the differential equation y'(t) = y(t) such that \f(t)—fo(t)\ < 3e 
for any t G I. From then on, many research papers about the Hyers-Ulam stability of 
differential equations have appeared in the literature, see [2, 5, 10, 11, 12, 21, 23] for instance. 
The form of the homogeneous Gauss differential equation has the form 

x(l — x)y" + [r — (1 + s + t)x\y — sty = 0. (1.1) 

It is easy to see that 

-I I ^ . (st)(s + l)(t + 1) 2 {st)(s + l)(s + 2)(t + l)(t + 2) 5 

U1 1! r 2!r(r +1) 3!r(r + l)(r + 2) 


2010 Mathematics Subject Classification. Primary 39B82, 35B35. 

Key words and phrases. Gauss differential equation; analytic function; hypergeometric function; approxi¬ 
mation. 

‘Corresponding author: Choonkil Park (email: baak@hanyang.ac.kr, fax: +82-2-2281-0019). 


109 


OSTADBASHI 109-116 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


and 

1 -rn , (s-r + l)(i-r+l) 

K=x [1 +-Ti(2^7)- 1 

(s — r + l)(s — r + 2){t — r + l)(t — r + 2) 2 
+ 2! (2 — r)(3 — r) X 

(s — r + l)(s — r + 2)(s — r + 3)(t — r + l)(i — r + 2)(t — r + 3) 5 
+ 3! (2 — r)(3 — r)(4 — r) X + 

are a fundamental set of solutions of equation (1.1) (if r 7^ 1). The series yi known the 
hypergeometric function is convergent for \x\ < 1 and is represented by 

Vi = F(.s,t,r,x). 

Note that 

2/2 = x 1 ~ r F(s — r + 1, t — r + 1, 2 — r, x) 
is of the same type. Thus the general solution is 

He = cij/i + c 2 y 2 = c\F(s, t, r, x) + c 2 .T 1 ^ r F(.s — r + 1, t — r + 1,2 — r, x). 

2. Inhomogeneous Gauss differential equation 

In this section, we consider the solution of inhomogeneous Gauss differential equation of 
the form 

+OO 

x(l - x)y" + [r - (1 + s + t)x]y' - sty = ^ a m x m , (2.1) 

m =0 

where the coefficients a n ’s of the power series are given such that the radius of convergence 
is positive. 

Theorem 2 . 1 . Assume that the radius of convergence of the power series X)m=o a mX m is 
Rq > 0 and 


Ri = lim 


Ck 


> 0 . 


( 2 . 2 ) 


k—t 00 Ck -\-1 

Let p be a positive number defined by p = min{ 1, Ro , i?i}. Then every solution y : (—p, p) —»• 
C of differential equation (2.1) can be expressed by 

+OO 

y(x) = y c (x) + c m x m , (2.3) 


m =1 


where ci = ^ao and 


Cm — 


®m-1 


m(m — 1 + ?’) 

m—1 i+1 

H-y Om-i-i n —— Xi 

r—t . , m — l r t ~ 

i=i j=i J j=i 


n {rn +s-j){m + t - j) 


(2.4) 


for any m G {2,3, • • • }. 
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Proof. We will show that each function y : (—p, p) -+ C defined by (2.3) is a solution of 
the inhomogeneous Gauss differential equation (2.1), where y c is a solution of homogeneous 
Gauss differential equation (1.1). For this purpose, it is only necessary to show that y p (x) = 
J2m=i c mX m satisfies differential equation (2.1). Therefore, letting y p (x) = J2m=i c mX m in 
differential equation (2.1), we obtain 

+oo H-oo +oo 

Y m(m + l)c m+ ix m + r Y ( m + l)c m+ ix m - Y m ( m — 1 )c m x m 

m= 1 m= 0 ra=2 

+oo +oo +oo 

- (1 + S + t) Y, mCmX™ - st Y c mX m = Y a mX m ■ 

777=1 777=1 777=0 

Hence 

-boo +oo 

rci + Y i( m + l)(ra + r)c m+ 1 — (m + s)(m + t)c m ]x m = Y a mX m . 

777=1 777=0 

Therefore, we get c\ = *ao and 

1 (m + s)(m + t) 

c m +1 = 7 : 7T7 ; + 7 j TT7 j rC m , (?Tl = 1, 2, ...). 

(m+l)[m + r) (m+l)(m + r) 

By some manipulations, we obtain 

_ 1 

c m — 1 i I 1 

m\m — 1 + r) 

^ m —1 i+1 ^ J (2.5) 

H-, E a ™-i -1 TT-TT (m + s - j)(m + t-j) 

ml - 1 ■*; m — ] + r A 

i=i j=i J j=i 

for any m G {2, 3, ...}. The condition (2.2) implies that the radius of convergence of y p (x) = 
c m x m is R\. By using the ratio test, we can easily show that the radius of convergence 
of y c is 1. Thus y is certainly defined on (—p, p). □ 


Corollary 2.2. Assume that the assumptions of Theorem 2.1 hold. Then there exists C > 0 
such that 


+oo 


+oo 




a rn -1 m 


777=1 777 : 

-boo +oo 


m(m — 1 + r) 


C CLrn — 


+ EE TTTZTZTW IIO 


—st 


^ 777+7 — 1 


=( „^2 ( m + * “ !) 2 /=o (m + * - j - l)(m + i - j + s + t - 1 )' 
Proof. Since there exists a constant C > 0 with 


i+l 

n 


1 <^ri 


ml m — j + r m 2 (m — j){m — j + s + t) 


ill 


OSTADBASHI 109-116 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


for any m = 2,3,... and for any i = 1,2,..., it follows from (2.5) that 


+oo 


+oo 


1 


+oo 


^m— 1 


£ c m x m = ClX + Y c mX m = -a 0 X + Y f 1 , \ 

m— 1 v 7 


X 


m =1 


m=2 


+oo m —1 


i+1 


0 m\ . , 

ra=2 2=1 


+ X! £ a m-i-l II 

m 
+oo 

<£ 

m =1 

+oo 

= £ 

m=l 

+oo 

= £ 

ra=l 

+oo 

= £ 



Q"m- 

-i 



ml 

[m — 

T 

+ 

r) 


Q"m- 

-i 



ml 

[m — 

T 

+ 

r) 


Q"m- 

-i 



m| 

[m — 

T 

+ 

r) 


&m- 

-i 



m| 

[m — 

T 

+ 

r) 


LA ■ . n {m +s-j){m + t-j)x m 

J=1 J 3=0 

+oo rn -1 _L (m + s - j)(m + t - j) 


xm +££— m 2 TT , .w . , 

n .. m z (m — ? (m — i + s + t 

ra=2 2=1 j=0 v ^ 7 v J 7 

+oo m—1 _ i 

m 

x 


x 


”+EE 


CcLjji—i —1 


77T 


na- 


— St 


m=2 i= 1 
+oo +oo 

* m + £ £ 


3=0 


(m — j)(m — j + s + t ) 


x 


2=1 m=2+l 
-foo +oo 


+ £ £ -^4m+2— 


m+ 2—1 


2=1 m=2 


where we define 


4 • — 


Cdm—i—1 


m* 


na- 


—st 


3=0 


(m — j)(m — j + s + t)‘ 


for all i = 1, 2, • • • and m = 2, 3, • • •. 

3. Approximation property of hypergeometric function 


□ 


In this section, we investigate an approximation property of hypergeometric functions. 
More precisely, we will prove that if an analytic function satisfies the condition (2.2), then 
it can be approximated by a hypergeometric function. Suppose that y is a given function 
expressed as a power series of the form 


y( x ) = J 2 br - 


(3.1) 


m=0 

whose radius of convergence is Rq >0. Then we obtain 
x(l — x)y"+[r — (1 + s + t)x]y' — sty 

OO 

= Y t( m + l)( m + r ) b m+ 1 - (it l + s)(m + t)b m }x r 

m =0 

OO 

= £ a m x m , 

m =0 

where we define 

a m := (m + 1 )(m + r) 6 m+ i - (m + s)(m + t)b m 
for all m G {0,1, 2,3, • • • }. 


(3.2) 


(3.3) 
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Lemma 3.1. If the a m ’s, the b m ’s and the c m ’s are as defined in (3.3), (3.1) and (2.4), then 

7 m ^ m— 1 

c m =b m —°. n — 7 — n ( m + s _ ■))( m +t-j) ( 3 . 4 ) 

ml . , m — i + r , 

3 = 1 3 =1 

for all m £ {0, 1 , 2 ,3,...}. 

Proof. The proof is clear by induction on m. For m = 1 and by (3.3) we have 

ci = — = ~{ rb \ — stbo) = b\ - -bo. (3.5) 

Assume now that formula (3.3) is true for some m. It follows from (2.4), (3.3) and (3.4) that 


Cm +1 — 


(m + s)(m + t) 

T 7 / 7 Cn 


(m + l)(m + r) (m + l)(m + r) 

77 ——-((m + 1 ){m + r)b m +l ~ {m + s)(m + t)b,2j 


7 in -i m— 1 

(bm - -7 n - U(m + s- j)(m + t - j )) 

v ml m — 1 -\-r / 


+ 


(m + 1 )(m + r) 

(m + s)(m + f) 

(m + l)(m + r) V ml m — j + r 

m +1 ^ m 

}~}(m + 1 + s — j)(m + 1 + t - j), 


b ° "fr' 1 

_ ° m+1 (m + l)! M m + l-j+r +1 

V ' J=1 J 3 =l 


as desired. 


□ 


Theorem 3.2. Let R and Ro be positive constants with R < Ro- Assume that y : (-R, R) —»• 
C is a function of the form (3.1) whose radius of convergence is R\. Also, b m ’s and c m ’s are 
given by (3.3) and (3.4), respectively. If R < min{l,Ro,Ri}, then there exist a hypergeo¬ 
metric function yh : (—R, R) —> C and a constant d > 0 such that \y(x) — yh(x )| < for 
all x £ (—R, R). 


Proof. We assume that y can be represented by a power series (3.1) whose radius of conver¬ 
gence is R < Rq. So 

+OO +OO +OO 

x(l — x ) 22 cnfm — 1 )bmX m ~ 2 + [r — (1 + s + t)x] 22 rn 6 m x m_1 — st 22 mb m x m 

m= 2 m= 1 m= 0 

is also a power series whose radius of convergence is Ro, more precisely, in view of (3.2) and 
(3.3), we have 

+oo -foo 

x(l — x) 22 cnfm — 1 )b m x m ~ 2 + [r — (1 + s + t)x] 22 r 7 i. 6 m x m_1 

m= 0 m= 0 

+oo +oo 

— st 22 'mb m x m = '22 CL m x m 

m= 0 m= 0 
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for all x £ (-R, R )• Since the power series ]Cm=o a m xTn is absolutely convergent on its inter¬ 
val of convergence, which includes the interval [— R, R] and the power series X)m=o \ a mX m \ 
is continuous on [— R, R\. So there exists a constant d\ > 0 with 

n 

E \ a mX m \ < di 

m =0 


for all integers n > 0 and for any x £ (-R, R). 
On the other hand, since 

+oo 


E 


—st 


—( (m — k — 1 ) (m — k — 1 + t + s) 


< 


Stll~ 


= :d 2 , (m = 2,3,...), 


we have 


-boo 

IK* 

k =1 


— st 


{m — k — l)(m — k — 1 + t + s) 


<d - 2 , (m = 2,3, •••) 


(see [16, Theorem 6.6.2]). Hence, substituting i — j for k in the above infinite product, there 
exists a constant d 3 with 


ina 

3=0 


—st 


(m — i — j — l){m — i — j — 1 + t + s) 


< d 3 


for all i = 1, 2, • ■ • and m = 2, 3, • • •. Therefore, it follows Lemma 2.2 that 


E °mX m \ < d 1 (I3 — 


m =0 


— X 


for all x £ (—Rq, Rq)- This completes the proof of our theorem. 


(3.6) 

□ 


Corollary 3.3. Assume that R and Rq are positive constants with R < Rq. Let y : ( R , Rq) —> 
C be a function which can be represented by a power series of the form (3.1) whose radius of 
convergence is Ro. Moreover, assume that there exists a positive number R\ satisfying the 
condition (2.2) with b m ’s and c m 's given in (3.1) and Lemma 3.1. If R < min{l, Rq, R\} 
then there exists a hypergeometric function y^ : (— R,R ) — > C such that \y(x) — yh(x)\ = O(x) 
as x —> 0 . 


Example 3.4. Now, we will introduce an example concerning the hypergeometric function 
for differential equation ( 2 . 1 ) with st = j^. Given a constant R with 0 < R < 1 and assume 
that a function y : {—R, R) —> C can be expressed as a power series of the form (3.1), where 


bm 


rO, m =0 

m> 1. 


It is easy to see that the radius of convergence of the above power series is R± =4. Since 
bo = 0 it follows from Lemma 3.1 that c m = b m for each m £ {0,1, 2, 3,...}. Moreover, there 
exists a positive constant R\ such that the condition (2.2) is satisfied 


Ri 


lim 

k— >-+oo 


Ck 

1 


lim | ^ k | = 4 . 

k— >-+00 
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Now we assume r = s = t = \ . Then we get 


+00 

Y I a mX r ‘ 

m =0 


15 


+oo 


. -L I | V > 

<-1- \x\ + > 

— i6 fi/i 1 1 


4(m + \) 2 - (m + l)(m + 4) 


64 

15 


m =2 


4m+2 


^|x| m 


1 

<-h 

“ 16 64 


+ ^ 3m(m + i) 

m =2 


4?n+2 


1 15 ^ 1 1 15 1 _ 27 

' ~ + 777 + -H, 2 m + 2 “16 + 64 + 8 _ 64 

m=2 


16 64 


/or all x G (—R,R). Since R < min{l, Rq, Ri} = l, we can conclude from (3.6) that there 
exists a solution function yh '■ {—R,R) —> C of the Gauss differential equation (2.1) with 
r = s = t= \ satisfying \y(x) - y h {x)\ < §f ^ for all x G (-R, R). 
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Abstract. In this paper, we give an introduction for rough groups and rough homo- 
morphisms. Then we present some properties related to topological rough subgroups and 
rough subsets. Finally we construct the product of topological rough groups and give an 
illustrated example. 


1. Introduction 

In [2], Bagirmaz et al. introduced the concept of topological rough groups. They 
extended the notion of a topological group to include algebraic structures of rough groups. 
In addition, they presented some examples and properties. 

The main purpose of this paper is to introduce some basic definitions and results about 
topological rough groups and topological rough subgroups. We also introduce the Carte¬ 
sian product of topological rough groups. 

This paper is as follows: Section 2 gives basic results and definitions on rough groups 
and rough homomorphisms. In Section 3, following results and definitions of [2], we give 
some more interesting and nice results about topological rough groups. Finally, in Section 
4 we prove that the product of topological rough groups is a topological rough group. 
Further, an example is provided. 

This paper has been produced from the PhD thesis of Alharbi registered in King Ab¬ 
dulaziz University. 


2. Rough groups and rough homomorphisms 

First, we give the definition of rough groups introduced by Biswas and Nanda in 1994 [3]. 
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Let (U, R ) be an approximation space. For a subset X C U, 

X = {[x] R :[x} R nX^(b} 

and 

X = {[x] R :[x] R CX}. 

Suppose that * is a binary operation defined on U. We will use xy instead of x * y for 
each composition of elements x,y E U as well as for composition of subsets XY, where 
X, Y C U. 

Definition 2.1. [2] Let G = (G,G) be a rough set in the approximation space ( U,R ). 

Then G = (G, G) is called a rough group if the following conditions are satisfied: 

(1) for all x,y G G, xy G G (closed); 

(2) for all x,y,z G G, ( xy)z = x(yz) (associative law); 

(3) for all x G G, there exists e G G such that xe = ex = x (e is the rough identity 
element); 

(4) for all x G G, there exists y G G such that xy = yx = e (y is the rough inverse 
element of x. It is denoted as x~ l ). 

Definition 2.2. [2] A nonempty rough subset H = (H, H) of a rough group G = (G, G) 
is called a rough subgroup if it is a rough group itself. 

A rough set G = (G, G) is a trivial rough subgroup of itself. Also the rough set e = (e, e) 
is a trivial rough subgroup of the rough group G if e G G. 

Theorem 2.1. [2] A rough subset H is a rough subgroup of the rough group G if the two 
conditions are satisfied: 

(1) for all x,y G H,xy G H; 

(2) for all y G H^y- 1 G H. 

Also, a rough normal subgroup can be defined. Let iV be a rough subgroup of the rough 
group G. Then N is called a rough normal subgroup of G if for all iGG, xN = Nx. 

Definition 2.3. [4] Let (Ui,Ri) and (U 2 , R 2 ) be two approximation spaces and *, * be two 
binary operations on U\ and U 2 , respectively. Suppose that G 1 C U\, G 2 C U 2 are rough 
groups. If the mapping cp : Gi —> G 2 satisfies :p(x * y) = <p(x) * ip(y) for all x,y G G\, 
then ip is called a rough homomorphism. 

Definition 2.4. [4] A rough homomorphism ip from a rough group G\ to a rough group 
G 2 is called: 

(1) a rough epimorphism (or surjective) if ip : G\ —>■ G 2 is onto. 

(2) a rough embedding (or monomorphism) if ip : G\ —)• G 2 is one-to -one. 

(3) a rough isomorphism if ip : G\ —>■ G 2 is both onto and one-to-one. 
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3. Topological rough groups 

We study a topological rough group, which has an ordinary topology on a rough group, 
i.e., a topology r on G induced a subspace topology tq on G. Suppose that (U,R) is an 
approximation space with a binary operation * on U. Let G be a rough group in U. 

Definition 3.1. [2] A topological rough group is a rough group G with a topology tg on 
G satisfying the following conditions: 

(1) the product mapping f : G x G —> G defined by f(x, y) = xy is continuous with 
respect to a product topology on G x G and the topology r on G induced by tq; 

(2) the inverse mapping l : G —>■ G defined by t(x) = x ^ 1 is continuous with respect to 
the topology t on G induced by tq- 

Elements in the topological rough group G are elements in the original rough set G with 
ignoring elements in approximations. 

Example 3.1. Let U = {0,1,2} be any group with 3 elements. Let U/1Z = {{0,2},{1}} 
be a classification of equivalent relation. Let G = {1,2}. Then G = {1} and G = 
{0,1,2} = U. A topology on G is tq = {</?, G, {1}, {2}, {1, 2}} and the relative topology 
is t = {(p, G, {1}, {2}}. The conditions in Definition 3.1 are satisfied and hence G is a 
topological rough group. 

Example 3.2. Let U = M and U / 1 Z = {{x : x ^ 0}, {x : x < 0}} be a partition ofR. 
Consider G = M* = M. — 0. Then G is a rough group with addition. It is also a topological 
rough group with the standard topology on M. 

Example 3.3. Consider U — S 4 the set of all permutations of four objects. Let (*) be the 
multiplication operation of permutations. Let 

U/TZ = {Ei , E'2, £3, £4} 

be a classification of U, where 

Ei = {1,(12), (13), (14), (23), (24), (34)}, 

£2 = {(123), (132), (142), (124), (134), (143), (234), (243)}, 

£3 = {(1234), (1243), (1342), (1324), (1423), (1432)}, 

£ 4 = {(12)(34),(13)(24),(14)(23)}. 

Let G = {(12), (123), (132)}. Then G = £1 U E 2 . Clearly, G is a rough group. Consider 
a topology on G as tq = {</?, G, {(12)}, {1, (123), (132)}, {1, (12), (123), (132)}}. Then the 
relative topology on G is r = {p>,G, {(12)}, {(123), (132)}}. The conditions in Definition 
3.1 are satisfied and hence G is a topological rough group. 

Proposition 3.1. [2] Let G be a topological rough group and fix a € G. Then 
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(1) the mapping L a : G —>■ G defined by L a {x) = ax, is one-to-one and continuous for 
all x E G. 

(2) the mapping R a : G —>■ G defined by R a (x) = xa, is one-to-one and continuous for 
all x G G. 

(3) the inverse mapping t : G —> G is a homeomorphism for all x G G. 

Proposition 3.2. [2] Let G be a topological rough group. Then G = G~ l . 

Proposition 3.3. [2] Let G be a topological rough group and V C G. Then V is open 
(resp. closed) if and only ifV~ l is open (resp. closed). 

Proposition 3.4. [2] Let G be a topological rough group and W be an open set in G with 
e G W. Then there exists an open set V with e G V such that V = P _1 and VV C W. 

Proposition 3.5. [2] Let G be a rough group. If G = G, then G is a topological group. 

Definition 3.2. Let G be a topological rough group. Then a subset U of G is called rough 
symmetric if U = C/ _1 . 

From the definition of rough subgroups, we obtain the following result. 

Corollary 3.1. Every rough subgroup of a topological rough group is rough symmetric. 

Theorem 3.1. Let G be a topological rough group. Then the closure of any rough sym¬ 
metric subset A of G is again rough symmetric. 

Proof. Since the inverse mapping t : G —> G is a homeomorphism, cl (A) = (cl (A )) -1 . □ 

Theorem 3.2. Let G be a topological rough group and H be a rough subgroup. Then cl(H) 
is a rough group in G. 

Proof. (1) Identity element: H C cl(H) implies that H C cl(H) and so e G cl(H). 
Since cl(H) C G, we have ex = xe = x for all x G cl(H). 

(2) Inverse element: c/(H) _1 C cl(H ~ l ) = cl(H). 

(3) Closed under product: Let x, y G d(H). Then xy G G, which implies that there 

exists an open set U G G such that xy G U. We will prove that U A H (p. 
Consider the multiplication mapping p : G x G —)• G. This implies that there exist 
open sets W, V of G such that xGW, y E V, W /\ H tp, V /\ H ip. Since the 
topology on G is a relative topology on G, there exist open sets W', V' of G such 
that W C W', V C V. Hence W' A H ± ip, V A H ± (p. Then p(W x V) A H ± ip , 
but we have y{W x V) C U, which implies H /\U <p. So xy G cl(H) C d(H). 

This implies that cl(H) is a rough group of G. 

Thus cl(H ) is a rough group in G. □ 
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Definition 3.3. Let (X,r) be a topological rough space of approximation space 
and let B C r be a base for r. For x G X, the family 

B x = {O eB :x g 0} CB 

is called a base at x. 

Theorem 3.3. Let G be a topological rough space with G group. For g G G, the base at 
g is equal to 

B y = {gO:Oe B e }, 

where e is the identity element of a rough group G. 

4. Product of topological rough groups 

Let and (V, IZ 2 ) be approximation spaces with binary operations *1 and *2, 

respectively. Consider the Cartesian product of U and V: let x,x' G U and y,y G V. 
Then (x,y), (x ,y) G U x V. Define * as (x,y) * (x ,y) = (x *1 x',y *2 y). Then * is a 
binary operation on U x V. In [1], Alharbi et al. proved that the product of equivalence 
relations is also an equivalence relation on U x V. 

Theorem 4.1. [1] Let G\ C U and G 2 C V be two rough groups. Then the Cartesian 
product G\ x G 2 is a rough group. 

The following conditions are satisfied: 

(1) For all (x ,y), (x ,y) gG 1 x G 2 , {x\, y[) * (ar 2 ,2/2) = (-D *1 x i ,y’i *2 y 2 ) e G x x G 2 . 

(2) Associative law is satisfied over all elements in Gi x G2. 

(3) There exists an identity element (e, e') G Gi x G 2 such that V(x, x) G G\ x 
G 2 ,{x,x) x (e,e) = (e,e) x {x,x) = (ex, e'x) = (x.x'). 

(4) For all (x,x) G G\ x G 2 , there exists an element (y,y) G G\ x G 2 such that 
(x,x) * (y,y) = (y,y) * (x,x) = (e,e). 

Example 4.1. Consider Example 3.1 where U = {0,1,2} and U/R = {{0, 2}, {1}}. Then 
the Cartesian product U x U is as follows: 

U x U = { (0,0), (0,2), (0, T) , (2,0), (2,2), (2, T) , (1,0), (T, 2), (T, I)}. 

Then the new classification is 

{{0,0), (0,2), (2,0), (2,2)}, {(0,1), (2,1)}, {(1,0), (1,2)}, {(I, I)}}. 

Consider the rough group G = {1, 2}. Then the Cartesian product G x G is 

G x G — {(2,2), (2,1), (T, 2), (T, I)}, 

where GxG = GxG = U x U. From the definition of a rough group, we have that 
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(1) the multiplication of elements in G x G is closed under G x G, i.e. ( 2 , 2 ) ( 2 , 2 ) = 
(T,T),(2,2)(2,T) = (1,0), (2, 2)(1,1) = ( 0 , 0 ), (2, 2)(1,2) = ( 0 , T), (2, T)(2, T) = 
( 1 , 2 ), 

(2,1)(1,1) = (0,2), (2,1X1,2) = (0,0), (1,1)(1,1) = (2,2), (1,1)(1,2) = (2,0); ^ 

( 2 ) there exists (0,0) 6 GxG such that for every (g, g ) e GxG, we have (0, 0) (g, g ) = 

(9,9')] 

(3) for every element of G x G, there exists an inverse element in G x G, where 
(I,!)" 1 = ( 2,2 ) G G x G, ( 2 , I) -1 = (1,2) e G x G; 

(4) the associative law is satisfied. 

Hence G x G is a rough group. 

From Example 3.1, we have tq = {</?, G, {1}, {2}, (1, 2}} as a topology on G. Then 
tq x t g is the product topology of G x G. Also we have r = { 92 , G, {1}, { 2 }} as a relative 
topology on G. So r x r is a topology on G x G induced by tq x tq- 

Consider the multiplication mapping p, : (G x G) x (G x G) —>■ G x G. This mapping is 
continuous with respect to topology r x r and the product topology on (G x G) x (G x G). 
^4/so, we can show that the inverse mapping i:GxG-)GxG zs continuous. Hence 
G x G is a topological rough group. 
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ON THE FARTHEST POINT PROBLEM IN BANACH SPACES 

A. YOUSEF 1 , R. KHALIL 2 AND B. MUTABAGANI 3 


Abstract. A long standing conjecture in theory of Banach spaces is:" Every 
uniquely remotal set in a Banach is a singleton". This is known as the farthest 
point Conjecture. In an attempt to solve this problem, we give our contribution 
toward solving it, in the positive direction, by proving that every such subset 
E in the sequence space E is a singleton. 


1. Introduction 

Let A" be a normed space, and E be a closed and bounded subset of X. We 
define the real valued function D(., E) : X —» R by 

D(x, E) = sup{11 ar — e\\ : e E E}, 

the farthest distance function. We say that E is remotal if for every x E X, 
there exists e E E such that D(x, E) = ||x — e||. In this case, we denote the set 
{e E E : D(x,E ) = ||x — e||} by F(x,E). It is clear that F(.,E) : X —> E is a 
multi-valued function. However, if F(.,E) : X —> E is a single-valued function, 
then E is called uniquely remotal. In such case, we denote F(x. E) by F(x). if 
no confusion arises. 

The study of remotal and uniquely remotal sets has attracted many mathe¬ 
maticians in the last decades, due to its connection with the geometry of Banach 
spaces. We refer the reader to PP, 0 , 0 , P and [B] for samples of these studies. 
However, uniquely remotal sets are of special interest. In fact, one of the most in¬ 
teresting and hitherto unsolved problems in the theory of farthest points, known 
as the the farthest point problem, which is stated as: If every point of a normed 
space X admits a unique farthest point in a given bounded subset E. then must 
E be a singleton ?. 

This problem gained its importance when Klee [4] proved that: singletoness 
of uniquely remotal sets is equivalent to convexity of Chybechev sets in Hilbert 
spaces (which is an open problem too, in the theory of nearest points). 

Since then, a considerable work has been done to answer this question, and 
many partial results have been obtained toward solving this problem. We refer 
the reader to m, ra. h and [8] for some related work on uniquely remotal sets. 


1991 Mathematics Subject Classification. Primary 46B20; Secondary 41A50; 41A65. 
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Centers of sets have played a major role in the study of uniquely remotal sets, 
see a ra and [Jj. Recall that a center c of a subset F of a normed space A" is 
an element c G X such that 

D(c,E) = inf D(x,E). 

x£X 

Whether a set has a center or not is another question. However, in inner product 
spaces, any closed bounded set does have a center [I]. 

In j7j it was proved that if E is a uniquely remotal subset of a normed space, 
admitting a center c, and if F. restricted to the line segment [c, F(c)] is continu¬ 
ous at c, then E is a singleton. Then recently, a generalization has been obtained 
in |9], where the authors proved the singletoness of uniquely remotal sets if the 
farthest point mapping F restricted to [c, F{c)] is partially continuous at c. Fur¬ 
thermore, a generalization of Klee’s result in [3], "If a compact subset F. with a 
center c, is uniquely remotal in a normed space A", then E must be a singleton", 
was also obtained in [2j. 

In this article, we prove that every uniquely remotal subset of the sequence 
space I 1 (M) is a singleton. Recall that I 1 (M) = {a; = (x n ) : x n G M. and \ x n\ < 

oo}. 


2. Preliminaries 

In this section, we prove the following propositions that play a key role in the 
proof of the main result. 

Throughout the rest of the paper, F will denote the farthest distance single¬ 
valued function associated with a uniquely remotal set E. 

Proposition 2.1. Let E be a uniquely rematal subset of a Banach space X. Let 
(x n ) be a sequence in X such that ( x n ) converges to x G X. If F(x n ) = y for all 
n, where y G E, then F(x ) = y. 

Proof. Suppose that F{x ) ^ y. Since F is uniquely remotal, then there exists 
w G E such that F(x ) = w. Further, there exists e > 0 such that ||x — u>|| > 
||x — y \\ + e. Also, there exists n 0 G N such that \\x n — x|| < | for all n > n 0 . 
Therefore, for m > Uq 


x m -w \| > 
> 

> 

> 



This contradicts that y = F(x rn ). Hence, we must have F(x) = y. 


□ 
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Proposition 2.2. Let K be a compact subset of a Banach space X and E be 
uniquely remotal in X. Then there exist x G K and e G E such that 

D(E,K) — sup{ \\y — 0| | : y G K, 9 G E} = ||e-x||. 

Proof. From the definition of D(E,K), there exist two sequences (e n ) and (x n ) 
in E and K respectively such that 

D(E,K)= lim ||e n — x n \\. 

n—xx) 

Since K is compact, then there exists a subsequence (x nk ) of (x n ) such that (x nk ) 
converges to x in K. So, 

D(E,K) = lim \\e nk - x nk \\. 

k —>oo 

The definition of D(E, K) implies that D(E, K ) > 11 e! — x'\ \ for all e' G E and 
x' G K. Therefore, 

lim \\e nk - x nk \\ > ||x - F(x)||. 

k —xx) 

But 


-n fc X nk \\ < \\e nk - x\ \ + \ \x - x nk \\ < \\x nk - x \I + I \x - F{x) I j. 


Thus 


lim \\x nk -y nk \\ < \\x - F(x)\ . 


k— xx) 


Since x G K and F(x) G E, it follows that D(E, K ) = ||x — F(x)||, which ends 
the proof. 

□ 


3. Main Results 

Let E be a uniquely remotal subset of a Banach space X. Let Xq be an element 
in X and e 0 G E be the unique farthest point from x 0 . i.e F(x 0 ) = e 0 . Consider 
the closed ball 

B[x o, ||x 0 - e 0 ||] = B[x q ,D(xq,E)]. 

Then clearly eo lies on the boundary of B[x o, D(x o, E)]. 

Let J = {B[y, \\y — e 0 || : F(y) = e 0 }, and define the relation ” < ” on J as 
follows: 

B\ < B 2 if B 2 C B\. 

It is easy to see that the relation ” < ” is a partial order. 

Now, we claim the following. 

Theorem 3.1. J has a maximal element. 

Proof. Let T be any chain in J. Consider the net {\\y a — e 0 || : a G /}. Notice 
that if B ai < B a2 then | \y a2 — ef\\ < \\y ai —eo11 • Let r = inf | \y a — eo| |. Then it is 

easy to see that if the infimum is attained at some a 0 , then B ao [y ao , \ \y ao — e 0 | |] is 
an upper bound for T. If the infimum is not attained then there exists a sequence 
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(B n ) in T such that lim \y n — e 0 || = inf \ \y a — e 0 || —r. 

n —>oo a £/ 

We claim that (y n ) has a convergent subsequence. If not, then there exists 
e > 0 such that | y n — ]Jm \ \ > e for all n, m. Clearly we can assume that e < r. 

Since lim | \y n — eo| | — r, then there exists no G N such that | \y n — eo\\ < r + § 

n—»oo L 

for all n > n 0 . But ||y no - 7/ no +ill > T so 5 n 0 C B„ 0 +i. Farther, r < ||i/ no - e 0 [| 
and | \y no +i — e o| I < r +|. Without loss of generality, we can assume, for simplicity, 
that y no = 0. Then the element v = (1 + G B no+l . 

Now, ||u — 011 = ||u|| = ||y no+ i|| + r > r + e. Thus, v ^ B no which contradicts 
the fact that B no+ i C B no . Hence, there is a subsequence (y rik ) that converges 
to some element, say y. By assumption F(y nk ) = eo for all rik- which implies by 
Proposition |2.1| that F(y) = eo- Thus, B[y, \ \y — eo||] G J. 

It suffices now to show that B[y, \ \y — eo||] C B a for all a G /. If this is not 
true then there exists w G B[y, \ \y — eo||] such that w ^ B mi for some m\. Since 
(B n ) is a chain, then w ^ B nh for all Uk > mi. Furthermore, ||u> — y nk || > r + e' 
for some e' > 0 and all > m±. 

But ||w - y nk || < || y nh - y\\ + \\y - w ||, where || y Uk - y\\ -*• 0 and ||y - w\\ < 
|| y — F(y) || = \\y — r||. It follows that lim inf ||ru — y n , \ < r, which contradicts 

^k 

the fact that ||w — y nk \\ > r + e'. This means that B[y , \\y — eo||] is an upper 
bound for the chain T. Hence, By Zorn’s lemma J has a maximal element. 

□ 


Now we are ready to prove the main result of this paper. 

Theorem 3.2. Every uniquely remotal set in £ 1 (M) is a singleton. 

Proof. Let if be a uniquely remotal set in £ 1 , and let e be the unique farthest 
point in E from 0, i.e. F(0) = e. By Theorem 3.1, J — { B[y , \ \y — e\\] : F(y) = e} 
has a maximal element say B[v, ||-D — e||]. 


Without loss of generality, we may assume that v = 0 and ||e|| = 1 so that the 
maximal element is the unit ball of l l . Let e = (61, fo, 63 ,...). Since | |e| | = 1 then 
with no loss of generality we can assume that b\ ^ 0. Further, assume b \ > 0. 
So, bi > — for some mn G N. 

Let <5i = (1,0,0,...) and consider the sequence (^) in i 1 , where n > m 0 . 
Then F(—) 7^ e for all n > mo, since if T(y-) = e for some n > mo, then for 
w G B\—, ||— - e||l, we have ||u;|| - ||^|| < ||w - ^|| < ||^ - e||. But bi > i, 
so || — — e11 = ||e|| — - = ||e|| — || —1|. Thus, ||w|| < ||e|| = 1 and accordingly 

11 n i! 11 11 n 11 11 iinii ?iiii — mm 

w G H[0,1], which contradicts the maximality of H[0,1]. Hence, F(^) 7 ^ e for 
all n > mo- 
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Let F(^) = z n = (c", d), Cg,...). Then we must have c" < for all n > mo- 
Otherwise, we obtain that II z„ — —1| = ||zJ| — || —1| < 1 — - = Me — —1|, which 
contradicts the fact that F(—) = z n . 

Now, since — —> 0, then ||z n || —> 1. Further, the sequence c™ converges to A, 
where A < 0. 

Consider the set P = }. Then, clearly D(e,P ) = YIJL 2 \bj\ < 1- Also, 

D(z n ,P) = \ \z n - 11 = |c" - 61 1 + |c”|. Therefore, 

OO 

lim D(z n ,P) = (bi + |A|) + lim |c”| 

n^oo n^oo ^ J 

3 =2 

= + | A | + (1 — |A|) 

= I + 61 

Since D(P, E ) > D(P, z n ) for all n, we get that D(P, E ) > 1 + 61 . On the other 
hand, D(P,E ) = sup ||6i<5i — e|| < 61 + 1, since ||e|| < 1 for every e E E. Thus, 

e£E 

D(P,E ) = l + 6 i. 

By Proposition |2.2[ D(P,E) = ||&i<5i — e'|| for some e' G A. So, 

1 + 61 < 61 + | |e'|| < 1 + 61 , 

which implies that | e / 1 = 1. Therefore, e' is another farthest point in E from 0, 
i.e. F(0) = {e!, e}, which contradicts the unique remotality of E. Hence, E must 
be a singleton. □ 
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Abstract. In this paper, we prove the Hyers-Ulam stability of 3-Lie homomorphisms in 3-Lie algebras for 
Cauchy-Jensen functional equation. We also prove the Hyers-Ulam stability of 3-Lie derivations on 3-Lie 
algebras for Cauchy-Jensen functional equation. 

1. Introduction and preliminaries 

The stability problem of functional equations had been first raised by Ulam [21]. In 1941, Hyers [10] 
gave a first affirmative answer to the question of Ulam for Banach spaces. The generalizations of this 
result have been published by Aoki [2] for (0 < p < 1), Rassias [19] for ( p < 0) and Gajda [8] for (p > 1) 
for additive mappings and linear mappings by a general control function (9(||x|| p + ||i/|| p ), respectively. 
In 1994, Gavruta [9] generalized these theorems for approximate additive mappings controlled by the 
unbounded Cauchy difference with regular conditions, i.e., who replaced d(||a:|| p + ||y|| p ) by a general 
control function ip(x, y ). Several stability problems for various functional equations have been investigated 
in [1, 4, 6, 7, 12, 14, 15, 16, 17, 18, 20]. 

A Lie algebra is a Banach algebra endowed with the Lie product 

(xy- yx) 

[*>!/] := -g-' 

Similarly, a 3-Lie algebra is a Banach algebra endowed with the product 



Let A and B be two 3-Lie algebras. A C-linear mapping H : A —> B is called a 3-Lie homomorphism if 

H([[x,y\,z}) = [[H(x),H(y)],H(z)\ 

°* Corresponding authors. 

°Keywords: Jensen functional equation, 3-Lie algebra, 3-Lie homomorphisms, 3-Lie derivation, Hyers- 
Ulam stability. 
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for all x,y, z £ A. A C-linear mapping D : A —> A is called a 3-Lie derivation if 

D([[x,y],4) = [[ D ( x )>v]> z \ + [[ x > D (y)]> z ] + [[x,y,],D(z)\ 
for all x,y,z € A (see [22]). 

Throughout this paper, we suppose that A and B are two 3-Lie algebras. For convenience, we use the 

following abbreviation for a given mapping / : A B 

n u \ f ,TX + yy , n , r ( ^ + yz yy + yz 

D/j,f(x, y, z) := /(---h yz) + /(---h yy) + /(---t- yx) 

- 2 yf(x) - 2 yf(y) - 2 yf(z) 

for all y £ T 1 := {A G C : |A| = 1} and all x,y,z £ A. 

Throughout this paper, assume that A is a 3-Lie algebra with norm || • || and that B is a 3-Lie algebra 
with norm || • |j. 


2. Stability of 3-Lie homomorphisms in 3-Lie algebras 

We need the following lemmas which have been given in for proving the main results. 

Lemma 2.1. ([11]) Let X be a uniquely 2-divisible abelian group and Y be linear space. A mapping 
f : X —>■ F satisfies 

f( X ^ 1 +z) + f( X ^+y) + f( lJ ^+x) = 2[f(x) + f(y) + f(z)\ (2.1) 

for all x,y,z £ X if and only if f : X Y is additive. 

Lemma 2.2. Let X and Y be linear spaces and let f : X —>Y be a mapping such that 

DJ(x,y,z) = 0 (2.2) 

for all y £ T 1 and all x,y,z £ A. Then the mapping f : X ->F is C-linear. 

Proof. By Lemma 2.2, / is additive. Letting y = z = 0 in (2.1), we get 2/ (/if) = yf(x) and so 
f{yx) = yf(x) for all x £ X and all y £ T 1 . By the same reasoning as in the proof of [13, Theorem 2.1], 
the mapping f : X Y is C-linear. □ 

In the following, we investigate the Hyers-Ulam stability of (2.1). 

Theorem 2.3. Let tp : A 3 — > [0, oo) be a function such that 

oo 1 

y, z) := 2 ”lb 2 ” 2 ) < 00 ( 2 - 3 ) 

n—0 

for all x,y, z £ A. Suppose that f : A —► B is a mapping satisfying 

\\ D uf( x ^y^ z )\\ < <p(x,y,z), (2.4) 

II f([[x,y],z]) ~ [[f(x),f(y)]J{z)] || < <p(x,y,z) (2.5) 
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for all /i G T 1 and all x,y,z G A. Then there exists a unique 3-Lie homomorphism H : A -> B such that 

\\f{x)-H(x)\\<^tp(x,x,x) (2.6) 

for all x & A. 


Proof. Letting fi = 1 and x = y = z in (2.4), we get 

l|3/(2a;) — 6/(x)|| < cp(x,x,x) (2.7) 

for all x G A. If we replace x by 2 n x in (2.7) and divide both sides by 3 • 2 n+1 . then we get 
ll^/P”'*) - L/(2”*)|| < J^lV(2^,2"x,2”x) 
for all x G A and all nonnegative integers n. Hence 

1 1 n i i 

- ^/(2 m *)ll =11 E l2Wl/( 2 ‘ +1 *) = 2t/(2‘*)]ll 

k—m 

n 

£ E A 2 **' 1 ) “ 2»/(2‘*)ll (2.8) 

k—m 

1 n 1 

£sEj*’(2‘ i ' 2 ‘«.2Y 

k—m 

for all x G A and all nonnegative integers n > m > 0. It follows from (2.3) and (2.8) that the sequence 
{^b/( 2 n x)} is a Cauchy sequence in B for all x G A. Since B is complete, the sequence {^L/( 2 n x)} 
converges for all x € A. Thus one can define the mapping H : A —> B by 

H(x) := lim —/( 2 n x) 

y ’ n->oo 2 n V 

for all x £ A. Moreover, letting to = 0 and passing the limit n —> oo in (2.8), we get (2.6). It follows from 
(2.3) that 

\\D„H(x,y,z)\\= lim h\DJ(2 n x,2 n y,2 n z)\\ 

n—>o o Z n 

< Hm ^<p(2 n x,2 n y,2 n z) = 0 

n—>o o Z 

for all x,y,z € A and all /jeT 1 . So D^H (x, y,z) = 0 for all /z € T 1 and all x,y,z G A. By Lemma 2.2, 
the mapping H : A —> B is C-linear. 

It follows from (2.5) that 


\\H{[[x,y],z])-[[H(x),H(y)],H(z)]\\ 

= Inn h\f([[2 n xXy]Xz])-[[f(2 n x)J(2 n y)]J(2 n z)]\\ 

n —>oo o 

< Hm ±<p(2 n x,2 n y,2 n z) < lim ^<p(2 n x,2 n y,2 n z) = 0 

n—>o o o n—>o o Z 

for all x,y,z G A. Thus 

H([[x,y],z}) = [[H(x),H(y)),H(z)\ 


for all x,y,z G A. 
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Therefore, the mapping H : A —> B is a 3-Lie homomorphism. □ 

Corollary 2.4. Let e, 0 1 pi,p 2 ,P 3 , qi, <Z2,93 be positive real numbers such that Pi,P 2 ,P 3 < 1 and gi , 521 <73 < 
3. Suppose that f : A B is a mapping such that 

\\D„f(x,y,z)\\ < 6>(||x|| Pl + \\y \\ P2 + p|p), (2.9) 

11 /([[*, y\,z\) - any), f{z)}j(x)] 11 < e (iMr + hr + inh (2.10) 

for all p € T 1 and all x,y,z £ A. Then there exists a unique 3-Lie homomorphism H : A —> B such that 

11 m - h( X ) 11 < d 3 {j^\\x\r + 2 ^ii*r + ^^impi 

for all x € A. 

Theorem 2.5. Let $ : A 3 —» [0, oo) be a function such that 

OO 

V z )<OQ ( 2 .H) 

/ -j ^ \ 2n 5 2 n 7 2 n x 

n—1 

for all x,y,z € A. Suppose that f : A—> B is a mapping such that 

\\D fJ .f{x,y,z)\\ B < ijj(x,y,z), 

II f([[x,y],z]) - [[/(*), f(y)], f(z)]\\ < ^{x,y,z) 

for all p € T 1 and all x,y,z £ A. Then there exists a unique 3-Lie homomorphism H : A —>• B such that 

11 / 0*0 - # 0 * 0 || < l${x,x,x) ( 2 . 12 ) 

6 

for all x € A, where ip(x, y, z) := 2"^ JP Je, for all x,y,z € A. 

Proof. By the same reasoning as in the proof of Theorem 2.3, there exists a unique 3-Lie homomorphism 
H : A —► B satisfying (2.12). The mapping H : A x A —> B is given by 

# 0*0 := lim 2 "/(| r ) 

n—> oo Z 

The rest of the proof is similar to the proof of Theorem 2.3 □ 

Corollary 2.6. Let £, 9 ,Pi,P 2 ,P 3 ,qi,q 2 and q 3 be non-negative real numbers such that p\ , P 2 , P 3 > 1 and 
qi, q 2 , q 3 > 3. Suppose that f : A —► B is a mapping satisfying (2.9) and (2.10). Then there exists a unique 
3-Lie homomorphism H : A —> B such that 

11/0*0 - #0*011 < + ^2 imp + ^^impi 

for all x € A. 
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3. Stability of 3-Lie derivations on 3-Lie algebras 

In this section, we prove the Hyers-Ulam stability of 3-Lie derivations on 3-Lie algebras for the functional 
equation D ll f{x,y,z) = 0. 

Theorem 3.1. Let p> : A 3 —► [0, oo) be a function satisfying (2.3). Suppose that f : A —» A is a mapping 
satisfying 

\\D ll f{x,y,z)\\ < ip(x,y,z), 

II f{[[x,y\,z\) - [[f(x),y\,z\ - [[x,f(y)\,z] - [[x,y\,f(z )\|| < ip(x,y,z) (3.1) 

for all /i G T 1 and all x,y,z G A. Then there exists a unique 3-Lie derivation D : A —>■ A such that 

11/0*0 - D{x)\\ < hp(x,x,x) (3.2) 

for all x € A, where ip is given in Theorem 2.3. 

Proof. By the proof of Theorem 2.3, there exists a unique C-linear mapping D : A —> A satisfying (3.2) 
and 

D{x) := lim -^/( 2 n x) 

n—> oo Z 

for all x G A. It follows from (3.1) that 

l|£([py]p) - [[D(x),y\,z\ - [[x,D(y)\,z] - [[x,y\, D(z)]\\ 

= lim h\f([[2 n x,2 n y],2 n z]) - [\f(2 n x),2 n y],2 n z] - [[2 n x, f(2 n y)\, 2 n z] - [[2 n x,2 n x],f(2 n z)]\\ 

n—>-oo o 

< lim ±<p(2 n x,2 n y,2 n z) = 0 

n—> oo o ,L 

for all x,y,z G A. So 

D([[x,y],z}) = \[D(x), y\, z] + [[x,G(y)\,z] + [[x,y],D(z)\ 
for all x,y,z G A. Therefore, the mapping D : A —> A is a 3-Lie derivation. □ 

Corollary 3.2. Let £,9,pi,p2,P3,qi,q2,q3 be positive real numbers such that Pi,P 2 ,P 3 < 1 and q \, < 72 , 93 < 
3. Suppose that f : A —► A is a mapping such that 

\\ D , f ( x , y , z )\\ < 0 (im r + imp + imp), (3.3) 

II f([[x,y\,z]) - llf(x),y\,z\ - [[x,f(y)],z] - [[*, y], f(z)]\\ < £ (||*P + IMP + IMP) (3-4) 
for all /i G T 1 and all x,y,z G A. Then there exists a unique 3-Lie derivation D : A —>■ A such that 

11 / 0*0 - £ 0*011 < Nr + + ^^imp) 

for all x G A. 
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Theorem 3.3. Let if : A 3 —> [0,oo) be a function satisfying (2.11). Suppose that f : A —» A is a mapping 
satisfying 

\\ D nf( x ^y^ z )\\ < # 

\\f([[x,y],z]) - [[f{x),y\,z\ - [[x,f(y)],z\ - [[x,y\,f(z )\|| < xp(x,y,z) 
for all /i € T 1 and all x,y,z € A. Then there exists a unique 3-Lie derivation D : A —>• A such that 

II f(x) - D{x) || < ^i>(x,x,x) (3.5) 

6 

for all x € A, where if is given in Theorem 2.5. 

Proof. By the proof of Theorem 2.3, there exists a unique C-linear mapping D : A —> A satisfying (3.5) 
and 

D(x) := lim 2 n f(^ n ) 

n—>o o Z 

for all x £ A. 

The rest of proof is similar to the proof Theorem 3.1. □ 

Corollary 3.4. Let £,0,p\,p2,p 3 ,qi,q2 and q 3 be non-negative real numbers such that p\,P 2 , p 3 > 1 and 
91 ) 92,93 > 3. Suppose that f : A^r B is a mapping satisfying (3.3) and (3.f). Then there exists a unique 
3-Lie derivation D : A —>• A such that 

\\m - h{x) ii < 6 -{^-^ x \r + ^ 2 11*1^ + 

for all x € A. 
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NEUTROSOPHIC EXTENDED TRIPLET GROUPS AND 
HOMOMORPHISMS IN ^-ALGEBRAS 

JUNG RYE LEE, CHOONKIL PARK*, AND XIAOHONG ZHANG 

Abstract. Qelik, Shalla and Olgun [2] defined neutro-homomorphisms in neutrosophic 
extended triplet groups and Zhang et al. [8] investigated neutro-homomorphisms in 
neutrosophic extended triplet groups. 

In this note, we apply the results on neutro-homomorphisms in neutrosophic extended 
triplet groups to investigate C*-algebra homomorphisms in unital C*-algebras. 


1. Introduction and preliminaries 

As an extension of fuzzy sets and intuitionistic fuzzy sets, Smarandache [4] proposed 
the new concept of neutrosophic sets. 

Definition 1.1. ([5, 6]) Let A be a nonempty set together with a binary operation *. 
Then A is called a neutrosophic extended triplet set if, for any a G A, there exist a neutral 
of a (denoted by neut(a)) and an opposite of a (denoted by anti (a)) such that neut(a) 
G A, anti(a) G A and 

a * neut(a) = neut(a) * a = a, 
a * anti (a) = anti(a) * a = neut(a). 

The triplet (a, neut(a), anti (a)) is called a neutrosophic extended triplet. 

Note that, for a neutrosophic triplet set (A, *) and a G A, neut(a) and anti(a) may not 
be unique. 

Definition 1.2. ([5, 6]) Let (A,*) be a neutrosophic extended triplet set. 

Then A is called a neutrosophic extended triplet group (NETG) if the following condi¬ 
tions hold: 

(1) (A, *) is well-defined, i.e., for any a, b G A, one has a * b G A; 

(2) (A, *) is associative, i.e., (a * b) * c = a * (b * c) for all a, 6, c G A. 

A is called a commutative neutrosophic extended triplet group if, for all a,b G A, 
a * b = b * a. 

Let A be a unital C'*-algebra with multiplication operation •, unit e and unitary group 
U (A) :={«gA | u* • u = u • u* = e}. Then u • v E U (A) and (u • v) • w — u • (v • w) 
for all u,v,w G U(A) (see [3]). So (t/(A),«) is an NETG. 

2010 Mathematics Subject Classification. Primary 46L05, 03E72, 94D05. 

Key words and phrases, neutro-homomorphism; neutrosophic extended triplet group; homomorphism 
in unital C*-algebra; perfect neutrosophic extended triplet group. 
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Proposition 1.3. ([7]) Let ( N , *) be an NETG. Then 

(1) neut(a) is unique for each a G N ; 

(2) neut(a) * neut(a)= neut(a) for each a G N. 

Note that u»e — e»u — u for any u G (U(A), •). By Proposition 1.3, neut(w) = e for 
each u G U(A). 

Definition 1.4. ([7]) Let (IV,*) be an NETG. Then N is called a weak commutative 
neutrosophic extended triplet group (briefly, WCNETG) if a * neut(f>) = neut(f>) * a for 
all a, b G N. 

Since neut(v) = e for all v G U(A), u • neut(n) = neut(u) • u for all u,v G U(A). So 
(U(A),») is a WCNETG. 


2. Neutrosophic extended triplet groups and C*-algebra homomorphisms 

IN UNITAL C*-ALGEBRAS 

Definition 2.1. ([8]) Let ( N , *) be a WCNETG. Then N is called a perfect NETG if 
anti(neut(a))= neut(a) for all a G N. 

Since anti(e) = e and neut(-u) = e for all u G U(A), anti(neut(w)) = neut(n) = e for all 
u G U(A). Thus (U(A), •) is a perfect NETG. 

Definition 2.2. ([1, 2]) Let (W,*) and (N 2 , *) be neutrosophic extended triplet groups. 
A mapping / : —>• 7V 2 is called a neutro-homomorphism if 

f(x*y) = f(x)*f(y) 


for all x, y G Ah • 

From now on, assume that A is a unital C'*-algebra with multiplication operation •, unit 
e and unitary group U (A) and that B is a unital C*-algebra with multiplication operation 
• and unitary group U(B). 

Definition 2.3. Let (U(A), •) and (U(B),») be unitary groups of unital C*-algebras A 
and B, respectively. A mapping h : U(A) —> U(B) is called a neutro-*-homomorphism if 

h(u • v ) = h(u) • h(v), 
h(u*) = h(u)* 


for all u,v G U(A). 

Theorem 2.4. Let A and B be unital C*-algebras. Let H : A —^ B be a C-linear mapping 
and let h : (U(A),») — » (U(B),») be a neutro-*-homomorphism. If L7|t/(A) = h, then 
H : A —>• B is a C*-algebra homomorphism. 
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Proof. Since H : A —» B is C-linear and x,y G A are finite linear combinations of unitary 
elements (see [3]), i.e., x = J2jLi X j u ji V = Y^=i Pi v i (A?, Ah € C, u j, v i £ U(A)), 


H{x • y) 


m n m n 

h ((Y X 3 u i) • (Y ^)) = H CY x p iX "j •^)) 

j= 1 2=1 j‘=l z=l 

m n m n 

Y Y x PP H ( u J • y i) = J2Yl \jHih(uj • 

j =1 2=1 J = 1 2=1 

m n m n 

EE A jHih{uj) • = EE 

J = 1 2=1 J = 1 2=1 

m n 

h(J 2 \m) • ff(E Ahv) = R(x) • H(y) 
j =i *=i 


for all x,y E A. 

Since H \ A B is C-linear and each x 6 d is a finite linear combination of unitary 
elements (see [3]), i.e., x = Y^ijLi X j u i ( X j *= Q u i e C(.4)), 


m mm mm 

h(x-) = a jujn = ff<E vi) = E vvd = E ¥(»i) = E V('“j)* 

3=1 i=i j=i i=i i=i 

mm m 

= E W) - = (E x i H N)Y = H (E Aj«j)* = -ff M* 

3=1 j=i 3=1 


for all ,x G A. Thus the C-linear mapping H : A —y B is a C'*-algebra homomorphism. □ 


3. Conclusions 

In this note, we have studied unitary groups of unital C'*-algbras as neutrosophic 
extended triplet groups and have extended neutro-homomorphisms in neutrosophic ex¬ 
tended triplet groups to neutro-*-homomorphisms in unitary groups of unital C'*-algebras. 
We have obtained C*-algebra homomorphisms in unital C'*-algebras by using neutro-*- 
homomorphisms in unitary groups of unital C*-algebras. 
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Orthogonal stability of a quadratic functional 
inequality: a fixed point approach 
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Abstract. Let / : X —> y be a mapping from an orthogonality space (A, _L) into a real Banach space 
{y , || • j|). Using fixed point method, we prove the Hyers-Ulam stability of the orthogonally quadratic 
functional inequality 


/I 

(x+y+z^ 

1 -1- fl 

(x-y- z\ 

1 -1- fl 

H 

Si 

l 2 J 

' ' J \ 

l 2 J 

1 1 J \ 

( 2 J 


+/(-—|— -)-f(x)-f(y) < f(z) (0.1) 

for all x,y,z £ X with xl.y, X-Lz and y-Lz. 

Keywords: Hyers-Ulam stability; quadratic functional equation; fixed point method; quadratic 
functional inequality; orthogonality space. 

1. Introduction and preliminaries 

Studying functional equations by focusing on their approximate and exact solutions conduces to one 
of the most substantial significant study brunches in functional equations, what we call “the theory of 
stability of functional equations”. This theory specifically analyzes relationships between approximate 
and exact solutions of functional equations. Actually a functional equation is considered to be stable 
if one can find an exact solution for any approximate solution of that certain functional equation. 
Another related and close term in this area is superstability, which has a similar nature and concept to 
the stability problem. As a matter of fact, superstability for a given functional equation occurs when 
any approximate solution is an exact solution too. In such this situation the functional equation is 
called superstable. 

In 1940, the most preliminary form of stability problems was proposed by Ulam [58]. He gave a 
talk and asked the following: “when and under what conditions does an exact solution of a functional 
equation near an approximately solution of that exist?” 

In 1941, this question that today is considered as the source of the stability theory, was formulated 
and solved by Hyers [26] for the Cauchy’s functional equation in Banach spaces. Then the result 
of Hyers was generalized by Aoki [1] for additive mappings and by Rassias [47] for linear mappings 
by considering the unbounded Cauchy difference ||/(a; + y) — f(x) — f(y )|| < £(||a:|| p + ||y|| p ),(e > 

°2010 Mathematics Subject Classification: 39B55, 39B52, 47H10. 
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2 S. Farhadabadi and C. Park 

0 ,p £ [0,1)). In 1994, Gavru(a [23] provided a further generalization of Rassias’ theorem in which he 
replaced the unbounded Cauchy difference by the general control function ip(x , y) for the existence of 
a unique linear mapping. The first author treating the stability of the quadratic functional equation 
f(x + y) + f{x — y) = 2 f(x) + 2 f(y) was Skof [55] by proving that if / is a mapping from a normecl 
space A into a Banach space y satisfying || f(x + y) + f(x — y) — 2 f(x) — 2/(y)|| < e, for some 
£ > 0, then there is a unique quadratic mapping g : X —> y such that ||/(x) — p(ar)11 < §. Cholewa 
[13] extended the Skof’s theorem by replacing X by an abelian group Q. The Skof’s result was later 
generalized by Czerwik [14] in the spirit of Ulam-Hyers-Rassias. For more epochal information and 
various aspects about the stability of functional equations theory, we refer the reader to the monographs 
([6, 11, 12, 15, 16, 20, 27, 30, 41, 42, 43, 46], [48] [51], [54]), which also include many interesting results 
concerning the stability of different functional equations in many various spaces. 

Assume that (X, (•,•)) is a real inner product space with the usual Hilbert norm 11-11 = (-,-}5. 
Moreover, consider the orthogonal Cauchy functional equation 

f(x + y) = f(x) + f(y), x±y 

in which T is an abstract orthogonality relation. By the Pythagorean theorem, / : X —> R. defined by 
f(x) = ||x|| 2 = (x, x) is a solution of the conditional equation. Of course, this function does not satisfy 
the additivity equation everywhere. Thus orthogonally Cauchy functional equation is not equivalent 
to the classic Cauchy equation on the whole inner product space (X, (-, •)). 

Pinsker [44] characterized orthogonally additive functionals on an inner product space when the 
orthogonality is the ordinary one in such spaces. Sundaresan [56] generalized this result to arbitrary 
Banach spaces equipped with the Birkhoff-James orthogonality. The orthogonal Cauchy functional 
equation was first investigated by Gudder and Strawther [25]. They defined 1 by a system consisting 
of five axioms and described the general semi-continuous real-valued solution of conditional Cauchy 
functional equation. In 1985, Ratz [52] introduced his new definition of orthogonality by using more 
restrictive axioms than of Gudder and Strawther. Furthermore, he investigated the structure of or¬ 
thogonally additive mappings. Ratz and Szabo [53] investigated the problem in a rather more general 
framework. 

We now recall the concept of orthogonality space in the sense of Ratz [52], and then proceed it to 
prove our results for the orthogonally functional inequality (0.1). 

Definition 1.1. Suppose A is a real vector space with dim X > 2 and T is a binary relation on X 
with the following properties: 

(O i) totality of J_ for zero: xJ_0, 0J_x for all x € A; 

(O 2 ) independence: if x,y £ X — 0, x±y, then x,y are linearly independent; 

( O 3 ) homogeneity: if x,y £ A, X-Ly, then axXf3y for all a )( 0€K; 

( O 4 ) the Thalesian property: if V is a 2-dimensional subspace of A, x £ V and A £ R+, which is 
the set of nonnegative real numbers, then there exists yo £ V such that x_Lyo and x + yo-L\x — yo- 

The pair (A, J_) is called an orthogonality space and it becomes an orthogonality normed space 
when the orthogonality space equipped with a normed structure. 
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Some interesting examples are 

(i) The trivial orthogonality on a vector space X defined by (O i), and for non-zero elements x, y £ X , 
X-Ly if and only if x, y are linearly independent. 

(ii) The ordinary orthogonality on an inner product space (X, (•,•)) given by X-Ly if and only if 
(x,y) = 0. 

(iii) The Birkhoff-James orthogonality on a normed space (X, || • ||) defined by x.Ly if and only if 
||ar + Aj/|| > ||x|| for all AeR. 

The relation J_ is called symmetric if x.Ly implies that yA-X for all x,y € X. Clearly examples 
(i) and (ii) are symmetric but example (iii) is not. It is remarkable to note, however, that a real 
normed space of dimension greater than 2 is an inner product space if and only if the Birkhoff-James 
orthogonality is symmetric. There are several orthogonality notions on a real normed space such as 
Birkhoff-James, Boussouis, Singer, Carlsson, unitary-Boussouis, Roberts, Phythagorean, isosceles and 
Diminnie (see [3]—[5], [10, 18, 29]). 

Ger and Sikorska [24] investigated the orthogonal stability of the Cauchy functional equation f(x + 
y) = f(x) + f(y ), namely, they showed that if / is a mapping from an orthogonality space X into a 
real Banach space y and \\f(x + y) — f(x) — f(y) || < e, for all x, y € X with x±y and some e > 0, then 
there exists exactly one orthogonally additive mapping g : X —> y such that || f(x) — g(a;)|| < for 
all x € X. 

Consider the classic quadratic functional equation f(x + y) + f(x — y) = 2/(x) + 2 f(y) on the real 
inner product space ( X , (•, •)). Then the important parallelogram identity 

\\x + yf + \\ x - yf = 2 \\xf + \\ y \\ 2 

which holds entirely in a square norm on an inner product space, shows that / : X —> K. defined by 
/( x) = ||a;|| 2 = (x,x), is a solution for the quadratic functional equation on the whole inner product 
space X , (particularly in where xALy). 

The orthogonally quadratic functional equation 

f(x + y) + f(x-y) = 2f(x) +2f(y), x±y 

was first investigated by Vajzovic [59] when X is a Hilbert space, y is the scalar field, / is continuous 
and _L means the Hilbert space orthogonality. Later, Drljevic [19], Fochi [22], Moslehian [34, 35] and 
Szabo [57] generalized the Vajzovic’s results. See also [36, 37, 40]. 

The following quadratic 3-variables functional equation 


(x + y + Z \ 

( x ~y~ z \ , f 

o 

1 

H 

1 

a 

(z-x- y\ 

V 2 ) +} 

V 2 / + ^ 

V 2 J ' •' 

V 2 ) 


= f(x) +f(y) +f{z) (1.1) 

has been introduced and solved by S. Farhadabadi, J. Lee and C. Park on vector spaces in [21]. It 
has been also shown that the functional equation (1.1) is equivalent to the classic quadratic functional 
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equation in vector spaces. In any inner product space (X, (•,•)), it is easy to verify that 

jx + y + z x + y + z\ lx — y~z x — y — z\ ly — x — z y — x — z\ 

\ 2 ’ 2 / + \ 2 ’ 2 / + \ 2 ’ 2 / 

+ \~—\= {x,x) + (y,y) + (z,z) 

for all x,y,z £ X. For this obvious reason, similar to the classic quadratic functional equation, the 
mapping f[x) = (x,x) can also be a solution for the 3-variables equation (1.1) on the whole inner 
product space X (particularly, for the case X-Ly,yXz and x_L z). 

Fixed point theory has a basic role in applications of many considerable branches in mathematics 
specially in stability problems. In 1996, Isac and Rassias [28] were the first to provide applications of 
stability theory of functional equations for the proof of new fixed point theorems with applications. 
In view of the fact that, we will use methods related to fixed point theory, we give briefly some useful 
information, a definition and a fundamental result in fixed point theory. 

Definition 1.2. Let A” be a set. A function d : X x X —» [0, oo] is called a generalized metric on X 
if d satisfies 

(1) d(x, y) = 0 if and only if x = y\ 

(2) d(x,y ) = d(y,x) for all x,y £ A; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z £ X. 

Theorem 1.3. ([7, 17]) Let (X,d) be a complete generalized metric space and let J : X —> X be a 
strictly contractive mapping with Lipschitz constant a < 1. Then for each given element x £ X, either 

d{J n x,J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 
(1) d(J n x, J n+1 x) <oo, Vn > n 0 ; 

(£) the sequence {J n x} converges to a fixed point y* of J; 

( 3 ) y* is the unique fixed point of J in the set y = {y £ X \ d(ff n °x,y) < oo}; 

(4) d(y,y*) < jtr^d(y, J y) for all y £y. 

In 2003, Cadariu and Radu [7, 8, 45] exerted the above definition and fixed point theorem to prove 
some stability problems for the Jensen and Cauchy functional equations. During the last decade, by 
applying fixed point methods, stability problems of several functional equations have been extensively 
investigated by a number of authors (see [2, 8, 9, 31, 33, 38, 39, 45]). 

Throughout this paper, (X, _L) is an orthogonality space and (J 7 , || • ||) is a real Banach space. 

2. Solution and Hyers-Ulam stability of the functional inequality (0.1) 

In this section, we first solve the orthogonally quadratic functional inequality (0.1) by proving an 
orthogonal superstability proposition, and then we prove its Hyers-Ulam stability in orthogonality 
spaces. 
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Definition 2.1. A mapping / : X —> y is called an (exact) orthogonally quadratic mapping if 

f(x + y) + f(x - y) = f(x) + f(y) (2.1) 

for all x, y € A, with X-Ly. And it is called an approximate orthogonally quadratic mapping if 

/(^) + /(^) + /Ff^) 

+/(-—\< f(z) (2.2) 

for all x,y,z £ A with xlxy, y.l z and x_L z. 

Proposition 2.2. Each approximate orthogonally quadratic mapping in the form of (2.2) is also an 
(exact) orthogonally quadratic mapping satisfying (2.1). 

Proof. Assume that / : A —> y is an approximate orthogonally quadratic mapping satisfying (2.2). 
Since 0_L0, letting x = y = z = 0 in (2.2), we have 

|| 2 /( 0 )|| < ||/( 0)||=0 

and so /(0) = 0. 

Since (x + y)_L0 for all x,y € A, replacing x,y and z by x + y, 0 and 0 in (2.2), respectively, we 
conclude that 

|| 2 /(^) + 2 /(^)-/(, + y )||< 11 /( 0)11 = °, 

which implies 

f{ * + y )+f{I ^y ) = 1 _ f(x + y) ,,3) 

for all x,y € A (particularly, with x_L y). 

Replacing y by — y in the above equality, we get 

<«> 

for all x,y € A (particularly, with x_L y). 

Since x_L0 for all x £ A, letting 2 = 0 in (2.2), we obtain 

-/(*)-/(y) | < ||/(o)||=o 

and so 

/(^) + t(=?p )+/(^) + / (^) - / w + m m 

for all x, y £ A with xEy. 

It follows from (2.3), (2.4) and (2.5) that 

\f(x + y) + ^f(x -y) = f(x) + f(y) 

for all x,y £ A with xEy, which is the equation (2.1). Hence / : A —> y is an (exact) orthogonally 
quadratic mapping. □ 
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Theorem 2.3. Let : X 3 —> [0, oo) be a function such that ip(0, 0,0) = 0 and there exists an a < 1 
with 

¥>(x,y,z) (2.6) 

for all x,y,z £ X, with xA.y, yTz and X-Lz. Let f : X —> y be an even mapping satisfying 

/(^) + /(^) + /(^) 

+/(-—\ - -)-f(x)~f(y) < f(z) + ip(x,y,z) (2.7) 

for all x,y,z £ X, with xl.y, yLz and xLz. Then there exists a unique orthogonally quadratic mapping 
Q : X —> y such that 

\\.f{x) - Q(x)\\ < - -V?(a;,0,0) (2.8) 

for all x £ X. 


Proof. Consider the set S := {h : X y} and introduce the generalized metric on S: 

d(g,h) = inf £ K + : ||g(:r) — h(x)\\ < y^p{x, 0,0), \/x £ fb|, 

where, as usual, inf 0 = +oo. It is easy to show that ( S , d) is complete (see [32]). 

Now we consider the linear mapping J : S —> S such that 

Jg{x) ~ ^(2x) 

for all g £ S and all x £ X. 

Since 0_L0, letting x = y = / j = 0in (2.7), we have 

2||/(0)j| < ||/(0)||+^(0,0,0). 

So /(0) = 0. 

Since x_L0 for all x £ X, letting y = z = 0 in (2.7), we get 4/ (|) — f(x) < ip(x, 0,0) for all 
x £ X. Dividing both sides by 4, putting 2x instead of x and then using (2.6), we obtain 

\f( 2x ) ~ f( x ) ^ 0,0) < a<p(x, 0, 0) 

for all x £ X, which clearly yields 

d(J.f,f)<a. (2.9) 


Let g, h £ S be given such that d(g, h) = e. Then || c/(:r) — h(x) || < £<p{x, 0, 0) for all x £ X. Hence the 
definition of Jg and (2.6), result that 

||f7g(a;) — Jh{x) || = -g(2x) — -h(2x) < -eip(2x, 0,0) < aeip(x, 0,0) 

for all x £ X, which implies that d(Jg , Jh) < as = ad(g , h) for all g,h £ S. 

Thus J is a strictly contractive mapping with Lipschitz constant a < 1. 


According to Theorem 1.3, there exists a mapping Q : X —> y satisfying the following: 
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(1) Q is a fixed point of J , i.e., JQ= Q, and so 


-Q(2x) = Q(x) 


( 2 . 10 ) 


for all a; £ A”. The mapping Q is a unique fixed point of J in the set 

M = {g £ S : d(g,f) < oo}. 

This signifies that Q is a unique mapping satisfying (2.10) such that there exists a/j£ (0, oo) satisfying 

II /0*0 - 20*011 < w{x,0,0) 


for all x £ X\ 

(2) d(J n f, Q) —> 0 as n —» oo. So, we conclude that 

lim = 2(®) 
n—> oo 4 

for all x £ X\ 

(3) d(f, Q) < Y=^d(f,Jf), which gives by (2.9) the inequality 


1 — a 


This proves that the inequality (2.8) holds. 

To end the proof we show that Q is an orthogonally quadratic mapping. 

By (2.11), (2.7), (2.6) and the fact that a < 1, 

e(£±|±£) + 0(£rF £) + c( tpi) + C( ™ } 

- 20*0 - Q(y) 


= lim — 

n—* oo 4 71 


/ (2" _1 (a; + y + z))+ /(2 n ~\x -y-z)) 


< 


+f(2 n ~\y -z-x))+ f(2 n ~\z -x-y))- /(2 n x) - f(Ty) 
lim j n f(2 n z) + lim ±<p(2 n x,2 n y,2 n z) 

n —>oo 4' i n —>oo 4™ 


( 2 . 11 ) 


< ||Q(z)|| + lim a n tp(x,y,z) 

11 11 n—* oo 

= || 2 (*)|| 

for all x,y,z £ A, with a;_Ly, 21 T 2 and y_L,z. And, now applying Proposition 2.2, we obatin that Q is 
an orthogonally quadratic mapping and the proof is complete. □ 


Theorem 2.4. Let : X 3 —> [0, oo) be a function such that ip(0, 0,0) = 0 and there exists an a < 1 
with 

<fi(x,y,z) < ^tp(2x,2y,2z) 

for all x,y,z £ X, with X-Ly, yhz and X-Lz. Let f : X —> y be an even mapping satisfying (2.7). Then 
there exists a unique orthogonally quadratic mapping Q : X —> y such that 

11/0*0 ^ Q0*0|| < 0,0) (2.12) 

for all x £ X. 
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Proof. Let ( S , d) be the generalized metric space defined in the proof of Theorem 2.3. 

Now we consider the linear mapping J : S — > iS such that 

Jg{x) := 4^(|) 

for all x £ X. 

Similar to the proof of Theorem 2.3, from (2.7) one can get 

4 /(|) ~ f(x) < <p(x, 0, 0) 
for all x £ X, which means < 1. 

We can also show that J is a strictly contractive mapping with Lipschitz constant a < 1. So by 
applying Theorem 1.3 again, we have 

d(f, 

1 — a 1 — a 

which implies that the inequality (2.12) holds. 

The rest of the proof is similar to the proof of the previous theorem. □ 

Corollary 2.5. Let X be a normed orthogonality space. Let 5 be a nonnegative real number and p ^ 2 
be a positive real number. Let f : X —> y be an even mapping satisfying 
' x + y + z' 


K- 


K 


x — y — z 
~2 




< 


f(z) +5(M P + ||y|| : 


y — x — z 
2 

. lUNPf 


K 


z — x — y 
2 


- f{x) - f{y) 


for all x,y,z £ X, with xLy, yXz and X-Lz. Then there exists a unique orthogonally quadratic mapping 
Q : X —> y such that 


I f(x)-Q(x) < 


2 p 


2 p - 4 




for all x £ X. 


Proof. Define ip(x,y,z) := 5(||a:|| p + \\y\\ p + || 2 || p ) for all x,y,z £ X. 

First assume that 0 < p < 2. 

Take a := 2 P ~ 2 . Since p < 2, obviously a < 1. Hence there exists an a < 1 such that 

(p(x,y,z) = <5(||x|| p + ||yf + \\z\\ p ) 

= 4a2-^(||*r + ||y|( 


'( 


= 4 aS 

- Ml. I-1) 


for all xyy,z£X (particularly, with xhy, yXz and xl.z). The recent term allows to use Theorem 2.3. 
So by applying Theorem 2.3, it follows from (2.8) that 

2 p 


\f(x)-Q(x) < 


4 - 2 p 


<5|kll 


for all x £ X. 

For the case p > 2, taking a := 2 2 ~ p , and then applying Theorem 2.4, we similarly obtain the 


desired result. 


□ 
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INTEGRAL INEQUALITIES FOR ASYMMETRIZED 
SYNCHRONOUS FUNCTIONS 

S. S. DRAGOMIR 1 ’ 2 


Abstract. In this paper we establish some integral inequalities for the prod¬ 
uct of asymmetrized synchronous/asynchronous functions. Some examples for 
integrals of monotonic functions, including power, logarithmic and sin func¬ 
tions are also provided. 


1. Introduction 


For a function / : [a, b] —► C we consider the symmetrical transform of f on the 
interval [a, b] , denoted by f[ a ^] or simply /, when the interval [a, b] is implicit, as 
defined by 

(1.1) / (t) ~^[f(t)+f(a + b-t)], t€ [a, b} . 

The anti-symmetrical transform of f on the interval [a, b] is denoted by /[ a> b], or 
simply / and is defined by 

/ M : = \ [/ (i) - f(a + b-t)],t€ [a, b]. 

It is obvious that for any function / we have / + / = /■ 

If / is convex on [a, b], then for any t\, t 2 € [a, b\ and a, f3 > 0 with a + /3 = 1 
we have 

/ (crfi + pt 2 ) = ^ [f (at i + (3t 2 ) + f(a + b-at!- /3t 2 )] 

= \if ( at i + ^ 2 ) + f(a(a + b-ti)+/3(a + b- t 2 ))} 

< ^ [af (h) + ftf (t 2 ) + af (a + b - ti) + /3f (a + b - t 2 )] 

= \a [/ (h) + f {a + b — ti)] + ^/3 [/ (t 2 ) + f (a + b — t 2 )\ 

= af (h) + f3f (t 2 ), 


which shows that / is convex on [a, b\. 

Consider the real numbers a < b and define the function f 0 : [a, b] —> R, f 0 (t) = 
t 3 . We have [6] 


/o (t) ■= ^ t 3 


(a + b — t) 3 


‘^(a + b)t 2 -'^(a + b) 2 t+^(a + b) 3 


1991 Mathematics Subject Classification. 26D15; 25D10. 

Key words and phrases. Monotonic functions, Synchronous functions, Cebysev’s inequality, 
Integral inequalities. 
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for any t € R. 

Since the second derivative (t) = 3 (a + b) , t € R, then / 0 is strictly convex 

on [a, b ] if > 0 and strictly concave on [a, b] if < 0. Therefore if a < 0 < b 
with > 0, then we can conclude that / 0 is not convex on [a, b] while / 0 is convex 
on [a, b]. 

We can introduce the following concept of convexity [6], see also [9] for an equiv¬ 
alent definition. 


Definition 1. We say that the function f : [a, b] —> R is symmetrized convex 
(concave) on the interval [a,b] if the symmetrical transform f is convex (concave) 
on [a, b]. 

Now, if we denote by Con [a, b] the closed convex cone of convex functions defined 
on [a, b] and by SCon [a, b] the closed convex cone of symmetrized convex functions, 
then from the above remarks we can conclude that 


(1.2) Con [a, b} ^ SCon [a, b] . 

Also, if [c, d] C [a, 6] and / € SCon [a, 6], then this does not imply in general that 
/ € SCon [c, d]. 

We have the following result [6], [9] : 


Theorem 1. Assume that f : [a, b] —> R is symmetrized convex and integrable on 
the interval [a, b\ . Then we have the Hermite-Hadamard inequalities 


( 1 - 3 ) / 

We also have [6]: 


a + b 
2 


< 


b — a 


at) dt<Tzi±m. 


Theorem 2. Assume that f : [a, b] —> R is symmetrized convex on the interval 
[a, b]. Then for any x € [a, b] we have the bounds 

f (a) + / W 
2 

For a monograph on Hermite-Hadamard type inequalities see [8]. 

In a similar way, we can introduce the following concept as well: 


(1.4) 


<f{x)< 


Definition 2. We say that the function f : [a, b] —> ffi. is asymmetrized monotonic 
nondecreasing (nonincreasing) on the interval [a, b] if the anti-symmetrical trans¬ 
form f is monotonic nondecreasing (nonincreasing) on the interval [a, b). 

If / is monotonic nondecreasing on [a, b] , then for any t-\ , f 2 € [a, b] we have 
f(t 2 ) - f(t i) = ^[f (t 2 ) - / (a + b - t 2 )\ - ^ [/ (ti) - f(a + b-ti)} 

= \[f &) - f (ii)] + \ [f {a + b - ti) - / (a + b - t 2 )] 

> 0 , 


which shows that / : [a, b] —> ffi. is asymmetrized monotonic nondecreasing on the 
interval [a, b]. 

Consider the real numbers a < b and define the function f 0 : [a, b] —> R, f 0 (t ) = 
t 2 . We have 


fo ( t ) := - \ t 2 - (a + b - tf 


= (a + b)t - - (a + b)~ 


152 


DRAGOMIR 151-161 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


INTEGRAL INEQUALITIES FOR ASYMMETRIZED SYNCHRONOUS FUNCTIONS 3 

and (/o) (t) = a + b, therefore f : [a, b] —> R. is asymmetrized monotonic nonde¬ 
creasing (nonincreasing) on the interval [a, b] provided > 0 (< 0). So, if we take 

a < 0 < b with > 0, then / is asymmetrized monotonic nondecreasing on [a, b] 
but not monotonic nondecreasing on [a,b\ . 

If we denote by M^ [a, b] the closed convex cone of monotonic nondecreasing 
functions defined on [a,b\ and by AM' [a,b\ the closed convex cone of asym¬ 
metrized monotonic nondecreasing functions, then from the above remarks we can 
conclude that 

(1.5) M^ [a, b] £ AM 7 [a, b]. 

Also, if [c, d] C [a, b] and / € AM 7 [a, b ], then this does not imply in general that 
/ G AM 7 [c, d]. 

We recall that the pair of functions (/, g) defined on [a, b] are called synchronous 
(asynchronous) on [a,b] if 

(f-6) (/ (t) - f (s)) (,g (t) - g (s)) > (<) 0 

for any t, s £ [a, b] . It is clear that if both functions (/, g) are monotonic non¬ 
decreasing (nonincreasing) on [a, b] then they are synchronous on [a, b]. There are 
also functions that change monotonicity on [a, b ], but as a pair they are still syn¬ 
chronous. For instance if a < 0 < b and /, g : [a, b] —> R, / (t) = t 2 and g (t) = t 4 , 
then 

if (t) - / 00) (g ( t) - g (s)) = ( t 2 - s 2 ) ( t 4 - s 4 ) = ( t 2 - s 2 ) 2 (t 2 + s 2 ) > 0 
for any t, s € [a, b] , which show that (/, g) is synchronous. 

Definition 3. We say that the pair of functions ( f,g) defined on [a, b] is called 
asymmetrized synchronous (asynchronous) on [a,b\ if the pair of transforms 
is synchronous (asynchronous) on [a, b ], namely 

(1-7) (f(t)-f(s))(Ht)-g 00)>(<)o 

for any t,s € [a, b]. 

It is clear that if /, g are asymmetrized monotonic nondecreasing (nonincreasing) 
on [a, b] then they are asymmetrized synchronous on [a, b]. 

One of the most important results for synchronous (asynchronous) and integrable 
functions /, g on [a, b] is the well-known CebySev’s inequality: 

(1.8) J— [ f (t)g(t)dt > (<) [ f (t) dt —^~— f g (t) dt. 

b~ a J a b- a J a b- a J a 

For integral inequalities of Cebygev’s type, see [l]-[5], [7], [10]-[18] and the refer¬ 
ences therein. 

Motivated by the above results, we establish in this paper some inequalities for 
asymmetrized synchronous (asynchronous) functions on [a, 6]. Some examples for 
power, logarithm and sin functions are provided as well. 
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2. Main Results 


We have the following result: 

Theorem 3. Assume that /, g are asymmetrized synchronous (asynchronous) and 
integrable functions on [a, b]. Then 

rb 


( 2 - 1 ) 


f(t)g(t)dt > (<)0. 


Proof. We consider only the case of symmetrized synchronous and integrable func¬ 
tions. 

1. By the Cebysev’s inequality (1.8) for ^/, g^j we get 


( 2 . 2 ) 


1 


b — 


We have 


f(t)g(t)dt > 


1 


6 -, 


f (t)dt 


1 


b 


9 (t) dt. 


f ( t ) dt = - 


f (t)dt — f (a + b — t)dt 

J a 

since, by the change of variable s = a + b— t,t£ [a, b ], 


= 0 


Also, 


(2.3) 


fb nb 

/ / (a + b — t)dt = f (s) ds. 

J a J a 

f (t) g( t ) = 7 [ If (t) - / (a + 6 - t)] [g(t) — g(a + b — t)] dt 
= \J a [f(t)g(t)+f(a + b-t)g(a + b- t)] dt 
[f (t) g {a + b - t) + / (a + b - t) g (t)] dt 

nb nb 

/ f(t)g(t)dt+ / f(a + b-t)g(a + b-t)dt 
J a J a 

fb fb 

/ f(t)g(a + b-t)dt+ f (a + b - t) g (t) dt 
J a J a 

= \{j f 9 (t) dt - j f (a + b — t) g(t) dt^j 
= [ f (t) 9 (t) dt 

J a 

since, by the change of variable s ■= a + b — t, t £ [a, b ], we have 

fb fb 

/ f(a + b-t)g(a + b-t)dt= f(t)g(t)dt 

J a J a 


4 

1 

4 

1 

4 


and 


fb fb 

/ f (t) g (a + b — t) dt = / f(a + b-t)g(t) dt. 
J a J a 
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By (2.2) we then get the desired result (2.1). 

2. An alternative proof is as follows. Since ( /, g) are synchronous, then 




9 (t) - 9 


for any t G [a, b] , which is equivalent to 

(2.4) / (t) g(t)> 0 for any t G [a, b ], 

or to 

[/ {t) - / (a + b - f)] [g (t) - g (a + b - f)] > 0 for any t G [a, b\ . 

This is a property of interest for asynnnetrized synchronous functions. 

If we integrate the inequality (2.4) and use the identity (2.3) we get the desired 
result (2.1). □ 

Remark 1. The inequality (2.1) can be written in an equivalent form as 


pb pb 

/ f(t)g(t)dt> / f (a + b-t)g{t)dt, 
J a J a 


/ f(t)g{t)dt > / f(t)g(t)dt. 

J a J a 

Theorem 4. If both f, g are asymmetrized monotonic nondecreasing (nonincreas¬ 
ing) and integrable functions on [a, 6], then 


\\f(b)-f{a)\\g(b)-g(a)\ > 


f(t)g(t)dt > 0, 


(2.6) ^ min 1 1/(6) - f {a)\ J \9 (*)l dt, \g (6) - g (o)| 


\f(t)\dt 


> —f f (t) g (t) dt > 0. 

0 ® Jo 

Proof. Assume that both /, g are asymmetrized monotonic nondecreasing and in¬ 
tegrable functions on [a,b\ , then they are asymmetrized synchronous and by (2.1) 
we get the second inequality in (2.5). 

We also have 

/» </(*)< f(b) 

for any t G [a, b] , namely 

If 0) - / (a)] < \ [/ (t) ~ f (a + b - t)] < * [/ (6) - / (a)], 
for any t G [a, b] , which implies that \ [/ (6) — / (a)] > 0 and 

(2-7) l\f(t)-f(a + b-t)\<l[f(b)-f(a)} 

for any t G [a, 6]. 

Similarly, we have \ \g ( b ) — g (a)] > 0 and 
(2.8) ^ \g (i) - 9 {a + b - i)| < ^ [g (6) - g (a)] 
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Theorem 5. Assume that /, g are asymmetrized synchronous and integrable func¬ 
tions on [a, b]. Then 

(2- 10 ) 7 — [ f(t)g(t)dt 

0 a Ja 

> —[ /(f) \g(t)\dt-[ f{t) dt-— [ \g{t)\dt >0. 

o- « J a o-o, J a b-a J a 

Proof. By the continuity property of modulus, we have 

f(t)-f{s) \g (t) - g (s)] = f(t)-f{s ) [Ht)-g(s)} 

= f(t)-f(s) \g (t) — g (s)| 

> /(*) - f( s ) |p(*)-5(s)l 
= ( f(t) - /(«)) (flW-sf*)) 


156 


DRAGOMIR 151-161 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


INTEGRAL INEQUALITIES FOR ASYMMETRIZED SYNCHRONOUS FUNCTIONS 7 
for any t,s £ [a, 6]. 

Taking the double integral mean on [a, &]" and using the properties of the integral 
versus the modulus, we have 

(2.11) 1 2 [ f \f{t)-f(s)][g(t)-g(s)]dtds 

(0 — a) Ja Ja L J 

> 77 1 '2 / [ (f(t) - f(s) ) (Ifl(i)l - \g(s)\)dtds . 

(l 0 - a) Ja Ja K 7 

Since, by Korkine’s identity we have 

1 ,2 [ [ \f (*) - f ( s )j [ffW - g{s)]dtds 
{0 - a) Ja Ja 1 J 

= 2 [ f dt - f f{t)dt—^— [ g(t)dt 

b-a J a b- a J a b- a J a 

2 f b - 

= 7— / / (t) g (t) dt 

0 O' J a 

and 

77 1 ,2 / / (/(*) - f( s ) ) (|P(*)I - \g(s)\)dtds 

(b - a) Ja Ja K 7 

= 2 — [ f(t) \g{t)\dt- — f f{t) dt-— f \g{t)\dt , 

b~ a J a b-a J a b- a J a 

hence by (2.11) we have 

7-37; / / (t) 9 (t) dt 
0 a J a 

> 7- 1 — / f(t) \g(t)\dt- 7-^— f f{t) dt—f \g(t)\dt . 
b~ a J a b- a J a b- a J a 

By using the identity ( 2 . 3 ) we get the desired result ( 2 . 10 ). □ 

Remark 3 . We remark that, if ^/, g^j are synchronous, then by a similar argument 
to the one above for g <-> g we have 

(2T2) —*— [ f (t) g (t) dt 
b~ a J a 

> [ f(t) \g(t)\dt - —[ fit) dt-— [ \g {t)\ dt >0. 

b~ a J a b- a J a b- a J a 

Also, since 

t~— [ f It) 3 (t) dt = — 1 — [ f It) g It) dt, 
b~ a J a b- a J a 
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then if we assume that (/, g ) are synchronous we also have 


(2.13) 


1 

b — a , 
> 


6~l 


/ (t) g ( t ) dt 

- [ 1/0)1 Iff 0)1 


b 


1/0)1^ 


6-: 


Iff (*) I d* 


> 0. 


./Vow, */ / and g have the same monotonicity, then ^/, g'j , (^f, g'j , (/, <?) are 
synchronous and we have 

( 2 - 14 ) _/ /Wff 0) dt > max{|c (/,<?) , C(7,ff) ,\C (f,g)\j > 0, 


where 


C (fh,£) := - — f \h(t)£(t)\dt- —'— f \h(t)\ 
o- a J a b-a J a 

provided h and £ are integrable on [a, b]. 


dt- 


b — a , 


\£ (t)| dt 


We say that the function h : [a, b] —> M is H-r-Holder continuous with the 
constant H > 0 and power r € (0,1] if 

(2.15) \h(t)-h(s)\ <H\t-s\ r 

for any t, s £ [a, b]. If r = 1 we call that h is L-Lipschitzian when H = L > 0. 

Theorem 6. Assume that /, g are asymmetrized synchronous with f is H\-r\- 
Holder continuous and g is iff 2 -r 2 -.ff67der continuous on [a, b]. Then 


(2.16) 


1 


~H\H 2 (b — a) 


r i+r 2 


> 


1 


/ 0) g (t) dt > 0. 


4(ri + r 2 + l) b-a __ 

If particular, if f is Li-Lipschitzian and g is L 2 ~Lipschitzian, then 


(2.17) 




f 0) g (t) dt > 0. 


Proof. From (2.3) we have 


1 


0 < / f(t)g(t)dt= - [f (t) - f(a + b- t)\ [g(t)-g(a + b - t)] dt 


= \J a I [f( t )-f( a + b - t )\\3( t )-9( a + b-t)]\dt 

< I |2 t-a- b\ ri+r2 dt = 

^ J a 


22 — 7 * 1 — V2 

1 


Hi Hi 


t — 


a + b 


l a+b 
2 

-Ms (6-o) 


2 r l+ r 2 

4 

ri+r 2 


-H.H2 


a + b 


2 

ri+r 2 + l 


dt = „ 0 2 „ //, H 2 ^ 2 ^ 


ri+r 2 

dt 

b-a\ r 1 +7-2 + 1 


22— n—V2 ' 


ri + r 2 + 1 


4(ri +r 2 + 1)" 
which is equivalent to the desired result (2.16). 


□ 
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3. Some Examples 

Consider the identity function £ : [a, b\ —> ffi. defined by £ (t) = t. If g is monotonic 
nondecreasing, then by (2.5) and (2.14) we have 

(3.1) \(b~ a)[g(b) - g(a)}> J (t -g (t) dt 


> max {\Ci y ( (g) \,\C 2 ,e (g) \, \C 3 , e (ff)ll > 0, 


where 


|(‘- 

1 (‘- 


9(t) dt ~\J \9(t)\dt, 

9(t) dt-j f \g (t)\dt 
^ J a 


CsAd) ■■=T ] — f b \tg(t)\dt-^- [ b \t\dt^~ f 

o- a J a b- a J a b- a J a 


\g(t)\ d t- 


If g is monotonic nondecreasing and L-Lipschitzian on [a,b ], then by (2.17) we 
get 

(3.2) (b — a) 2 > J (t- 9 (t)dt (> °). 

Consider the power function / : [a, b] C (0, oo) —» K, / (t) = t p with p > 0. If g 
is monotonic nondecreasing, then by (2.5) and (2.14) we get 


(3-3) \{V , -aP)[g{b)-g{a)]>^- a £ 


1 f b \t p - (a + b-t) p ] . , , 

-bZ-ai [ - 2 - 

> max{|Ci )P ( 5 )|, \C 2 , P (s0|, | C 3>p (g)|} > 0, 


where 


Ci , P (flO := j— / 

b-a J a 


1 r b t p - (a + b - tf 

A L 2 


\g(t)\dt 


1 f b \ t p -(a + b-t) p \^ 1 


I g{t)\dt, 


c 2 , P (g ) : = 7 -— [ 

b~a J a 


1 r b t p -(a + b- tf 

A / 2 




1 /^-(a + fc-tf I 1 




CsAs) -=l tP|9(,)|ti8 - (i r+l xT-aA l l5WI * 

If g is monotonic nondecreasing and L-Lipschitzian on [a, b ], then by (2.17) we get 

f If- 1 if p > 1 


\g{t)\dt. 


P T IU I 2 

Y2 Llh ~ a) 


2 P 1 if p € (0,1) 


1 f b \t p - (a + b-tf 


g (t) df (> 0). 
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Consider the function / : [a, b] C (0, oo) —> R, / = In. If g is monotonic nonde¬ 
creasing, then by (2.5) and (2.14) we have 

r b 


( 3 - 5 ) 7 ln ( 7 ) [5 ( & ) - 9 («)] > 


1 


2 (b — a) 


In 


t 


a + b — t 


g ( t ) dt 


where 




> max{|C'i ) i„ (, g)\ , |C 2 > (g)\ , IC^in ( 5 )!} > 0, 
1/21 


1 

b — a 

rb 


In 


t 

a + b — t 


1/2 


\g(t)\dt 

1 1 


dt 


b — a , 


\g(t)\dt, 


C 2 ,in (g) ■= I— 1 — [ |lnt| \g(t)\dt- +— f \lnt\dt+— f 
b- a J a b- a J a b- a J a 


\g{t)\dt 


and 




1/2 


1 


b — a 


In 


a + b — t 
t 

a + b — t 


1/2 


\g(t)\dt 

1 I 


dt 


b — a , 


\g{t)\dt. 


get 

(3.6) 


If g is monotonic nondecreasing and L-Lipschitzian on [a,b ], then by (2.17) we 

t 


T~ l {b — a) 2 > — 
oa 0 — a 


In 


a + b — t 


g (: t) dt (> 0 ). 


Consider the function f : [a, b] C [—§)§] ~/ = sin. If g is monotonic 
nondecreasing, then by (2.5) we have 

r b 


(3.7) 


1 


sin 


b — a 


[g ( b) - g (a)] > 


1 


b 


sin If — 


a + b 


g ( t) dt > 0 . 


If g is monotonic nondecreasing and L-Lipschitzian on [a, b ], then by (2.17) we 


get 


1 


cos b if —f<a< 6 < 0 , 


(3.8) — L(b — a) x < max {cos a, cos bj if — \ < a < 0 < b < 

cos aif 0 <a< 6 <! 


-bh COB {+l s ™ <- 0) - 
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Abstract. In this paper we obtain some new inequalities for Heinz operator 
mean. 


1. Introduction 

Throughout this paper A, B are positive invertible operators on a complex 
Hilbert space ( H , (•,•)). We use the following notations for operators and v G [0,1] 

ASJ V B := (1 — v) A + i/B 1 

the weighted operator arithmetic mean , and 

A^B := A 1 ' 2 (A- 1 / 2 BA-V 2 ) V A 1 / 2 , 

the weighted operator geometric mean [13]. When v = ^ we write AS7B and A$B 
for brevity, respectively. 

Define the Heinz operator mean by 

H v {A, B) := X - (A$ V B + A# W R). 

The following interpolatory inequality is obvious 

(1.1) A$B < H v (A, B) < A\7B 
for any v € [0,1]. 

The famous Young inequality for scalars says that if a, b > 0 and v € [0,1], then 

(1.2) a 1 ~ l 'b 1 ' < (1 — v) a + vb 

with equality if and only if a = b. The inequality (1.2) is also called v-weighted 
arithmetic-geometric mean inequality. 

We consider the Kantorovich’s constant defined by 

(1.3) K(h):=y±p-, h> 0. 

The function K is decreasing on (0,1) and increasing on [l,oo), K (h) > 1 for any 
h > 0 and K ( h ) = K (^) for any h > 0. 

In the recent paper [1] we have obtained the following additive and multiplicative 
reverse of Young’s inequality 

(1.4) 0 < (1 - v) a + vb - a^b" < u (1 - u) (a - b) (In a - In b) 

1991 Mathematics Subject Classification. 26D15; 26D10, 47A63, 47A30, 15A60. 

Key words and phrases. Young’s Inequality, Convex functions, Arithmetic mean-Geometric 
mean inequality, Heinz means. 
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and 

(1.5) 


„ (1 — v) a + vb 

1 < -- ~TT. - < exp 


4v(l-v) (kQ- l) 


a 1 - p b 1 ' 

for any a, b > 0 and v £ [0,1], where K is Kantorovich’s constant. 
The operator version of (1.4) is as follows [1]: 


Theorem 1. Let A , B be two positive operators. For positive real numbers m, m', 
M, M', put h := hi := and let v £ [0,1]. 

(i) If 0 < ml < A < mil < M'l < B < MI, then 

(1.6) 0 < AX/ V B - A\ V B < v (1 - v) (h - 1) In hA 
and, in particular 

(1.7) 0 < AX7B - A$B < ^ [h - 1) In hA. 

(ii) If 0 < ml < B < mil < M'l < A < MI, then 

( 1 . 8 ) QKAVvB-A^BKvtl-^^—^XnhA 

and, in particular 

(1.9) 0 < AVB — AiB < - ^ In hA. 

’ ~ 4 h 

The operator version of (1.5) is [1]: 


Theorem 2. For two positive operators A, B and positive real numbers m, m' , M, 
M' satisfying either of the following conditions 

(i) 0 < ml < A < m'l < M'l < B < MI ; 

(ii) 0 < ml < B < m'l < M'l < A < MI; 
we have 


(1.10) AS7„B < exp \Av (1 - v) {K (h) - 1)] A% V B 
and, in particidar 

(1.11) A\7B < exp [K (h) - 1] A$B. 


For other recent results on geometric operator mean inequalities, see [2]-[12], [14] 
and [16]-[17]. 

We recall that Specht’s ratio is defined by [15] 

if h £ (0,1) U (1, oo), 


11.121 


S(h) := 


hh -1 


In fcFU 


1 if h = 1. 


It is well known that lim^! S (h) = 1, S (h) = S (^) > 1 for h > 0, h 1. The 
function is decreasing on (0,1) and increasing on (1, oo). 

In the recent paper [6] we obtained amongst other the following result for the 
Heinz operator mean of A, B that are positive invertible operators that satisfy the 
condition mA < B < MA for some constants M > m > 0, 


(1.13) w (m, M) A$B < H v {A, B)<Q (m, M) A$B, 
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where 

' S’(toI 2 "- 1 ') if M < 1, 

O (to, M) := < maxis' (mJ 2i ' _1 l) , S (Ml 2 " -1 l)} if m < 1 < M, 

S(M I 21 '” 1 ') if 1 <to, 

and 

if M < 1, 

w (m, M) := < 1 if m < 1 < M, 

S ^mJ" -5 if 1 < m. 

Motivated by the above results we establish in this paper some new additive and 
multiplicative reverse inequalities for the Heinz operator mean. 

2. Additive Reverse Inequalities for Heinz Mean 

We have the following generalization of Theorem 1: 

Theorem 3. Assume that A, B are positive invertible operators and the constants 
M > m > 0 are such that 

(2.1) mA<B < MA. 

Then for any v £ [0,1] we have 

(2.2) (0 <) AX V B - A\ V B <v{l-v)Q. (m, M) A 
where 

(m — 1) lnm if M < 1, 

(2.3) Q(m,M):=< max{(m — 1) lnm, (M — 1) InM} if m < 1 < M , 

(M — 1) In M if 1 < m. 

In particular, we have 

(2.4) (0 <) A\7B - A$B < (m, M) A. 

Proof. We consider the function D : (0, oo) —> [0, oo) defined by D (x) = (x — 1) In a;. 
We have that D' (x) = In a; + 1 — \ and D" (x) = for x £ (0, oo). This shows 
that the function is convex on (0, oo), monotonic decreasing on (0,1) and monotonic 
increasing on [1, oo) with the minimum 0 realized in x = 1. 

From the inequality (1.4) we have 

(0 <) (1 — v) + vx — x v < n (1 — u) D (x) 

for any x > 0, v £ [0,1] and hence 

(2.5) (0 <) (1 — v) I + nX — X v < v (1 — v) max D (x) 

m < x<M 

for the positive operator X that satisfies the condition 0 < ml < X < MI for 
0 <m < M and v £ [0,1]. 
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If the condition (2.1) holds true, then by multiplying in both sides with A 1 / 2 
we get ml < A~ 1 ^ 2 BA~ 1 ^ 2 < MI and by taking X = A~ 1 ^ 2 BA~ 1 ^ 2 in (2.5) we 
get 

(2.6) (1 - v)I+ vA- 1/2 BA~ 1/2 - (a- 1/2 BA~ 1/2 Y < v(l - v) max D (x) 

V / m < x<M 

Now, if we multiply (2.6) in both sides with A 1 / 2 we get 

(2.7) (0 <) (1 — v) A + vB - A 1/2 ( A~ 1/2 BA~ l/ 2 ) A 1/2 


<i/(l — v) max D (x) A 

m < x<M 


for any v G [0,1]. 
Finally, since 


f (to — 1) lnm if M < 1, 


□ 


max D (x) = max {(m — 1) lnm, (M — 1) In M} if m < 1 < M, 

m < x<M 

(M — 1) In M if 1 < m, 
then by (2.7) we get the desired result (2.2). 

Corollary 1. With the assumptions of Theorem 3 we have 

(2.8) (0 <) AXB - H u (A, B) < v (1 - v) (m, M) A. 

Proof. From (2.2) we have by replacing v with 1 — v that 

(2.9) (0 <) AX\- V B - A^_ V B < v (1 - v) ft (m, M) A. 

Adding (2.2) with (2.9) and dividing by 2 we get (2.8). 

Corollary 2. Let A, B be two positive operators. For positive real numbers m, 
to', M, M', put h := h! := ^ and let v € [0,1] . 

(i) If 0 < ml < A < m'l < M'l < B < MI, then 

(2.10) (0 <)AXB-H V (A,B) <v(l-v) (h-1) In hA. 

(ii) 7/0 < ml < B < m'l < M'l < A < MI, then 

'h- 1 


□ 


( 2 . 11 ) 


(0 <) AXB - H„ (A, B) < v (1 - v) 


h 


In hA. 


Proof. If the condition (i) is valid, then we have 

I < —I = h'I<X <hl= —I, 
to' to 

which, by (2.8) gives the desired result (2.10). 

If the condition (ii) is valid, then we have 

o < ^ x 4 7</ ’ 


which, by (2.8) gives 


(0 <) AXB — H v (A, B) < v (l — v) \ - — 1) In - 


that is equivalent to (2.11). 


□ 


165 


DRAGOMIR 162-171 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


FURTHER INEQUALITIES FOR HEINZ OPERATOR MEAN 


Theorem 4. With the assumptions of Theorem 3 we have 


( 2 . 12 ) 


1 


(0 <) H„ ( A , B) — A$B < -—-— max D (x 2v x ) A, 

4 m 1 v xe[m,M] 


where the function D : (0, oo) —> [0, oo) is defined by D (x) = (x — 1) lnx (see the 
proof of Theorem 3). 

Proof. From the inequality (1.4) we have for v = \ 

(2.13) (0 <) C + ^ — Vcd < ^ (c — d) (In c — In d) 

for any c, d > 0. 

If we take in (2.13) c = a}~ v b v and d = a v b 1 ~ v then we get 


(2.14) 


- \fdb < * (a l ~ v b v - a v b 1 ~ v ) (\na}- v b v - \na l 'b 1 ~ v ) 


for any a, b > 0 and v £ [0,1]. 

This inequality is of interest in itself. 

Now, if we take in (2.14) a = 1 and b = x, then we get 


(2.15) 


0 < 


xU + * 1 - Vz < * (x v - x 1 -') (in x v - lnx 1 "*') 


2v - 1 

4 
1 


1 


(x^x^)lnx= — (a^-ljln 






for any x > 0 and u e [0,1]. 

Now, if x £ [m,M] C (0, oo), then by (2.15) we get the upper bound 

rpU rp 1 ^ 1 

(0 <)-—- \fx < --— max D (x 2l/_1 ) . 

2 Im 1 -" xe[m,M] v ' 

Using the continuous functional calculus, we then have 

x v + x r - v 


(2.16) (0 <) 


- X 1/2 < —max D (x 2l '~ 1 ) 
4 m 1 v xe[m,M] v ' 


If the condition (2.1) holds true, then by multiplying in both sides with A 1 / 2 we 
get ml < A~ 1 I’ 1 BA~ 1 I 2 ‘ < MI and by taking X = A~ 1 ^ 2 BA~ 1 / 2 in (2.16) we get 


(2.17) 0 < 


(a- 1 / 2 ba- 1 / 2 Y + (a-^ba-v 2 )' 


( A~ 1/2 BA 


- 1/2 


1/2 


< —,— max D (x 2 ^- 1 ) 
4 m3 v xe[m,M] v 


for any v £ [0,1]. 

Now, if we multiply (2.17) in both sides with A 1 / 2 we get the desired result 

( 2 . 12 ). □ 


Corollary 3. Let A, B be as in Corollary 2. 
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(i) If 0 < ml < A < m'l < M'l < B < MI, then 

(2.18) (0 <)H V (A,B)-A$B 

i r (h 2v - 1 -l)hih 2v - 1 ifue [|, 1 ], 

- 4 {h') 1 - | i n(/l 0 2-i if 1/ £ [0, i) . 

(ii) If 0 < ml < B < m'l < M'l < A < MI, then 

(2.19) (0<)H v (A,B)-A$B 

( (/i _2 " +1 — l) In/i _2 " +1 if v & [|,l], 


< -h 1 -" 
4 


/i') + - 1 ln(/i') + if v G [ 0 , |) . 


Proof. If the condition (i) is valid, then we have 


I < — 7 I = h'I<X <hl= —I, 


which, by ( 2 . 12 ) gives 


(2.20) 0 <H V (A,B)-AHB< max D (x 2 "- 1 ) A. 

4 (h') x€[h',h] 

Observe that, if v € [|, l] , then 

max D (a; 2 " -1 ) = D (/i 2 *' -1 ) = (h 2 *'" 1 - l) In h 2 "" 1 . 

If ^ € [0, |] , then 

,?R. D = D (h ">* 

By (2.20) we get the desired result (2.18). 

If the condition (ii) is valid, then we have 


0< \l<X< l;I<I, 
h Iv 


which, by ( 2 . 12 ) gives 


(2.21) 0 <H V ( A , B) - A$B < -— max D (cc 2 " -1 ) A. 

4 U) 

If v e [|, l] , then 


max 


^ ] d(^- 1 )= j d(( 1) j = £, (w 


If v e [0, 5 , then 


^ ^ = D ( ( If) ) =D (^~ 2V+1 ) ■ 


max JJ [x ) = JJ — 

**[*.£] \\ h 

By (2.21) we get the desired result (2.19). 
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3. Multiplicative Reverse Inequalities for Heinz Mean 

We have the following generalization of Theorem 2: 

Theorem 5. Assume that A, B are positive invertible operators and the constants 
M > m > 0 are such that the condition (2.1) is valid. Then for any v G [0,1] we 
have 


(3-1) 

where 


AV v B < A$ U B exp [Av (1 — v) ( F ( m , M) — 1)] 

K (m) if M < 1, 

F (m, M) := < max {K (m), K (M)} if m< 1 < M, 
K (M) if 1 < m, 

In particular, we have 

(3.2) AVB < Aj)B exp [F (m, M) - 1]. 

Proof. From the inequality (1.5) we have for a = 1 and b = x that 


(3.3) 


(1 — v) + vx < / exp 


Av (1 — v) ( K ( — 1 — 1 


= x v exp [Av (1 — v) (K (x) — 1)] 


for any x > 0 and hence 


(3.4) (1 — v) I + vX < X v max exp [Av (1 — v) (K ( x ) — 1)] 

m < x<M 


= X u exp 


Av (1 — v) max K (x) — 1 

' m < x<M 


for any operator X with the property that 0 < ml < X < MI and for any 
u G [0, 1] . 

If the condition (2.1) holds true, then by multiplying in both sides with A 
we get ml < A~ 1 ^ 2 BA~ 1 ^ 2 < MI and by taking X = A~ 1 ^ 2 BA~ 1 ^ 2 in (3.4) we 
get 

(3.5) (1 - v)I + vA~ 1/2 BA~ 1/2 


< 


(a-^ba-^Y max exp [Av (1 — v) (K (x) — 1)] 
V / m < x<M 

(A-^BA-^y exp 


Av (1 — v) max K (x) — 1 

ym<x<M 

for any v G [0,1]. 

Now, if we multiply (3.5) in both sides with A 1 / 2 we get 

(3.6) (1 -v)A + vBA 

< a 1 / 2 (a-wba-wY a 1 / 2 max exp [Av (1 — v) (K (x) — 1)] 
V J m < x<M 


= A 1 / 2 (A-^BA-wy A 1 ' 2 exp 
for any v G [0,1]. 


Av (1 — v) [ max K (x) — 1 

' m < x<M 


168 


DRAGOMIR 162-171 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


8 S. S. DRAGOMIR 1 ’ 2 

Since 

K (to) if M < 1, 

max K (a;) = < max {A' (to) , K (M)} if m < 1 < M, 

m < x<M 

K (M) if 1 < to, 

then by (3.6) we get the desired result (3.1). □ 

Corollary 4. With the assumptions of Theorem 5 we have 

(3.7) AVB < exp [4v (1 - v) (F (to, M) - 1)] H u ( A , B). 

Corollary 5. For two positive operators A, B and positive real numbers to, to', 
M, M' satisfying either of the following conditions: 

(i) 0 < ml < A < m'l < ATI < B < MI- 

(ii) 0 < ml < B < m'l < M'l < A < MI- 
we have 

(3.8) AVB < exp \4v (1 - v) (AT (h) - 1)] H v ( A , B). 

We also have: 

Theorem 6. Assume that A , B are positive invertible operators and the constants 
M > m > 0 are such that the condition (2.1) is valid. Then for any v £ [0,1] we 
have 

(3.9) H v ( A , B) < exp [©„ (m, M) - 1] AftB 
where 

' K (toJ 2 " -1 I) if M < 1, 

(3.10) 0„ (to, M) := < max {A' (toI 2i/_1 I) , K if m < 1 < M, 

K (Afl 2 " -1 l) if 1 < to. 

Proof. From the inequality (1.5) we have for v — ^ 

c~\~d 

(3 - n) ^ s exp ( K © - 0 
for any c, d > 0. 

If we take in (3.11) c = a 1 ~ u b v and d = a‘'b 1 ~ l/ then we get 

a 1 ~ v b v + a v b 1 ~ l/ / //aW-M \ j— 

(3.12) --- <expfAM-J j-ljVdb 

for any a, b > 0 for any v £ [0,1]. 

This is an inequality of interest in itself. 

If we take in (2.19) a = x and 6 = 1, then we get 

(3.13) —- + — < exp (A" (a: 1 ^ 2 ^) — l) \fx , 

for any x > 0. 

Now, if x £ [to, M] C (0, oo) then by (2.20) we have 

(3.14) -- a < exp f max K (a; 1_2ly ) — l') 
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for any x £ [m,M]. 

If v € (0, |) , then 

' K (to 1-2 ") if M < 1, 

max K (x 1 ^ 2u ) = < max{A' (m 1-2l/ ) , K (M 1-2 ")} if m < 1 < M, 
xG [m,M] 

AT (M 1_2l/ ) if 1 < to. 

If u G (|, l), then 

max K (x 1 ~ 2u ) = max K (x 2 ''~ 1 ) 

x£[m,M] x£[m,M] 

a: (to 217 - 1 ) if M < 1, 

max { K (to 2 " -1 ) , K (M 2 " _1 )} if to < 1 < M, 

K (M 2y ~ l ) if 1 < to. 

Therefore, by (3.14) we have 

(3.15) —- + — < exp [0 (to, M) — 1] v 7 ® 

for any x G [to, M] C (0, oo) and for any v G [0,1]. 

If X is an operator with ml < X < MI, then by (3.15) we have 

—- + — < exp [0 (to, M) — 1] X 1 / 2 . 

If the condition (2.1) holds true, then by multiplying in both sides with A -1 / 2 we 
get ml < A- 1 / 2 BA~ 1 / 2 < MI and by taking X = A~ 1 / 2 BA~ 1 / 2 in (3.15) we get 

(3.16) i (A- 1 ^BA- 1 ^y~ V + (a-^ 2 BA~^ 2 Y 
< exp [0 (to, M) - 1] (A- 1 / 2 ^^- 1 / 2 ) 1/2 . 

Now, if we multiply (3.16) in both sides with A 1 / 2 we get the desired result (3.9). □ 

Finally, we have 

Corollary 6. For two positive operators A, B and positive real numbers to, to', 
M , M' satisfying either of the following conditions: 

(i) 0 < ml < A < m!I < M'l < B < MI, 

(ii) 0 < ml < B < m'l < M'l < A < MI, 
we have for h = — and h' = that 

J m m' 

(3.17) H v (A, B ) < exp K [h^- 1 ^ - 1 A\B, 
where v G [0,1]. 
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Abstract. We investigate the global character of the difference equation of the form 

Xn+l = f(Xn, X n - 1 ), Tl = 0, 1, . . . 

with several period-two solutions, where / is decreasing in the first variable and is increasing in the second variable. 
We show that the boundaries of the basins of attractions of different locally asymptotically stable equilibrium solutions 
or period-two solutions are in fact the global stable manifolds of neighboring saddle or non-hyperbolic. equilibrium 
solutions or period-two solutions. We illustrate our results with the complete study of global dynamics of a certain 
rational difference equation with quadratic terms. 
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1 Introduction and Preliminaries 

Let / be some interval of real numbers and let f £ C 1 [I x I, I] be such that /(/ x I) C K, where K, C I is a compact 
set. Consider the difference equation 


Xn + l = f(Xn, Xn-l), Tl = 0, 1, . . . (1) 

where / is a continuous and decreasing in the first variable and increasing in the second variable. The following result 
gives a general information about global behavior of solutions of Equation (1). 

Theorem 1 ([4]) 

Let I C R and let f £ C[I x I, I] be a function which is non-decreasing in first and non-increasing in second 
argument. Then for every solution of Equation (1) the subsequences {x 2 n }'ffLo an d { x 2 n+i}'ffL-i of even and odd 
terms of the solution are eventually monotonic. 

The consequence of Theorem 1 is that every bounded solution of (1) converges to either an equilibrium or period- 
two solution or to the singular point on the boundary. Consequently, most important question becomes determining 
the basins of attraction of these solutions as well as the unbounded solutions. The answer to this question follows 
from an application of the theory of monotone maps in the plane which will be presented in Preliminaries. 

In [1, 2, 3] authors consider difference equation (1) with several equilibrium solutions as well as the period-two 
solutions and determine the basins of attraction of different equilibrium solutions and the period-two solutions. In 
this paper we consider Equation (1) which has up to two equilibrium solutions and up to two minimal period-two 
solutions which are in South-East ordering. More precisely, we will give sufficient conditions for the precise description 
of the basins of attraction of different equilibrium solutions and period-two solutions. The results can be immediately 
extended to the case of any number of the equilibrium solutions and the period-two solutions by replicating our main 
results. 

This paper is organized as follows. In the rest of this section we will recall several basic results on competitive 
systems in the plane from [7, 15, 16, 17] which are included for completeness of presentation. Our main results 
about some global dynamics scenarios for monotone systems in the plane and their application to global dynamics of 

1 Corresponding author, e-mail: mkulenovic@uri.edu 
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Equation (1) are given in section 2. As an application of the results from section 2 in section 3 the global dynamics 
of difference equation 


%n -\-1 


7#n —1 


n= 0,1,... 


( 2 ) 


A* 2 A BXnXn —1 “P CXn — 1 

with all non-negative parameters and initial conditions is presented. All global dynamic scenarios for Equation (1) 
will be illustrated in the case of Equation (2), which global dynamics can be shortly described as the sequence of 
exchange of stability bifurcations between an equilibrium and one or two period-two solutions. 

We now give some basic notions about monotone maps in the plane. 


Definition 2 Let R be a subset of R 2 with nonempty interior, and let T : R —> R be a map (i.e., a continuous 
function). Set T(x,y) = (f(x,y),g(x,y)). The map T is competitive if f(x,y) is non-decreasing in x and non¬ 
increasing in y, and g{x,y) is non-increasing in x and non-decreasing in y. If both f and g are nondecreasing in x 
and y, we say that T is cooperative. If T is competitive (cooperative), the associated system of difference equations 


{ Xn+1 ~ K Xn ’ yn \ , n = 0,1,..., (*_i, *o) € R (3) 

l 3/n+l = g(Xn,y n ) 

is said to be competitive (cooperative). The map T and associated difference equations system are said to be strongly 
competitive (strongly cooperative,) if the adjectives non-decreasing and non-increasing are replaced by increasing and 
decreasing. 


Consider a partial ordering A on l 2 . Two points x, y £ R 2 are said to be related if x A y or y A x. Also, a 
strict inequality between points may be defined as * -< y if x A y and x yP y. A stronger inequality may be defined 
as x = (*i, * 2 ) < y = ( 3 / 1 , 3 / 2 ) if x A y with xi ^ y 1 and *2 ^ yi- 

The map T is monotone if x < y implies T(x) A T(y) for all x, y £ IZ, and it is strongly monotone on IZ if x -< y 
implies that T(x) T(y) for all x,y £IZ. The map is strictly monotone on IZ if x -< y implies that T(x) -< T(y) for 
all x, y £ IZ. Clearly, being related is invariant under iteration of a strongly monotone map. 

Throughout this paper we shall use the North-East ordering (NE) for which the positive cone is the first quadrant, 
i.e. this partial ordering is defined by (* 1 , 3 / 1 ) Ane (* 2 , 3 / 2 ) if *1 < *2 and 3/1 < 3/2 and the South-East (SE) ordering 
defined as (* 1 , 3 / 1 ) < se (* 2 , 3 / 2 ) if *1 < *2 and 3/1 > 3 / 2 . Now we can show that a map T on a nonempty set Rcl 2 
which is monotone with respect to the North-East ordering is cooperative and a map monotone with respect to the 
South-East ordering is competitive. 

For * £ R 2 , define Qe(x) for £ = 1,..., 4 to be the usual four quadrants based at * = (* 1 , * 2 ) and numbered in 
a counterclockwise direction, for example, Q i(*) = {y = ( 3 / 1 , 332 ) £ R 2 : *1 < 3 / 1 , *2 < 3 / 2 }- Basin of attraction of 
a fixed point (x,y) of a map T, denoted as B((x,y)), is defined as the set of all initial points (* 0 , 3 / 0 ) for which the 
sequence of iterates T n ((* 0 , 3 / 0 )) converges to (x,y). Similarly, we define a basin of attraction of a periodic point of 
period p. The fixed point A(*, y) of the map T is said to be non-hyperbolic point of stable type if one of the roots of 
characteristic equation evaluated in A is 1 or —1 and the second root is in (— 1 , 1 ). 

The next four results, from [16, 17], are useful for determining basins of attraction of fixed points of competitive 
maps. Related results have been obtained by H. L. Smith in [7, 19] and in [18]. 

Theorem 3 Let T be a competitive map on a rectangular region IZ C R 2 . Let x £ IZ be a fixed point of T such that 
A := IZn int (Qi(x) U Qs(x)) is nonempty (i.e., x is not the NW or SE vertex of IZ), and T is strongly competitive 
on A. Suppose that the following statements are true. 

a. The map T has a C 1 extension to a neighborhood of x. 

b. The Jacobian Jt(x) ofT atx has real eigenvalues A, p such thatO < |A| < p, where |A| < 1, and the eigenspace 
E x associated with A is not a coordinate axis. 

Then there exists a curve C C IZ through x that is invariant and a subset of the basin of attraction of x, such 
that C is tangential to the eigenspace E x at x, and C is the graph of a strictly increasing continuous function of the 
first coordinate on an interval. Any endpoints of C in the interior of IZ are either fixed points or minimal period-two 
points. In the latter case, the set of endpoints of C is a minimal period-two orbit of T. 


Theorem 4 For the curve C of Theorem 3 to have endpoints in dIZ, it is sufficient that at least one of the following 
conditions is satisfied. 

i. The map T has no fixed points nor periodic points of minimal period two in A. 

ii. The map T has no fixed points in A, det Jt(x) > 0, and T(x) = x has no solutions * £ A. 

in. The map T has no points of minimal period-two in A, det Jt(x) < 0, and T(x) = x has no solutions * £ A. 
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For maps that are strongly competitive near the fixed point, hypothesis b. of Theorem 3 reduces just to |A| < 1. 
This follows from a change of variables [19] that allows the Perron-Frobenius Theorem to be applied. Also, one can 
show that in such case no associated eigenvector is aligned with a coordinate axis. The next result is useful for 
determining basins of attraction of fixed points of competitive maps. 

Theorem 5 Assume the hypotheses of Theorem 3, and let C he the curve whose existence is guaranteed by Theorem 
3. If the endpoints of C belong to dTZ, then C separates IZ into two connected components, namely 

W- := {x £ IZ \ C : 3y £ C with x < se y}, W+ :'= {* £ IZ \ C : By € C with y X se *} , (4) 

such that the following statements are true. 

(i) W_ is invariant, and dist(T n (®)> C^CX) —» 0 as n — > oo for every x £ W_. 

(ii) W+ is invariant, and dist(T n (X> Q^x)) —> 0 as n —» oo for every x £ W+. 

(B) If, in addition to the hypotheses of part (A), x is an interior point ofIZ and T is C 2 and strongly competitive 
in a neighborhood of x, then T has no periodic points in the boundary of Q i (x) U Qs (x) except for x, and the following 
statements are true. 

(Hi) For every x £ W_ there exists no £ N such that T n (x) £ intQ 2 (x) for n> no- 
(iv) For every x £ W+ there exists no £ N such that T n (x) £ intQ^fx) for n> no¬ 
li T is a map on a set IZ and if x is a fixed point of T, the stable set W s (x) of x is the set {x £ IZ : T n (x) —¥ x} 

and unstable set W“ (x) of x is the set 

< x £ IZ : there exists {x n }n=-oo C TZ s.t. T( x n ) = x n +i, Xo = x, and lim x n = x > 

I n—y — oo j 

When T is non-invertible, the set W S (X may not be connected and made up of infinitely many curves, or W“(x) 
may not be a manifold. The following result gives a description of the stable and unstable sets of a saddle point of 
a competitive map. If the map is a diffeomorphism on IZ, the sets W S (X and W“(X are the stable and unstable 
manifolds of x. 

Theorem 6 In addition to the hypotheses of part (B) of Theorem 5, suppose that p > 1 and that the eigenspace E M 
associated with p is not a coordinate axis. If the curve C of Theorem 3 has endpoints in dIZ, then C is the stable set 

W s (x) of x, and the unstable set W“(x) of x is a curve in IZ that is tangential to E ** at x and such that it is the 

graph of a strictly decreasing function of the first coordinate on an interval. Any endpoints of W“(x) in IZ are fixed 
points of T. 

Remark 7 We say that f(u, v) is strongly decreasing in the first argument and strongly increasing in the second 
argument if it is differentiable and has first partial derivative D\f negative and first partial derivative D^f positive 
in a considered set. The connection between the theory of monotone maps and the asymptotic behavior of Equation 
(1) follows from the fact that if / is strongly decreasing in the first argument and strongly increasing in the second 
argument, then the second iterate of a map associated to Equation (1) is a strictly competitive map on I x I, see 
[16]. 

Set Xn— i = u n and x n = v n in Equation (1) to obtain the equivalent system 

Un-\-l = Vn n -■ 

ft \ ? Vy 0 , 1 , ... . 

Vn+l = j{Vn,U n ) 

Let T(u, v) = (v, f(v, it)). The second iterate T 2 is given by 

T 2 (u,v ) = ( f(v,u ), f{f(v,u),v)) 
and it is strictly competitive on / x I, see [16]. 

Remark 8 The characteristic equation of Equation (1) at an equilibrium solution (x, x): 

A 2 — D\f{x, x)\ — D 2 f{x, x) = 0, (5) 

has two real roots A, p which satisfy A < 0 < p, and | A| < p, whenever / is strictly decreasing in first and increasing in 
second variable. Thus the applicability of Theorems 3-6 depends on the nonexistence of minimal period-two solution. 
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2 Main Results 

In this section we present some global dynamics scenarios which feasibility will be illustrated in Section 3 . 

Theorem 9 Consider the competitive map T generated by the system ( 3 ) on a rectangular region IZ with nonempty 
interior. Suppose T has no minimal period-two solutions in IZ, is strongly competitive on intlZ, is C 2 in a neighbor¬ 
hood of any fixed point and b. of Theorem 3 holds. 

(a) Assume that T has a saddle fixed points £i,£3 and locally asymptotically stable fixed point E2, such that 

Ei < se E2 Y se £3, and Eo, which is South-west comer of the region IZ is either repeller or singular point. 

Furthermore assume that E\ < se Eo ^ 3e E3 and that the ray through Eo and £1 (resp. Eo and E2) is stable 
manifold of E\ (resp. E2). IfT has no period-two solutions then every solution which starts in the interior of 
the region bounded by the global stable manifolds W s (£i) and W s (£3) converges to E2. 

(b) Assume that T has locally asymptotically stable fixed points E\,E3 and a saddle fixed point E2, such that 

Ei < se E2 ~Ase E3, and Eo, which is South-west comer of the region 1 Z is either repeller or singular point. 

Furthermore assume that Ei X 3e Eo ^ se E3 and that the ray through Eo and Ei (resp. Eo and E3) is attracted 
to Ei (resp. E3). IfT has no period-two solutions then every solution which starts below (resp. above) the 
stable manifold W s (£2) converges to Ei (resp. E3). 

(c) Assume that T has exactly five fixed points Ei ,..., £5, Ei < ae E2 fi± ae E3 < ae £4 ^< 3e Eo where Ei,E 3, Eo are 
saddle points, and £2, £4 are locally asymptotically stable points. Assume that Eo, which is South-west corner 
of the region 1 Z, is either repeller or singular point such that Ei < se Eo ^ se £5 and that the ray through Eo 
and Ei (resp. Eo and Eo) is part of the basin of attraction of Ei (resp. Eo). IfT has no period-two solutions 
then every solution which starts in the interior of the region bounded by the global stable manifolds W 3 (£i) and 
W s (£ , 3) converges to E2 while every solution which starts in the interior of the region bounded by the global 
stable manifolds W s (i?3) and W s (Eo) converges to £4. 

(d) Assume that T has exactly five fixed points Ei ,..., £5, Ei < ae E2 E3 < ae £4 X se E$ where Ei,E 3, Eo are 
locally asymptotically stable points, and E2,E4 are saddle points. Assume that Eo, which is South-west corner 
of the region IZ, is either repeller or singular point such that Ei Eo ^ 3e Eo and that the ray through Eo 
and Ei (resp. Eo and Eo) is part of the basin of attraction of Ei (resp. Eo). IfT has no period-two solutions 
then every solution which starts below (resp. above) the stable manifold W^-E-i) (resp. W S (E2)) converges to 
Eo (resp. Ei). Every solution which starts between the stable manifolds W S (I?2) and W s (£.4) converges to E3. 

Proof. 

(a) The existence of the global stable and unstable manifolds of the saddle point equilibria Ei and £3 is guaranteed 
by Theorems 3 - 6 . In view of uniqueness of these manifolds we have that W s (£1) has end points in Eo and 
( 0 ,oo) while W s (£3) has end points in £0 and (00, 0 ). Furthermore W“(£i) and W“(£s) have end points in 
£2. Now, by Corollary 2 in [ 16 ] every solution which starts in the interior of the ordered interval [[£1, £2]] 
is attracted to £2 and similarly every solution which starts in the interior of the ordered interval [[£2, £3]] 
is attracted to £2. Furthermore, for every (*0,3/0) € [[£i,£ 3]] \ ([[£1, £2]] U [[£2, £3]] U {£0}) one can find 
the points (xi,yi) G [[£1, £2]] and {x u ,y u ) € [[£1, £2]] such that (xi,yi) r< se (*0,3/0) Y se (x u ,y u ) and so 
T n ((xi,yi)) X se T n ((x 0 ,yo)) -< se T n ((x u ,y u )),n > 1 , which implies that T n ((x 0 ,yo)) -> £2- Finally, for every 
(*0,3/0) £ IZ\ ([[£1,£3]] U {£0})) one can find the points (*_l, 3 Al) G W“(£i), (xu,yu) G W“(£s) such that 
( XL,yL ) TCe (*o, 3 /o) Cise (xu, yu) which implies that £"((*0,3/0)) will eventually enter [[£1, £3]] and so it will 
converge to E 2 . 

(b) The existence of the stable and unstable manifolds of the saddle point equilibrium £2 is guaranteed by The¬ 
orems 3 - 6 . The endpoints of the unstable manifold are £1 and £3. First one can assume that the initial 
point (*o,3/o) G [[£1, £2]] \ {-E?o}. In view of Corollary 2 in [ 16 ] the interior of [[£1, £2]] is subset of the basin 
of attraction of £1. If the initial point (*0,3/0) (f [[£1,£2]] but it is betweenW s (£i) and the ray through 
Eo and £1 then one can find te points ( Xi,yi ) the ray through £0 and £1 and (x u ,y u ) G W s (£l) such that 
( xi,yi) < se (*o,3/o) (x u ,y u ) and so T n ((xi,yi)) < se T n ((x 0 ,yo)) <se T n ((x u ,y u )),n > 1 , which means 
T n ((*o, 3/0)) will eventually enter [[£1, £2]] and so T n ((*o, 3/0)) —> £2- 

The proof when the initial point (*o, 3/0) is below W s (£2) is similar. 

(c) The proof is similar to the one in case (a) and will be ommitted. This dynamic scenario is a replication of 
dynamic scenario in (a). 
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(d) The proof is similar to the one in case (b) and will be ommitted. This dynamic scenario is exactly replication 
of dynamic scenario in (b). 

■ 

In the case of Equation (1) we have the following results which are direct application of Theorem 9. 

Theorem 10 Consider Equation (1) and assume that f is decreasing in first and increasing in the second variable 
on the set ( a,b ) 2 , where a is either the repeller or a singular point of f, such that f is C 2 in a neighborhood of any 
fixed point. 

(a) Assume that Equation (1) has locally asymptotically stable equilibrium solutions x > a and the unique saddle 
point minimal period-two solution {Pi,Qi}, Pi (o, a) A 3e Q 1 . Assume that the stable manifold of Pi 
(resp. Qi) is the line through (a, a) and Pi (resp. the line through (a, a) and Qi). Then the equilibrium x is 
globally asymptotically stable for all x~i,xo > a. 

(b) Assume that Equation (1) has the saddle equilibrium solution x > a and the unique locally asymptotically stable 
minimal period-two solution {Pi,Qi}, Pi ^ se {a, a) ^ se Q i- Assume that the stable manifold of Pi (resp. Qi) 
is the line through (a, a) and Pi (resp. the line through (a, a) and Qi). Then the period-two solution {Pi,Qi} 
attracts all initial points off the global stable manifold W s (E(x, x)). 

(c) Assume that Equation (1) has a saddle equilibrium solution x > a. Assume that Equation (1) has two minimal 
period-two solutions {Pi,Qi} and {P 2 ,Q 2 } such that Pi < se P 2 < 3e E(x,x) ^ se Q 2 Y se Qwhere {P 2 ,Q 2 } 
is locally asymptotically stable and {-Pi,Qi} is a saddle point and assume that the global stable manifold of Pi 
(resp. Q 1 ) is the line through (a, a) and Pi (resp. the line through (a, a) and Qi). Then every solution which 
starts off the union of global stable manifolds W s (E(x, x)) U W s (Pl) U W s (Qi ) converges to the period-two 
solution {P 2 , Q 2 }- 

(d) Assume that Equation (1) has locally asymptotically stable equilibrium solution x > a. Asume that Equation (1) 
has two minimal period-two solutions {Pi,Qi} and {P 2 ,Q 2 } such that Pi < se P 2 E(x,x) ^ se Q 2 ~Ase Qi, 
where {Pi,Qi} is locally asymptotically stable and {P 2 ,<? 2 } is a saddle point. If the line through (a, a) and Pi 
(resp. the line through (a, a) and Qi) is a part of the basin of attraction of {Pi, Qi} then every solution which 
starts between the stable manifolds W’ s (p 2 ) and W a (Q 2 ) converges to x while every solution which starts below 
W S (Q 2 ) (resp. above W s (p 2 ) y ) converges to the period-two solution {Pi,Qi}. 

Proof. 

(a) In view of Remark 7 the second iterate T 2 of the map T associated with Equation (1) is strictly competitive. 
Applying Theorem 9 part (a) to T 2 , where we set E\ — Pi, E 2 = (x, x), £3 = Q 1 we complete the proof. 

(b) The proof follows from Theorem 9 part (b) applied to T 2 , where we set Ei = Pi, E 2 = (x, a;), £3 = Q 1 and 

observation that locally asymptotically stable fixed point (resp. saddle point) for T has the same character for 

rj-i 2 

(c) The proof is similar to the proof in case (a) and will be ommitted. 

(d) The proof follows from Theorem 9 part (d) applied to T 2 , where we set Ei = Pi, £2 = p 2 ,p 3 = {x,x),E/i = 

Q 2 , £5 = Q 1 and the observation that locally asymptotically stable fixed point (resp. saddle point) for T has 
the same character for T 2 . 


Remark 11 The term ’’saddle point” in formulation of statements of Theorems 9 and 10 can be replaced by the 
term ”non-hyperbolic point of stable type”. Results related to Theorem 9 were obtained in [1, 2] and the results 
related to Theorem 10 were obtained in [6, 9, 10]. Furthermore Cases (b) and (c) of Theorem 9 can be extended to the 
case when we have any odd number of the equilibrium points which alternate its stability between two types: locally 
asymptotically stable and saddle points or non-hyperbolic equilibrium points of the stable type. The transition from 
Case (a) to Case (b) and from Case (c) to Case (d) in Theorem 9 is an exchange of stability bifurcation, while in the 
case of Theorem 10 these two bifurcations are two global period doubling bifurcations. 
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3 Case study: Equation x n+ i = 


_ JXn-l _ 

Bx n x n —\-\-C x n —\ 


We investigate global behavior of Equation (2), where the parameters 7 , A. B, C are positive numbers and the initial 
conditions X-i,xq are arbitrary nonnegative numbers such that X-i + xo >0. Equation (2) is a special case of 
equations 

ax\ + /3x n x n -1 + 'yXn—i 


%n-\-1 


n = 0 , 1 ,... 


and 


Xn -\-1 — 


-Ax^i BXnXn — 1 H - CXn —1 
AXn -p BXnXn — 1 + Cx^— 1 + Dx n -f- EXn — 1 + F 


n = 0 , 1 , 


( 6 ) 


(7) 


OX 2 + bx n Xn- 1 + CX 2 _ t + dXn + ex„-i + f 
The comprehensive linearized stability analysis of Equation ( 6 ) was given in [9] and some special cases were considered 
in [10]. Some special cases of Equation (7) have been considered in the series of papers [5, 6 , 11, 12, 19]. Describing 
the global dynamics of Equation (7) is a formidable task as this equation contains as a special cases many equations 
with complicated dynamics, such as the linear fractional difference equation 

Dx n + EXn — 1 + F 


Xn-\-l 


n = 0 , 1 ,.... 


dx n + eXn-l + f 

Equation (2) has 0 as a singular point and the first quadrant as the region TZ. 


( 8 ) 


3.1 Local stability analysis 


By using the substitution y n 


ftx n Equation (2) is reduced to the equation 


Xn -\-1 


_ X n -1 _ 

A'x 2 + B'XnXn -1 + X n -1 


, n = 0 , 1 ,... 


(9) 


where A' — ^2 A and B' = ^B. In the sequel we consider Equation (9) where A' and B' will be replaced with A 
and B respectively. 

First, we notice that under the conditions on parameters all solutions of Equation (9) are in interval (0,1] and 
that 0 is a singular point. 

Equation (9) has the unique positive equilibrium x given by 


_ _ -I + -/ 1 + 4 (A+B) 

X ~ 2 (A+B) 

The partial derivatives associated to Equation (9) at the equilibrium x are 


( 10 ) 


/*/ — y(2Ax+By) I _ 4(2 A+B) rf Ax 2 _ 

J x ~ ( Ax‘ 2 +Bxy+y)' 2 |_ — (l + ^iq=4A+4S) 2 ’ ~ (Ax' 2 +Bxy+y)‘ 2 

Characteristic equation associated to Equation (9) at the equilibrium is 


_4 A _ 

(1+V1+4A+4S) 2 ' 


^2 4(2 A-\-B) ^ 4 A _ q 

(l+vT+4A+4S) 2 (l+vT+4A+4S) 2 

By applying the linearized stability Theorem, see [13], we obtain the following result. 


Theorem 12 The unique positive equilibrium solution x of Equation (9) is: 
i) locally asymptotically stable when B + 3 A > 4 A 2 ; 
iij a saddle point when B + 3 A < 4A 2 ; 

in) a non-hyperbolic point of stable type (with eigenvalues Ai = —1 and A 2 = 4 ^ < 4) when B + 371 = 4 A 2 . 
In the next lemma we prove the existence of period two solutions of Equation (9). 


Lemma 13 Equation (9) has the minimal period-two solution {(0,1), (1,0)} and the minimal period-two solution 
{■P( 0 ,V’) 5 < 9 (V , i 0 )L where 


M _ A—yJ(A—B)(A(—3+4A) —B — B j ( _ A+^/(A-B)(A(-3+4A)-B-B 

ft ^ 2A(A-S) anCl ’ V 1 ^ 2 A(A-B) 

if and only if 

O 

- < A < 1 and B + 3 A < 4A 2 or A > 1 and B + 3 A > 4 A 2 . 

4 


( 11 ) 
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Proof. A minimal period-two solution is a positive solution of the following system 


x + (B — A)y — 1 = 0 
—Axy + y = 0 . 

where (p + ip = x and (pip = y. The system (12) has two solutions x = 1, y = 0 and 

1 A — 1 

*=T- V = 


A(B - A )' 


For second solution we have that x, y, x 2 — 4y > 0 if and only if 


Q 

- < A < 1 and B + 3 A < 4A 2 or A > 1 and B + 3 A > 4A 2 . 
4 


Now, <f> and ip are solution of equation 


2 1 A — 1 

t - —t~ TT^-7T = 0 , 


A A(B - A) 

and the proof is complete. ■ 

The following theorem describes the local stability nature of the period-two solutions. 


Theorem 14 Consider Equation (9). 

i) The minimal period two solution {(0,1), (1, 0)} is: 

a) locally asymptotically stable when A > 1; 

b) a saddle point when A < 1; 

c) a non-hyperbolic point of the stable type when A = 1. 

ii) The minimal period two solution {P(<p, ip), Q(ip, <p)}, given by (11) is: 

a) locally asymptotically stable when | < A < 1 and B + 3 A < 4A 2 ; 

b) a saddle point when A > 1 and B + 3 A > 4 A 2 . 

Hi) If A = B = 1 the minimal period two solution {<p, 1 — 0} (0 < (p < 1) is non-hyperbolic. 


Proof. In order to prove this theorem, we associate the second iterate map to Equation (9). We have 


T 2 ( u \ - ( 3( M ’ V ) A 
V v ) V h \u,v) ) 

where 


g(u,v) = 


Av 2 + Buv + u ’ 


h(u, v ) = 


v + 


Au 2 


(Av 2 +Buv+u ) 2 Av 2 +Buv+ 


The Jacobian of the map T 2 has the following form 


( <t> \ = ( 9u(. 4>,ip) A 

\ ip ) V h u( < P>' l P) K,(<P,tp) J 


where 

, _ Av 2 , _ u(Bu + 2 Av) 

^ u (Av 2 + Buv + u) 2 ’ 9 1 (Av 2 + Buv + u ) 2 ’ 

if _ Av 3 (u+Buv+Av 2 )(Buv(1+Bv)+A(2u+Bv 3 )) 

— _ {A 2 v 3 +u 2 v(1+Bv)(1+B+Bv)+Au(u+v 3 (2+B+2Bv))' 2 ’ 

t / u(u+Buv+Av 2 )(B 2 u 2 v 2 (l-t-Bv)-l-A 2 v 2 (5 u+2Bv 3 )+Au(u+3Buv-1-Bv 3 (2+3Bv 3 ))) 

n ' v — (A 2 v 3 +u' 2 v\l+Bv)(l+B+Bv)+Au(u+v 3 (2+B+2Bv)) 2 

Set 

S = g' u (<p,ip ) + h' v (<p,ip) 


and 

v = g'u{<P,4>)h' v (<P,i>) - g'v{.<PA)h'u((p,ip). 

After some lengthy calculation one can see that: 


( 12 ) 
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i) for the minimal period-two solution {( 0 , 1 ), ( 1 , 0 )} we have 

5 =+i and T> = 0 

A 

and applying the linearized stability Theorem [13] we obtain that the minimal period-two solution {(0,1), (1,0)} 
of Equation (9) is: 

a) locally asymptotically stable when A > 1; 

b) a saddle point when A < 1; 

c) a non-hyperbolic point of the stable type when .4=1. 

ii) For the positive minimal period two solution {P{<p, ip), Q(ip, <j >)} we have 

c _ 6A 4 +A(B-2)B-B 2 -3A 3 (3+2B)+A 2 (4+B(6+B)) -n _ (A-l) 2 
° A 2 (A-B) 2 ’ U ~ (A-B) 2 ■ 

Applying the linearized stability Theorem [13] we obtain that the minimal period-two solution {P(f>, ip), Q{ip, <j>)} 
of Equation (9) is: 

a) locally asymptotically stable when | < A < 1 and B + 3 A < 4 A 2 ; 

b) a saddle point when A > 1 and B + 3 A > 4 A 2 . 

iii) If A = B = 1 then 

5 = 1 + rp 2 (l — </>) 2 , T’ = 0 2 (l-0 ) 2 

from which the proof follows. 


3.2 Global results and basins of attraction 

In this section we present global dynamics results for Equation (9). 

Theorem 15 If B + 3 A > 4 A 2 and 0 < A < 1 then Equation (9) has a unique equilibrium solution E(x,x) given 
by (10) which is locally asymptotically stable and the minimal period-two solution {P(0,1), Q(l, 0)} which is a saddle 
point. Furthermore, the global stable manifold of the period-two solution {P,Q} is given by W S ({P, Q}) = W a (P) U 
W a (Q) where W S (P) and W S (Q) are the coordinate axes. The basin 
More precisely 

i) If (uo,vo) € W S (P) then the subsequence of even-indexed terms 
quence of odd-indexed terms {(tt2n+i, V2n+i)} is attracted to Q. 

ii) If (uo,vo) £ W S (Q) then the subsequence of even-indexed terms 
quence of odd-indexed terms {(tt2n+i, V2n+i)} is attracted to P. 

iii) If (uo,vo) € 7Z\(W S (P) UW S (Q)) (the region between W S (P) 
attracted to E(x,x). 

See Figure 1 for visual illustration. 

Proof. The proof is direct application of Theorem 10 part (a). ■ 

Theorem 16 If B + 3 A > 4 A 2 and A = 1 then Equation (9) has a unique equilibrium solution E(x,x) which is 
locally asymptotically stable and the minimal period-two solution, {P(0,1), Q(l, 0)} which is a non-hyperbolic point 
of stable type. Furthermore, the global stable manifold of the period-two solution {P,Q} is given by W S ({P, Q}) = 
W a (P) U W S (Q) where W a (P) and W a (Q) are the coordinate axes. The global dynamics is given in Theorem 15. 

Proof. In view of Remark 11 the proof is direct application of Theorem 10 part (a). 


of attraction B(E) = {( x,y ) : x > 0,y > 0}. 
{(ii 2 n,V 2 n)} is attracted to P, and the subse- 
{(u 2 n,V 2 n.)} is attracted to Q, and the subse- 
and W a {Q)) then the sequence {(««,?+)} is 
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Figure 1: Visual illustration of Theorem 15. 


Theorem 17 If B + 3 A > 4 A 2 and A > 1 then Equation (9) has a unique equilibrium solution E(x,x) which is 
locally asymptotically stable and two minimal period-two solutions {Pi(0, l),Qi(l,0)} which is locally asymptotically 
stable and {P 2 (<(>, ip), Q 2 (ip, <j>)} given by (11), which is a saddle point. Furthermore, the global stable manifold of 
the period-two solution {P 2 ,Q 2 } is given by W s ({P 2 ,Q 2 }) = W(P 2 ) U W s ((3 2 ) where W S (P 2 ) and W(Q 2 ) are 
continuous increasing curves, that divide the first quadrant into two connected components, namely 

W+ := {x G P\ W S (P 2 ) : 3 y G W S (P 2 ) withy A se x} andWf := {x G 7l\W s (P 2 ) : 3 y G W S (P 2 ) with x < se y} 

W 2 := {1 G R \ W’ s (Q 2 ) : 3 y G W S (Q 2 ) with y < se x } and Wf = {x G TZ \ W(Q 2 ) : 3 y G W 3 (Q 2 ) with 
x 3 se y} 

respectively such that the following statements are true. 

i) If (uo,vo) G W S (P 2 ) then the subsequence of even-indexed terms {(u 2 n,V 2 n)} is attracted to P 2 and the subse¬ 
quence of odd-indexed terms {(u 2 n +i, V 2 n+i)} is attracted to Q 2 . 

ii) If (uo,vo) G VV s (Q 2 ) then the subsequence of even-indexed terms {(M 2 n ,V 2 n)} is attracted to Q 2 and the 
subsequence of odd-indexed terms {(u 2n +i, w 2 n+i)} is attracted to P 2 . 

Hi) If (uo, Vo) G Wf (the region above W S (P 2 )J then the subsequence of even-indexed terms {(u 2 n ,v 2 n)} is attracted 
to Pi and the subsequence of odd-indexed terms {(u 2 n +i, i> 2 n+i)} tends to Q 1 . 

iv) If (uo,vo) G W+ (the region below V\l a (Q 2 )) then the subsequence of even-indexed terms {(u 2 n,V 2 n)} tends to 
Q 1 and the subsequence of odd-indexed terms {(w 2 n+i, V 2 n+i)} tends to Pi. 

v) If (uo, Vo) G W 1 + n W 2 " ("£/ie region between W S (P 2 ) andV\l a {Q 2 )) then the sequence {(u„,»„)} is attracted to 
E(x, x). 

Shortly the basin of attraction of E is the region between W S (P 2 ) and W 3 (Q 2 ) while the rest of the first quadrant 
without W S (P 2 ) U W S (Q 2 ) U (0, 0) is the basin of attraction of {Pi, Qi}. 

See Figure 2 for visual illustration. 

Proof. The proof is direct application of Theorem 10 part (d). 


Theorem 18 If B + 3A < 4 A 2 and | < A < 1 then Equation (9) has a unique equilibrium solution E(x,x) which is 
a saddle point and minimal period-two solution {Pi(0, l),Qi(l,0)} which is a saddle point and {P 2 (</>, tjj), Q 2 (V', </>)}, 
given by ( 11 ) which is locally asymptotically stable. Furthermore, there exists a set Ce which is an invariant subset 
of the basin of attraction of E. The set Ce is a graph of a strictly increasing continues function of the first variable 
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Figure 2: Visual illustration of Theorem 17. 


on (0, oo) interval and separates 77\(0,0), where IZ = (0,oo) x (0, oo) into two connected and invariant components 
W~(x, x) and W + (x, x). The global stable manifold of the period-two solution {Pi, Qi} is given by W s ({Pi, Qi}) = 
W s (Pi) UW s (Qi) where W s (Pi) and W s (Qi) are continuous nondecreasing curves which represent the coordinate 
axes. The basin of attraction of {P 2 , Q 2 } is the first quadrant without W s (Pi) U W s (Qi) U (0,0) UCe- More precisely 

i) Every initial point (uo,vo) in Ce is attracted to E. 

ii) If (uo,vo) E W s (Pi) then the subsequence of even-indexed terms {(u 2 n ,V 2 n)} is attracted to P± and the subse¬ 
quence of odd-indexed terms {(u 2 n+i,V 2 n+i)} is attracted to Q\. 

in) If (uo,vo) € W s (Qi) then the subsequence of even-indexed terms {( U 2 n,V 2 n )} is attracted to Q\ and the 
subsequence of odd-indexed terms {(u 2 n +i> V 2 n+i)} is attracted to Pi. 

iv) If (uo,vo) € W~(x,x) (the region between Ce and W s (Pi)) then the subsequence of even-indexed terms 
{(u 2 n,V 2 n)} is attracted to P 2 and the subsequence of odd-indexed terms {(ii 2 n+i, V 2 n+i)} tends to Q 2 . 

v) If (uo,vo) € W + (x, x) (the region between Ce and W s (Qi)) then the subsequence of even-indexed terms 
{(u 2 n,V 2 n)} tends to Q 2 and the subsequence of odd-indexed terms {(it 2 n+i,i^n+i)} tends to P 2 . 

See Figure 3 for visual illustration. 

Proof. Theorem 12 implies that there exists a unique equilibrium solution E(x,x) which is a saddle point and 
Theorem 14 implies that minimal period-two solution {Pi(0, l),Qi(l,0)} is a saddle point and {p 2 (</>, ip), Q 2 (ip, </>)} 
is locally asymptotically stable. Now the proof is direct application of Theorem 10 part (c). ■ 



Figure 3: Visual illustration of Theorem 18. 


Theorem 19 If B + 3 A < 4 A 2 and A — 1 then Equation (9) has a unique equilibrium solution E(x,x), which is a 
saddle point and the minimal period-two solution {Pi(0,1), Qi(l> 0)} which is a non-hyperbolic point of stable type. 
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Furthermore, the global stable manifold W a ( E ) is continuous increasing curve which divides first quadrant and the 
global stable manifold of the period-two solution {Pi, Q 1 } is given by W s ({Pi, Qi}) = W s (Pi)UW s (<2i) where W s (Pi) 
and W s (Qi) are the coordinate axes. The basin of attraction B ({Pi, Qi}) = {( x,y) : x > 0,y > 0}\(W s (P)U(0, 0))}. 
More precisely 

i) Every initial point (u o, vo) in W S (E) is attracted to E. 

i) If ( uo,vo ) £ W + (E) (the region below W S (E)) then the subsequence of even-indexed terms {(tt 2 n, V 2 n)} is 
attracted to Qi and the subsequence of odd-indexed terms {(w 2 n+i, v^n+i)} is attracted to P\. 
in) If (uo, vq) £ W~ (E) (the region above W S (E)) then the subsequence of even-indexed terms {( U 2 n,V 2 n )} is 
attracted to Pi and the subsequence of odd-indexed terms {(w 2 n+i,^ 2 n+i)} is attracted to Q\. 

See Figure 4 for visual illustration. 

Proof. From Theorem 12 Equation (9) has a unique equilibrium point E(x,x) which is a saddle point. Theorem 
14 implies that the period-two solution {P, Q} is a non-hyperbolic point. In view of Remark 11 the proof is direct 
application of Theorem 10 part (b). ■ 



Figure 4: Visual illustration of Theorem 19. 

Theorem 20 If B + 3 A < 4 A 2 and A > 1 then Equation (9) has a unique equilibrium solution E(x,x) which is a 
saddle point and the minimal period-two solution {P(0,1), <2(1,0)} which is locally asymptotically stable. The global 
behavior is the same as in Theorem 19. 

Proof. The proof is direct application of Theorem 10 part (b). ■ 

Theorem 21 Assume that B + 3 A = 4 A 2 . 

a) 1/ | < A < 1 then Equation (9) has a unique equilibrium point E(x,x) which is a non-hyperbolic point of stable 
type and the minimal period-two solution {P(0,1), <2(1,0)} which is a saddle point. Then every initial point 
(uo,vq) in IZ is attracted to E. 

b) If A > 1 then Equation (9) has a unique equilibrium solution E(x,x) which is a non-hyperbolic point of the 
stable type and the minimal period-two solution {P(0,1), <2(1, 0)} which is locally asymptotically stable. The 
global behavior is the same as in Theorem 19. 

c) If A = 1 then Equation (9) has a unique equilibrium solution E(x,x) and infinitely many minimal period-two 
solution {P(</>, 1 — (j>), Q (1 — cf>, (/))} (0 < (/> < 1) which are a non-hyperbolic points of stable type. 

i) There exists a continuous increasing curve Ce which is a subset of the basin of attraction of E 

ii) For every minimal period-two solution {P(<(>, 1 — </>), <2(1 — (f>, <p)} (0 < cf> < 1) there exists the global stable 
manifold given by W S ({P, Q}) = W S (P) U W(<2) where W S (P) and W s (<2) are continuous increasing 
curves. If (u o,vo) £ W S (P) then the subsequence of even-indexed terms {( U 2 n,V 2 n )} tends to P and the 
subsequence of odd-indexed terms {(u 2 n+i, r> 2 n+i)} tends to Q. If(uo,vo) £ W s (<2) then the subsequence 
of even-indexed terms {{u 2 n,V 2 n)} tends to Q and the subsequence of odd-indexed terms {(u 2 n+i, r> 2 n+i)} 
tends to P. The union of these stable manifolds and Ce foliates the first quadrant without the singular 
point (0, 0). 
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See Figure 5 for visual illustration. 

Proof. 

a) From Theorem 12 Equation (9) has a unique equilibrium point E(x,x ) = (^ 4 , 75 ) 4 ) which is non-hyperbolic 
of stable type. From Theorem 14 Equation (9) has a unique minimal period-two solution {Pi(0,1), Qi(l, 0)} 
which is a saddle point. In view of Remark 11 the proof is direct application of Theorem 10 part (a). 

b) From Theorem 12 Equation (9) has a unique equilibrium point E(x,x) = (-^, 774)1 which is non-hyperbolic 
of stable type. From Theorem 14 Equation (9) has a unique minimal period-two solution {Pi(0,1), Qi(l, 0)} 
which is locally asymptotically stable point. In view of Remark 11 the proof is direct application of Theorem 
10 part (b). 

c) From Theorem 12 Equation (9) has a unique equilibrium point E(x,x) = (ttj, jx) w hich is non-hyperbolic. 
All conditions of Theorem 5 are satisfied, which yields the existence a continuous increasing curve Ce which 
is a subset of the basin of attraction of E. The proof of the statement ii) follows from Theorems 3, 5, 14 and 
Theorem 5 in [ 8 ]. 


Remark 22 The global dynamics of Equation (9) can be described in the language of bifurcation theory as follows: 
when B + 3 A 7 ^ 4 A 2 , then the period-doubling bifurcation happens when A is passing through the value 1 in such a 
way that for A > 1 new interior period-two solution emerges and exchange stability with already existing period-two 
solution on the boundary. Another bifurcation happens when B + 3 A < 4 A 2 in which case the stability of the unique 
equilibrium changes from local attractor to the saddle point. Finally, there is a bifurcation at another critical value 
B + 3 A = 4 A 2 when A is passing through the critical value 1, which is one of exchange stability between the unique 
equilibrium and unique period-two solution, with specific dynamics at A = 1, when there is an infinite number of 
period-two solutions which basins of attraction filled up the first quadrant without the origin. See [16] for similar 
results. 



Figure 5: Visual illustration of Theorem 21. 
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Abstract. We investigate second-order generalized Beverton Holt difference equations of the form 


Xn -\-1 


af(Xn,X n - l) 

1 T f (Xm X n — l) 


n= 0 , 1 ,..., 


where / is a function nondecreasing in both arguments, the parameter a is a positive constant, and the initial conditions X-i 
and xo are arbitrary nonnegative numbers in the domain of /. We will discuss several interesting examples of such equations 
and present some general theory. In particular, we will investigate the local and global dynamics in the event / is a certain 
type of linear or quadratic polynomial, and we explore the existence problem of period-two solutions. 


Keywords, attractivity, difference equation, invariant sets, periodic solutions, stable set . 

AMS 2010 Mathematics Subject Classification: 39A20, 39A28, 39A30, 92D25 


1 Introduction and Preliminaries 


Consider the following second-order difference equation: 


Xn+1 


(Xni X n —\) 

1 f(x ni X n — l) 


(i) 


Here / is a continuous function nondecreasing in both arguments, the parameter a is a positive real number, 
and the initial conditions X-\ and xq are arbitrary nonnegative numbers in the domain of /. Equation (1) 
is a generalization of the first-order Beverton-Holt equation 


0:X n 

x n+i = , n = 0,1 

1 H - Xn 


( 2 ) 


where a > 0 and xq > 0. The global dynamics of Equation (2) may be summarized as follows, see [9, 15]: 


lim x n 

n—>-oo 


0 if a < 1 

a — 1 if a > 1 and xq > 0. 


(3) 


Many variations of Equation (2) have been studied. German biochemist Leonor Michaelis and Canadian 
physician Maud Menten used the model in their study of enzyme kinetics in 1913; see [20]. Additionally, 
Jacques Monod, a French biochemist, happened upon the model empirically in his study of microorganism 
growth around 1942; see [20]. It was not until 1957 that fisheries scientists Ray Beverton and Sidney Holt 
used the model in their study of population dynamics, see [1, 9]. The so-called Monod differential equation 
[20] is given by 


1 

N 


dN 

dt 


rS 


(4) 


a + S ’ 

where N(t) is the concentration of bacteria at time t, ^ is the growth rate of the bacteria, S{t) is the 
concentration of the nutrient, r is the maximum growth rate of the bacteria, and a is a half-saturation 


1 Corresponding author, e-mail: mkulenovic@mail.uri.edu 
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constant (when S = a, the right-hand side of Equation (4) equals r/2). Based on experimental data, the 
following system of two differential equations for the nutrient S and bacteria N, as presented in [20], is 
given by 

dS 1 rS dN AT rS 

-77 = — N ~ q> ~17 = N —q’ 5 

dt 7 a + S dt a + o 

where the constant 7 is called the growth yield. Both Equation (4) and System (5) contain the function 
/(x) = rx/(a + x) known as the Monod function, Michaelis-Menten function, Beverton-Holt function, or 
Holling function of the first kind; see [1, 5, 9, 11]. 


One possible two-generation population model based on Equation (2), 


^n +1 


^1 %n ^ 0'2%n—l 

1 + x n 1 + X n -l ' 


( 6 ) 


where a t > 0 for i = 1.2 and x_i,xo > 0, was considered in [18]. The global dynamics of Equation ( 6 ) 
may be summarized as follows: 


lim x n 
n —>00 


0 if ai + a 2 < 1 

oi + a 2 — l if 01 + 02 > 1 and xq + x_i > 0 . 


This result was extended in [5] to the case of a ^-generation population model based on Equation (2) of 
the form 


^n +1 


E 


1 + X n —i 


n = 0,1,..., 


(7) 


fc-i 


where Oj > 0 for i = 0 , 1 ,..., k — 1 , a* > 0 , and x\-k, • • •, xq > 0 . 


i =0 

ics of Equation (7) may be given precisely by (3), where a 
positive. 


k -1 


i=o 


It was shown that the global dynarn- 
and we consider all initial conditions 


The simplest model of Beverton-Holt type which exhibits two coexisting attractors and the Allee effect 
is the sigmoid Beverton-Holt (or second-type Holling) difference equation 


ax- 


%n +1 — 


1 + xi 


n = 0,1,..., 


( 8 ) 


where a > 0 and xq > 0. The dynamics of Equation (8) may be concisely summarized as follows: 


lim x n 

n—>• 00 


0 if a < 2 or (a > 2 and xo < x_) 
X- if a > 2 and xo = x_ 
x + if a > 2 and xq > x_, 


(9) 


where x_ and x+ are the two positive equilibria when a > 2 ; see [1, 5]. One possible two-generation 
population model based on Equation ( 8 ), 


^n +1 


a\x\ 
1 + x2 




1 + X 


2 > 
n— 1 


n = 0,1 ,..., 


( 10 ) 


where a\. > 0 for i = 1,2 and x_i,xo > 0, was considered in [4]. However, the summary of the global 
dynamics of Equation (10) is not an immediate extension of the global dynamics of Equation ( 8 ) as given in 
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(9); see [4]. Equation (10) can have up to three equilibrium solutions and up to three period-two solutions. 
In the case when Equation (10) has three equilibrium solutions and three period-two solutions, the zero 
equilibrium, the larger positive equilibrium, and one period-two solution are attractors with substantial 
basins of attraction, which together with the remaining equilibrium and the global stable manifolds of the 
saddle-point period-two solutions exhaust the first quadrant of initial conditions. This behavior happens 
when the coefficient 02 is in some sense dominant to aq; see [4]. Such behavior is typical for other models 
in population dynamics such as 


^n+1 


1 T x n l + x^i 


n = 0,1,... 


and 

^n+1 — 0 ’ ^ I, . . . , 

1 + X n-1 

which were also investigated in [4], In the case of a ^-generation population model based on the sigmoid 
Beverton-Holt difference equation with k > 2, one can expect to have attractive period-/c solutions as well 
as chaos. 

The first model of the form given in Equation (1), where / is a linear function in both variables (that 
is, f(u, v) = cu + dv for c, d,u,v > 0) was considered in [19] to describe the global dynamics in part of 
the parametric space. Here we will extend the results from [19] to the whole parametric space. In this 
paper we will then restrict ourselves to the case when f(u, v) is a quadratic polynomial, which will give 
similar global dynamics to that presented for Equation (10). The corresponding dynamic scenarios will be 
essentially the same for any polynomial function of the type f(u, v ) = cu k +du m where c, d > 0 and m, k are 
positive integers. Higher values of m and k may only create additional equilibria and period-two solutions 
but should replicate the global dynamics seen in the quadratic case presented in this paper. The global 
dynamics of some higher-order transcendental-type generalized Beverton-Holt equation was considered in 
[3], 


Let the function F : [0, oo) 2 —> [0, a) be defined as follows: 


F(u, v ) 


a f(u,v) 

1 + f(u,v)‘ 


( 11 ) 


Then Equation (1) becomes x n +i = F(x n ,x n - 1 ) for all n = 0,1,..., where F(u,v) is nondecreasing in 
both of its arguments. 


The following theorem from [2] immediately applies to Equation (1). 

Theorem 1 Let I be a set of real numbers and F : I x I —)• I be a function which is nondecreasing in the 
first variable and nondecreasing in the second variable. Then, for every solution {x n }^? = _ 1 of the equation 

x n+1 = F (x n ,x n -i ), x-i ,x 0 el, n = 0,1,..., (12) 

the subsequences {x2n}^Lo anc ^ { x 2n-i}^=o °f even an d odd terms of the solution are eventually monotonic. 

The consequence of Theorem 1 is that every bounded solution of Equation (12) converges to either an 
equilibrium, a period-two solution, or to a singular point on the boundary. It should be noticed that 
Theorem 1 is specific for second-order difference equations and does not extend to difference equations 
of order higher than two. Furthermore, the powerful theory of monotone maps in the plane [16, 17] can 
be applied to Equation (1) to determine the boundaries of the basins of attraction of the equilibrium 


187 


Bertrand 185-202 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


solutions and period-two solutions. Finally, when f(u,v ) is a polynomial function, all computation needed 
to determine the local stability of all equilibrium solutions and period-two solutions is reduced to the theory 
of counting the number of zeros of polynomials in a given interval, as given in [12], This theory will give 
more precise results than the global attractivity and global asymptotic stability results in [7, 8]. However, 
in the case of difference equations of the form 


%n -\-1 


ag{x n , %n— 1 > • • • j 2-n+l—fc) 

1 + g(x n , X n —i, . . • , .T n _|_i_fc) 


k > 1, 


where a > 0 and g is nondecreasing in all its arguments, Theorem 1 does not apply for k > 2, but the 
results from [7, 8, 13] can give global dynamics in some regions of the parametric space. 


The following theorem from [10] is often useful in determining the global attractivity of a unique positive 
equilibrium. 

Theorem 2 Let I C [0, oo) be some open interval and assume that F E C[I x I, (0, oo)] satisfies the 
following conditions: 

(i) F{x,y) is nondecreasing in each of its arguments; 

(ii) Equation (12) has a unique positive equilibrium point x E I and the function F(x,x) satisfies the 

negative feedback condition: 

(x — x)(F(x,x) — x) < 0 for every x E I\{x}. 

Then every positive solution of Equation (12) with initial conditions in I converges to x. 

The following result from [4] will be used to describe the global dynamics of Equation (1). 

Theorem 3 Assume that difference equation (12) has three equilibrium points U\ < xq < xsw < xne 
where the equilibrium points xo and xne are locally asymptotically stable. Further, assume that there 
exists a minimal period-two solution {<3?i, Ti} which is a saddle point such that (4>i, Ti) E int(Q2(Esw))- 
In this case there exist four continuous curves W s ($i, ^i), W s (^i, $i), W u ($i, ^i), W u (\l/i, $i), where 
>V s (4)i, Ti), yV’ s (Ti, 4>i) are passing through the point Esw, and are graphs of decreasing functions. The 
curves W u ($i, Ti), >V M (Ti, dq) are the graphs of increasing functions and are starting at Eq. Every 
solution which starts below W’ s ( < f > i, ’Iq) uyV’ s ('Fi, 4>i) in the North-east ordering converges to Eq and every 
solution which starts above 4M U W’T'Fi, <l>i) in the North-east orderinq converges to Eme , *.e. 

>V s ($i, T x ) = Cf = C+ and W s (^i, $i) = Cf = Cf. 

This paper is organized as follows. The next section deals with the local stability of equilibrium 
solutions and period-two solutions of the general second-order difference equation (12), where F(u,v) is 
nondecreasing in both of its arguments. In view of the results for monotone maps in [16, 17] and their 
applications to second-order difference equations in [4, 5], the local dynamics of the equilibrium solutions 
and period-two solutions will determine the global dynamics in hyperbolic cases and some nonhyperbolic 
cases as well. The third section will provide some examples of global dynamic scenarios of Equation (1) 
when the function f(u,v ) is either linear in both variables or linear in one variable and quadratic in the 
other variable. The obtained results will be interesting from a modeling point of view as they show that the 
appearance of period-two solutions with substantial basins of attraction (sets which contain open subsets) 
is controlled by the coefficient of the x n _i term that is affected by the size of the grandparents’ population. 
The same phenomenon was observed in the case of Equation (10). 
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2 Local Stability 

In this section we provide general conditions to determine the local stability of equilibrium solutions and 
period-two solutions. 


It is clear that x n < a for all n > 1. In light of Theorem 1, since all solutions are bounded, if there 
are no singular points on the boundary of the domain of F, it immediately follows that all solutions to 
Equation (1) converge to an equilibrium or a period-two solution. 

An equilibrium x of Equation (1) satisfies 

x{l + f(x, x )) = af(x, x). (13) 

Clearly xq = 0 is an equilibrium point if and only if (0, 0) is in the domain of / and /(0,0) = 0. 


The linearized equation of Equation (1) about an equilibrium x is 

z n+1 = F u (x,x)z n + F v (x,x)z n - 1 , n = 0,1,.... 

Since / is a nondecreasing function, it follows that F u (x,x) > 0 ,F v (x,x) > 0. Therefore, if 

a(f u (x,x) + f v (x,x)) 


A(x) = F u (x , x) + F v {x, x) = 
then in view of Corollary 2 of [13] we may conclude that 


(1 + f(x,x)) 2 


where 


locally asymptotically stable if X(x) < 1 

nonhyperbolic 

if A(x) = 1 

unstable 

if A(x) > 1. 

implies that if x is unstable, then 

T a repeller 

if 6(x) > 1 

x is < nonhyperbolic 

if 8{x) = 1 

[ a saddle point 

if <5(a;) < 1, 

F v (x,x) - F u (x,x) = 

a(f v (x,x) - f u {x,x)) 

(1 + f(x, x)) 2 


(14) 


(15) 


Let ((fti'ip) be a period-two solution of Equation (1). The Jacobian matrix of the corresponding map 
T = G 2 , where G(u,v ) = (v,F(v,u)) and F is given by Equation (11), is given in Theorem 12 of [6]. The 
linearized equation evaluated at (0, ip) is 


where 

and 


A 2 — T?'Jt(0, i/j)X + Det Jt(</>, VO = 0, 

Tr J T (<t>, VO = D 2 F^, <j>) + DiFiFty, <t>),^) ■ Drfty, V) + D 2 F(F(ij>, </>),^) 
DetJ T {4>i VO = D 2 F(F( iV, V>), VO • D 2 Fty, V»). 


189 


Bertrand 185-202 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.1, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


3 Examples 

In this section we present four examples of different forms of Equation (1) where the transition function 
f(u,v ) is linear or quadratic polynomial in its variables which effects the global dynamics. 


3.1 Linear-Linear: f(u,v) — cu + dv 
We consider the difference equation 


%n +1 


a(cx n + dx n - 1 ) 

1 + CX n + dx n -1 ’ 


(16) 


where c > 0 and d > 0. If d = 0, then Equation (16) becomes Equation (2) after a reduction of parameters. 
By Equation (13) we know that xo = 0 is always a fixed point and x+ = d j } 1 is a unique positive fixed 
point for a(c + d) > 1. 


Since A(xq) = a(c + d), we have that 


Further, notice that 


Xo is 


locally asymptotically stable 

nonhyperbolic 

unstable 


if a(c + d) < 1 
if a(c + d) = 1 
if a(c + d) > 1. 


A(x+)= 


a(c + d) 


1 + 


a(c-\-d) — 1 
c-\-d 


(c + d)^J 


1 

a(c + d) 


< 1 


for all values of parameters for which x_|_ exists. Therefore 


x+ = 


a(c + d) — 1 
c + d 


is always locally asymptotically stable. 


Note that there is an exchange in stability from xo to x + as the parametric value a(c + d) passes through 

1 . 


We next search for period-two solutions. Suppose there exists such 
(p ^ tp. Then {if>, (f>} satisfies the following system: 


a solution {ij>, (p, ip,(p,.. .} with 


Notice that 


af{(p,ip) 


1 + f(cp, ip) 

a fW,(p) 


i + /0M) 


a(c(p + dip) 

1 + ccp + dip 
a(cip + dcp) 

1 + cup + d<p 


a(d — c)(ip - <p) 

(1 + ccp + dip)( 1 + cip + dtp) ’ 


whence we deduce that d > c and (1 + ccp + dtp)( 1 + dtp + dcp) = a(d — c). Now 


(17) 


ip + cp 


a ((c + d)(ip + <p) + 2 (ccp + dip)(cip + dcp)) 
a(d — c) 


or equivalently, 


2 c(ip + i p) + 2 (ccp + dip)(c%p + dcp) = 0. 
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Since ip + (j) > 0, it must be the case that c = 0, and then 2 d 2 ipcp = 0 so that one of either (p or ip equals 

zero. Without loss of generality assume <p = 0. But then ip = , and hence ip = = x + . Thus the 

only non-equilibrium solution of System (17) is the period-two solution {x + , 0, x + , 0,..which exists for 
ad > 1 and c = 0. Now we formulate our main result about the global dynamics of Equation (16). 

Theorem 4 Consider Equation (16). 

(a) If a(c + d) < 1, then xq = 0 is a global attractor of all solutions. 

(b) If c = 0 and ad > 1, then there exists a period-two solution { ad p 1 ,0, a< [j 1 ,0,...}. x + is a global at¬ 

tractor of all solutions with positive initial conditions. Any solution with exactly one initial condition 
equal to zero will converge to the period-two solution. 

(c) If c > 0 and a(c + d) > 1, x + is a global attractor of all nonzero solutions. 

Proof. 

(a) If a(c + d) < 1, then xo = 0 is the only equilibrium, and no period-two solutions exist. By Theorem 
1 all solutions must converge to zero. 

(b) Suppose c = 0 and ad > 1, and consider I = (0, oo). Notice that 

adx _ 

F(x,x) = TTdx ^ x x + ^ x ’ 

and therefore by Theorem 2 we have that all solutions with initial conditions in I converge to x+. 
Now suppose one initial condition is zero, so without loss of generality assume x_i = 0 and xo > 0. 
Then x\ = 0 and 

adx o . ad — 1 _ 

x 2 = . , , P x 0 -,— = x+ p x 0 . 

1 + dx o d 

Further, one can show x 2 5s x+ xq 5s x+- By induction, lim x 2 k = x + and x 2 k~i = 0 for all 

k —^oo 

k = 0,1,.... Thus all solutions with exactly one initial condition equal to zero will converge to the 
period-two solution {x+, 0, x+, 0,...}. 

(c) When c > 0 and a(c + d) > 1, x+ is locally asymptotically stable while xo is unstable. As in the 
proof of (b) we can employ Theorem 2 to show that all solutions with positive initial conditions must 
converge to x + . Since c > 0 and d > 0, if xo + x_i > 0, then x\ = F{x o, x_i) > 0 (and also x 2 > 0), 
so the solution eventually has consecutive positive terms and must converge to x+. 


□ 


3.2 Translated Linear-Linear: f(u,v ) = cu + dv + k 

We briefly consider the difference equation 

_ a(cx n + dx n -1 + k) 
X ' n+1 1 + cx n + dx n -1 + k ’ 


( 18 ) 
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where c > 0, d > 0, c + d > 0, and k > 0. We notice in this example /(0, 0) = k > 0, so the origin cannot 
be an equilibrium. More specifically, an equilibrium of Equation (18) must satisfy 

(c + d)x 2 + (k + 1 — a(c + d)) x — ak = 0 

Since c + d > 0 and ak > 0 by Descartes’ Rule of Signs it must be the case that there exists a unique 
positive equilibrium x + . 

Theorem 5 Consider Equation (18) such that c + d > 0 and k > 0. The unique positive equilibrium x+ 
is a global attractor. 

Proof. The result follows from a straightforward application of Theorem 1.4.8 of [14]. □ 


3.3 Quadratic-Linear: f(u,v) = cu 2 + dv 

We consider the difference equation 


%n +1 


a(cx^ + dx n - 1 ) 

1 + cx 2 + dx n -1 ’ 


n = 0,1,.... 


(19) 


Remark 1 For the analysis that follows, we will consider Equation (19) with c > 0 and d > 0. Notice 
that when c = 0 Equation (19) is a special case of Equation (16), and the global dynamics for this case 
is discussed in Theorem 4. When d = 0 Equation (19) is essentially Equation (8), the dynamics of which 
may be seen in (9). 


An equilibrium solution of Equation (19) satisfies 


cx 3 + dx 2 + x = acx 2 + adx 


so that all nonzero equilibria satisfy 


cx 2 + (d — ac)x + (1 — ad) = 0, 


whence we easily deduce the possible solutions 


x± = 


ac — d± \/{d — ac ) 2 + 4 c{ad — 1) 


2c 


which are real if and only if R = (d — ac) 2 + 4 c(ad — 1) >0. 

Notice that 

R > 0 d 2 — 2 acd + a 2 c 2 + 4acd — 4c > 0 (ac + d) 2 > 4c. 

Here we have that 

_ a(2cx + d) 

X (1 + cx 2 + dx) 2 

Theorem 6 Equation (19) always has the zero equilibrium ico = 0, and 

{ locally asymptotically stable if ad < 1 
nonhyperbolic if ad = 1 

a repeller ifad>l. 

Proof. The proof follows from the fact that A(xo) = S(x o) = ad. 

The next result gives the local stability of positive equilibrium solutions. 


( 20 ) 


( 21 ) 


□ 
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Theorem 7 Assume c > 0 and d > 0. 


(1) Suppose either 

(a) d> ac and 1 > ad, or 

(b) d < ac, 1 > ad, and R < 0. 

Then Equation (19) has no positive equilibria. 

(2) Suppose either 

(a) 1 < ad, or 

(b) d < ac and 1 = ad. 

Then Equation (19) has the positive equilibrium solution x + , and it is locally asymptotically stable. 

(3) Suppose d < ac, 1 > ad, and R = 0. Then Equation (19) has the positive equilibrium solution 
x±, and it is nonhyperbolic of stable type (that is one characteristic value is Ai = ±1 and the other 
|Ai| < l). 

(4) Suppose d < ac, 1 > ad, and R > 0. Then Equation (19) has two positive equilibria, x + and x_; x + 
is locally asymptotically stable, and am is a saddle point. 


Proof. The existence of positive equilibria follows from Descartes’ Rule of Signs. Using Equation (14), 
notice that 


A(x) = 


a(2cx + d) 


a(2cx + d) 2 cx + d 


1 


+ 


cx 


(1 + cx 2 + dx) 2 (a(cx + d)) 2 a(cx + d) 2 a(cx + d) a(cx + d) 2 
Further, for the parametric values for which x + exists, 


A(x + ) < 1 


cx + 


< 


a(cx .|_ + d) — 1 


a(cx + + d) 2 a(cx + + d) 

cx .|_ < (cx .|_ + d ) (a(cx .|_ + o?) — 1) = ( cx + + d)(cx 2 + + dx + ) 
c < ( cx + + d) 2 

4c < (2cx + + 2d) 2 = (ac + d + VR) 2 , 


which is true by (21). Thus if R > 0, is locally asymptotically stable, and if R = 0, x± is nonhy¬ 
perbolic. In the latter case the characteristic equation of the linearization of Equation (19) about x±, 
y 2 = F u (x±, x±)y + F v (x±,x±), reduces to acy 2 — (ac — d)y — d = 0, which has characteristic values y\ = 1 
and l /2 = — where — 1 < y 2 < 0 since ac > d. Thus in this case x± is nonhyperbolic of stable type. 
When X- exists, then 


A(x_) > 1 4c > (ac + d — VH) 2 

4c + (ac + d)VR > (ac + d) 2 
(ac + d)VR, > (ac + d) 2 — 4c = R 
(ac + d) 2 > R= (ac + d) 2 — 4c, 


which is true since c > 0. To show more specifically that am is a saddle point when R > 0, we must show 
that S(x-) < 1, where 5 is defined by Equation (15). Notice 


<5(am) = 


a(d — 2cx-) a(d — 2cx-) 4(d — 2cx-) 4 ac + 


(1 + cx 2 _ + dx-) 2 (a(cx- + d)) 2 a(2cx _ + 2d) 2 a (ac + d- VR) 2 
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and so we have that 


S(x _) < 1 •«=>• 4 ^2d — ac + y/Rj < a (ac + d — 

<t=t- (2 + a(ac + d)) \/i2 < a(ac + d) 2 — Ad. 


The right-hand side of the latter inequality is positive since a(ac + d) 2 — Ad > Aac — Ad = A (ac — d) > 0 by 
assumption. But then 

5(x _) < 1 4==>- (2 + a(ac + d)) 2 ((ac + d) 2 — 4c) < (a(ac + d) 2 — Ad) 2 
4=>- 3a 3 c 2 d + 6a 2 cd 2 + 3 ad 3 — 3a 2 c 2 — 2acd — 3d 2 — Ac < 0 
<*=*> (ad - 1) (3d 2 + 3a 2 c 2 + 2c(3ad + 2)) < 0, 

which is automatically true since the latter factor is strictly positive and ad < 1. Thus indeed X- is a 
saddle point when it exists for R > 0. □ 

Theorem 8 There exist no minimal period-two solutions to Equation (19) if c,d> 0. 

Proof. Suppose there exist f, if > 0 with f / if such that 

af(f, if) a(ccj) 2 + dif) 


if = 


i + f(<f, f) 
af(if,f) 


1 + of 2 + dif 
a(cif 2 + df) 


( 22 ) 


From System (22) we notice that 


if-(f = 


l + f(if,f) 1 + cif 2 + d(j) 

a (if — 4>)(d — c(if + 4>)) 


(1 + of 2 + dif)( 1 + cif 2 + df) ’ 
whence it immediately follows that (1 + cq i 2 + dif)( 1 + cif 2 + df) = a(d — c(if + </>))• But then 

2 (cf 2 + dif) (cif 2 + df) + c(if 2 + f 2 ) + d(if + <f >) 


d - c(V> + </>) 


= a [(ip + </>)- 


c(if 2 + f 2 ) + d(if + f) 
d - c(if + f) 


if + f = 

Thus we have that necessarily 

2a 2 (cf 2 + dif) (cif 2 + df) 

= -afi-cW + rt)- 

since both if,f> 0. But this implies that 

(if + <f)(d- c(if + <£)) > c(i/> 2 + <(> 2 ) + d(if + 0) 
4 =>- d(if + f) - c(if + 0) 2 > c(i/> 2 + 0 2 ) + d(if + (/>) 
4 =>- 0 > c(if 2 + <(> 2 ) + c(if + 0 ) 2 , 

a clear contradiction since c > 0. 


> 0 
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Now suppose there exists a period-two solution {(j), ip, <p, ip ,...} with <p> / ip but (pip = 0. Suppose 
without loss of generality that <p = 0. Now 

af(0,ip) adip 

1 + /(0, ip) 1 + dip 

af(ip, 0) _ acip 2 

1 + f{ip, 0) 1 + Clp 2 

which immediately leads to the contradiction ip = (j) = 0 for c > 0. Thus Equation (19) has no minimal 
period-two solutions. □ 

The next result describes the global dynamics of Equation (19). 

Theorem 9 Consider Equation (19) under the condition c > 0 and d > 0. 

(1) Suppose either 

(a) d> ac and 1 > ad, or 

(b) d < ac, 1 > ad, and R < 0. 

Then xo is a global attractor of all solutions. 

(2) Suppose either 

(a) 1 < ad, or 

(b) d < ac and 1 = ad. 

Then x+ is a global attractor of all nonzero solutions. 

(3) Suppose d < ac, 1 > ad, and R = 0. Then Equation (19) has the equilibria xo = 0, which is locally 
asymptotically stable, and x±, which is nonhyperbolic of stable type. There exists a continuous curve 
C passing through E = (x-t,x-i-) such that C is the graph of a decreasing function. The set of initial 
conditions Q\ = {(x_i,xo) : x_i > 0, xo > 0} is the union of two disjoint basins of attraction, 
namely Q\ = B(Eq) U B{E), where Eq = (xo,xq), 

B(E 0 ) = { (x_i, x 0 ) : (x_i,x 0 ) <ne ( x,y) for some (x,y) G C}, and 
B{E) = { (x_i,x 0 ) : (x,y) < ne (x_i,x 0 ) for some (x,y) eC}UC. 

(4) Suppose d < ac, 1 > ad, and R > 0. Then Equation (19) has the equilibria xq = 0 ; which is locally 
asymptotically stable, x_, which is a saddle point, and x + , which is locally asymptotically stable. 
There exist two continuous curves W S (E-) and W U (E-), both passing through = (x_,x_) ; such 
that W S (E_) is the graph of a decreasing function and >V a (E_) is the graph of an increasing function. 
The set of initial conditions Q\ = {(x_i,xo) : x_i > 0, xo > 0} is the union of three disjoint 
basins of attraction, namely Q\ = B{Eq) U B(E_) U B(E + ), where Eq = (xo,xo), E + = (x + ,x + ), 
B{EJ) = W S (E_) ; 

B(Eo) = { (x—i, x 0 ) : (x—i, x 0 ) <ne (x,y) for some (x,y) € W S (E_)}, and 
B(E + ) = { (x_i, x 0 ) : (x, y) < ne (x_i,x 0 ) for some (x,y) G W S (E_)} 

Proof. (1) The proof in this case follows from Theorems 1, 7, and 8 along with the fact that xo = 0 is the 
sole equilibrium of Equation (19). 
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(2) The proof used to show that all solutions with positive initial conditions converge to x + follows from 
an application of Theorem 2 (as used above in the proof of Theorem 4). Notice that x\ = F(x o,x_i) > 0 
if either xq > 0 or x_i > 0 (and similar for X 2 ), so I = (0, 00 ) is an attracting and invariant interval. Thus 
all nonzero solutions must converge to x + . 

(3) The proof follows from an application of Theorems 1-4 of [17] applied to the cooperative second 
iterate of the map corresponding to Equation (19). The proof is completely analogous to the proof of 
Theorem 5 in [4], so we omit the details. 

(4) The proof follows from an immediate application of Theorem 5 in [4]. □ 

3.4 Linear-Quadratic: f(u,v) = cuA-dv 2 
We consider the difference equation 


%n +1 


a(cx n + dx 2 ^) 

1 + cx n + ’ 


(23) 


Remark 2 For the analysis that follows, we will consider Equation (23) with c > 0 and d > 0. Notice 
that when d = 0 Equation (23) reduces to Equation (2), a special case of Equation (16). When c = 0 
Equation (23) is essentially Equation ( 8 ) with delay. 

An equilibrium of (23) satisfies 

dx 3 + cx 2 + x = acx + adx 2 

so that all nonzero equilibria satisfy 


dx 2 + (c — ad)x + (1 — ac ) = 0 , 


whence we easily deduce the possible solutions 


x± = 


ad — c± y/(c — ad) 2 + 4d(ac — 1) 


2d 


which are real if and only if R = (c — ad) 2 + 4d(ac — 1) >0. 

Notice that 

R > 0 c 2 — 2 acd + a 2 d 2 + Aacd — Ad > 0 (ad + c ) 2 > Ad. 

Here we have that 


X(x) = 


a(c + 2 dx) 


(1 + cx + dx 2 ) 2 

Theorem 10 Equation (23) always has the zero equilibrium To = 0, and 

{ locally asymptotically stable if ac < 1 

nonhyperbolic if ac = 1 

unstable if ac> 1. 

Proof. The proof follows from the fact that A(xq) = ac. 


Theorem 11 Consider Equation (23) and assume c > 0 and d > 0. 


(24) 


(25) 


□ 
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(1) Suppose either 

(a) c> ad and 1 > ac, or 

(b) c < ad, 1 > ac, and R < 0. 

Then Equation (23) has no positive equilibria. 

(2) Suppose either 

(a) 1 < ac, or 

(b) c < ad and 1 = ac. 

Then Equation (23) has the positive equilibrium solution x + , and it is locally asymptotically stable. 

(3) Suppose c < ad, 1 > ac, and R = 0. Then Equation (23) has the positive equilibrium solution x±, 
and it is nonhyperbolic of stable type. 

(4) Suppose c < ad, 1 > ac, and R > 0. Then Equation (23) has two positive equilibria, x + and x_; x + 
is locally asymptotically stable, and X- is unstable. 

Let K = a 2 d 2 + 14 acd — 3c 2 — 3a 3 cd 2 — 6a 2 c 2 d — 3 ac 3 — 4ri. 

(i) If K < 0, then X- is a saddle point. 

(ii) If K > 0, then X- is a repeller. 

(Hi) If K = 0, then x _ is nonhyperbolic of unstable type (that is one characteristic value is = ±1 
and the other |Ai| > 1). 


Proof. Much of the analysis is similar to the considerations in the proof of Theorem 7. Notice that 
a(c + 2 dx) a(c + 2 dx) c + 2 dx 1 dx 


^ ^ (1 + cx + dx 2 ) 2 ( a(c + dx )) 2 

For the parametric values for which exists, 


+ 


a(c + dx) 2 a{c + dx) a(c + dx) 2 


A(,T_|_) < 1 


dx .i 


< 


a(c + dx .|_) — 1 


a(c + dx + ) 2 a{c-\-dx + ) 

dx + < (c + dx. |_) (o(c + dx. |_) — 1) = (c + dx + )(cx + + dx 2 + ) 
d < (c + dx .|_) 2 

Ad < (2c + 2dx + ) 2 = (ad + c + VR) 2 , 

which is true by (25). Thus if R > (1, x + is locally asymptotically stable, and if R = 0, x± is nonhy¬ 
perbolic. In the latter case the characteristic equation of the linearization of Equation (23) about x±, 
y 2 = F u (x±,x±)y + F v (x±,x±), reduces to ady 2 — cy + c — ad = 0, which has characteristic values y\ = 1 
and ?/2 = where — 1 < 2/2 < 0 since ad > c. Thus in this case x± is nonhyperbolic of stable type. 
When X- exists, 

A(x_) > 1 Ad > (ad + c — VR) 2 

4=^- Ad + (ad + c)VR > (ad + c) 2 

(ad + c)VR > (ad + c) 2 — Ad = R 
4=>- (ad + c) 2 > R = (ad + c) 2 — Ad 

which is true since d > 0. To more specifically classify x_, we must calculate 5(x-). Notice 


d(x-) = 


a(2dx- — c) A(2dx^ — c) 


A (ad — 2c— y/R. 


a(2dx- — c) 

(1 + cx-+dx 2 _) 2 ( a(c + dx _)) 2 a(2c + 2dx-) 2 a (ad + c - \/~R) 2 
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and so we have that 

4 (ad — 2 c — '/lij ^ a (ad + c — Vllj 
(a(ad + c) — 2) y/R ^ a(ad + c ) 2 — 4 ad + 4c = aR + 4c. 
Notice that R > 0 automatically implies a(ad + c) > 2, as 

0 < (ad + c ) 2 — 4 d < a 2 d 2 + 2 acd + a 2 ci 2 — Ad = 2d (a(ad + c) — 2) 
since c < ad. Therefore we may square both sides to obtain 

(a(ad + c) — 2 ) 2 R ^ (aR + 4c ) 2 

R (a 2 (ad + c ) 2 — Aa(ad + c) + 4) ^ a 2 R 2 + 8 acR + 16c 2 
R (a 2 R — Aac + 4) ^ a 2 R 2 + 8 acR + 16c 2 
R(1 -3oc) -4c 2 ^ 0 

a 2 d 2 + 14acd — 3c 2 — 3 a 3 cd 2 — 6a 2 c 2 d — 3ac 3 — 4d ^ 0. 

Thus if 




/i = a 2 d 2 + 14acd — 3c 2 — 3 a 3 cd 2 — 6 a 2 c 2 d — 2>ac 3 — Ad, (26) 

K < 0 implies X- is a saddle point and K > 0 implies it is a repeller. If K = 0, x_ is nonhyperbolic, and 
we expect in such case to be nonhyperbolic of unstable type. Indeed one can show that in the event K = 0, 
the characteristic equation of the linearization of Equation (23) about x_, y 2 = F u (x-,X-)y + F v (x-,X-), 
has roots y\ = —1 and yi = F u (x-,x-) + 1 > 1, which immediately shows the desired result. □ 

The investigation of the existence of periodic solutions of Equation (23) is an interesting one that 
involves a thorough analysis of potential parametric cases. This analysis will reveal the potential for the 
existence of several nonzero periodic solutions. The juxtaposition of Equation (19) with Equation (23) 
illustrates an interesting phenomenon in which, loosely speaking, the dominance of the delay term x n -\ 
contributes to the possibility of periodic solutions arising. 


A minimal period-two solution {<f>, ip, (f>, if ),...} with </>, i/> > 0 and (j> f- i\) must satisfy 

, = af(<t>A) = a(c<j> + di/; 2 ) 

1 + /(<)>, V>) 1 + C(j) + dip 2 

< 

, = af(i>,4>) = q(ci/> + dcj) 2 ) 

1 + f(ip,(p) 1 + cip + d(j) 2 

Eliminating either ip or 4> from System (27) we obtain 

( dq i > 2 + (c — ad)(j) + (1 — ac )) h((f >) = 0 , or (dip 2 + (c — ad)ijj + (1 — ac)) h(ip) = 0 , 

where 

h(x ) = —d 3 x e + d 2 (c + 2 ad)x 5 — d(c 2 + 2 d + 2>acd + a 2 d 2 )x 4 + d(c + 3ac 2 + 2 ad + 3 a 2 cd)x 3 
— (c 2 + ac 3 + d + 2 acd + 3 a 2 c 2 d + a 3 cd 2 )x 2 + ac(l + ac)(2c + ad)x — a 2 c 2 (l + ac). 


(27) 


(28) 


Since dx 2 + (c — ad)x + (1 — ac) / 0 for any x that is not a solution of the equilibrium equation (24), 
minimal period-two solutions must be the solutions of the equation 


h(x) = 0 . 


(29) 
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Theorem 12 Any real solutions of Equation (29) are positive numbers for c,d> 0, and there exist up to 
three minimal period-two solutions of Equation (23). Furthermore, let K be as defined in Equation (26), 
and define the following expressions: 

J = 4 a 5 cd A — 8 a A c 2 d 3 + 12 a 3 c 3 d 2 — 24 a 3 cd 3 — 8 a 2 c A d + 28 a 2 c 2 d 2 — a 2 d 3 + 4ac 5 + 4ac 3 d 
+ 32 acd 2 + 4c 4 + 8 c 2 d + 4 d 2 
Ai = 6 d & 

A 2 = (i 10 ( 8 a 2 d 2 — 16 acd — 7c 2 — 24 d) 

A 3 = — 2d 12 ( 8 a 5 cd 5 + 13a 4 c 2 d 4 + 10a 3 c 3 d 3 — 44a 3 cd A + 4a 2 c 4 d 2 — 34a 2 c 2 d 3 — 4a 2 d A — 19 ac 5 d 
+14 ac 3 d 2 + 44acd 3 + 6 c 6 + 7 c A d + 5 c 2 d 2 + 16d 3 ) 


A 4 = c 2 d 13 (—16a 9 cd 8 — 12a 8 c 2 d' + 24a 7 c 3 d 6 + 152a 7 ai 7 — 68 a 6 c 4 d 5 + 80a 6 c 2 d 6 + 8 a 6 d 7 + 48a 5 c 5 d 4 
— 164 a 5 c 3 d 5 — 464 a 5 cd 6 — 60a 4 c 6 d 3 + 20a 4 c 4 <i 4 — 180a 4 c 2 d 5 — 64a 4 d 6 + 56 a 3 c‘ d 2 — 332 a 3 c 5 d 3 
+388 a 3 c 3 d 4 + 488a 3 cd 5 — 48 a 2 c s d + 272 a 2 c 6 d 2 + 255a 2 c 4 d 3 + 152 a 2 c 2 d 4 + 136a 2 d 5 + 24ac 9 
+8 ac 7 d + V24ac 5 d 2 + 180ac 3 d 3 — 152acd 4 + 24c 8 + 68 c 6 d + 32c 4 d 2 — 44c 2 d 3 — 32d 4 ) 


A 5 


= 2 c A d l3 J (3 a 8 c 2 d 6 + 2a 7 cd 6 - 18a 6 c 2 d 5 - a 6 ci 6 + 6a 5 c 5 d 3 + 10a 5 c 3 d 4 - 8 a 5 cd 5 - 
+44 a 4 c 2 d 4 + 6 a A d 5 + 54a 3 c 5 d 2 — 25 a 3 c 3 d 3 — 6 a 3 cd A + 3a 2 c 8 — 8 a 2 c 6 d + 35a 2 c 4 ci 2 
—9a 2 d 4 + 6ac 7 + 2 ac 5 d + 4ac 3 d 2 + 14acd 3 + 3c 6 + 10c 4 d + 11c 2 d 2 + 4 d 3 ) 


10 a A c A d 3 
— 39 a 2 c 2 d 3 


Ag = a 2 c 6 d 1A (ac+ 1 )KJ 2 . 

(1) If\ > 0 for all 2 < i < 6 then Equation (29) has six real roots. Consequently, Equation (23) has 
three minimal period-two solutions. 

(2) If Aj < 0 for some 2 < j < 5 and A* > 0 for i / j, then Equation (29) has two distinct real roots and 
two pairs of conjugate imaginary roots. Consequently, Equation (23) has one minimal period-two solution. 

(3) If Ai < 0, Aj + i > 0 (such that at least one of these is strict) for some 2 < i < 4, and if Aq < 0, then 
Equation (29) has three pairs of conjugate imaginary roots. Consequently, Equation (23) has no minimal 
period-two solutions. 
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Proof. The proof of the first statement follows from Descartes’ Rule of Signs. 


Let disc (h) denote the 12 

1 x 12 

discrimination : 

matrix as defined in 

[12]: 





«6 

05 

(Z4 

03 

02 

Oi 

Oo 

0 

0 

0 

0 

0 


0 

6 <36 

5 a 5 

404 

3 a 3 

2o 2 

Oi 

0 

0 

0 

0 

0 


0 

a& 

05 

04 

03 

02 

Oi 

Oo 

0 

0 

0 

0 


0 

0 

606 

505 

404 

3 o 3 

202 

Oi 

0 

0 

0 

0 


0 

0 

06 

05 

04 

03 

02 

Oi 

ao 

0 

0 

0 

disc(/i) = 

0 

0 

0 

606 

505 

404 

3 o 3 

202 

oi 

0 

0 

0 

0 

0 

0 

06 

05 

04 

03 

02 

Oi 

Oo 

0 

0 


0 

0 

0 

0 

6a 6 

5 a 5 

404 

3 a 3 

202 

Oi 

0 

0 


0 

0 

0 

0 

06 

05 

04 

03 

02 

Oi 

Oo 

0 


0 

0 

0 

0 

0 

6a 6 
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404 

3 o 3 

202 

Oi 

0 


0 

0 

0 

0 

0 

06 

05 

04 

03 

02 

Oi 

ao 


0 

0 

0 

0 

0 

0 

6a 6 

5 a 5 

404 

3 a 3 

202 

ai 


Here a*, equals the coefficient of the degree -k term of h as defined in Equation ( 28 ); that is, ciq = —d 3 , 
05 = d 2 (c + 2 ad), 04 = —d(c 2 + 2 d + 3 acd + a 2 d 2 ), 03 = d(c + 3ac 2 + 2 ad + 3 a 2 cd), a 2 = — (c 2 + ac 3 + d + 
2acd + 3a 2 c 2 d+a 3 cd 2 ), a\ = ac(l-t-ac)( 2 c + ad), and ao = —a 2 c 2 (l + ac). Let A& denote the determinant of 
the submatrix of disc (h) formed by its first 2 k rows and 2 k columns for k = 1 , 2 ,..., 6. Then the values of 
Afc are listed above, and the veracity of the statements above may now be verified by employing Theorem 
1 of [ 12 ]. Notice that Ai > 0 for all d > 0 . □ 


Remark 3 The parametric conditions discussed above do not exhaust all of the parametric space but 
cover a substantial region of parameters for which Equation (23) possesses hyperbolic dynamics. 

We will use the sufficient conditions provided in Theorems 10, 11, and 12 to obtain some global dynamic 
scenarios discussed in [4], We will not investigate the dynamics of Equation (23) when it has one or no 
positive fixed point since in such cases the dynamics should be similar to the dynamics of Equation 
(19) discussed in Theorem 9. The following theorem relies on results from [4] and summarizes potential 
hyperbolic dynamic scenarios for Equation (23) in the event it possesses three fixed points and zero, one, 
or three pairs of hyperbolic period-two points. In particular, Theorem 3 is applicable to case (ii) of the 
following result. See also the statement and proof of Theorem 11 in [4]. 

Theorem 13 Consider Equation (23) and assume 0 < c < ad,ac < 1 such that R > 0. 

(i) If Ai > 0 for all 2 < i < 6 then Equation (23) has three equilibria xo < X- < x + , where xo ond 
x + are locally asymptotically stable and T_ is a repeller, and three minimal period-two solutions 
{4>i, ipi}, and { 03 , ^ 3 }- Here (0i,Vh) <ne (^ 2 ,^ 2 ) ~<ne (4> 3 ,^ 3 ), {<Pi,ipi} and {(j) 3 ,^ 3 } are 

saddle points, and {02,02} is locally asymptotically stable. The global behavior of Equation (23) is 
described by Theorem 8 of [4]. In this case there exist four continuous curves W’ s (0i, iff), fi), 

W s (0 3 , if 3 ), W s (if 3 , 4>z) that have endpoints at E_ = (x_, X-) and are graphs of decreasing functions. 
Every solution which starts below yV s (0i, -0i) U W’ s (V’i, <fi) in the northeast ordering converges to 
Ho = (To, To) and every solution which starts above W’ s (^> 3 , ^ 3 )UlV s (^ 3 , <f> 3 ) in the northeast ordering 
converges to E + = (x + ,x + ). Every solution which starts above W s (4> 1 , 1 /h) U W s (V’l , <f>i) and below 
W s (4> 3 ,^ 3 ) UW s (iP 3 ,fo) in the northeast ordering converges to {02, '02}- For example, this happens 
for a = l, c = and d = 
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(U) If Aj < 0 for some 2 < j < 5 and A* > 0 fori / j, then Equation (23) has three equilibria xq < X- < 
x + , where xq and x + are locally asymptotically stable and x_ is a repeller, and one period-two solution 
{(j)which is a saddle point. The global behavior of Eq. (23) is described by Theorem 7 of [ 41 - 
In this case there exist four continuous curves W s (4> <f\), where 

W s ((j>i, ipi), W s (if\, (fi) have endpoints at E_ = (x_,x_) and are graphs of decreasing functions. The 
curves W u {(j)\, ipi), W w (V’i, (f\) are graphs of increasing functions and start at Eq = ( xq,xq ). Every 
solution which starts below W s (0i, V’l) U (f>i) in the northeast ordering converges to Eq and 

every solution which starts above W s ((j)i,ipi) U W s (if>i, fi) in the northeast ordering converges to 
E + = (x+,x+) . For example, this happens for a = l, c = g, and d = ^. 

(Hi) If Aj < 0 and Aj + i > 0 (such that at least one of these is strict) for some 2 < i < 4, and if 
Ag < 0 ; then Eq. (23) has three equilibria xq < X- < x + , where xq and x + are locally asymptotically 
stable and X- is a saddle point, and no period-two solution. The global behavior of Equation (23) is 
described by Theorem 5 of [4] or Theorem 9 case (4). For example, this happens for a = 1, c = 
and d = ^. 

Equation (23) exhibits global dynamics similar to that of Equation (10), which was investigated in [4], 
Therefore, we pose the following conjecture. 

Conjecture 1 There exists a topological conjugation between the maps in Equations (10) and (23). 
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Abstract 


In this paper, we study a nonlinear system of second order ordinary differ¬ 
ential equations with nonlocal integral multi-strip coupled boundary conditions. 
Leray-Schauder alternative criterion, Schauder fixed point theorem and Banach 
contraction mapping principle are employed to obtain the desired results. Ex¬ 
amples are constructed for the illustration of the obtained results. We emphasize 
that our results are new and enhance the literature on boundary value problems 
of coupled systems of ordinary differential equations. Several new results appear 
as special cases of our work. 
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B. Ahmad, A. Alsaedi, M. Alsulami and S.K. Ntouyas 


1 Introduction 


This paper is concerned with the following coupled system of nonlinear second-order 
ordinary differential equations: 


f u"{t) = f(t,u(t),v(t)), t G [a,b], 
\ v"(t) = g(t,u(t),v(t)), t G [a, b], 


supplemented with the nonlocal integral multi-strip coupled boundary conditions of 
the form: 


/ = / v(s)ds + Xi, / u'(s)ds = Pj / v'(s)ds + A 2 , 

J a j =i ^ ii J a j =i ’^5? 

pb 171 prjj pb 171 prjj 

/ v(s)ds = '^^<Tj / u(s)ds + A3, / v , (s)ds = '^>^ 5 j / u'(s)ds + A4, 
j= 1 J a j =1 


( 1 . 2 ) 


where f,g : [a, b] x M x M —» M are given continuous functions, a < < 771 < ^2 < 

r]2 < ■ ■ ■ < < ^rn < b, and 7^, pj, aj and ^ G M + (j = 1 , 2 ,..., m), A* G M (i — 

1 , 2 , 3 , 4 ). 

Mathematical modeling of several real world phenomena lead to the occurrence 
of nonlinear boundary value problems of differential equations. During the past few 
decades, the topic of boundary value problems has evolved as an important and inter¬ 
esting area of investigation in view of its extensive applications in diverse disciplines 
such as fluid mechanics, mathematical physics, etc. For application details, we refer 
the reader to the text [1], while some recent works on boundary value problems of 
ordinary differential equations can be found in the papers ([2]-[5]). 

Much of the literature on boundary value problems involve classical boundary con¬ 
ditions. However, these conditions cannot cater the complexities of the physical and 
chemical processes occurring within the domain. In order to cope with this situation, 
the concept of nonlocal boundary conditions was introduced. Such conditions relate 
the boundary values of the unknown function to its values at some interior positions 
of the domain. For a detailed account of nonlocal nonlinear boundary value problems, 
for instance, see ([6]-[16]) and the references cited therein. 

Computational fluid dynamics (CFD) technique are directly concerned with the 
boundary data [1]. However, the assumption of circular cross-section in the fluid flow 
problems is not justifiable in many situations. The concept of integral boundary con¬ 
ditions played a key role in resolving this issue as such conditions can be applied to 
arbitrary shaped structures. Integral boundary conditions are also found to be quite 
useful in the study of thermal and hydrodynamic problems. In fact, one can find numer¬ 
ous applications of integral boundary conditions in the fields like chemical engineering, 
thermoelasticity, underground water flow, population dynamics, etc. ([17]-[20]). For 
some recent results on boundary value problems integral boundary conditions, we refer 
the reader to a series of articles ([21]-[32]) and the references cited therein. 


216 


AHMAD 215-235 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


A study of a coupled system of nonlinear ordinary differential equations 


3 


Motivated by the importance of nonlocal and integral boundary conditions, we 
introduce a new kind of coupled integral boundary conditions (1.2) and solve a nonlin¬ 
ear coupled system of second-order ordinary differential equations (1.1) equipped with 
these conditions. Our main results rely on Leray-Schauder alternative and Banach 
contraction mapping principle. 

The rest of the paper is organized as follows. In Section 2, we present an auxiliary 
lemma. The main results for the problem (1.1) and (1.2) are discussed in Section 3. 
We also construct examples illustrating the obtained results. The paper concludes with 
some interesting observations. 

2 An auxiliary lemma 

The following lemma plays a key role in defining the solution for the problem (1.1) — 

( 1 , 2 ). 

Lemma 2.1 For fi,gi € C([a,6],M), the solution of the linear system of differential 
equations 


u'\t) = fi(t), te[a,b], 
v"(t) = gift), t e [a, b\, 


( 2 . 1 ) 


subject to the boundary conditions (1.2) is equivalent to the system of integral equations 


u(t) = / (O- .s)/i(.s)f/.s 


A 


(b - a)(b - s) + Li + (b - a)A 2 {t - a) (b - s)fi(s)ds 


r*b 


+ 


x 


7 jM b - s) 7 j(Vj - Zj) + L 2 + A 2 (t -a )^2 PsiVj ~ Zj) 

j = 1 i =1 

_j^ TYl n Yjj /»§ 

(b-s)g 1 (s)ds} +—{Y^J J r y j Ai(b-a)(sr-p) +pjLi (2.2) 

m 

a 3 A lJ2^(Vj -Zj)(s-p) 


Vj r s r 


+Pj(b — a)A 2 (t — a) g\(p)dpds + 

j =i J J a 


3 =1 


+5jL 2 + 8jA 2 (t - a) y ^Pjjrjj - Zj) fi(p)dpdsj + Qi(t), 

3 = 1 


v(t) = 


(t - s)g 1 (s)ds - — 
A 


1 r r b r A l ({b - a) 2 - A 2 ^j 


2E7 =i 7. iiVi-Zi) 


(' b ~s ) 
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m 

+L 3 + A 2 (t - a) ^ SjiVj - Q (b - s)f 1 (s)ds 


+ / ^-Ai(b - a)(b - s) + L 4 +A 2 (b - a)(t - a) (b — s)gi(s)ds 


1 r ™ rh rs r Ail(b — a)- - A 2 \ 

1, i (s " p) EZJn - (t) +PsLi 


j= 1 J ^3 ^ a 


+5jA 2 (t — a) ^ pj(yij — £j 


% /■<* 


+ ^ / / crjAi(6 — a)(s — p) + 5jL A + 5jA 2 {b — a)(t — a 

j =i 

+^ 2(^)5 


where 


(b- a) 2 - 5 i to ~ s/) 2 ), 


j=i i =1 


j=i i =1 


(6 - a) 2 - ( ^ 7j) ( ^ *jto - 0) 2 ) > ^3 = ^ 1^2 7 ^ 0, 


3 = 1 i =1 


( 6 _a ) Yl'nto-^ 


to ~ a) 2 (& - a) 2 


(6 — a) 4 (6-a) 2 / ™ n / ™ 


J2^)(J2 6 ito-to 2 )> 


3 = 1 i=l 


m / \ 9 / j. \ 9 ?7i m 

E 7, - 1 M : ) ((E ft) (E ft (ft - « 2 ) + <» 


i=i i=i 


(6 — a)" 


- 0)(P. 


j ^ 13)1 


Y-( to-a) 2 &-a) 2 

^ V 2 2 

i =1 


a ) 2 ( <J j + ^') _ 


(6-agr A,-(>-.)» _ .I 

2 lEE^Cft-^) 5,, J’ 

( 6 - a) ”/(%-«) 2 te-«) 2 \L ■ f '., 


^ v- / ~ 


ViYlPito-Zjf 
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+ (6 — a) 2 — A2 


(b — a) 4 (b — a) 




(2.9) 


f2i(t) — — — a)Ai + Li + A 2 (b — a)(t — a) X 2 + Ai X !IjiVj ~ £j)^3 


1= 1 


m 

L 2 + A 2 {t - a) X Pj {r)j - Q A 4 }, 


( 2 . 10 ) 


n 2 (t) = — 


Ai((b — a) 2 - A 2 


3 =1 


■Ai + 


L 3 + A 2 (f - a) X Sjirjj - £j) 
3 =1 


A 4 k 


+ 4x(6 — O') A 3 + U 4 + A 2 (b — cf){t — a) 

Proof. Integrating the linear system (2.1) twice from a to t, we get 

u(t) — ci + c 2 (t — a) + / (t - s)fi(s)ds, 

J a 

v(t) = c 3 + c 4 (t - a) + [ (t — s)gi(s)ds, 


Ao 


( 2 . 11 ) 

( 2 . 12 ) 

(2.13) 


where ci, c 2 , c 3 and c 4 are arbitrary real constants. 

Using the boundary conditions (1.2) in (2.12) and (2.13), together with notations (2.4), 
we obtain 

(6 — a) 2 f(Vj~ a ) 2 (£j ~ «) 2 \ 

(6 - a)d + -c 2 - X 7 j (rjj - ^)c 3 - X (-----Jc 4 


(6 — s ) 2 


3 =1 j=i 

m 


/i(s)ds + X7i / / (s-p)^i(p)dpds + Ai, 

j=i • j '5 ) J a 


(2.14) 


/-s 


(b-a)c 2 -'^2p j (ri j -£ j )c4 = - (b-s)f 1 (s)ds+'^p j I I gi(p)dpds+X 2 , (2.15) 

j=i J a j =i •Uj 


o’-? 


X! ■ Y/> r ' - X 

1=1 1=1 

fi> (u „\2 m 


('Ij - a) 2 (0 - a) 2 


(6-s) 2 


■0i(s)ds + X 




c,- 


l=i 



C 2 + (6 - a)c 3 + 


(s - p)f 1 (p)dpds + A 3 , 


(6 - a) 2 


-c 4 


J a 


(2.16) 


,n pb nL prjj ps 

X^i(hi - ^i) C2 + (& - a)c 4 = - / (b-s)g 1 (s)ds + ^S j / f^pjdpds + A 4 . 

x_i J a ,._i «/£,• Ja 

(2.17) 


l=i " ^ 
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Solving the equations (2.15) and (2.17) for c 2 and C 4 , we find that 



+ (b - a) A 2 + ^2 PjiVj ~ 0)-^4 , 
3 = 1 


(2.18) 


C4 


E^ 

3 =1 


^6 171 

~ I (b~ s)(^J2S j (ri j - Zj)fi(s) + (b- a)^i(s))ds 

J = 1 
m 

Pifa ~ ^)9i(p) + {b- a)fi(p2)dpds 





^2 - 4) A 2 + (b- a)X 4 

3 =1 


(2.19) 


Using (2.18) and (2.19) in (2.14) and (2.16) and then solving the resulting equations 
for ci and C 3 , we obtain 




Cl = 

fb 

.2 


-(b-a)A 1 (b-s) + L 1 (b-s)f 1 (s)ds 


M b - s) 7?(% - 0) + l 2 \ (b - s)gi(s)ds 
3 =1 

Tlj pS 

Aiijib — a)(s — p) + PjLi I g 1 (p)dpds 



V 

^ L 

m 

E , 

j=i ^b 



^1 7 3 a j(Vj - £j)(s -p) + djL 2 f'l (p)dpds 
3 = 1 


4-Ai( 6 — a)Ai + L\X 2 + A 3 E uivj -6)a 3 + u 2 a 4 |, 

i=i 


c 3 


1 

7f 3 


^,((6 


— a ) 2 — Ac 


L2E7=i7,(7b~0) 


(6 - s) + L 3 (-s)/i(s)ds 



a) (6 


s) + U 4 (6 


s)5fi(s)ds 
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£ 


rr)j 


Ai((b ~ a ) 2 - A^j 


Ja L E?= i-rM-ti) U 

UL 


7l( s ~P) + Pj L z ,9i (p)dpds 


<jjAi(b — a)(s — p) + 5jLi J fi(p)dpds 
Ai ({b - a ) 2 - A 2 ) 


E7= i7,(%-0) 


-Ai + Z/ 3 A 2 + A\(b — a) A 3 + L 4 A 4 ^. 


Inserting the values of ci,c 2 ,c 3 and c 4 in (2.12) and (2.13), we get the solutions (2.2) 
and (2.3). The converse follows by direct computation. This completes the proof. □ 


3 Main results 


Let us introduce the space X = {u(t)\u(t) G C([a, 6 ])} equipped with norm ||w|| = 
sup{|u(f)|,f G [a, 6 ]}. Obviously (X, || • ||) is a Banach space and consequently, the 
product space (X x X, ||w,v||) is a Banach space with norm ||(u,u)|| = ||tt|| + ||n|| for 
(u, v) G X x X. 

By Lemma 2.1, we define an operator T ■ X x X —y X x X as 
T{u,v){t) := (T l (u,v)(t),T 2 (u,v)(t)), 


where 
Ti (u,v)(t) 


(t~s)f(s,u(s),v(s))ds +—<j - / l-A^b-a)(b-s) 


L2 


+L\ + (b — a)A 2 (t — a) (b — s)f(s , u(s), v(s))ds 




-A^b -s)J2 7 j(Vj - tj) + L 2 + A 2 (t -a)Y^ PjiVj ~ Q 


1= 1 


3 = 1 


rvj 


x(b- s)g(s,u(s),v(s))ds + ^2 

j =i ^ L Ja 

+PjLi + pj(b - a)A 2 (t - a) g(p , u(p),v(p))dpds 
mi r s 


ljA\(b — a) (s — p) (3.1) 


V 

a L 


a 


Ai^lAVj - £j){s ~p) + djL , 


l=i 


+^Ol 2 (t - a) PjiVj - £j) fip, u(p),v(p))dpdsj + fii(t), 
i=i 


%(u,v)(t) 


(t - s)g(s , «(s), u(s))ds + — 

As 



r Ai((6-a) 2 -y4 2 ) 

— — -— (h — q 

^2E7 =1 a(a-0) 1 
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m 

+L 3 + A 2 (t - a) ^ 8j(Vj ~ €j) (b - s)f(s,u(s),v(s))ds 


-Ai(6 - a)(b - s) + L 4 + A 2 (b — a)(t — a) (b - s ) 


™ rvj r* r Ai ((6 — a)* — A 2 
xg(s,u(s),v(s))ds + > / / (s - p) m -— 

I 4 Ja L Ej=l 


+PjL 3 + SjA 2 (t - a) Pj(hj - 0 ) 9(P, u(p),v(p))dpds 


+ I f ajAi(b — a)(s — p) + 8jL 4 + 5jA 2 (b — a)(t — a) 
j =i 4 

x/(p.«(p).«(p))<ip*} +SM*). 


E 

jf.i J ij Ja 


In order to prove our main results, we need the following assumptions. 

(Hi) There exist real constants >0, (i = 1,2) and m 0 > 0, n 0 > 0 such that 

Vw, v G M, we have 

\f(t,u,v)\ < m 0 + mi\u\ + m 2 \v\, 

\g(t,u,v)\ < n 0 + ni\u\ + n 2 \v\. 

(H 2 ) There exist nonnegative functions a(t), /3(t ) G L( 0,1) and u,»Gl, such that 
\f(t,u,v)\<a(t) + ei\u\ Pl +e 2 \v\ P2 , ei,e 2 >0, 0 < pi,p 2 < 1, 

\g(t,u,v)\ < fd(t) + di\u\ h + d 2 \v\ h , d 4 , d 2 > 0, 0 < l\, l 2 < 1. 

(H 3 ) There exist i\ and i 2 such that for all t G [a, b] and tp, Vi Gl, i = 1, 2, we have 
|/(t,Wl,Ul) f (t, u 2 , v 2 ) | < u 2 1 + |ui -u 2 |), 

|^(t,rti, Vi) -g(t,u 2 ,v 2 )\ < e 2 (\ui - u 2 \ + \v 4 -v 2 \). 

For the sake of convenience in the forthcoming analysis, we set 


Qi = 


(b — a)' 


(b - a) 4 , t (b - a) 2 , A (b - a) 4 

6 2 2 2 




1=1 1=1 


(hi - a) 3 (0 - 4 




(hi - a) 2 (fi - 4 
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m m 


+ \A 2 \(b-a)^J2pj){J2 6 t < yVj-^j 

j = 1 i =1 


(Vi - a ) 2 ((i - a )‘ 


(3.3) 


3=1 3=1 


\A 3 \ l'"" X| 6 ^ ljy,j ' J/ ' 2 

m 'fa;-a) 3 (0-«) 3 m 


+\Ai\{b - 


3=1 

m 


3! 


3! 


J2 Pi l Ll 


fa; ~ «) 2 (0 - a) :: 


3=1 


<12 = 


+ \A,\(b-ar± p, (<E+! _ +_+) }, 

i=i 

A i((b-a) 2 - A 2 S j I (6 _a) 3 (6 - a) 2 (6 - a) 


1^1 u v'-r^u-z,) 


6 


+ I-^3 |- o -^ I Ai |' 


3! 


- E P(% - « + I-4U(6 - a) f _ <++! 

.£; w d *-«) 2 «^“> 2 

j=i 


+ |A 2 |(6 - a) 2 


2 2 

fa; ~ a ) 2 (0 - «) 2 


3=1 


)}■ 


<12 = 


(b — a) 2 1 


(b — a) 4 . (6 - a) 2 . (6 - a) 4 

PPi V'* 1 '— + |i41 ^— + 


Ai[(b- a) 2 - A 2 1 m 


E 


fa; - a ) 3 (0 - a ) 5 


e;=i(^-o) 3! 

J2nW f{ni ~ a)2 Ki_a): 

j=i 


3! 


m m 


+ 1 A 2 | (6 - a) S j) ( Pi^j ~ ^ 

3=1 3=1 


fa; - a) 2 (f; - «) 2 


Ai = sup |Oi(t)|, A 2 = sup \n 2 (t)\. 

t£[a,b] tE[a,b] 


(3.4) 


(3.5) 


(3.6) 

(3.7) 


Moreover, we set 

Qi — Qi + Q 2 i Q 2 — 91 + 92 , A = Ai + A 2 , (3-8) 

where q i} g* and A, : (i=l,2) are given in the equations (3.3) — (3.7) and 

Qo = minjl - (Qimi + Q 2 ni), 1 - (Qim 2 + Qi^)}, m u rq > 0 (i = 1, 2). (3.9) 
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3.1 Existence of solutions 

In this subsection, we discuss the existence of solutions for the problem (1.1)-(1.2) by 
using standard fixed poit theorems. 

Lemma 3.1 (Leray-Schauder alternative [33]). Let T : K —>• K be a completely con¬ 
tinuous operator (i.e., a map that restricted to any bounded set in K is compact). Let 
(jj{T) — {x G K : x — y>Tfx) for some 0 < p < 1}. Then either the set c o(T) is 
unbounded, or T has at least one fixed point. 


Theorem 3.2 Assume that condition (Hi) holds. In addition it is assumed that 

Qymi + Q 2 ni < 1 and Qym 2 + Q 2 n 2 < 1, (3.10) 

where Q\ and Q 2 are given by (3.8). Then there exist at least one solution for problem 
(1.1) — (1.2) on [a, b] 


Proof. First of all, we show that the operator T ■ X x X —> X x X is completely 
continuous. Notice that the operator T is continuous as the functions / and g are 
continuous. Let T C X x X be bounded. Then there exist positive constants Kf and 
K g such that \f(t,u(t),v(t))\ < Kf, \g(t,u(t),v(t))\ < K g , \/(u,v) G T. Then, for any 
(u,v) G T, we can obtain 


\Ti(u,v)(t)\ = 


sup 

t£[a,b] 


(t - s)f(s, u(s),v(s))ds - — 

^3 


-Ai(b-a)(b-s) 


+Li + (b — a)A 2 (t — a) (b — s)f(s , u(s),v(s))ds 


+ 


i2 A i ( b ~ S )Y 7 j(Vj ~ Zj) +L 2 + A 2 (t - a)^] Pj(,Vj ~ i 
j = 1 

x(b - s)g(s,u(s),v(s))ds} + Y 


1 r AL r'X) rs . 

I 3 v J J a 

+PjL 1 + Pj(b - a)A 2 (t - a ) I g(p, u(p),v(p))dpds 


3 =1 

lj A i(b ~ a)(s-p) 


I-Vj 


E 

j =1 Ja 


°j A 1 Y 7 j(Vj - Q( s -p) + bjL 2 


3 = 1 


+SjA 2 (t - a) Y Pj(Vj - 0 ) f(P > u(p),v(p))dpdsj + Oi(t) 
3 =1 


< Kf 


(b — aY 


+ 


IA 


3 I L 


1^1 


(b-af 


+ | L] 


(b — a)'^ 


+ \a 2 


(b — af 


3 =1 3 =1 


6 1 1 2 

(Vi - «) 3 (0 - «) 3 


3! 


3! 
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E^ 


(Vj - a) 2 (0 - af 


3 = 1 


m m 


- a) (Eft) (E w* - w) 

1= 1 l=i 


+ KY 




\M 


(b — aY 
6 


+ \L 2 \ 


(b — a)' 


3 = 1 


+M 2 |^Eft(ft-6) 


1=1 


+ 1^1(6 -a) ^ 7 / V ' ,J 
i=i 


fai - a) 3 (& - 




3! 3! 

(Vj~a) 2 (0-«) 2 ' 


1=1 


+ M 2 |(6-aYEft(^-^)]}+l 1 


1=1 

< + K g qi + Ai, 


which implies that 

IITiMOH < K f qi + K g qi + Ai. 
Similarly, it can be found that 


\\T 2 (u,v)\\ < n f q 2 + n g q 2 + A 2 . 

Consequently, we get \\T(u,v)(t)\\ < KfQ\ + n g Q 2 + A (Q i , Q 2 and A are given by 
(3.8)), which implies that the operator T is uniformly bounded. Next, we show that 
T is equicontinuous. For ti,t 2 G [a, b] with t x < t 2 , we have 


\7i(u,v)(t 2 ) - Ti(u,u)(ti)| 

A 1 r 


< Kf 


rt2 


(h - * 1 ) 

|A| 


2 — - 

r 

0 - (*i - s ) 

r /•& 

{«/ 

1 

' 0 - 




+k 0 


cb m 


1=1 



p i^i ~ ^)( b ~ s ) ds + Yl 

l=i l=i 17 ^ Ja 



- tydpdt 

fi Ja j =1 


Pj(b — a)dpds 


+{b — a)X 2 + ^ Pjidj ~ £j) A 4 
l-i 
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< Kf 


(t 2 — — a) + 


(t 2 ~ h) 2 i (t 2 ~ h) f \(b - a) 


+ 




K f 


m m 


(Vj ~ °) 2 (0 - a) 


+K, 


2 2 

3 =1 3 =1 

m / t \ 2 771 

■ [ Pj(Vj - 0) 2 + (6 - «) X] Pi V 2 




l=i 


l=i 


+(6 — a)A 2 + Pjidj ~ 0)A 4 | —> 0 independent of u and v as (t 2 — H) —> 0. 
l=i 


Similarly, one can obtain 

\T 2 (u,v)(t 2 ) ~ T 2 (u,v)(t 1 )\ 


< ^ 


(t 2 - - a) + 


- H) 2 ] (^2 ~ H) 

^ l^il 


Kf 


m 


(i b — a)" 


l=i 


+(b-a)'£S : ,{r ' i ~ a)2 ((i ~ a)2 


1=1 


+ K 0 


( "' a)S ' / E ^( Eftte =€' vfe “ a)2 (6 -‘ )2 " 


l=i i=i 


rri 

+ fijiVj ~ £i)A 2 + (5 — a)A 4 j —> 0 independent of u and v as (t 2 — f 4 ) — > 0. 
l=i 

Finally, we will verify that the set cu = {(w,n) £ X x T|(-u,u) = tpT(u,v), 0 < 93 < 1} 
is bounded. Let (w,u) £ u. Then (u, v) = pT(u,v ) and for any t £ [ a,b ], we have 


■u(f) = <p7I(u,u)(t), u(i) = pT 2 (u,v)(t). 


Then 


u(t)\ < gi(m 0 + mi||u||+m 2 ||u||) + gi(n 0 + ni||u||+n 2 ||u||) + Ai 
= gim 0 + qin 0 + (gym 4 + gini)||'u|| + (g 4 m 2 + qin 2 )\\v\\ + A 4 , 


and 


v(t) | < g 2 (m 0 + mi||u||+m 2 ||u||)+ g 2 (n 0 + ni||u||+n 2 ||u||) + A 2 
= g2'm 0 + q 2 n 0 + (g 2 mi + q 2 ni)\\u\\ + (g 2 m 2 + q 2 n 2 )\\v\\ + A 2 . 


Hence, we have 


u\\ + ||u|| < (gi + g 2 )-m 0 + (gi + g 2 )n 0 + [(gi + g 2 )mi + (g 4 + g 2 )ni]||u 


226 


AHMAD 215-235 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


A study of a coupled system of nonlinear ordinary differential equations 13 

+[(<?i + Q 2 )m 2 + (gi + q 2 )n 2 \\\v\\ + Ai + A 2 , 
which, in view of (3.9) and (3.10), yields 

, u mi ^ Qi‘ m o + Q2‘no + A 
Vo 

for any t e [o, 6], which proves that the set to is bounded. Hence, by Lemma 3.1, the 
operator T has at least one fixed point. Therefore, the problem (1.1) — (1.2) has at 
least one solution on [a, b]. This completes the proof. □ 

Next, we apply Schauder fixed point theorem to prove the existence of solutions 
for the problem (1.1)-(1.2) by imposing the the sub-growth condition on the nonlinear 
functions involved in the problem. 

Theorem 3.3 Assume that (H 2 ) holds. Then, there exist at least one solution on [a, b] 
for the problem (1.1) — (1.2). 

Proof. Define a set Y in the Banach space X x X by 

Y = {(u,u) G X x X : ||(u,u)|| < y}, 


where 

y ^ max{7A, 7Qia(t), 7Q 2 /3(t), (7(2^)^, (7Q 1 e 2 )^>2, (7Q 2 d i) 1 ^, (7Q 2 d 2 ) T= T}. 


In order to show that T : Y —> Y. We have 
\Ti(u,v)(t)\ = sup I [ (t-s)f(s,u(s),v(s))ds-^~ 


t£[a,b] 


A* 


-A 1 (b-a)(b-s) 


+Li + (b — a)A 2 {t — a) [b — s)f(s, u(s),v(s))ds 


f b r 


+ 


-Hi (6 ~s)Y^ 7 j(Vj - tj) + L 2 + A 2 {t - a)Y^ Pj(Vj - tj) 


3 = 1 


x(b-s)g(s,u(s),v(s))ds} + —[ ^ 


"Vj 


3 j =1 J J a 

+PjLi + pj(b - a)A 2 (t - a ) g(p , u(p),v(p))dpds 


3 =i 

7 jA\{b - a){s-p) 


fVj 


T 

i -'ft j* L 


a 


;A i^Tj(Vj - £j)(s~p) + SjL 2 


j =i 


+SjA 2 (t ~a)^2 PiiVj ~ £j) /(P> u(p),v(p))dpdsj + (t) 

3=1 
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< (a(t) + ei|w| Pl + e 2 \v\ P2 ^jqi + (jd{t) + di\u\ h + d 2 \v\ l2 ^jqi + Ai, 

which implies that 

||7i(u,u)|| < ^a(t) + ei|w| pi + e 2 \v\ P2 ^qi + (j3(t) + d^ 11 + d 2 \v\ h ^qi + Ai. 

Analogously, we have 

\\r 2 (u,v)\\ < (a(t) + ei|u| Pl + e 2 \v\ P2 ^jq 2 + (j3(t) + di\u\ h + d 2 \v\ h ^jq 2 + \ 2 . 

In consequence, 

\\T(u,v)\\ < (a(t) + ei|n| pi + e 2 \v\ P2 ^Qi + (j3(t) + di\u\ h + d 2 \v\ h ^jQ 2 + A <y, 


where Q i , Q 2 and A are given by (3.8). Therefore, we conclude that T : Y —» Y, where 
Ti(u,v)(t) and 7 2 (u,v)(t) are continuous on [a,b]. 

Now we prove that T is completely continuous operator by fixing that 

G = max \f(t,u{t),v(t))\, H = max \g(t,u(t),v(t))\, 

t£[a,b] te[a,b] 

Letting t, r E [a, b] with a < t < t <b and (u, v) G Y, we get 
\7i{u,v)(r) - Ti(u,v)(t)\ 


< G 


(r - t)(t - a) + 


(r-t) 2 1 , (r-t) r „r (b-a) 


+ 


\Ai\ 


G 


yy Pj )( yy ^(vj 


( 7 lj - a ) 2 Us - a) 


2 s 


1= 1 l=i 

m 


(b~a) 2 lfu Os -a ) 2 


+ H [ Pifa - ii) 2° - ( h - «) Pj V 2 

l=i 


j = l 


m 

+{b - a)X 2 + ^ pj^rjj - ^)A 4 } —>■ 0 as (r — t) ->■ 0. 
l=i 


In a similar manner, one can obtain 
\T 2 (u,v){t) - T 2 (u,v)(t)\ 


< H 


(r — a ) + 


(r-t) 2 ] , (r-t) 

l^il 


+ 


1=1 


(6 — a)" 


l=i 


(Vj - a ) 2 (fi - «) S 


228 


AHMAD 215-235 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


A study of a coupled system of nonlinear ordinary differential equations 15 

M+(E t) (t *(* - &>) (M - M)] 

3 =1 3 =1 

m 

^ ^ Sj(rjj — T (p — o)A 4 j’ —^ 0 as (t — f) —^ 0. 

3 = 1 

Thus the operator TV C Y is equicontinuous and uniformaly bounded set. Hence T 
is a completely continuous operator. So, by Schauder fixed point theorem, there exist 
a solution to the problem (1.1) — (1.2). □ 

3.2 Uniqueness of solutions 

Here we establish the uniqueness of solutions for the problem (1.1) — (1.2) by means 
of Banach’s contraction mapping principle. 

Theorem 3.4 Assume that (H 3 ) holds and that 

Q\f\ + Q2^2 < 1; (3.11) 

where Qi andQ 2 are given by (3.8). Then the problem (1.1) — (1.2) has a unique solution 
on [a, b\. 

Proof. Define sup teM |/(i,0,0)| = Wi,sup te[0i6] |^(t,0,0)| = N 2 and 

> QiAfi + Q 2 N 2 + A 
1 — (Qlh + Q2^2) 

Then we show that TB r C B r , where B r = {(-it, v) G X x X : ||(u,u)|| < r}. For any 
(w, u) G B r , t G [a, b ], we find that 

\f(s,u(s),v(s))\ = \f(s,u(s),v(s)) - f(s, 0,0) + f(s, 0,0)| 

< I f{s,u{s),v(s)) - /(s, 0,0)| + |/M, 0)| 

< MINI + |M|) + iVi < £i\\(u,v)\\ + Ni < ipr + N 1: 

and 

l^(s,«(s),u(s))| = |^(s,«(s),u(s)) -g(s, 0,0) + g(s, 0,0)| 

< |^(s,«(s),u(s)) - g(s, 0,0)1 + \g(s, 0,0)| 

< £ 2 {\\u\\ + \\v\\) + N 2 < £ 2 \\(u,v)\\ + N 2 < i 2 r + N 2 . 

Then, for (u,v) G B r , we obtain 

|7i(«,u)(t)| < sup [ (t - s)f{s,u{s),v{s))ds + -j-{ — f \a x (b-a)(b-s) 

t£[a,b] Ja ^3 ^ J a 
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Hence 


+Li + (b — a)A 2 (t — a) (b — s)f(s, u(s),v(s))ds 


''b r 


-Hi(6 - s) E 7ifa - 0) + L 2 + A 2 (t - a) E Pjfai - Q 


l=i 


i=i 





x (6 - s)g(s, u(s), v(s))ds + E 

j =i J a 

+PjLi + pj(b - a)A 2 (t - a) g(p, u(p),v(p))dpds 


1jAi(b - a)(s — p) 





E 

\ ^ j* L 


a 


- fi)(s -p) + SjL 2 


l=i 


+6jA 2 (t - a) E PjiVj ~ £j) f(p,u(p),v(p))dpdsj + ^i(f) 
l=i 


< [£ir + Ah] x 

+ 1^1 


(6-a) 2 + 1 


2 ' |4»| 


(6 — a) 4 |r ,(6-a) 


6 


+ l-^i I' 




j = l 


m m 


+ \ A i\{52'yj)(J2<7j(vj -fj 

1=1 1=1 


m m 


+\A 2 \{b-a)(J2pj){J2 S i( r lj 

1=1 1=1 

1 

— <! 147 — 

6 


2 2 

fa ~ «) 3 (0 - a) 3 

3! 3! 

fa - «) 2 (0 - a ) 2 


l^| 


l=i 


+[^r + Af 2 ] x 

(1 \ 3 m 

a\a 2 \—-— E^'fa _ £ 1 ) + l^iK 6 ~~ a ) 


(6 - a) 3 ^ (6 - a) 2 

11 —E- E 7 ifa - o) + fai EE- 


l=i 


x 


£t 3 

1=1 


fa - a ) 3 (0 - fa 


3! 


3! 


+ Epifa 

1=1 


fa - a ) 2 (0 - a ) 2 


1 = 1 


< gifar + iVi) + qi(£ 2 r + N 2 ) + Xi- 


Ifafa n)|| < gi(£ir + N x ) + gi(4r + 7V 2 ) + A x . 
Likewise, we find that 

||7^fan)|| < q 2 {t\r + Ah) + g 2 (far + N 2 ) + A 2 . 
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From the above estimates, it follows that that ||7~(w, f)|| < r. 

Next we show that the operator T is a contraction. For (^ 2 ,^ 2 ) G X x X, 

we have 


\Ti(ui,vi)(t) - Ti(u 2 ,v 2 )(t)\ 


< sup \ / (t - s)\f(s,ui(s),vi(s)) - f(s,u 2 (s),v 2 (s)) 

tc[a,b] ' J a ' 


ds 


1 


14.1 


— |v4i|(6 - a)(b - s) + Li + {b - a)\A 2 \(t - a) (b - s ) 


L 2 


x 


/(s,Wi(s),Ui(s)) - f(s,u 2 (s),v 2 (s)) 

1 


ds 


\ A i I ( b - s ) ~ £ 3 ) + l 2 + \A 2 \ (t -a)^2 Pi(Vj ~ £j) 

,/ “ “ 3 =1 3 =1 

x(6-s)|^(s,mi(s),ui(s)) - g(s,u 2 (s),v 2 (s)) ds} 

+ j a r rj\ A i\(b-a)(s-p) + p j L 1 + p j (b-a)\A 2 \(t-a) 


x 


g(p,u 1 (p), Vl (p)) - 9(p, u 2(p), V 2 (p )) 


dpds 





E 

j =1 J fi Ja 


a. 


- 6)0 ~P) + S J L 2 + Sj\A 2 \(t - a)J2Pj(Vj ~ £ 3 ) 


3 =1 


3 =1 


x 


/(p,«l(p),Ul(p)) - f(p,u 2 (p)> v 2(p)) d P ds } 


< £i(\ui - u 2 \ + \vi - v 2 \) x 
(lb - a) 4 


(6 — a) s 


+ 


| 4 | 


|4| 


(6 - a) 4 


+ Oil 


(b — a) 2 


+141-——+1^11 () (y: ^ ( r h - £3 

3 = 1 j=i 
(Vj - «) 2 (6 - a) 2 


6 1 1 2 
fa - «) 3 & - «) 3 


3! 


3! 


E^ L 


j=i 


+IA.K&-«)(Eft)-6)) 

3 =1 J = 1 


)]} 


+4(K - M 2 I + |vi - u 2 |) x 


141 L 


| 4 | 


( 1 b — aY 


X^jfa -£ 3 ) + \ L 2 \ 


( 1 b — a)" 


3 =1 


+ | 4 | 


(6 — a)" 


X ] ft fa ~ £3) + 14 I 0 ~ a ) J2 


fa - a ) 3 (£3 - a Y 


3 =1 


i=i 


3! 


3! 
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-1 - 
j = 1 i =1 

< (hqi + 46) (K - «2| + K - U 2 I), 

which yields 

\\Ti(ui,Vi) - Ti(u 2 ,v 2 )\\ < (4<?i + 46)(|«i - W 2 I + K - v 2 |). 


(0 - og 
2 


Similarly, 


- T 2 (u 2 ,U 2 )|| < (4<?2 + 4 * 72 ) (l«i - u 2 1 + |vi - v 2 |). 
So, it follows from the above inequalities that 


||T(«i,Ui) - T(u 2 ,v 2 )\\ < (Q i4 + Q 2 4)(IK - u 2 \\ + ||vi -u 2 ||), 


where Q i and Q 2 are given by (3.8). By the given assumption (3.11), it follows that 
the operator T is a contraction. Thus, by Banach’s contraction mapping principle, we 
deduce that the operator T has a fixed point, which corresponds to a unique solution 
of the problem (1.1)-(1.2) on [a, b\. □ 


Example 3.5 Consider the following second order system of ordinary differential equa¬ 
tions 


'“"(«) - ^^(y^ + ”W) + e_ *. « e P. 3 1. 

v "(t) = 3v / 3 2 + t 2 (' u + tan_1 v (*)) + cos (* - 2), t e [2, 3], 
subject to the boundary conditions 


( r 3 


u 


O „ Vj o ,. r b 

(s)ds=y^lj / v(s)ds + 2, / u'(s)ds=y^Pj / v'(s)ds + 1, 


t=i 

3 


i=i 

3 


/ 3 ° ^ /• !?;, 3 t- i ° ^ ni j 

v(s)ds = J2 a j / u ( s )d s + x> / v'(s)ds = ' s ^^5j / v! 

v 1=1 5 ) ' - j =i ' Pi 


(s)ds + -, 


(3.12) 


(3.13) 


where a — 2, b — 3, m — 3, \i = 2, A 2 = 1,A 3 = 3/2, A 4 = 1 / 2 , 7 ! = 2/5,y 2 = 
21/40,73 = 13/20, p! = 1/3, p 2 = 1/2,p 3 = 2/3, <7, = 3/7, a 2 = 5/7, a 3 = 1,4 = 
3/8, 4 = 5/8, 5 3 = 7/8,6 = 15/7, 71 = 16/7,6 = 17/7,7, = 18/7,6 = 19/7,73 = 
20/7. 

Using the given data, we find that 6 = 7 , 4 = A\ « 0.827806 4 0 , A 2 ps 0.793367 7 ^ 
0,A 3 « 0.656754,1^1 = 0.03337, \L 2 \ « 0.225389, |L 3 | « 0.027121, |L 4 | ~ 0.185097, 
7 ! « 1.963984, g 2 « 1.422591,6 « 1.290164 and q 2 « 1.851349. Also Qi4 + Q 2 4 « 
0.832853 < 1 (Qi and Q 2 are given by (3.8)). Thus, all the conditions of Theorem 
3.4 are satisfied. Hence it follows by the conclusion of Theorem 3.4 that the problem 
(3.12) — (3.13) has a unique solution on [2,3]. 
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4 Conclusions 


The salient features of this work includes (%) considering a coupled system of nonlinear 
ordinary differential equations on an arbitrary domain (ii) a new kind of integral multi¬ 
strip coupled boundary conditions. The results obtained for the given problem are new 
and significantly contribute to the existing literature on the topic. As a special case, 
our results correspond to the uncoupled integral boundary conditions of the form: 



fh 

Ai, / u'(s)ds 
J a 


A 2 ; / v(s)ds 

J a 


A 3 , / v'(s)ds 
J a 


X 


4, 


if we take all 7 j = 0 , pj = 0 , <7j — 0 , Sj — 0 (j = 1,, m) in the results of this paper. 
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Explicit identities involving truncated exponential 
polynomials and phenomenon of scattering of their zeros 
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Abstract : In this paper, we study differential equations arising from the generating functions of 
truncated exponential polynomials. We give explicit identities for the truncated polynomials. Using 
numerical investigation, we observe the behavior of complex roots of the truncated polynomials 
e n (x). By means of numerical experiments, we demonstrate a remarkably regular structure of the 
complex roots of the truncated polynomials e n (x). 

Key words : Differential equations, complex roots, truncated polynomials. 
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1. Introduction 


Recently, many mathematicians have studied in the area of the Bernoulli numbers and poly¬ 
nomials, Euler numbers and polynomials, tangent numbers and polynomials, Genocchi numbers 
and polynomials, Laguerre polynomials, and Hermite polynomials. These numbers and polynomials 
possess many interesting properties and arising in many areas of mathematics, physics, and applied 
engineering(see [1-14]). By using software, many mathematicians can explore concepts much more 
easily than in the past. The ability to create and manipulate figures on the computer screen enables 
mathematicians to quickly visualize and produce many problems, examine properties of the figures, 
look for patterns, and make conjectures. This capability is especially exciting because these steps are 
essential for most mathematicians to truly understand even basic concept. Numerical experiments 
of Euler polynomials, Bernoulli polynomials, tangent polynomials, Genocchi polynomials, Laguerre 
polynomials, and Hermite polynomials have been the subject of extensive study in recent year and 
much progress have been made both mathematically and computationally. Using computer, a re¬ 
alistic study for the zeros of truncated polynomials e n (x) is very interesting. The main purpose 
of this paper is to observe an interesting phenomenon of ‘scattering’ of the zeros of the truncated 
polynomials e n (x) in complex plane. Throughout this paper, we always make use of the following 
notations: N = {1, 2, 3, • • • } denotes the set of natural numbers, No = {0,1, 2,3, • • • } denotes the set 
of nonnegative integers, Z denotes the set of integers, R. denotes the set of real numbers, C denotes 
the set of complex numbers. We first give the definitions of the truncated exponential polynomi¬ 
als. It should be mentioned that the definition of truncated exponential polynomials e n (x ) can be 
found in [1, 3]. The truncated exponential polynomials e n (x ) are defined by means of the generating 
function: 

OO 

e xt _ y Mxr , \t\<i. (i.i) 

n =0 

We recall that G. Dattoli and M. Migliorati(see [3]) studied some properties of truncated exponential 
polynomials e n (x). The truncated exponential polynomials e n (x) satisfy the following relations 



e n +i{x) 


d_ 

dx 


e n (x) = e n - 1 (x), 



x 

n +1 



e n {x). 
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The Miller-Lee polynomials Gn (x) (see [1]), are defined by means of the following generating func¬ 
tion 

\ fc+l oo 

— t ) elt = E G n ) (*)*"■ ( L2 ) 

Differential equations arising from the generating functions of special polynomials are studied by 
many authors in order to give explicit identities for special polynomials. In this paper, we study linear 
differential equations arising from the generating functions of truncated exponential polynomials 
e n (x). We give explicit identities for truncated exponential polynomials e n (x). 

2. Differential equations associated with truncated exponential polynomials 


In this section, we study linear differential equations arising from the generating functions of 
truncated exponential polynomials. Let 


F = F(t,x)= I — 


1 


Then, by (2.1), we get 


^F(t,x ) = 4- (r^—) eX 

dt dt \ l — t J 


1 


1 - 1 
1 

1 - 1 


e xt + x 


1 


1 -1 
+ x I F(t, x), 


and 


F>2> = (i) 2 F{t ' x) 

e xt F(t,x)+^ I ^- t +x^F(t,x)F^ 


1 - 1 


2x 
1 - t 


+ x 2 ) F(t,x). 


Continuing this process, we can guess that 

N 


f( n ~> = 


F{t, x) 


= (X>(iV,aO(l-f)-^ F(t,x), (N = 0,1,2,...). 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


(2.4) 
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Taking the derivative with respect to t in (2.4), we obtain 


p( N + 1) = 


dFW 


= F(t,x)+ a^N, x)(l - t)~ l J F {1 \t,x) 

= ^ XX 0 *^’ 3 ^ 1 F (^ x ) 

+ ^2ai(N,x)(l-t)~ l ^j ((1 - t)- 1 +x) F(t,x) 

= + l)ai(iV,x)(l - f) -1-1 ^ F{t,x) + ^ xaj(N, x)(l - t)~*^ F(t,x) 

= ^X^ a:a i( Ar > x )( 1 - F(t,x)+ ^ iaj-i(N,x)(l - t)~^ F(t,x). 

On the other hand, by replacing N by TV + 1 in (2.4), we get 

F (n+1) = ^ ai(N + l,x)(l-t)-^ F(t,x). 


By (2.5) and (2.6), we have 


y^ y xaj(N,x)( 1 - t) 1 ] F(t, x) + I ia,i-i(N, x)(l - t) *] F(t,x) 


= a i( N + 1 > x )( 1 -t) ' j F(t.x).. 

Comparing the coefficients on both sides of (2.7), we obtain 

a 0 (N + 1, x) = xa 0 (N, x), 
a N+ i(N + 1 ,x) = (N + l)a N (N,x), 


a* (IV + 1, x) = xa,i(N, x) + idi-\(N, x), (1 < i < N ). 
In addition, by (2.2) and (2.4), we get 


F = F ® = ao(0,x)F(t,x) = F{t,x). 


Thus, by (2.10), we obtain 


«o(0, x) = 1 . 


It is not difficult to show that 


(1 — t) l F{t,x) + xF(t,x) 

l 

= - t)-'F(t, x) 


= a 0 (l,x)F(t,x) + ai(l,a:)(l - t) 1 F(t,x). 


Thus, by (2.12), we also get 


ao(l,x) = x, ai(l,x) = l. 
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From (2.8), we note that 

a 0 (TV + l,x) = xa 0 (N,x) = x 2 a 0 (N — l,x) = ■ ■ ■ = x N+1 , 


and 

a,]\r+i(N + l,a;) = (TV + l)aj\r(TV> x) = ■ ■ • — (TV + 1)!. 

For i = 1, 2,3 in (2.9), we get 

N 

ai(N + 1, x) = ^ x k a 0 (N — fc, a;), 
fc=o 
,v. l 

a 2 (TV + 1, x) = 2 ^ x k a\(N — k, x), and 

k-0 

N—2 

a 3 (N + 1, x) = 3 a: fe a 2 (TV — k,x). 
k= 0 

Continuing this process, we can deduce that, for 1 < i < TV, 

N-i+l 

cii(N + l,x)=i x k cii-i(N — k, x). 
k =o 

Now, we give explicit expressions for a.j(TV + l,x). By (2.14) and (2.15), we get 

N 

cii(TV + 1,a:) = ^ x kl ao(N — k\,x) — x n (N + 1), 

k\ —0 


a 2 (TV ■ 


JV-l 

1, x) = 2 x kl cii(N — ki, x) = 2! 

/ci=0 


AT—1 

E 

/ci—0 


ar v_1 (TV — fc l} , 


and 


N—2 

a 3 (TV + 1,a;) = 3 ^ ;r fc2 a 2 (TV — fc 2 , a;) 

k 2 —0 

A/-2 N-k 2 -2 

= 3!^ JZ x N ~ k2 ~ 2 {N -k 2 -ki- 1). 

k 2 =0 fci—0 


Continuing this process, we have 

AT—i+1 AT—i+1 A/ - — ki-i - k 2 —i+l 

a,i(N +l,x) = i\ Y E "• E x N ~ ki ~ 

i —0 ki- 2 =0 ki=0 

x (TV — ki-i — ki -2 — ■ ■ ■ — fc 2 — ki — i + 2). 
Note that, here the matrix flj(i, a;)o<i,j<iv+i is given by 


A 

X 

X 2 

z 3 

x N + 1 \ 

0 

1! 

2x 


••• (TV + l)x N 

0 

0 

2! 



0 

0 

0 

3! 


VO 

0 

0 

0 

••• (TV + 1)! / 


Therefore, by (2.16), we obtain the following theorem. 


(2.14) 


(2.15) 


(2.16) 
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Theorem 1. For N = 0,1, 2,, the functional equation 


has a solution 


where 


F = F(t,x)= ( r ^)e 3:t , 

a 0 {N,x) = x N , 
a N (N,x) = N\, 

N—i N—ki—i—i N—ki — i - k2~i 

ai (N,x)=i\ y, E E x N-k i . 1 --k 2 -i 

ki-1—0 ki- 2=0 ki=0 

x (N — ki -1 — ki - 2 — ••• — — fci — * + l), 

(1 < i < N). 


From (1.1), we note that 

p( N ) 



F(t, x) 


k + N)\ k 

E -FT- e k+N (x)t k . 


k =0 


k\ 


From Theorem 1, (1.2), and (2.17), we can derive the following equation: 


t = (XXV*) (rb)’) 

k =0 ’ \i =0 ' ' / 

iV ( \ £X 

= J2 a i( N ’ x ) ( yz 


F 


i =0 

N 


= J2 a i ( N > X ) G k (*)*' 


i=0 

oo / iV 


\k—0 


= EI ( x )) 

/c=0 \i=0 / 

By comparing the coefficients on both sides of (2.18), we obtain the following theorem. 
Theorem 2. For k = 0,1,..., and N = 0,1,2,..., we have 


k\ 


N 


e k+N (x) = j^^y^ 2 a i(N,x)G^(x) 


where 

a 0 {N,x) = x N , 
a N (N,x) = TV!, 

JV —i N—ki—i—i N—ki — i - k^—i 

ai (N, X )=i\ J2 E E x N-k i -,--k,-i 

ki- 1=0 ki-2—0 ki —0 

x (TV — — ki —2 — ■ ■ ■ — k 2 — ki — i + 1), 

(1 < i < N ). 


(2.17) 


(2.18) 


(2.19) 


Let us take fc = 0 in (2.19). Then, we have the following corollary. 


240 


RYOO 236-245 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


Corollary 3. For N = 0,1, 2, ..., we have 

1 N 

eN (x) = ^jJ^ai(N,x)G ( n l) (x). 

' i =0 

For N = 1,2,..., the functional equation 

FW=^a i (AT,x)( r ^)^F 

has a solution 

F = F{t,x) = 

Here is a plot of the surface for this solution. 



Figure 1: The surface for the solution F(t,x) 

In Figure 1 (left), we plot of the surface for this solution. In Figure l(right), we shows a higher- 
resolution density plot of the solution. 

3. Zeros of the truncated exponential polynomials 

This section aims to demonstrate the benefit of using numerical investigation to support theo¬ 
retical prediction and to discover new interesting pattern of the zeros of the truncated exponential 
polynomials e n (x). By using computer, the truncated exponential polynomials e n (x) can be de¬ 
termined explicitly. We display the shapes of the truncated exponential polynomials e n (x ) and 
investigate the zeros of the truncated exponential polynomials e n (x). We investigate the beautiful 
zeros of the truncated exponential polynomials e n (x) by using a computer. We plot the zeros of 
the e n (x) for n = 20,30,40,50 and x € C(Figure 2). In Figure 2(top-left), we choose n = 20. In 
Figure 2(top-riglit), we choose n = 30. In Figure 2(bottom-left), we choose n = 40. In Figure 
2(bottom-right), we choose n = 50. 

Stacks of zeros of e n (x) for 1 < n < 40, forming a 3D structure are presented (Figure 3). In 
Figure 3(top-left), we plot stacks of zeros of e n (x) for 1 < n < 40. In Figure 3(top-right), we draw 
x and y axes but no z axis in three dimensions. In Figure 3(bottom-left), we draw y and 2 axes but 
no x axis in three dimensions. In Figure 3(bottom-right), we draw x and 2 axes but no y axis in 
three dimensions. 

Our numerical results for approximate solutions of real zeros of the truncated exponential 
polynomials e n (x) are displayed(Tables 1, 2). 
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Re(x) Re(x) 

Figure 2: Zeros of e n (x) 


Table 1. Numbers of real and complex zeros of e n (x) 


degree n 

real zeros 

complex zeros 

1 

1 

0 

2 

0 

2 

3 

1 

2 

4 

0 

4 

5 

1 

4 

6 

0 

6 

7 

1 

6 

8 

0 

8 

9 

1 

8 

10 

0 

10 

11 

1 

10 

12 

0 

12 

13 

1 

12 

14 

0 

14 


How many zeros does e n (x) have? We are not able to decide if e n (x) has n distinct solutions(see 
Table 1, Table 2). We would also like to know the number of complex zeros C en ^ of e n (x), Im(x) 

0. Since n is the degree of the polynomial e n (x), the number of real zeros R en (x) lying on the real 
line Im{x) = 0 is then R en (x) = n — C e t x -\, where C en ( x ) denotes complex zeros. See Table 1 for 
tabulated values of R en ( x ) and C e / X y 
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Figure 3: Stacks of zeros of e n (x) for 1 < n < 40 


Conjecture 5. Prove that e n {x ) = 0 has n distinct solutions. 

Using computers, many more values of n have been checked. It still remains unknown if the 
conjecture fails or holds for any value n. Since n is the degree of the polynomial e n (x), the number 
of real zeros R en (x) lying on the real plane Im(x) = 0 is then R erl ( x ) = n — Ce n (x), where C e t x ) 
denotes complex zeros. See Table 1 for tabulated values of R en i x ) and C f , n ( x \ . 

Conjecture 6. Prove that the numbers of complex zeros (7 e of e n (x),Im(x) ^ 0 is 



where [ ] denotes taking the integer part. 

Conjecture 7. For n £ No, if n = 1 (mod 2), then R en ( x ) = 1, if n = 0 (mod 2), then 

Re n (x) 0 - 

The plot of real zeros of the truncated exponential polynomials e n (x) for 1 < n < 50 structure 
are presented(Figure 4). It is expected that e n (x),x £ C, has Im(x) = 0 reflection symmetry analytic 
complex functions (see Figure 2, Figure 3, Figure 4). For a £ M, we expect that e n (x),x £ C, has 
not Re(x) = a reflection symmetry analytic complex functions. We observe a remarkable regular 
structure of the complex roots of the truncated exponential polynomials e n (x). We also hope to 
verify a remarkable regular structure of the complex roots of the truncated exponential polynomials 
e ra (a;)(Table 1). Next, we calculated an approximate solution satisfying e n (x) = 0,x £ C. The 
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40 


20 


Figure 4: Real zeros of e n (x) for 1 < n < 50 


results are given in Table 2. 

Table 2. Approximate solutions of e n (x) = 0,igC 


degree n 

X 

1 

-1.0000 

2 

-1.0000 - 1.0000*, -1.0000 + 1.0000* 

3 

-1.5961, —0.7020 — 1.8073*, -0.7020+ 1.8073* 

4 

— 1.7294 — 0.8890*, -1.7294 + 0.8890* 

-0.2706 - 2.5048*, -0.2706 + 2.5048* 

5 

-2.1806, -1.6495 - 1.6939*, -1.6495 + 1.6939* 

0.2398 — 3.1283*, 0.2398 + 3.1283i 

6 

-2.3618- 0.8384*, -2.3618 + 0.8384i, -1.4418-2.4345* 

-1.4418 + 2.4345*, 0.8036 - 3.6977i, 0.8036 + 3.6977* 
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Abstract : We introduced the generalized twisted (h, g)-tangent numbers and polynomials. In this 
paper, our goal is to give generating functions of the generalized degenerate twisted (h, <;)-tangent 
numbers and polynomials. We also obtain some explicit formulas for generalized degenerate twisted 
(h, g)-tangent numbers and polynomials. 
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1. Introduction 


Many mathematicians have studied in the area of the Bernoulli numbers and polynomials, 
Euler numbers and polynomials, Genocclii numbers and polynomials, tangent numbers and poly- 
nomials(see [1-16]). In [2], L. Carlitz introduced the degenerate Bernoulli polynomials. Recently, 
Feng Qi et al.[ 3] studied the partially degenerate Bernoull polynomials of the first kind in p-adic 
field. In this paper, we obtain some interesting properties for generalized degenerate tangent num¬ 
bers and polynomials. Throughout this paper we use the following notations. Let p be a fixed odd 
prime number. By Z p we denote the ring of p-adic rational integers, Q denotes the field of rational 
numbers, Q p denotes the field of p-adic rational numbers, C denotes the complex number field, and 
C p denotes the completion of algebraic closure of Q p , N denotes the set of natural numbers and 
Z + = N U {0}. Let r be a positive integer, and let £ be rth root of 1. Let % be Dirichlet’s character 
with conductor d £ N with d = l(mod 2). Then the generalized twisted (h,q )~tangent numbers 
associated with associated with y, T ^ are defined by the following generating function 

2Ea=oX(q)(-l) a CV a e 2a * 

£ dqhdg2dt _|_ ^ 


oo 

T (h) i 
Z—t n,x,q ,C j 

n—0 


( 1 . 1 ) 


We now consider the generalized twisted (h, g)-tangent polynomials associated with y, ^(or), 

are also defined by 


/ 2Eq=ix(a)(- 1 )°CV a e 2at < 

(^dqhdgldt _|_ ^ 


t 


n 


e'‘ = E r S,,, c w s - 

n =0 


( 1 . 2 ) 


When x = X°; above (1.1) and (1.2) will become the corresponding definitions of the twisted (ft, co¬ 
tangent numbers T^q, w and polynomials Tn^q, w (x). If <7 —X 1, above (1.1) and (1.2) will become 
the corresponding definitions of the generalized twisted tangent numbers T„ iX)W and polynomials 
Tn,x,w( x )- We recall that the classical Stirling numbers of the first kind Si(n,k) and ^(n, k) are 
defined by the relations(see [7]) 


n n 

(x) n = ^ Si(n, k)x k and x n = ^ ^(n, k)(x)k, 
fe =0 k -0 
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respectively. Here (x) n = x(x — 1) • • • (x — n + 1) denotes the falling factorial polynomial of order n. 
The numbers S 2 (n, to) also admit a representation in terms of a generating function 


^ j-n 

Y S 2 {ri,m)- 


(e* - l) m 
?n! 


We also have 


4-71 

Y Si(n,m)~ 


(log(l +t)) m 
m\ 


The generalized falling factorial (a;|A) n with increment A is defined by 


(1.3) 


(1.3) 


n— 1 

(z|A)„ = ( x ~ Afe) (!-5) 

fc= 0 

for positive integer n, with the convention (a;|A)o = 1- We also need the binomial theorem: for a 
variable x , 

00 j-7l 

(l + Ai)*/* = 5>|A) n -. (1.6) 

' n\ 

n —0 

2. On the generalized degenerate twisted (h, g)-tangent polynomials 


In this section, we define the generalized degenerate twisted (/i, g)-tangent numbers and poly¬ 
nomials, and we obtain explicit formulas for them. Let \ be Dirichlet’s character with conductor 
d £ N with d = l(mod 2), and let ( be rth root of 1. For h £ Z, the generalized degenerate 
twisted (h, g)-tangent polynomials associated with associated with y, q( .(x\X), are defined by 
the following generating function 


2Ea=o(-i) a x(q)CV a (i + At) 2a/A 

C d q dh (l + Xt) 2 / x + 1 


(1 + A i) x ' A = 


x/X _ \ ' rj-}{h) 


n=0 


-< (x|A) ^ 


( 2 . 1 ) 


and their values at x = 0 are called the generalized degenerate twisted ( h , q , )-tangent numbers and 
denoted A). 

From (2.1) and (1.2), we note that 

, 1 ^" r 2Eto(-l)“x(«)CV a (l + At) 2 “ / \ 1 , 

Y l™n T ".X.'/.c( a; l A ) n! = 1™ - /-a -H.h 1 1 , , -(! + Ai ) 


n— 0 


C d q dh (l + Xt) 2 / x + 1 


= , 2 EtoX(«)(- 1 ) a C a g ,m e 2at \ x* 
y (d q hd e 2dt _|_ 1 J 

v . . -i-n 

n—0 


Thus, we get 

From (2.1) and (1.6), we have 


] i m ) T S,9,c( a; l A ) = T nS,9,c(*)’ ( n ^ °)- 


v fa-i uE = 2EEoEi) a x(q)CV a (i + Af) 2a / A /A 

/ y ^n.y.a.C V^lA/ ^1 /-d-dhn , , 1 (1 + At) 


n—0 


CV h (l + Af) 2 A + 1 


\m =0 / \J =0 / 


n—0 \Z=0 


( 2 . 2 ) 
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j/m 

By comparing coefficients of —- in the above equation, we have the following theorem: 

m! 

Theorem 1. For n > 0, we have 


1=0 v 7 


For x = X°, we have 


50 r n,x,*,c( x l A ) n! £ q h( 1 + At )2/A + 1 (1 + 

v . . 4-m 

= E 


m=0 


Theorem 2. For n > 0 and X = X° » we have 

~'(^) \\ _ T\{h) 


T nl q A X \ X ) = T Zd X \ X )- 


(2.3) 


For deN with d = l(mod2), we have 


V frlAl— = 2 ^to(-l) a x(«)CV a (l + Af) 2a / A /A 

2_^ n,X,q,C^IV n | CV fe (l + At) 2d / A + 1 1 J 


d—1 


;V(l + A t )^A + l (1 + V)' /A Ef-D'voa + «) 2,/A (2.4) 


£ 


By comparing coefficients of —- in the above equation, we have the following theorem: 


ml 


Theorem 3. Let \ be Dirichlet’s character with conductor d £ N with d = l(mod 2). Then 
we have 

2i -p x i A 


d —1 


< d V d l dr 


(!) T iS,,,c(*|A) = E(- 1 )'x(0r^ 

(2) T ™<( A ) = rf,i E(-F x( 0^ iA ^ + * 


1—0 


For m £ Z + , we obtain we can derive the following relation: 

00 j-m 00 4.m 

E ,., c (2d|A)— + V T« ,,.c(2d|A) — 

m=0 m =0 

d —1 

= 2^(-i)‘ x (0cY tZ (i + At) 2 * /A 


(2.5) 


1=0 

oo / d—1 


= E 2^(-l)"- 1 - i x (i)C i 9 w (2;|A), 


m =0 \ /—0 

t 


By comparing of the coefficients ^ on the both sides of (2.5), we have the following theorem. 
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Theorem 4. For m £ Z+, we have 

CV^ gC (2d|A) +T^ xqX {\) = 2^(-l) ; x(Z)C^ W (2/|A) m . 


d-1 


Z=0 


n—0 


From (2.1), we have 

fv*) {x I v iaE - 2 Eto(-i) a x(g)C Q ^(i + At)"/^ )(g+y)M 

2 ^ n,x, q ,cK +y\ ) nl (d q dh(l + xt)2d/x + 1 ( + ) 

= 2 Eto(-l) a X»C Q g ,la (l + A t) (2a+ * )/A /A 

CVH 1 + At) 2d / A + 1 1 j 

= (£«.,,,<(*!<) (X>wZ) 


\n —0 
oo / n 


\n —0 


-£(£(7) T S, q ,M x )^y\ x )n-i i r , 


n—0 \Z=0 

Therefore, by (2.6), we have the following theorem. 
Theorem 5. For n € Z + , we have 


t n 

n\ 


2 £L,c(* + * / I A ) = E (fc) T S 9 ,C^I A )^l A )«-^ 


From Theorem 5, we note that ^(x|A) is a Sheffer sequence. 

e At - 1 


By replacing t by 


A 


in (2.1), we obtain 


2 Eq=ox(q)(-i) a CV a e 2at xt _ yyw , m f 

^dqhd e 2dt _|_ ^ C 21^ 


n=0 

oo 


e At - 1A " 1 
n! 


A 


= E S 2 {m,n)\^ (2.7) 


71=0 

oo / m 


ml 

t r ‘ 


= E EC,cW A ) Aro ^K^), m! - 

m=0 \n=0 / 

Thus, by (2.7) and (1.2), we have the following theorem. 

Theorem 6. For n £ Z+, we have 




n=0 


By replacing t by log(l + At) 1 / A in (1.2), we have 

fr« M ('iced ! A ,).»r 1 _ 2Eti(-i)"V»)cV(i + Ai)(^^ 

^ «' + ’ ! n\~ fV-'fl + Af)“/A + 1 


n —0 


= E^Lc(*i a )^> 


777=0 


and 


CXJ CXJ / 7 ft > 

E r S,,. c W(los(l + Ai)‘")” s = E E r S,,,<(*)W-”Si(m,») 


71=0 


771 = 0 \71=0 


t m 

m\ 


( 2 . 6 ) 


( 2 . 8 ) 


(2.9) 
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Thus, by (2.8) and (2.9), we have the following theorem. 

Theorem 8. For n G Z+, we have 

m 

|A) = ^2 T ^l qX (x)X m ~ n S 1 (m,n). 

n =0 
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Abstract 

In this paper, we will establish some new sufficient condition for oscillation of 
solutions of a certain class of first-order neutral delay difference equations of the 
form 

A (x n - PnXn-l) + q n X 1 n _ T = 0, 

where 7 is a quotient of odd positive integers. We will consider the sublinear and 
super linear cases. The results will be obtained by using the oscillation theorems of 
second order delay difference equations. 

2010 Mathematics Subject Classification: 34C10, 34K11, 34B05. 

Keywords and phrases: Neutral difference equation, oscillation, Riccati tech¬ 
nique. 


1 Introduction 

In recent decades there has been much research activity concerning oscillation and nonoscil¬ 
lation of first and second order delay and neutral delay difference equations, we refer the 
reader to the papers [1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] 
and the references cited therein. In the following, we recall some results of first order 
neutral delay difference equations of sublinear and super linear types that motivate the 
contents of this paper. Xiaoyan Lin in [12] studied the oscillatory behavior of solutions of 
the neutral difference equations with nonlinear neutral term of the form 

(1.1) A (x n - pnXn-cr) + q n xi_ T = 0, for n € N„ 0 , 

where a and f3 are quotient of odd positive integers, r and a are nonnegative integers 
and {p n } and {q n } are two sequences of nonnegative real numbers. The authors obtained 
necessary and sufficient conditions for existence of oscillatory solutions and studied the 
two cases when 0 < a < 1 and when a > 1. As usual, a nontrivial solution x n of (1.1) is 
called nonoscillatory if it eventually positive or eventually negative, otherwise it is called 
oscillatory and A is the forward difference operator defined by Ax n = x n +i — x n and 
N* = {* + 1,1 + 2,...}. Lalli [11] established several sufficient conditions for oscillation of 
the equation 

(1*2) A ( x n + pXn—sk') + q n f (t n _ r ) — Fni n A tio, 
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where S = ±1, p is a nonnegative real number, k £ N = {1,2,...}, t is a sequence of 
nonnegative integers with linin^oo r„ = oo, and {F n }, {q n } are sequences of real numbers 
and / is a real valued function satisfying xf (x) > 0 for x ^ 0. El-Morshedy et al. [6] 
considered the equation 


(1.3) 


A g (x n +p n Xa„) + f [n, x Tn ) = 0, 


where 0 < p n < p < 1, a n and r„ are sequences of integers such that linin^oo <r„ = 
linin^oo = oo and <r n+ 1 > a n for all n > tiq. They established several sufficient conditions 
for oscillation when the function / satisfies the condition 


f(n,x) 
h (x) 


> In, 


i / 0 and n > Hq, 


where q n > 0 for n > no, h £ C (R,R) and xh(x) > 0 for all x ^ 0. Recently Murugesan 
and Suganthi [13] discussed the oscillatory behavior of all solutions of the first order 
nonlinear neutral delay difference equation 


[A (r n {cL n x n p n x n _ r ))] T q n x n —fj — 0, 


where r n and a n are sequences of positive real numbers p n and q n are sequences of non¬ 
negative real numbers, r and er are positive integers. Following this trend in this paper, 
we will consider the first order neutral delay difference equation 

(1.4) A (x n - PnXn- 1) + q-nXZ-T = for 71 £ N„ 0 , 

Our aim in this paper is to establish some new sufficient conditions for oscillation of (1.4) 
by using a new technique when 0 < p n < p < 1 and we will consider the sublinear and 
the super linear cases. The new technique depends on the application of an invariant 
substitution which transforms the first nonlinear neutral difference equation to a second 
nonlinear difference equation. This allows us to obtain several sufficient conditions for 
oscillation of (1.4) by employing the oscillation conditions of second order delay difference 
equations by using the Riccati technique. 


2 Main results 


In this section, we prove the main results but before we do this, we apply an invariant 
substitution which transforms the first order neutral equation to a non-neutral second 
order difference equations. This substitution is given by 


( 2 . 1 ) 


Un+% 


X n 



where 


Y[pi = 0(n), 

i—1 


This gives us that 


( 2 . 2 ) 


n 

%n = 2/n+l 11 Pit 
i =1 


n— 1 

X n -i =yn\\ Vi , 
i= 1 


n—r 

and x n — T — Un— r-t-i | j Pi- 

i=l 


From (2.2), we have 

n 

(2.3) X n -PnXn-1 = A y n \\_Pi- 

i — 1 
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Substituting (2.3) into (1.4), we obtain 


( n \ n—T 

A y n n PiJ “1“ Qn 11 PiVn— r+1 — 0* 

n TL 

Pi, and Q n = q n d n - T then (2.4) becomes 

i—1 

(2.5) A (i d n Ay n ) + = 0, n e N 0 . 

In this section, we intend to use the Riccati transformation technique for obtaining several 
new oscillation criteria for (1.4). First we state some fundamental lemmas for second order 
difference equations that will be used in the proofs of the main results (see [15]). 


Lemma 2.1 Assume that p n is a real sequence with 0 < p n < p < 1 for all n € N. 
Furthermore assume that 


( 2 . 6 ) 


E 


1 

dn 


= 00 . 


Let y be a positive solution of (2.5). Then 
(/). A y{n) > 0, y(n) > nAy(n) for n> N, 

(//). y is nondecreasing, while y(n)/n is nonincreasing for n> N. 


Lemma 2.2 Assume that p n is a real sequence with 0 < p. n < p < 1 for all n £ N. 
Furthermore assume that (2.6) holds. If y n be a nonoscillatory solution of (2.5) such that 
y n > 0 , A y n < 0 , then lim^-nx, y n = 0 and hence 


(2.7) 


lim — = 0 , 

n->oo d n 


where x n is a solution of (1-4)- 


Throughout this paper, we will assume that the real sequences p n , q n are nonnegative, 
7 is a quotient of odd positive integers, r is a nonnegative integer. Now, we state and prove 
the sufficient conditions which ensure that each solution of equation (1.4) is oscillatory or 
satisfies (2.7). We start with the case when 0 < 7 < 1. 


Theorem 2.3 Assume that {Hi) holds and A d n > 0. Furthermore, assume that there 
exists a positive sequence p n such that, 


( 2 . 8 ) 


lim sup } 

n .— 


PiQi 


d^ T+ i^ (i + 2 — t ) 1 ^ 7 {Api) 2 
Pi 


= 00 , 


n ib 

Pi and Q n = q n d n - T . Then every solution of (1-4) oscillates for all 

i—1 

0 < 7 < 1. 

Proof. Assume to the contrary that x n be a nonoscillatory solution of (1.4) such that 
x n _i, x n _ T , x n > 0 for all large n > n\ > no sufficiently large. We shall consider only 
this case, since the substitution y n = —x n transforms equation (1.4) into an equation of 
the same form. From (2.1) we see that y n is a positive solution of (2.5) such that y n > 0 
and y n -T+ 1 > 0 for n > n\ > no sufficiently large. From equation (2.5), we have 

(2.9) A (d n Ay n ) = -Q n yZ-T+i S n>ni, 
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and then d n Ay n is an eventually nonincreasing sequence. We first show that d n Ay n > 
0 for n > n o- In fact, if there exists an integer ni > no such that d ni Ay ni = c < 0 then 
(2.9) implies that d n Ay n < c for n > n\ that is A y n < c/d n , and hence 


( 2 . 10 ) 




—oo, as n 


oo, 


which contradicts the fact that y n > 0 for n > no then d n Ay n > 0. Also since A d n > 0, 
we can prove that A 2 y n > 0 for n > n\. Therefore we have 

( 2 . 11 ) y n > 0 , A y n > 0 , and A 2 y. n < 0 , for n > n\. 


From (2.9) and (2.11) 


( 2 . 12 ) d n — T -\.\ Ay n _ r _f_i > d n +\A (y^-i-i) and y n — T +\ A Vn-r- 


Defining the sequence u n by the Riccati substitution 


(2.13) 

This implies that u n > 0, and 


d n Ay n 
u n P n ~7~ 


Vn— r +1 


for n> n\. 


A u n = d n+ iA?/ n+ iA 

Hence 

(2.14) A u n = d n -\.\ A?/ n _(_i 


A (d n A?/ n 

-7 I + Pn—fi 
i/n-r+lJ i/n-r +1 


^Pn {Vn—r+l) Pn (^^n—r+l) 

Vn—T+lVn— r +2 


A ( d n Ay n ) 
Pn 7 

Vn— r +1 


From this, (2.5) and (2.14) we see that 


(2.15) 


Allr, *7- ri n _|_i 


Pn+1 

From (2.5) and (2.14), we have 


d n+ iAy» + ip„A^_ T+1 

Vn—r+2Vn— r+1 


PnQn' 


(2.16) 


A , n d„+iAy n+ ip„A^_ T+1 

A« n < -PnQn H-?i«+l- 


Pn +1 


27 

Vn-T+2 


By using the inequality (see [ 8 ]), 

(2.17) x 1 — y 1 > yx 7-1 (x — y), for all x ^ y > 0 where 0 < 7 < 1, 


we have 

(2.18) Aj / 7 _ T+1 = {uZ+2-t ~ Vn+l — r) — 7 (l/n+ 2 -r ) 7 (j/n—r +2 J/n-r+l) 

T (Z/n +2 — r) (Aj/ n — r -|-i). 


Substituting (2.18) into (2.16), we obtain that 


(2.19) 


Au n < P n Qn + 


7 (y„ + 2- T ) 7 1 (Ay n _ T+1 )Ay n+1 

u n+l Pn^n+l 27 

Pn+1 y n - T +2 
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From (2.12) and (2.19), we have that 


Al£ n A PnQn 4“ 


Hence, 


Aft, 

Pn -\-1 


(2.20) A U n < —p n Qn H- —Un+1 ~ 


^n+1 


lPn d l+l (AVn+ 1) 2 
dn-r+1 (j/n+2-r) 1 ^ 7 (// 7 _ T+2 )“ 


7ft 


T3t( u «+i)“- 


. .2 

^* n +l (fti+l) d n — T + 1 (//n+2 —r) 

From (2.11), we conclude that 

y n < 2/n 0 + A?/„ 0 (n — n 0 ), n > ni, 

and consequently there exists a > n 2 and appropriate constant /3 > 1 such that 

Un < /3n, for n>n 2 , 

and this implies that 

y n+ 2 ~ T < P (n + 2 - t) , for n > n 3 = n 2 + r + 2, 

and then 

( 2 . 21 ) -,— > --- T —. 

(2/ n+ 2-n) 1 ” 7 “ (/3(n + 2-r)) 1 - 7 

Substituting (2.21) into (2.20) we obtain 


(2.22) A U n < PnQn H- —Un+l ~ ~ -72-T”-yfCT (fti+l)" 

(p n+1 ) dn-n+i/3 1 " 7 (n + 2-r) 1 - 7 

Hence 

A / ^ , dn-n + l/? 1 - 7 (n + 2-T) 1 ^(Ap„) 2 

Au„ < ~P n Qn H- 


7ft 


\fPn 


|_Pn+l\/(/ 3 ( n + 2_T )) 1 ^dn-r+l 


^n+1 


^PnV^n-r+l/? 1 7 (n + 2 - r) 1 7 


2 ft 


Then, we have 

(2.23) A u n < - 


PnQ< 


__ dn-T+i/3 1 7 (n + 2 — r) 1 7 (Ap„y 


Summing (2.23) from 713 to n we obtain 


1^n3 ^ 1ft+l ^713 ^ ( 

i=n 3 

which yields 


PiQi 


di - r+ ^ + 2^r)^ (ApJ ; 


Pi 


E 

i=ri3 


PiQi 


di- T+ i/? 1 " 7 (i + 2-r) 1 - 7 (Aft) 2 


ft 


< Cl, 


for all large n, and this contrary to (2.8). The proof is complete. ■ 

From the Theorem 2.3, we can obtain different condition for oscillation of all solutions 
of (1.4) by different choices of p n . For example if we take p n = n A , n> no and A > 1 is a 
constant we have the following result. 
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Corollary 2.4 Assume that all the assumptions of Theorem 2.3 hold, except that the 
condition (2.8) is replaced by 


lim sup 


s Q s - 


d s -r+ild 1 7 (s + 2 — r ) 1 7 (A s x )~ 


= 00 . 


Then every solution of (1-4) oscillates for all 0 < 7 < 1. 

Remark 2.5 When 7=1 the equation (1-4) reduced to linear delay difference equation 
A ( x n - p n Xn-x) + q n x n — T = 0, for n G N„ 0 , 
and the condition (2.8) in Theorem 2.3 reduced to 

di—T+i (Ap.j) 


(2.24) 


lim sup > 

n .—>oo -A — J 


PiQi 


n Tl 

Pi and Q n = q n d n - T for all 0 < 7 < 1. 

i= 1 

Now, we consider the case when 7 > 1. 

Theorem 2.6 Assume that (2.6) holds. Furthermore, assume that there exists a positive 
sequence {p n })f = i such that for every positive constant M, 


(2.25) 


lim sup ) 

n—> 00 —< 

l—n 0 


PlQl 


(d*_ CT ) 7 (A ft ) 2 


23-7 (M) 7 " 1 W +1 ) 27 -V 

where a = r — 1. Then every solution of (1.4) oscillates for all 7 > 1. 

Proof. Suppose to the contrary that x n is a nonoscillatory solution of (1.4). Without 
loss of generality, we may assume that x n is an eventually positive solution of (1.4) such 
that x n _i, x n _ T , x n > 0 for all large n > n\ > no sufficiently large. We shall consider 
only this case, since the substitution y n = — x n transforms equation (1.4) into an equation 
of the same form. As in the proof of Theorem 2.3, we have by (2.6) that 

(2.26) y n > 0 , A y n > 0 , A (d n (A y n )) < 0 , n > n\. 

Define the sequence u n by 

(2.27) 

Then u n > 0, and 


dn&Vn 
u n • Pn 7 

Vn—cr 


(2.28) A u n = d n+1 Ay n+1 A 

In view of (2.5), (2.28), we have 


Vn-a\ 


p n A(d n Ay n ) 


„ 7 

Vn—o 


/'o on\ A / 1 ^ Pn Pndn+lAy n +iAy _ 

(2.29) A u n < ~p n q n H- u „+1 - 


Pn+l 


yn+l—aVn—a 


From (2.26), we see that 

(2.30) d n — ( jAy n — ( j ^ d n +\Ay n +\, and y n ^.i— a ^ Pn—c r- 
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Substituting (2.30) into (2.29), we have 
(2.31) 


a , , A p n p n d n+1 Ay n+1 Ayl_ a 

/\u n ^ Priori H - u n+ 1 2 

Pn + l KVl+l-a) 


Now, by using the inequality 

x 1 — y 1 ^ 2 1_7 (x — j/) 7 , for all x ^ y > 0 and 7 ^ 1, 

we find that 

(2.32) A yl-a = vl+l-a - vl-a > 2 1 " 7 (y n +l-a - y n -aV = ^ {^Vn-aV ■ 
Substituting (2.32) into (2.31), we have 

/r) qq\ A << i ^Pn r)l — 7 i ^Vn -\-1 (^2/n—cr) 

(2.33) /\U n £ PnQn "b ^n+1 2 p n Ct n _)_l - ~2 • 


From (2.30) and (2.33), we obtain 
(2.34) 


A .. / . . , A Pn „ ol _ T „ (d„ + i) 7+1 (Ay„ +1 ) 7+1 

Au n < Pndn + Wra+1 2 p n -.7 . . 2 ' 

dn+1 (rfn- CT j (y 7 +1 _ CT ) 


Hence, 


19 9^1 A, < , A Pn (d n+ 1) 7+1 2 1 7 p„ (Ay„+i) 27 

(2.35) < -p n q n + 7 - u n+1 


(^n- CT ) (y 7 +1 _ CT ) (Ay„ + i) 7 1 

From the definition of u n , we get that 


' 7_1 ul 


fc\ q c\ A _ | A Pn 2 (rfn+l) ^n+l 

(2.36) Au„ < -p n q n + - M n+i — - 7 F 77 ypT' 

Al+1 (Pn+l) \ d n-v) {Ay n + 1 ) 

Since {d„ (Aj/ n )} is a positive and nonincreasing sequence, there exists a 712 > n\ suffi¬ 
ciently large such that d n (A y n ) < 1/M for some positive constant M and n > m, and 
hence by (2.26), we have 


1 


7731 > {Md n+ 1 ) 
(Ay„+i) 

Substituting the last inequality into (2.36), we obtain 


7-1 


A P n 


(2.37) A u n < -p n q n H- -u n+ 1 - . 

Pn+l V 2 


M \ 7 1 p ra K+i ) 27 2 _i_ 

(Pn+l ) 2 


7 ^n+l5 


so that 


Au n < -p n q n + 


(d„_ ff ) 7 (Ap„) 2 


23-9 (M) 7-1 (d„ +1 ) 27_2 p 


(f ) 7 (d„+i) 7 p n v / (d„_ CT ) 7 Ap„ 

^n +1 


ftwvWTF 2 V /(Ky= i w>+1 7-7„_ 


< - 


Priori 


(d„_ CT ) 7 (ApJ 2 


23-7 (A/) 7-1 (d n+1 ) 27_2 p. 
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Then, we have 


(2.38) 


A u n < - 


PnQn 


(d„_ CT r(A P j 2 


23-7 (My-^dn+lY' Pn 
Summing (2.38) from 712 to n, we obtain 

(^_ CT nA ft ) 2 


Uri2 n n _|_1 ^ri2 ^ ^ 

1—U2 


P 1 Q 1 


23-7 (M) 7 (d;+i) 7 p t 


which yields 


E 

l—n-2 


PiQi ~ 


{d^y (A ft ) 2 
23-7 (My - 1 (d l+1 ) 2 ^- 2 Pl 


< Cl, 


for all large n. This contradicts (2.25). The proof is complete. ■ 

From Theorem 2.6, we can obtain different conditions for oscillation of all solutions of 
(1.4) when (2.6) holds by different choices of {p n }. For example, let p n = n x , n > no and 
A > 1 is a constant. From Theorem 2.6 we have the following result. 


Corollary 2.7 Assume that all the assumptions of Theorem 2.6 hold, except the condition 
(2.25) is replaced by 


(2.39) 


lim sup ) 

n .—100 ' ^ 


A\2 


a (d s ^y(( s +iy-s x ) 

s Qs 


23-7 (M) 7 - 1 (d s+1 ) 27-2 s x 


Then, every solution of (1-4) oscillates for all 7 > 1. 


As a variant of the Riccati transformation technique used above, we will derive some 
oscillation criterion which can be considered as a discrete analogy of the Philos condition 
for oscillation of second order differential equation by introducing the following class of 
sequences that will be used in this chapter and later. Let 


£0 = {(rn, n) : to > n > no}, £ = {(to, n) : m>n> no}. 


The double sequence H my „ € E if: 

(I) . H(m,m ) = 0 on £, 

(II) . H(m,n) > 0 on £ 0 \ 

(III) . A 2 H mn = Hm,n +1 — H m ,n < 0 for to > n > 0, and there exists a double 
sequence such that 


h 


m,n 


A 


\J Hrn,T 


for 


to > n > 0. 


Theorem 2.8 Assume that (2.6) hold. Let {p^ffLi be a positive sequence and H m n G E. 

If 


(2.40) 


lim sup 


//, 


m, 0 


m— 1 

E 

n —0 


Hm,nPnQ.n 




= OO, 


where 

(d n . a y P i +1 

23—7M7— yd n+ 1 )^~ 2 p n 

Then every solution of (1-4) oscillates for all 7 > 1. 
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Proof. We proceed as in the proof of Theorem 2.6, we may assume that (1.4) has a 
nonoscillatory solution x n such that x n > 0. As in the proof of Theorem 2.6 we get that 
(2.26) holds. Define {u n } by (2.27) as before, then we have u„ > 0 and there is some 
M > 0 such that (2.37) holds. For the sake of convenience, let us set 


_ 2 ^ (My- 1 (d n+1 )^- z Pn 

Pn (dn-„y 


Then, we have from (2.37) that 


(2.41) 

Therefore, we get 


a Ap n P n 2 

Pndn A tAu n H Ltn+1 — ~ Z2^n+ 1‘ 

/3 ™+ 1 \Pn+ 1) 


(2.42) E Hm } nPnQ.n — ^ ^ H rn ^ n ^U n + ^ ^ Hm,i 


A Pn 


m— 1 — 2 

E tt Pn U n +1 
— “"2 • 

n—ni \Pn+l) 


The rest of the proof is similar to the proof of [15, Theorem 2.3.6]. ■ 
As an immediate consequence of Theorem 2.8, we get the following: 


Corollary 2.9 Assume that all the assumptions of Theorem 2.8 hold, except that the 
condition ( 2 . 40 ) is replaced by 

^ m— 1 

lim sup —— V' H m ^ n p n q n = oo, 
m—*oo ti rr) n —' 

’ n—no 


{d n - a y P i +1 


lim sup—— V 
—oo (d n+1 ) 7 p n 


Then every solution of (1-4) oscillates for all 7 > 1. 


—Vnyy] < 00 . 

Pn+1 J 


By choosing the sequence H m n in appropriate manners, we can derive several oscilla¬ 
tion criteria for (1.4). For instance, let us consider the double sequence {H mn } defined 
by 

H m ,n = (to — n) , A > 1, to > n > 0, 4 
(2-43) H m , n = (log^±l) A ,A> l,m>«>0, \ 

Hm,n = (to — n)A) A > 2, m > n > 0, J 

where (to — n)A) = (to — n)(m — n + l)...(m — n + A — 1), and 

A 2 (to — n)^ = (to — n — 1)^ A ^ — (to — n) (>4 = —A (to — ?r)^ A_1) . 


Then H m ^ m = 0 for m > 0 and i7 m>ra > 0 and A 2 H m ^ n < 0 for m > n > 0. Hence we 
have the following result which gives new sufficient conditions for the oscillation of (1.4) 
of Kamenev type. 


Corollary 2.10 Assume that all the assumptions of Theorem 2.8 hold, except that the 
condition ( 2 - 40 ) is replaced by 


(2.44) 


lim sup —y 

m—»oo 777, A ' 


n—0 


/ _ \A /^n+1 t/-2 

(m - n) - —V m , 

4 Pn 
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where 


V m ,n ■= A (m - n) 2 - 


A Pn 
Pn+l 

Then every solution of (1-4) oscillates for all 7 > 1. 



Corollary 2.11 Assume that all the assumptions of Theorem 2.8 hold, except that the 
condition (2.f0) is replaced by 


(2.45) lim sup -— -—Y 

nwoo (log(m + 1 )) A 


E 

n—0 L 


m + 1A Pn+1 n ,2 

!°g TTY Pndn -— R m 

n + 1 J 4 p n 


where 


Rm,.n. — 


A ( m + 1A 2 A p n 
log- 1 - 


n + l\ n + ly p n+1 
Then, every solution of (1-4) oscillates for all 7 > 1. 


log 


m+ 1 

n +1 


Corollary 2.12 Assume that all the assumptions of Theorem 2.8 hold, except that the 
condition ( 2 - 40 ) is replaced by 


(2.46) 

where 


^ m— 1 

lim sup—7 -ty > (m — np ' 

m .—>00 777,(^) ' ^ 


n —0 


U n := 


A 


Pn+l tt 2 

PnQri _ U n 

4 Pn . 


_ A Pn A 2 


K m-n + A —1 p n+1 ) 

Then, every solution of (1-4) oscillates for all 7 > 1. 

In the following theorem, we consider the case when 0 < 7 < 1. 

Theorem 2.13 Assume that (2.6) holds and A d n > 0. If 


(2.47) 


00 / \ 7 

n — a ' 


E 


q n = 00 . 


Then every solution of (1-4) oscillates for all 0 <7 < 1. 


Proof. Proceeding as in Theorem 2.6, we assume that (1.4) has a nonoscillatory solution, 
say x n > 0 and x n - T > 0 for all n > n$. From the proof of Theorem 2.6 we know that 
A y n > 0, then y n is nondecreasing sequence. Since A d n > 0 we obtain that A 2 y n < 0 
and then A y n is a nonincreasing for all n > n\ > no. Then, we have y n > {n — n\)Ay n 
which implies that y n > ” Ay n for n > 712 > 2ni + 1. Then 


(2.48) 


Un—G A 



A yn~cr 


> 



Ay„+i, 


for n > N = n 2 + er. 


From (2.5) and (2.48) by dividing by z n+ 1 = (d„Aj/„ + i ) 7 > 0 and summing from 2 N to 
k, we obtain 


(2.49) 


E 


n=2N 


n — a 

2 d n 


7 

Qn — 


k 


E 

n=2N 


A (z n ) 

(Zn+ 1 ) 7 ’ 


k > 2TV. 
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Since 

we see that 


y 1 — z 1 < 7 y 1 (y — z) for 7 < 1 and y > z > 0 , 


A (4 7 ) = (4+ 1 ) ^ (4 7 ) < (! - 7X4™ + 1 )) 7 A z(n). 
Substituting in (2.49), we see that 


k / \ 7 

n — cr x 


E 

n=2N 


2 dr, 


q n < E 


A 


(4 7 ) _ , ( 2 21V 7 ) 


< 


n—2N 


(^2AT 7 ) 

(i-7) 


(1-7) (1-7) (1-7) 


< 00 , as n —> 00 


which contradicts (2.47). The proof is complete. ■ 

Now, we consider the case when 

(2 ,o, £ o 4H 

holds and establish some oscillation criteria for (1.4) in the sublinear and super linear 
cases. 


Theorem 2.14 Assume that (2.50) holds and there exist positive sequences {p n }%L 1 such 
that (2.25) holds for every positive constant M, and 


(2.51) 



n—0 


Then every solution of (1-4) oscillates or linin^oo x n /d n = 0 for all 7 > 1. 

Proof. Suppose that {a; n } is a nonoscillatory solution of (1.4). Without loss of generality 
we may assume that {x n } is eventually positive. From (2.5), we have 

(2.52) A(d n Ay n ) < -q n yZ- a <0, n > n 0 , 


and so {d n (Ay n )} is an eventually nonincreasing sequence. Since {q n } has a positive 
subsequence, either {Ay n } is eventually negative or eventually positive. If {A y n } is 
eventually positive, we are then back to the case where (2.26) holds. Thus the proof of 
Theorem 2.6 goes through, and we may conclude that {y n } cannot be eventually positive, 
which is not possible. If { Ay n } is eventually negative, then lim^oo y n = b > 0. We assert 
that 5 = 0. If not then yf l _ a —> 6 7 > 0 as n —> 00 , and hence there exists ni > no > 0 
such that yZ-a ^ ^ 7 - Therefore from (2.52) we have 


A(d n Ay n ) < - q n b 7 . 


The rest of the proof is similar to the proof of [15, Theorem 2.3.7] and hence is omitted. 


By choosing {p n }(fLi in appropriate manners, we may obtain different oscillation crite¬ 
ria. For instance, let p n = n A for > 0 and A > 1. Then we have the following oscillation 
conditions of all solutions of (1.4) when (2.50) holds. 
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Corollary 2.15 Assume that all assumptions of Theorem 2.14 hold, except that the condi¬ 
tion (2.25) is replaced by (2.39). Then, every solution of (1.4) oscillates or limn-^ x n /d n = 
0 for all 7 > 1 . 

Theorem 2.16 Assume that (2.50) and (2.51) hold. Furthermore, assume that there ex¬ 
ists a double sequence H m n e S such that (2.40) holds. Then every solution of (1-4) 
oscillates or linin^oo x n /d n = 0 for all 7 > 1 . 

Indeed, suppose that {x n } is an eventually positive solution of (1.4). Then as seen in 
the proof of Theorem 2.3 , either {Ax n } is eventually positive or is eventually negative. 
In the case when {A y n } is eventually positive, we may follow the proof of Theorem 2.8 
and obtain a contradiction. If {A y n } is eventually negative, then we may follow the proof 
of Theorem 2.14 to show that {y n } converges to zero. 

By choosing U m , n in appropriate manners, we can derive several oscillation criteria for 
(2.5) when (2.50) holds. For instance, let us consider the double sequence H mn defined 
again by (2.43). Hence we have the following results. 

Corollary 2.17 Assume that all the assumptions of Theorem 2.16 hold, except that 
the condition (2-40) is replaced by (2-44)- Then, every solution of (1-4) oscillates or 
lim^oo x n /d n = 0 for all 7 > 1 . 


Corollary 2.18 Assume that all the assumptions of Theorem 2.16 hold, except that the 
condition (2-40) is replaced by( 2-45) or (2-46). Then, every solution of (1-4) oscillates 
or lim n —.oo x n /d n = 0 for all 7 > 1 . 


Theorem 2.19 Assume that (2.50) and (2-41) hold. Let {p n }y =1 such that (2.51) holds. 
Then every solution of (1-4) oscillates or lim,*-^ x n /d n = 0 for all 0 <7 < 1. 


Indeed, suppose that {x n } is an eventually positive solution of (1.4). Then as seen in 
the proof of Theorem 2.6, either {A y n } is eventually positive or is eventually negative. 
In the case when {Ay„} is eventually positive , we may follow the proof of Theorem 2.13 
and obtain a contradiction. If {A y n } is eventually negative, then we may follow the proof 
of Theorem 2.14 to show that { x n /d n } converges to zero. 

From Theorem 2.14 if p n = 1, we see that the Riccati inequality associated with the 
equation (1.4) is given by 


(2.53) 
where 

(2.54) 


A u n + p n q n -\ - u 

CL n 


2 

n+l 


< 0 , 


An 


n- 1 (d n _ a y 

(My - 1 (d n+l f ^~ 2 


for every positive constant M > 0. Using the inequality (2.53) and proceeding as in the 
proof [15, Theorem 2.3.8], we can prove the following Hille and Nehari type results. 


Theorem 2.20 Assume that (H\) holds and A d n > 0. Furthermore, assume that 

~ 1 


lim inf — 

n—> 00 


> 


n+l 


or 


lim inf — 

n—KX) A 7 


1 n —1 o 
1 S z 


V g s + lim inf - V — q s > 4. 

^ ' n .— 100 n ^' A.. 


n+l 


n—>oo n An 


Then every solution of (1-4) is oscillatory. 
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RICCATI TECHNIQUE AND OSCILLATION OF SECOND ORDER 
NONLINEAR NEUTRAL DELAY DYNAMIC EQUATIONS 

S. H. SAKER 1 , AND A. K. SETHI 2 


Abstract. In this paper, by using the Riccati technique which reduces the higher order 
dynamic equations to a Riccati dynamic inequality, we will establish some new sufficient 
conditions for oscillation of the second order nonlinear neutral dynamic equation 

(r(t)((*(t) +p(t)x(r(t))) A r) A + q{t)x a {5(t)) + «(*)**(„(*)) = 0, 
on time scales where 7 , a 0 are quotient of odd positive integers. 

Mathematics Subject Classification(2010): 34C10, 34K11, 39A21, 34A40, 34N05. 

Keywords: Oscillation, nonoscillation, neutral, delay dynamic equations, time scales, 
neutral delay equations 


1. Introduction 

The theory of time scales has been introduced by Stefan Hilger in [14] in 1988 in his Ph.D 
thesis in order to unify continuous and discrete analysis. In the last decades the subject is 
going fast and simultaneously extending to the other areas of research and many researchers 
have contributed on different aspects of this new theory, see the survey paper by Agarwal et al. 
[1] and the references cited therein. In the last few years, there has been an increasing interest 
in obtaining sufficient conditions for the oscillation or nonoscillation of solutions of different 
classes of dynamic equations on a time scale T which may be an arbitrary closed subset of real 
numbers R, and as special cases contains the continuous and the discrete results as well, we 
refer the reader to papers ([3],[6], [7], [21]) and the references cited therein. 

Following this trend, in this paper, we are concerned with oscillation of a certain class of 
nonlinear neutral delay dynamic equations of the form 

(1.1) + p(f)a;(T(t))) A ) 7 ) A + q(t)x a (6(t)) + v(t)x^ = 0, forte [t 0 ,oo) T , 

where 7, a, f3 are quotient of odd positive integers, r e CV^Qfo, oo)t, (0, 00)) and p, q e 
C rd ([t 0 , oo) t ,R+) with 0 < p(t) < 1, q(t), v(t) > 0 and r, <5, p e C r d{[to, 00 )t, R + ) and 
r(t) < f, c>(f) < f, 77(f) < t with limt_ >00 T(t) = 00 = lim 5(f) = 00 = Hindoo 77(f). By a 

t —>00 

solution of (1.1), we mean a nontrivial real-valued function x(t) e C^ d ([T x , 00), R), T x > to 
which has the properties that r(z A )' 1 ) A € C xd ([T x , 00), R) such that x(t) satisfies (1.1) for all 
[■ T x , 00 )t- 

We mention here that the neutral delay differential equations appear in modelling of the 
networks containing lossless transmission lines (as in high-speed computers where the lossless 
transmission lines are used to interconnect switching circuits), in the study of vibrating masses 
attached to an elastic bar, as the Euler equation in some variational problems, theory of au¬ 
tomatic control and in neuromechanical systems in which inertia plays an important role, we 
refer the reader to the papers by Boe and Chang [4], Brayton and Willoughby [8] and to the 
books by Driver [9], Hale [13] and Popov [16] and reference cited therein. 

For more details of time scale analysis we refer the reader to the two books by Bohner and 
Peterson [5], [6] which summarize and organize much of the time scale calculus. Throughout 
the paper, we will denote the time scale by the symbol T. For example, the real numbers R, 
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the integers Z and the natural numbers N are time scales. For t £ T, we define the forward 
jump operator a : T —> T by aft) := inf{s eT:s>t}. A time-scale T equipped with the order 
topology is metrizable and is a K a —space; i.e. it is a union of at most countably many compact 
sets. The metric on T which generates the order topology is given by d(r; s) := |/.i(r; s)|, where 
p(.) = /i(.;r) for a fixed r € T is defined as follows: The mapping p : T — * R + = [0, oo) such 
that p(t) := a(t) — t is called graininess. 


When T = R, then aft) = t and /x(t) = 0 for all t € T. If T = N, then aft) = t+ 1 and pft) = 1 
for all t £ T. The backward jump operator p : T —> T is defined by p(t ) := sup{s € T : s < t}. 
The mapping : v : T — * Rj such that vft) = t — p(t) is called the backward graininess. If 
aft) > t, we say that t is right-scattered , while if p(t) < t, we say that t is left-scattered. Also, 
if t < supT and a(t) = t, then t is called right-dense, and if t > infT and p(t) = t, then t is 
called left-dense. A function / : T —> R is called right-dense continuous (rd— continuous) if it is 
continuous at right-dense points in T and its left-sided limits exist (finite) at left-dense points 
in T. For a function / : T —> K, we define the derivative f A as follows: Let f € T. If there 
exists a number atl such that for all s > 0 there exists a neighborhood U of t with 

I f(cr(t)) - f{s) - a(a(t) - s)| < e\a(t) - s|, 


for all s £ U, then / is said to be differentiable at t. and we call a the delta derivative of / at 
t and denote it by f A (t). For example, if T = K, then 




lim 

Al—>0 


f(t + At) - f(t ) 
At 


for all t £ T. 


If T = N, then f A (t) = f(t + 1) — /(f) for all t £ T. For a function / : T —> R. (the range R of 
/ may be actually replaced by any Banach space) the (delta) derivative is defined by 


f A (t ) 


f{cr(t.)) - /(f) 
a (t) — t 


if / is continuous at t and t is right-scattered. If f is not right-scattered then the derivative is 
defined by 


/ A (t) = lim 

S—>t 


/(°~(*)) - /(s) 

t — s 


lim 

t—> oo 


f(t) - f(s) 


provided this limit exists. A function / : [a, b] —> R is said to be right-dense continuous 
(rd—continuous) if it is right continuous at each right-dense point and there exists a finite left 
limit at all left-dense points, and / is said to be differentiable if its derivative exists. The space 
of rd—continuous functions is denoted by C r ( T, R). A useful formula is 


r = / + d/ A , where/' 7 := f o a. 


A time scale T is said to be regular if the following two conditions are satisfied simultaneously: 

(a) . For all t £ T, <j(p(t)) = f, 

(b) . For all t £ T, p(a(t)) = f. 

Remark 1.1. If T is a regular time scale, then both operators and are invertible with a^ 1 = p 
and p~ 1 = a. 


The following formulae give the product and quotient rules for the derivative of the product 
fg and the quotient f/g (where gg a 0) of two differentiable function / and g. Assume /; 
^ : T —> R are delta differentiable at t £ T, then 


( 1 . 2 ) 

(1.3) 


(fg) A = f A g + rg A = fg A + f A g a , 
/ /\ A = f A g-fg A 
\g) gg a 
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The chain rule formula that we will use in this paper is 


(1.4) 




which is a simple consequence of Keller’s chain rule [5, Theorem 1.90]. Note that when T = K, 
we have 

a(t) = t, ii{t) = 0, / A (t) = /'(t), j f(t)At= f f{t)dt. 

J a J a 

When T = Z, we have 

er(f) = t + 1, n{t) = 1, / A (t) = A f(t), f f{t)At = /(*)• 

Ja t=a 

When T =/iZ, h > 0, we have a(t) = t + h, fi(t) = h, 

mt±KL-m, f b f(t)At = ± f(a+m. 

^ a k=0 


f A (t) = A h f(t) = 


When T = {t : t = q k , k € No, q > 1}, we have a(t) = qt, g(t) = (q — 1 )f, 


f A {t) = A q f(t) = 


- /(*)) 

{q-l)t 


'to 




k =0 


When T = Nq = {t 2 : t € N}, we have a(t) = (Vt + l) 2 and 

/i(f) = 1 + 2 Vt, f A (t) = A 0 f(t) = (f((Vt + l) 2 ) - fit ))/1 + 2 Vt. 

When T = T n = {t n : n € N} where ( t n } is the harmonic numbers that are defined by to = 0 
and t n = l b n e ^o, we have 

v{tn) = t n+ 1, n{tn) = —/ A (t) = Ai f(t n ) = (n + 1 )/(t„). 
n + 1 

When T 2 ={ : n € N}, we have a(t) = \/t 2 + 1, 

M (f) = x/^ + i - t, f A (t) = A 2 /(t) = 

When T3={-y/n : n € N}, we have <r(t) = Vt 3 + 1 and 

3/prTT ^ a f,.o (/(v / f r +l) - /(t)) 

Ai (t) = Vt 3 + 1 - t, / (t) = A 3 /(t) =- — -• 

Now, we pass to the antiderivative and the integration on time scales for detla differentiable 
functions. For a,b € T, and a delta differentiable function /, the Cauchy integral of f A is 
defined by 

c b 


[ / A (t)Af = f(b)~ f(a). 
J a 


An integration by parts formula reads 

r b 

(1.5) 


[ f(t)g A (t)At = f{t)g(t)\ b a - f f A (t)g a (t)At, 

J a J a 

and infinite integrals are defined as 

rOO rb 

/ f(t)At = lim / f(t)At. 

Ja b ^°° J a 
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It is well known that rd— continuous functions possess antiderivative. If / is rd— continuous and 
F A = f , then 

ra(t) 

j /(s)As = F(a(t)) - F(t) = y(t)F A (t) = / 

Note that the integration formula on a discrete time scale is defined by 

f(t)At= Y 

t(z(a,b) 

We say that a solution x of (1.1) has a generalized zero at t if x (t) = 0 and has a generalized 
zero in (t, cr(t)) in case x ( t ) x a (t) < 0 and p(t) > 0. To investigate the oscillation properties of 
(1.1) it is proper to use the notions such as conjugacy and disconjugacy of the equation (1.1). 
Equation (1.1) is disconjugate on the interval [to,6]T) if there is no nontrivial solution of (1.1) 
with two (or more) generalized zeros in 

Equation (1.1) is said to be nonoscillatory on [i 0 ,oo]T if there exists c G [£o,oo]t such that 
this equation is disconjugate on [c, d]j for every d > c. In the opposite case (1.1) is said to be 
oscillatory on [t 0 , oo]t- A solution x (t) of (1.1) is said to be oscillatory if it is neither eventually 
positive nor eventually negative, otherwise it is oscillatory. We say that (1.1) is right disfocal 
(left disfocal) on [a, 6 ]t if the solutions of (1.1) such that x A (a) = 0 {x A (b) = 0) have no 
generalized zeros in [a, 6 ]t- 

In recent two decades some authors have been studied the oscillation of the second order 
nonlinear neutral delay dynamic equations on time scales and established several sufficient 
conditions for oscillation of some different types of equations by employing the Riccati transfor¬ 
mation technique. For example, Saker [18] has studied the oscillation of second order neutral 
delay dynamic equations of Emden-fowler type of the form 

[a(t)(y(t) + r(t)y(T(t))] A +p(t)\y(6(t))\' r signy(6(t))) = 0, 

on time scale T, where, 7 > 1, a(t), p(t), r(t ) and S(t) are real-valued function defined on T. 
Also Saker [19] studied the oscillation of the superlinear and sublinear neutral delay dynamic 
equations of the form 

[a(t)([y(t) +p(t)y(r(tm A )T + <z(% 7 (<^))) = 0, 

on time scale, where 7 > 0 is a quotient of odd positive integers. The main results has been 
obtained under the conditions r(t) : T —■> T, 6(t) : T —> T, r(t) < t, 5(t) < t for all t G T and 

^lim r(t) = lim 6(t) = 00, f™ ' T At = 00, a A (t) > t and 0 < p(t) < 1. 

Thandapani et. al [24] studied the oscillation of second order nonlinear neutral dynamic 
equations on time scale of the form 

(r(t)((y(t) +p{t)y(t - r)) A ) 7 ) A + q(t)y p (t - 5) = 0, t G T, 

where T is a time scales. They obtained their results under the conditions 7 > 1 and /3 > 0 
are quotients of odd positive integers, r, S are fixed nonnegative constants such that the delay 
function r(t) = t — t < t and S(t) = t — S < t satisfying r : T —> T and <5 : T —> T for all 
f G T, q(t) and r(t) real valued rd-continuous functions defined on T, p(t) is a positive and 
rd-continuous function T such that 0 < p(t) < 1. 

Sun et al. [22] studied the oscillation of a second order quasiliniear neutral delay dynamic 
equation on time scales of the form 

(r(t)((x(t) + p(t)x(T(t))) A y) A + gi(t)x“(n(t)) + q 2 {t)x 0 (T 2 (t)) = 0, 

on time scale T, where a, /3,7 are quotients of odd positive integers, r, p, qi, q 2 are rd-continuous 
function on T and r 1 q\ 1 q 2 are positive, —1 < — po < p(t ) < 1, po > 0, the delay functions 
77 : TT —> T satisfying r.j(t) < t for t G T and Tj(t) —> 00 as t —> 00, for i = 0,1, 2 and there 
exists a function r : T —> T which satisfying r(t) < Ti(t), r(t) < r 2 (t), r(t ) —» 00 as t —> 00. 
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Gao et al. [12] established some oscillation theorems for second order neutral functional 
dynamic equations on time scale of the form 

+ p{t)x{r(t))) A y) A + q 1 (t)x a (S{t)) + q 2 (t)x l3 (r]{t)) = 0, 

where 7, a, f3 are ratios of odd positive integers by using the comparison theorems for oscillation. 
Sethi [26] considered the second order sublinear neutral delay dynamic equations of the form 

(r{t)((x(t) + p(t)x(T(t))) A y) A + q{t)x 1 {a{t)) + u(t)x 7 (r j(t)) = 0, 

under the assumptions: 

(■#0) / 0 °° (y(t)) ' At = +00, 

(#i)- /o°° (ffo) 7 At < °°> 

where 0 < 7 < 1 is a quotient of odd positive integers, q, v —> [0, 00 ) and p, q, v : T — > T 
are rd-continuous functions and r, a, p : T —> T are positive rd-continuous functions such that 
lim^oo r(t) = 00 = lim aft) = 00 = linq^oo 77 (f) and obtained some sufficient conditions for 

t—> OO 

oscillation. Our aim in this paper is to establish some new sufficient conditions for oscillation 
of the equation (1.1) by employing the Riccati technique and some basic lemmas studied the 
behavior of nonoscillatory solutions. Our motivation of the present work has come under two 
ways. First is due to the work in [17] and [22] and second is due to the work in [10]. 


2. Main Results 


In this section, we establish some sufficient conditions for oscillation of all solutions of (1.1) 
under the hypothesis {Hq). Throughout the paper, we use the notation 

(2.1) zft) = xft) + p(t)x(r(t)). 

Lemma 2.1. [2] Assume that (H 0 ) holds and r(t) € C^ d ([(a, 00), R + ) such that r A (t) > 0. Let 
x(t) be an eventually positive real valued function such that (r(f)(a; A (f)) 7 ) A < 0, fort > t\ > to- 
Then x A {t) > 0 and x AA (t) < 0 for t>t\ > to. 

Lemma 2 . 2 . [2] Assume that the assumptions of Lemma 2.1 holds and let r(t) be a positive 
continuous function such that r(t) < t and lim r(f) = 00. Then there exists ti > t\ such that 

t—> OO 

for each l € (0,1) 

x(r(t)) r(t) 
x(6(t)) ~ d^- 

Proof. Indeed, for t>t\ 

r m 

u(S(t)) — u(T(t)) — / w a (s)As < (6ft) — r(t)))7i A (r(t), 

J r(t) 


which implies that 


w(r(t)) 

On the other hand, it follows that 


u(r(t)) 


pT(t) 

u i T (t)) ~ U (^i)) = / u A (s)As > (u(t) — ti)u A (r(t)). 
Jti 


That is for each l € (0,1), there exists a t; > t\ such that 

u(r(t)) 


f(r(t)) < 


SriSY 


t > ti. 


Consequently, 


The proof is complete. 


" W)) <l + W)-T(t))) " A(T(,)) < m 


i(r(t)) 


7(r(t)) lT{t)' 


□ 
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In the following, for simplicity, we denote 

(f) := j™[q(s){l - p{5{s))} ) “ As + J™ [n(s)(l - p(S(s)))} ) “ As, 


and 


:= 


a\(t) + K\ ^ {a({s)) 1+ " As 


, for t G [f 0 ,oo) T , 


where K\ > 0 is an arbitrary constant. 


Theorem 2.1. Assume that ( H 0 ) holds and let 0 < p{t) < a < 1, r A {t) > 0 and 7 < a < (3, 
77 ( t ) > 5{t ) and S A {t ) > 1 for t G [<o,oo)t- If 
{Hi). limsupa 1 (t) < 00, 

t—* OO 

{H 2 ). f™{^Af(s,K 1 )As = oo. 

Then every solution of (1.1) oscillates on [fo ) oo)T- 


Proof. Suppose the contrary that x{t) is a nonoscillatory solution of (1.1). Without loss of 
generality, we may assume that x{t) > 0 for t > tg. Hence there exists t G [fo,oo)T such that 
x{t) > 0, x{r{t)) > 0, x{S{t)) > 0 and x{q{t)) > 0 for t > t\. Using (2.1), we see that (1.1) 
becomes 


(2.2) {r{t){z A {t)y) A = -q{t)x a {6{t)) - v{t)x^{p{t)) < 0, for t > t 2 . 

So r{t){z A {t))' 1 is nonincreasing on [fi, oo ) t , that is, either z A {t) > 0 or z A {t) < 0. By Lemma 
2.1, it follows that z A {t) > 0 for t > t 2 . Hence there exists 1 3 > t 2 such that 


z{t) - p{t)z{r{t)) 


x{t) + p{t)x{r{t)) -p(t)x(T(t)) 

-p{t)p{T{t))p{T{r{t))) 

x{t) - p{t)p{r{t))p{T{T{t))) < x{t), 


which implies that 

x{t) > (1 -p{t))z{t), for t G [f 3 ,oo) T . 

Therefore (1.1) can be written as 

{r{t){z A {t)y) A +q{t){l -p{5{tWz a m) +v(t){l - P {q{tWz a { V {t)) < 0, 


where 7 < a < /?. Define w{t) by the Riccati transformation 

(z A {t)r 


(2.3) 


w{t)=r{t) ^ , for fG[f 3 ,oo) T . 


By using the product and quotient rules, we see that 
(2.4) 


a , , (r(z A ) 7 ) A (r(z A ) 7 ) CT (z Q ) A r 

w A {t) = —-— --—r-, for t G f 3 , 00)1. 


{ z a)a Z a {z a ) a 

Now, since 77(f) > 5{t) and due to (2.3) and (2.4), we have 

w A {t) < -q{l-p s ) a -v{l-p s ) a j^y - ^ , for t G [t 3 ,oo) T , 

Now, by using the chain rule [6], we get that 

{z a {t)) A = a f [(1 — h)z{t) + hz(a(t))] a ~ 1 dhz A (t) 

Jo 


> 


a{z{t))] a 1 z A {t), a > 1, 
a{z{a{t)))] a ~ 1 z A {t), 0 < a < 1. 
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Since z(t) is nondecreasing function on [< 3 ,oo)t, then for t > , 

(z a (t)) A > for a>l 

z a (t) —z A (f), f or 0 < a < 1. 

Using the fact that t < <r(t), we have 

(z a ) A z A 

—— > a—, a > 0 on [f 3 ,oo) T . 
z a z a 

Therefore ( 2 . 4 ) yields that 

( 2 . 5 ) w A < -q( 1 - p s r - V (1 - P S r ^ - awj |j, t > t 3 . 

Now, since ^z A j is nonincreasing on [< 3 ,oo)t, then for t < a (<), we have that 

(2.6) z A > r~y {w a y (z a y , t > t 3 . 

Substituting ( 2 . 6 ) into ( 2 . 5 ), we get 

W A < -q(l - v(l -/) a ||^ - or-iK) 1+ 7(/)“ - 1, t > ts- 

Since z(<) is nondecreasing on [< 3 , oo)t, then there exists <4 > f 3 and C > 0 such that 

(z;(cr(t)))T _1 > (z;(t))T _1 > C , for t > <4. 


By using Lemma 2.2, it follows from the last inequality that 

w A (t) < -q{l -p(5(t))) a ~ vi 1 ~ P( S (t))) a 

—ttCr _ T(f)(w' T (t)) 1 + 7 , t > f; > < 4 . 

Integrating the above inequality from t to u (t < u) for t, u £ [< 4 , 00 ) 1 , we obtain 
—w(t) < w(u) — w(t) 


< - 


S\a 


9(1-/) 


(im\ 


S\a 


+ v{l - p ) 




+ aCr T (<)(w CT (<)) 1+ r 


that is, 


w(t) > ai(t) + Ki I r t (s)w(a(s)) 1+ As, t > t\, 


where K\ a = Ca. Indeed, w(t) > a 3 (i) implies that 

/ OO 

fot(s)(ai(a(s))) 1+ tAs = Aj(t,K 1 ). 


Since t < a(t) we see 
which implies that 


r(z A y > (r(z A yy, 
r(z A y (r(z A yy 


> 


= w a > (Aytyyy, 


(. z a ) a ~ (z a ) c 

that is, 

(. z a ) s z A > r~^> (Aytyy), t e [< 5 ,oo] T , 

where S = (-) > 1. Using the chain rule, we have 


( z 1 s (t)) A = (1 — S) f [(1 — h)z(t) + hz(a(t))] s dhz A (t) 
Jo 


< (1 - S)(z(a(t))) 5 z A (t), 


As, 
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that is, 


Hence 


l-<$ 


A 


i — <y 


- > z{aft)) 5 z A (a(t)). 
> ( z{a{t)))~ s z A (t ), 


and then due to (2.6), we see that 

1-5 


>r r ft) (A" ft, fci)), t £ [t 5 ,oo) T . 


Integrating above inequality from t$ to t, we get 

f‘t ^ .1 

/ r(s) _ T M^(s, K{yj 1 As < oo, 

J £5 

which is a contradiction to (I?2)- The proof is complete. □ 

Theorem 2.2. Let 0 < p(t) < pft) < 1, r A (t) > 0 for t £ [to, oo)t and 7 = a = ft, rjft) > aft) 
and assume that (Ho), and (H 1) hold. Furthermore assume that 

( H 3 ). limsup (/* r _ Y(s)Hi(s,/\'i)As') > 1. 

Then every solution of (1.1) oscillates. 

Proof. Proceeding as in the proof of Theorem 2.1, we have 

wft) > A[(t,Ki) fort £ [t 4 ,oo) T . 

Using the fact that r^z A is nonincreasing on [t 4 ,oo)T, we get 


zft) = z{ti) + f z a (s)As = z(t 4 ) + f r ■y(s)(r(s ) * <z A (s 

J £/1 J tA 


As 


>rf(t)z A (t)r r (s)As, 


that is, 

(2.7) 

Consequently, 


r(t)i z A (t) 
z(t) 


< 


1 A- 1 

r(s ) t As J , t > t 4 , 


*4 


. , T , . 1 r(t )t 2/(t) 

Ai t, Ad < wi t = u < 

zft 


T ~f 


(s)As 


t2 


-1 


implies that 

which contradicts (H3). Hence the theorem is proved. 


□ 


Theorem 2.3. Let 0 < p(t) < p(t) < 1, r A (t) > 0 for t £ [to, oo)t and 7 > a > (3, rjft) > aft) 
and assume that (H 0 ) and ( H 2 ) hold. Furthermore assume that 

(i? 4 ). limsup(ai(t))X i (/(‘r’^sJAsj a 4 (t) + / t °° (X) Xi ( s )) 1+ ^ As =00. 

Then every solution of (1.1) oscillates. 

Proof. Proceeding as in the proof of Theorem 2.1, we obtain (2.2) and (2.3) and hence wft) > 
a 4 (t), for t £ [t 4 ,oo). Consequently, it follows from (2.3) that 


r~iz A >z~ia(, for t > t 4 . 
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We have ( rz A ) 7 ) A < 0 implies that there exists a constant C > 0 and t 5 > t4 such that 
r~i z < C, for t > t. 5 , that is C > r^z > z~< a) and hence 

(2.8) z(t)<C2 ai (t)-£, for t € [£5, 00)t, 
which implies that 

(2.9) (. z a ) ( > C L ^ =L ~ (af) <T “t ) forte [f 5 , oo)t- 


Due to (2.5), (2.6) and using Lemma 2.2, we have that 


\t) < -q(l-p(S(t))) c 


' O '"-* 1 

—aCr - ^ (t){w a (t)) 1+ y (z a (t))^. 


(m y 

V a(t) ) 


Integrating the last inequality as in the proof of Theorem 2.1 and using (2.8), we obtain for 
t>ti>t 5 that 

/ OO 

(s)(ai(s)) 1+ Y As, forte [ti, oo) T , 


. ( a — y) 


where K 1 = aC 1 . Substitute (2.9) into (2.3), it is easy to verify that 


(2.1D 

z(t) 


o-i (t) + K\ 


(s)(af(s)y + -As 


Using (2.7) and (2.9) in (2.11), we can find 


C ^ d\{t) “T 


r 7 ( S )^ S ) > CLl(t) 


+K 1 / r t (s)(a^(s)) 1+ r As T , for t G [ 1 i,oo)t. 


Therefore, for t >t± we have 

i-t 


M*)) 


(t-q) 


r '>(s)A5j ai(t) + Ki / r ^ {s)(ai{s)) 5 


< C- 


which contradicts ( H ±). This completes the proof of theorem. 


□ 


Theorem 2.4. Let 0 < p(t) < 1, r A (t) > 0 for t € [ 4 o,oo)t and 7 < (3 < a, rj{t) > cr(t). If 
(Ho), ( H 2 ) and (H 3 ) hold. Then every solution of (1.1) oscillates. 

Proof. The proof of the theorem follows from Theorem 2.1. Hence the details are omitted. □ 

Theorem 2.5. Let 0 < p(t) < 1, r A (t ) > 0 for t € [ 1 o,oo)t and a > 7 > (3, 77(f) > cr(t). If 
(Ho), (H 2 ) and (H 3 ) hold. Then every solution of (1.1) oscillates. 


Proof. The proof of the theorem follows from Theorem 2.1. 


□ 


Theorem 2 . 6 . Let 0 < p(t) < 1, r A (t) > 0 for t € [fo,oo)T and a < (3 < 7, 77(f) > cr(f). If 
(Ho), (Hi) and (H 4 ) hold. Then every solution of (1.1) oscillates. 


Proof. The proof of the theorem follows from Theorem 2.1 and Theorem 2.3. 


□ 


Theorem 2.7. Let 0 < p(t) < 1, r A (t) > 0 for t € [fo,oo)T and a < 7 < (3, 77(f) > cr(f). If 
(Hq), (Hi) and (H 4 ) hold. Then every solution of (1.1) oscillates. 


Proof. The proof of the theorem follows from Theorem 2.1 and Theorem 2.3. 


□ 
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In the following theorems we will denote 


and 

A 2 (t, K 2 ) = 


a 2 (t) = / A Q(s) 


: a 2 (t 1 {t)) + 


m\ 

m) 


+ pV(s) 


1 + a 1 


vMt *(*)) 

l + a“ 


K, 


I 6 (t) 

a(t) 




As, t € [t 0 ,oo) T , 


4tV ((a 2 (T" 15 (s))) 1+ Y As 


"(s) 


where K 2 is an arbitrary positive constant and a > 0 X, p > 0 are positive constants, Q(t) = 
min{q(t ), q(r(t))} , V (t) = min{v(t),v(T(t))}. From the definitions of r, 5, 77 , we see that r _1 , 
c> _1 , 77” 1 : T —> T and r _1 , <5 _1 , ?y _1 are rd-continuous functions and T _1 (f) > t, 1 (t) > t and 
?y _1 (t) > t. 


Theorem 2 . 8 . Let 1 < p(t) < p < 00 , r A (t) > 0 r(6(t)) = S(r(t)), r(r/(t )) = ry(r(t)) and 
7 < a < (3, r](t) > S(t) and If (Ho) holds and the following conditions hold: 

(H 5 ). limsup 02 ( 4 ) < 00 , 

t—> OO 

( H e)- f t ^(^)^ A ^(s,K 2 )As = 00 , 

Then every solution of (1.1) oscillates. 

Proof. Let x(t) be a nonoscillatory solution of (1.1) such that x(t) > 0 for t > t 0 . Proceeding as 
in the proof of Theorem 2.1, we get (2.2) for t € [£ 2 , 00 ), that is either z A (t) > 0 or z A (t) < 0. 
By lemma 2.1, it follows that z A (t) > 0. From (1.1), it is easy to see for t > t\, that 

(r(t)(z A (t)y) A +/(r(T(l))(/(r(t)n A + 9 (fK(i(t)) 

(2.12) + p l3 q(T(t))x a (S(T(t)) + v(t)x& (p(t)) + p^v(r(t))x^ (r](T(t)) = 0. 


By assuming that there exists A > 0 such that u 7 (x) + u 7 (y ) > A u 7 (x + y), x, y £ M + , and 
there exists p > 0 such that u 7 (x) + u 7 (y) > pu 1 (x + y), x, y € M + , we obtain (note that 
7 < a < (3) that 

(r(t)(^ A (t)) 7 ) A +p“(r(T(t))(^ A (T(t)) 7 ) A + AO(t)^(« 5 (t))+/iy(^( 7 ? (t))< 0 . 


for t € [f 2 >oo)T, where z(t) < x(t) + px(r(t)). Define w(t) as in (2.3). Upon using the fact that 

...a^ _ (r(z A V) A r(z A y)\z<*) A 
U W ~ t^5\ 


(z 5 Y 


z <*{z 5 y 


and 


(z°) A (+ A ) 

a>0 forte [t 3 ,oo) T . 


By using the fact that z(t) is nondecreasing and using (2.12) into (2.11) we obtain 


A 


W A < (+++ - — t 3 . 

(z ‘ T )“ zP - 


Due to (2.6) and (z(a(t)))~r > C, there exists <4 > £3 such that, for t e [ 44 ,oo)t, 
(2.13) 


-aCr~ 


(z°) C 


From (2.13), we find 


i. A + a a w rA < IdPffT _ a Cr~ 


(z-y 


K) 1+ "+« a ^u^S?-« c (r T )^K T ) 1+ b 


( 2 ctA ) 
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that is, 




r-^(w a ) 1+ ^ +a a (r T )~^(w' TT ) 1+ y 


(. z a ) a ' “ ( z aA ) a 

-aC 

Applying Lemma 2.2 on the above inequality, we get 
w A + a a w rA < —AQ — fiV 

r i 

-aC 

for t € [ti,oo)T, that is 


r^K) 1+ Ua Q (r T )-7K T ) 1+ ^ 


(2.14) 


+ a a w T < —XQ(t ) 


- liV{t) 


— aCr t (1 + a“)(w; cr ) 1+ T', 


where we used the fact that r A {t) > 0 and w(t) is a decreasing function due to (2.6) and (2.14) 
on [1 i,oo)t- Integrating (2.14) from t to v for t, v € [fi,oo)T, it is easy to verify that 


w 


nOO / 7 C\ (A «00 / / C\ CX. 

+ a a w T ^> / AQ(s) ( — ) As + /xV(s)( — ] As 

Jt V cr / J t \° J 

/ oo r i 

r(s) _ Tt(;((j(s)) 1+ T As, 


that is, 


w A + a a w T ^ = a 2 (f) + aC(l + a a ) j r(s) i)«((t(s)) 1+ i As, 
which implies that 

/ OO 

r~ + (s)u>(tx(s)) 1+ + As. 

Then (i? 2 ) and (2.15) yield that 

(a 2 (r- 1 (t)) 


w(t) > + aC [ r -y (s)w(a(s )) 1+ 1 As. 

(1 + a a ) Jr-Mt) 


Indeed 


>(*)> 


W 

(a 2 (r- 1 (i)) 


Hence the last inequality becomes 

«,(t) > ( °A~ 1(t)) +»c 


(1 + a") 

Mr-Hf)) 

(1 + a") 


AA 


J T — 1 (*) 
roo 

'r-Ht) 


(1 + a“) 

(s) 


1 


i+i 


1 


it cv 

r^^(s)(a 2 (r^ 1 (cr(s))) 1+ 
1+4 


(a 2 (r 1 ( , t(s))) 
As 


l+i 


As 


= Al(t,K 2 ),K 2 =aC^ Y+a0 

Proceeding as in the proof of theorem 2.1, we obtain 

pt i 

/ r _ + (s)A 2 (s, K 2 )As < oo, 


a contradiction due to (i?6)- The proof is complete. 


□ 
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Theorem 2.9. Let 1 < p(t) < p < oo, r A (i) > 0 for t £ [i 0 ,oo)T, r(<5(f)) = S(r(t)), r(r}(t)) = 
r/( T (t )) and 7 = a = (3, rj(t) > S(t). If (H 0 ), ( H 5 ) - (H 7 ) and 
(H 7 ). limsup ( f* r~5 (s)A 2 (s, K 2 )As) > 1. 

t—* OO ' ' 

Then every solution of (1.1) oscillates. 

Proof. The proof of the theorem follows from Theorem 2.2 and Theorem 2.8. Hence the details 
are omitted. □ 


Theorem 2.10. Let 1 < p(t) < a < 00 , r A (t) > 0 r(a(t)) = a{r(t)), r(r](t)) 
7 > a> p, rj(t) > S(t). If (H 0 ), (H 2 ), ( H 5 ) - (H r ) and 


(Hs). limsup(ai(t)) ’ ( f* r 1 (s)As 

t—> OO ' 

Then every solution of (1.1) oscillates. 


ai(t) + 



= V(r(t)), 
x 

7 

= OO. 
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Abstract. We provide the semilocal convergence analysis of the Newton- 
Secant solver with a decomposition of a nonlinear operator under classical Lip- 
sclritz conditions for the first order Frechet derivative and divided differences. 
We have weakened the sufficient convergence criteria, and obtained tighter er¬ 
ror estimates. We give numerical experiments that confirm theoretical results. 
The same technique without additional conditions can be used to extend the 
applicability of other iterative solvers using inverses of linear operators. The 
novelty of the paper is that the improved results are obtained using parameters 
which are special cases of the ones in earlier works. Therefore, no additional 
information is needed to establish these advantages. 

Keywords: Newton-Secant solver; semilocal convergence analysis; Frechet 
derivative; divided differences; decomposition of nonlinear operator 
AMS Classification: 45B05, 47J05, 65J15, 65J22 

1 Introduction 

One of the important problems in Computational Mathematics including Math¬ 
ematical Biology, Chemistry, Economic, Physics, Engineering and other disci¬ 
plines is finding solutions of nonlinear equations and systems of nonlinear equa¬ 
tions [1-14]. For most of these problems, to find the exact solution is difficult 
or impossible. Therefore, the development and research of numerical methods 
for solving nonlinear problems is an urgent task. 
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A popular solver for dealing with nonlinear equations is Newton’s [2, 3, 4]. 
But it is not applicable, if functions are nondifferentiable. In this case, we can 
apply solvers with divided differences [1, 2, 3, 7, 8, 10, 11]. If it is possible to 
decompose into differentiable and nondifferentiable parts, it is advisable to use 
combined methods [2, 3, 5, 6, 12, 13, 14]. 

Consider a nonlinear equation 

F(x ) + G(x) = 0, (1) 

where the operators F and G are defined on a open convex set D of a Banach 
space Ei with values in a Banach space E 2 , F is a Freclret differentiable oper¬ 
ator, G is a continuous operator for which differentiability is not assumed. It is 
necessary to find an approximate solution x* £ D that satisfies equation (1). 

In this paper, we consider the Newton-Secant solver 

X n -\-i X n [F {Xn) -|- G {Xu — x , ^n)] i^Fi^Xn) T G(x n )), 71 — 0, 1,- (2) 

This iterative process was proposed in [6] and studied in [2, 3, 13], and the 
1 -j- 

convergence order ——— was established. It is shown that (2) converges faster 
than the Secant solver. 

In this paper, we study solver (2) under the classical Lipschitz conditions for 
first-order Frechet derivative and divided differences. Our technique allows to 
get the weaker convergence criteria, and tighter error estimates. This way, we 
extended the applicability of the results obtained in [13]. 


2 Convergence Analysis 

Let L(Ei,E 2 ) be a space of linear bounded operators from E\ into E 2 . Set 
S(x,t) = {y € Ei : \\y — x\\ < r} and let S(x,t) denote its closure. 

Define quadratic polynomial ip by 

<p(t) = ait 2 + a 2 t + a 3 


and parameters r, and rq by 


where 


and 


i - (go + qo)a 

V = -—— 

Po + <Zo + 2po + Qo + % 

_ 1 - q 0 a 

2po + qo + %' 

ai = po + qo + 2p 0 + qo + fo> 

Oil — — [i - (qo + qo) a + (2po + 9o + 9o) c ] 


013 = (1 - qoa)c, 
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where pp, pp, qo, do, %, a and c are nonnegative numbers. 

Suppose that (go + qp)a < 1 and < 0. Then, it is simple algebra to 

show, function ip has a unique root fo G (0, |], and 

r < n, 

_ = Porp + qo(f 0 + a) g ^ 

1 - q 0 a - {2p 0 + q 0 + q 0 )r 0 

and 

c 

rp > - -r- 

1-7 

Set Dp = D n S(x o, ri). 

Definition 2.1. FTe call an operator that acts from Ei into E 2 and is denoted 
by G(x, y) a first-order divided difference for the operator G by fixed points x 
and y (x ^ y), if the equality 

G(x, y)(x -y) = G(x) - G{y) 

is satisfied. 

Theorem 2.2. Suppose that: 

1) F and G are nonlinear operators on an open convex set D of a Banach 
space E\ into a Banach space E 2 ; 

2) F is a Frechet-differentiable operator, and let G is a continuous operator; 

3) G{-,-) is the first-order divided differences of the operator G defined on the 
set D; 

f) the linear operator Ap = F'(xp) + G(x-\,xp), where X-\, xp G D, is 


invertible; 

5) the following conditions are satisfied for all x,y, G D 

\\Ap\F\xp) - F'(a;))|| < 2pp\\x 0 - ar||, (3) 

||4 1 (G(i_i,i 0 ) - G(x, x 0 ))|| < 5 o||a:_i - z||, (4) 

Po 1 (G(ai,xo) -G(x,y))\\ < ^ 0 ||a : 0 - j/||, (5) 

and for all x,y,u G Dp 

\\A^(F'(x)-F'(y))\\<2p 0 \\x- y \\, (6) 

WAo 1 (G(x,y) - G(u,y))\\ < g 0 ||a;-u||; (7) 

6) a, c are nonnegative numbers such that 

Iko - a:_i|| < a, ||Aq 1 (F(x 0 ) + G(x 0 ))|| < c, c> a, ( 8 ) 

(qp + q 0 )a<l, <p(^r) < 0; (9) 
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7) S(x 0 ,r 0 ) C D. 

Then, the solver (2) is well-defined and the sequence generated by it converges 
to the solution x * of equation (1), so that for each n £ {—1,0,1,2,...}, the 
following inequalities are satisfied 


||%n 31n+l| ft t n t n - )_i, 

|| *Tn *r*|| 4 tn 4, 

where sequence {4}«>-1 defined by the formulas 

t- i =r 0 + a , t 0 = f 0 , 4 = f 0 — c, 


( 10 ) 

( 11 ) 


4+1 4+2 — 7^(4 4+l), n 0, 

- _ Po(t n — 4+l) + <4(4-1 — 4+l) 0<“ <“ 

7,1 1 - q 0 a - 2p 0 (t 0 - t n+1 ) - g 0 (4 - t n ) - q 0 (t 0 - 4+i)’ ~ 7,1 7 

( 12 ) 

is decreasing, nonnegative, and converges to t *, so that ro — c/( 1 — 7) < 4 < 4, 
where 


Po 


p Ol n = 0 

p o ,n>0 


qo 


q 0 , n = 0 

g 0 , n > 0. 


Proof. We use mathematical induction to show that, for each k > 0 the 
following inequalities are satisfied 


X _ ryk+2 c 

4+i > 4+2 > 4-1-— c ^ 4 - w—(I 3 ) 

1 — 7 1 — 7 

4+1 — 4+2 < 7(4 — 4+i)- (14) 

Setting k = 0 in (12), we get 


t\ — 4 — 


Po(4 — 4) + <4(4 1 — 4) 

1 - g 0 a - 2po{to - 4) - <4(4 - 


t(4 - 4) < 7(4 - 4), 


4 > 4, 4 > 4 > 4-7(4-4) > r 0 -(l+7)c = r 0 - 


(1 ~ 7 2 ) c 
1-7 


> Vq — 


1-7 


> 0. 


Suppose that (13) and (14) are true for k = 0,1,..., n — 1. Then, for fc = n, 
we obtain 


4 +i 4+2 — 


(po(4 4+i) + <?o(4—i 4+i))(4 4+i) 

1 ~ <4° — 2p 0 (4 — 4+i) — <4(4 ~ 4) — <4(4 — 4+i) 

, Po4 + <44-i /, , ,,- u x 

_ 1 _ 0-1 -1 (4 4+i) S 7(4 4+i), 

1 - q 0 a - 2po4 - <?o4 - <? 0 4 

1 — ,^ n +2 C 

^n+1 4^ ^n+2 ^ ^n+1 T(^n ^n+l) ^ ^*0 ^ 4 C To ~ 3 ^ 

1—7 1—7 


0. 
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Thus, {t n }n>o is a decreasing nonnegative sequence, and converges to t t > 0. 

Let us prove that the method (2) is well-defined, and for each n > 0 the 
inequality (10) is satisfied. 

Since f_i — to = a, to — t\ = c and conditions (8) are fulfilled then 
X\ € S(x 0 ,f 0 ) and (10) is satisfied for n G {—1,0}. Let conditions (8) be 
satisfied for k = 0,1, ...,n. Let us prove that the method (2) is well-defined for 
k = n + 1. 

Denote A n = F'(x n ) + G(x n -i,x n ). Using the Lipschitz conditions (3) - 
(5), we have 

\\I - VA»+1|| = Po "(A, - A n+1 )\\ < \\A^(F'(x o) - F'(* n+1 ))|| 

T|| A 0 {G[x— i, xq ) G[x n , xq) T G( x n , £o) G{x n , £ri+i)) | 

< 2p 0 ||a;o - a;„+i|| + go(IA-i - £o|| + ll^o - x n \\) + 11cco - a,’n+i|| 

< 2^o11rr 0 - x n+ i\\ + q 0 a + <?o|Ao - x n \\ + q 0 \\x 0 - x n+ i|| 

< qoa + 2po(to — t„+ 1) + qo{to — t n ) + q 0 (to — t n + 1) 

< qoa + 2p 0 r 0 + q 0 f 0 + q 0 r 0 < 1. 

According to the Banach lemma on inverse operators [2] A n+1 is invertible, 
and 

WKliM < (! - <7o a - 2p 0 \\x 0 - x n+1 \\ - <7o|Ao - x n \\ + g 0 ||a:o - x n+1 \\)~ l . 
By the definition of the divided difference and conditions (6), (7), we obtain 
II A) 1 ( F ( x n+ 1 ) + G(a: n+ i))|| 

= 11^0 (-^(^rt+l) A G(x n + 1) Fi^Xji) G^Xn) A n {x n X n _(-i))|| 

< IMo'doV'^n+i +t(x n - x n+ i)) - F'(x n )}dt)\\ \\x n - aj n+1 || 

A11 Aq (*Th +1 i Xn) G[x n — i, X n )) || || X n X n -\-\ | 

< (pollen - a;„ + i|| + 5 o(||a;„ - aj„+i|| + ||x„_i - x n ||))||a: n - ® n+ i||. 

In view of condition (10), we have 

IAra+1 ~ ^ra-lAI = I An + lAAn+l) + G ! ( a: n+l))|| 

< IIAi+iAjIIIIA) 1 (-f 1 ( ;E n+i) + G(x n+ i))|| 

Pollen - a?n+l|| + goQAn ~ X n +l\\ + \\x n -l ~ ^n||) ,, _ ,, 

1 - qoa - 2p 0 \\x 0 - x n+1 \\ - q 0 \\x 0 - x n+1 \\ + p 0 \\x 0 - x n \\ Xn 2 " +1 

^ (po(^n tn+ 1) A qo(t n —i t n -\- 1)) ( t n t n -\- 1) ^ ^ 

“ 1 - q 0 a - 2p 0 (t 0 - t n+ 1) - q 0 (t 0 - t n ) - q 0 (t 0 - t n+ 1) ” +1 " +2 ' 

Thus, the method (2) is well-defined for each n > 0 . Hence it follows that 

\\x n ~ Xk\\ <t n - t k , -1 <n<k. (15) 
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Therefore, the sequence {Xn}n>o is fundamental, so it converges to some 
x* € S(xo,fo)- Inequality (11) is obtained from (15) for k -+ oo. Let us 
show that x* solves the equation F(x) + G(x) = 0. Indeed, we get in turn that 

Aq 1 (F(x„+i) + G(x n+ 1)) < (pollen - x n+1 \\ 

+qo(\\x n - X n+ i\\ + \\x n -l - X n \\))\\x n - X„ + i|| -+ 0, n -> OO. 

Hence, F(x *) + G(x*) = 0. □ 

Remark 2.3. The order of convergence of method (2) is equal to ■ 

Proof. In view of t n — t n +i < 7(t n -i — t n ), and (12), we obtain 

^ ^ (po(in t n +i) T tjO(tn tn +1 A tn—1 t n )) (t n t n - (_i) 

" +1 " +2 1 - q 0 a - 2p 0 (t 0 - t n+1 ) - q 0 (t 0 - t n ) - q 0 (t 0 - t n+1 ) 

< _ PoT(tn-l - tn) + 9o(l + - t n ) _, t 

1 - (Joa - 2p 0 (t 0 - t n+ 1) - q 0 (t 0 - t n ) - q 0 (t 0 - t„+i) " " +1 

_ (poT + qo(l + l))(tn - t n+ i)(t n -i -t n ) 

1 - q 0 a - 2p 0 (t 0 - t n+ 1) - q 0 (t 0 - t n ) - q 0 (t 0 - t n+ 1) 

< P^ + yi+T) ( _ *„+,)(*„_, - ,„). 

1 - q 0 a - 2p 0 t 0 - q 0 t 0 - q 0 t 0 

Denote C = - ™ + <hV+i) clearl 

1 - q 0 a - 2p 0 t 0 - qoto ~ <7 0 to 

tn+1 tn+2 — G{t n — i t * ) (t n t*). 

Since, for each k > 2, the estimate is satisfied 

tn+k—l t n - (_fc ft 7 (tn+1 t n _|_2), 

we get 

tn+1 t n +fc = t n +l t n _)_2 T t n _j_2 t n +3 T • • • T t n _f-/c—1 t n +fc 

< (1 + 7 + . . . + 7 fe 2 )(t ra +l — tn+2) 

1 - 7 fe_1 1 
= : z (tn+1 t yl _|_2) fz , _ (tn+1 t n +2)- 

1 — 7 1 — 7 

In view of (16), for k —> oo, we have 

C 


(16) 


tn+1 t* 7: 


1-7 


_ (tn—1 t*)(tn t^,) 


Hence, it follows that the order of convergence of the sequence {t„} n >o is 
1 -j- 

equal to —-—, and, according (11), the sequence {x„}„>o converges with the 
same order. □ 
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Remark 2.4. (a) The following conditions were used for each x,y,u,v £ D 
in [13] 

\\Af\F'(y)-F\x))\\<2Po\\y-x\\, (17) 

W A o\G(x,y) - G(u,v))|| < Qo(\\x - u|| + \\y - v||), (18) 

ro > 1 , Qoa + 2 P 0 r 0 + 2Q 0 r 0 < 1, 

Po r o + Go( r o + a ) n ^ 

1 - Q 0 a - 2 P 0 r 0 - 2Go?’o ’ 

But, then we have 


Po < Po, 

Qo < Go, 

<?o < Go, 

since Dq C D, (3) and (4), (5), (7) are weaker than (17) and (18) respectively 
for r 0 < ro- Notice that sufficient convergence criteria (9) imply (19) but not 
necessarily vice versa, unless if po = Po, qo = % = Q o and ro = ro- 
A simple inductive argument shows that 


7n < 7n, 

(20) 

n+1 — Sn+l’) 

(21) 


where 


s ~i = ro + a, s 0 = r 0 , Si = r 0 - c, 


7n = 


^n+1 $n+2 — 7n(^n ^n+l), 71 P 0 , 

Po(s n ~ Sn+l) + Go(Sra-l ~ Sn+l) 

1 Qoa 2P() (.So ) Go(2so ^n+l) 


0 < 7n < 7- 


Notice that the corresponding quadratic polynomial <pi to ip is defined simi¬ 
larly by 

Flit) = bp 2 + b-2t + &3 


where 


and 


b[ — 3Po + 3Qo, 

62 = — [1 — 2Q 0 a + (2P 0 + 2Q 0 )c] 


63 = (1 - Q 0 a)c. 

We have by these definitions that 


ai < bi, a 2 < 62 , but a 3 > 63 . 
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Therefore, we cannot tell, if ro < ro or ro < ?'o or r o = ro- But, we have 


7 < 7 => r 0 < r 0 , 

Sn — t n , (22) 

s* < it = lim t n 

n—>o o 

and 

7 < 7 => f 0 < r 0 => C < C, 

tn < s n , (23) 

F* < s* = lim s n , 

n—>o o 

C^2 

It is simple algebra to show that ip(r ) > 0, and for r m i n = ——— (solving 

2ai 

r n 

<p'(t) = 0), r m i n > -, r m in < —. Hence, one may replace the second inequation 

in (9) by <p(Xr) < 0 for some X £ (0, |] to obtain a better information about the 
location of ro, if X ^ \, especially in the case when we do not actually need to 
compute ro- 

(b) The Lipschitz parameters po, qo, q 0 can become even smaller, if we define 
the set D\ = D D S(x\,ri — c) for n > c to replace Dq in Theorem 2.2., since 
D \ C Dq. 


3 Numerical experiments 


Let us define function F + G : R —» R, where 

F(x) = e x ~ 0 5 + x 3 - 1.3, G(x) = 0.2x|x 2 - 2|. 

The exact solution of F(x) + G(x) = 0 is x* = 0.5. Let D = (0,1). Then 

F'{x) = e x ~ 0 - 5 + 3x 2 , 


G(x, y) = 


0.2x(2 - x 2 ) - 0.2y(2 - y 2 ) 
x-y 


= 0.2(1 — x 2 — xy — y 2 ). 


A 0 = e x ° 05 + 3xg + 0.2(1 — x 2 _ 1 — X-iXg — Xg), 

~ F '(y))\ < 6 — + y \ \x-yl 

\Ao 1 {G{x,y) — G(u, v))| = (f-\{u + x + y){u - x) + {v + y + u)(v - y)\. 

Let Xg = 0.57, x_i = 0.571. Then, we have a = 0.001, c s=s 0.0660157, 
po « 1.4118406, q 0 « 0.1901483, q 0 « 0.2282491, n « 0.3083854, 

D 0 = D n S(x 0 , ri) = (0.2616146,0.8783854), 
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Po « 1.5362481, q 0 « 0.2340358, P 0 w 1.6982621, Q 0 « 0.2664386, and 
r « 0.1994221, p{\r) « —0.0051722 < 0. So, po < Pq , <?o < Qo, <7o < <2o- 

By solving inequalities y>(f) < 0 and < 0, we get 

t e [0.0824903, 0.1596319] => f£ 1} « 0.0824903, r£ 2) « 0.1596319, 

£ G [0.0924062, 0.1211750] => r^ « 0.0924062, r£ 2) « 0.1211750. 

Then r 0 = « 0.0824903, r 0 = r£ 1} « 0.0924062, and 

5(a;o,fo) = (0.4875097, 0.6524903), 7 « 0.1997151 <1,C« 0.8023108, 

5(a;o,ro) = (0.4775938, 0.6624062), 7 « 0.2855916 < 1, C « 1.2998717. 

In Table 1, there are results that confirm estimates (10), (11) and (21). 
Table 2 shows that sequences {£„} and {s„} converge to £* « 0.0073550 and 
s* « 0.0144209, respectively, and confirms (20) and (23). 


Table 1: Obtained results for e = 10 7 


n 

|^n— 1 %n\ 

tn— 1 t n 

$n— 1 $n 

\x n - X* 

t n t * 

s n s* 

1 

0.0660157 

0.0660157 

0.0660157 

0.0039843 

0.0091195 

0.0119695 

2 

0.0040123 

0.0087609 

0.0113203 

0.0000281 

0.0003586 

0.0006492 

3 

0.0000281 

0.0003573 

0.0006452 

1.761e-08 

0.0000013 

0.0000040 

4 

1.761e-08 

0.0000040 

0.0000040 

7.438e-14 

1.440e-10 

1.033e-09 


Table 2: Obtained results for £ = 10 7 


n 

tn 

$n 

"in-2 

"in—2 

-1 

0.0834903 

0.0934062 



0 

0.0824903 

0.0924062 



1 

0.0164746 

0.0263904 



2 

0.0077136 

0.0150701 

0.1327096 

0.1714793 

3 

0.0077136 

0.0144249 

0.0407873 

0.0569927 

4 

0.0073550 

0.0144209 

0.0035475 

0.0061771 

5 

0.0073550 

0.0144209 

0.0001136 

0.0002592 


4 Conclusions 

We investigated the semilocal convergence of Newton-Secant solver under clas¬ 
sical center and restricted Lipschitz conditions. This technique weakens the 


287 


ARGYROS 279-289 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


Newton-Secant Solver... 


10 


sufficient convergence criteria without adding more conditions and uses con¬ 
stants that are specializations of earlier ones. Moreover, tighter estimate errors 
are obtained. The theoretical results are confirmed by numerical experiments. 
Our technique can be used to extend the applicability of other iterative methods 
using inverses of linear operators [1-14] along the same lines. 
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Abstract 

In this paper, we investigate the global behavior of the difference equa¬ 
tion 

ax n -\ 

Xn+1 = - - k - - k - , n = 0,1,2,... 

U 7 E ‘ x n-2m i II Xn— 2mj 
i=l j=1 

with positive parameters and non-negative initial conditions. 
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1. INTRODUCTION 

Difference equations appear as natural descriptions of observed evolution phenom¬ 
ena because most measurements of time evolving variables are discrete and as such 
these equations are in their own right important mathematical models. More im¬ 
portantly, difference equations also appear in the study of discretization methods 
for differential equations. Several results in the theory of difference equations have 
been obtained as more or less natural discrete analogues of corresponding results 
of differential equations. 

The study of these equations is quite challenging and rewarding and is still in 
its infancy. 

We believe that the nonlinear rational difference equations are of paramount 
importance in their own right, and furthermore, that results about such equations 
offer prototypes for the development of the basic theory of the global behavior of 
nonlinear difference equations. 

Recently there has been a lot of interest in studying the global attractivity, 
boundedness character, periodicity and the solution form of nonlinear difference 
equations. 

El-Owaidy et al [ 1 ] investigated the global asymptotic behavior and the peri¬ 
odic character of the solutions of the difference equation 

aoc n -1 

x n -\~\ q | p ) xi 0 , 1 , 2 ,... 

P ' l X n-2 

where the parameters a, d, 7 and p are non-negative real numbers. 

Other related results on rational difference equations can be found in refs. 

[ 2 - 15 ]. 

In this paper, we investigate the global asymptotic behavior and the periodic 
character of the solutions of the difference equation 

OLX „-1 

x n+ i = - - - - -, n = 0 , 1 , 2 ,... ( 1 . 1 ) 

P + 7 E C-L; El x n-2m j 

i= 1 3=1 

where the parameters a, (3, 7 and p are positive real numbers, k G {1,2,...}, 
{mj } t fc =1 be positive integers such that rrq > mj_ 1 ;; i = 2 ,... A; and the initial 
conditions X- 2 m k , x - 2 m k +i, - -Wo are non-negative real numbers. 

The results in this work are consistent with the results in [1] when k — 1 and 

mi = 1. 
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The results in this work are consistent with the results in [3] when k — 2, 
mi = 1 and m 2 = 2. 

We need the following definitions. 

Definition 1. Let I be an interval of real numbers and let 

f : I k+1 -> I 

be a continuously differentiable function. Consider the difference equation 

X n+ 1 = f(x n ,x n -i, ...,x n - k ), n = 0,1,..., (1.2) 

with X-k, X-k+i,Xo G I. Let x be the equilibrium point of Eq.(1.2). The 
linearized equation of Eq.(1.2) about the equilibrium point x is 

Vn +1 C-lUri T C-lUri— 1 T ... T Ck+lVn—k (1-3) 

where 

C 1 = , c 2 = g^(x,x,...,x),...;C k+ 1 = g^- k (x,x,...,x). 

The characteristic equation of Eq.(1.3) is 

fe+i 

A fe+1 - ^2 cA k ~ i+1 = 0. (1.4) 

i= 1 

(i) The equilibrium point x of Eq.(1.2) is locally stable if for every e > 0, 
there exists 5 > 0 such that for all X-k,X-k+ 1 , ...,X-i,xo G / with 


X-k — x\ + \x- k+ i - x\ + ... + |x 0 — x\ < S, 


we have 


x n — a;| < e for all n > —k. 


(ii) The equilibrium point x of Eq.(1.2) is locally asymptotically stable if x is 
locally stable and there exists 7 > 0 , such that for all X-k+u x -i, £ 
I with 

\x-k — x\ + \x-k+\ - x\ + ... + |x 0 — x\ < 7 , 


we have 


lim x n — x. 

n->oo 
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(iii) The equilibrium point x of Eq.(1.2) is global attractor if for all X-k, x~k+i %..., x_i, 
Xq E I, we have 

lim x n = x. 

n—>oo 

(iv) The equilibrium point x of Eq.(1.2) is globally asymptotically stable if x is 
locally stable, and x is also a global attractor of Eq.(1.2). 

(v) The equilibrium point x of Eq.(1.2) is unstable if x is not locally stable. 

Definition 2. A positive semicycle of {x n \ c ^ = _ k of Eq.(1.2) consists of a ‘string’ 
of terms {xi,xi + 1, x m } , all greater than or equal to x, with l > —k and m < oo 
and such that either l — —k or l > — k and xi-i < x and either m — oo or m < oo 
and x m+ \ < x. 

A negative semicycle of {x n }™ = _ k of Eq.(1.2) consists of a ‘string’ of terms 
{xi,xi + 1, ...,x m } , all less than x, with l > —k and m < oo and such that either 
l = —k or l > — k and xi_ i > x and either m — oo or m < oo and x m+ i > x. 

Definition 3. A solution {x n } c ^ = _ k of Eq.(1.2) is called nonoscillatory if there 
exists N > —k such that either 

x n > x \/n > N or x n < x Vn > N , 

and it is called oscillatory if it is not nonoscillatory. 

(a) A sequence {x n }^L_k is said to be periodic with period p if 

x n + P = x n for all n > —k. (1.5) 

(b) A sequence {x n }^ = _ k is said to be periodic with prime period p if it is 
periodic with period p and p is the least positive integer for which (1.5) holds. 

We need the following theorem. 

Theorem 1.1. (i) If all roots of Eq.(1.4) have absolute value less than one, then 
the equilibrium point x of Eq.(1.2) is locally asymptotically stable. 

(ii) If at least one of the roots of Eq.(1.4) has absolute value greater than one, 
then x is unstable. 

The equilibrium point x of Eq.(1.2) is called a saddle point if Eq.(1.4) has 
roots both inside and outside the unit disk. 
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2. Main results 

In this section, we investigate the dynamics of Eq.(l.l) under the assumptions 
that all parameters in the equation are positive and the initial conditions are 
non-negative. 

The change of variables x n — ( ^ j y n reduces Eq.(l.l) to the difference 
equation 

_ 1 Un- 1 _ n 1 O /n i-i 

Un +1 — y ^ ) n — 0,1,2,... (2-1) 

If E y V n-2mi II Vn—lrrij 

i= 1 3 = 1 

where r = j| > 0 . 

Note that jq = 0 is always an equilibrium point of Eq.(2.1). When r > 1, 

1 

Eq.(2.1) also possesses the unique positive equilibrium |/2 = k+p ~ 1 . 


Theorem 2.1. The following statements are true 

(1) Ifr < 1, then the equilibrium point yi = 0 of Eq.(2.1) is locally asymptot¬ 
ically stable. 

(ii) If r > 1, then the equilibrium point y\ — 0 of Eq.(2.1) is a saddle point. 

1 

(Hi) When r > 1, then the positive equilibrium point ipf = ( I ^) fc+p_1 of 
Eq.(2.1) is unstable. 


Proof: The linearized equation of Eq.(2.1) about the equilibrium point y\ = 0 
is 

z n+ i=rz n -i, n = 0,1,2,... 

so, the characteristic equation of Eq.(2.1) about the equilibrium point yf = 0 is 

y2m k +l _ r y2m k -l _ q 


and hence, the proof of (i) and (ii) follows from Theorem A. 

For (iii), we assume that r > 1, then the linearized equation of Eq.(2.1) about 

the equilibrium point tyf = fe+p-1 has the form 


% n -\-1 % n — 1 


(r-l)(p+fc-l) „ 


(r-l)(p+fc-l) _ 

r k ^n—2m2 


(r-l)(p+fc-l) 


0 , 1 , 2 , 
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equilibrium point y 2 = 


^2m k -2mi _ q 

It is clear that / (A) has a root in the interval (—00, —1), and so, > = ( r ^) fe+p_1 
is an unstable equilibrium point. 

This completes the proof. 

Theorem 2.2. Assume that r < 1, then the equilibrium point yi = 0 of Eq.(2.1) 
is globally asymptotically stable. 


so, the characteristic equation of Eq.(2.1) about the 

(r^l)^T ig 


J (y) _ y2m k +\ _ y2m k — l _|_ 0 ^)(P + k 1) ^ 


Proof: We know by Theorem 2.1 that the equilibrium point yf = 0 of Eq.(2.1) 
is locally asymptotically stable. So, let {y n }^L- 2 m k a solution of Eq.(2.1). It 
suffices to show that lim^oo y n = 0. Since 

0 < y n +1 = - - k - - k - < nj n -i < Un-V 

Z/ Un-lmi FI yn-2m.j 
i= 1 3=1 


So, the even terms of this solution decrease to a limit (say Li > 0), and the odd 
terms decrease to a limit (say L 2 > 0), which implies that 


L\ = 


rL 1 


1 + kL k + p ~ l 


and 


To — 


rLo 


1 + kL k 1 +p ~ 1 ' 


If L\ ^ 0 < 0, which is a contradiction, so L\ = 0, which implies 

that L 2 = 0. 

So, lim^oo y n = 0, which the proof is complete. 


Theorem 2.3. Assume that r = 1, then Eq.(2.1) possesses the prime period two 
solution 

...>,0,0,0,... ( 2 . 2 ) 

with 0 > 0. Furthermore, every solution of Eq.(2.1) converges to a period two 
solution (2.2) with 0 > 0. 
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Proof: Let 

..., 0 ,- 0 , 0 ,- 0 , 

be period two solutions of Eq.(2.1). Then 


r0 


1 + k^ k+p ' 


—j-, and 0 = 


r0 


1 + k(j) k+p ~ l ’ 


so, 




^k+p-2 _ 2 

If k + p > 2, then we have r — 1 < 0. 

If r < 1 , then this implies that 0 < 0 or -0 < 0 , which is impossible, so r = 1 . 
If k + p < 2, then we have r — 1 > 0. 

If r > 1 , then we have either 0 = 0 = 0 , which is impossible or 0 = 0 = 
1 

(tt) k+p ~ 1 , which is impossible, so r = 1 . 

If k + p — 2, then we have(r — 1)(0 — 0) = 0, which implies that r = 1. 

To complete the proof, assume that r = 1 and let {yn} 0 = ._ 2 /,- be a solution of 
Eq.(2.1), then 


k k 

~~Vn-l I Y2 Vn-2mi fl Un-2mj 


. i=l 


Vn+1 Vn-l — 


3 =1 


k k 

1 + S Vn-lrm I! yn—2rrij 


< 0 , n = 0 ,l, 2 , 


i=l j =1 

So, the even terms of this solution decrease to a limit (say <f> > 0), and the 
odd terms decrease to a limit (say T > 0). Thus, 

$ _ ^ 


$ = 


and T = 


1 + ktyk+P- 1 ~ ~ 1 + k^k+P- 1 ’ 

which implies that A;$'I ' / ' :+p_1 = 0 and = 0. Then the proof is complete. 


Theorem 2.4. Assume that r > 1, and let {y„}0 = .__ 2)1 , ( be a solution of Eq.(2.1) 
such that 

y-2m k ,y-2m k +2, Vo > 1/2 and 7/_2m fc +l, y~2m k +3i IJ-l < V 2 , (2.3) 

or 

y-2m k ,y-2m k +2,-,yo < V2 and y-2m k +l, Z/-2m fc +3, J/-1 > 02- (2.4) 

1 

Then {y n }0L_2m A: oscillates about yT. = fc+p_1 with a semicycle of length one. 
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Proof: Assume that (2.3) holds. (The case where (2.4) holds is similar and 
will be omitted.) Then, 


V i = 


ry -1 


and 


V2 = 


k k 

1 + E y-~ 2 l m, n y- 2 m,- 

i=l j =1 

ryo 


k k 

1 + E y~ 2 m;+l n V—2m j+ 1 

i =1 


ry 2 = _ 

1 + k^+P- 1 V2 


rm = _ 

1 + ky^+P- 1 m 


3 =1 


and then the proof follows by induction. 


Theorem 2.5. Assume that r > 1, then Eq.(2.1) possesses an unbounded solu¬ 
tion. 


Proof: From Theorem 2.4, we can assume without loss of generality that the 
solution {t/n}^L_ 2 fc°f Eq.(2.1) is such that 


lj 2 n-\ <y 2 = 

Then 


'f — \ \ fc+p — 


and y 2n > 1/2 = 


r — 1 \ k+p— 


, for n > — mfe+ 1 . 


Z/2n+l — 


nj 2 n-\ 


k k 

1 + E ?/2n-2m, E[ y2n—2m,j 


i =1 


j=l 


and 


t/2n+2 — 


T-S/2« 


k k 

^ JO y2n— 2TOj+l 101 y2n—2rn l +1 
*=1 j=l 


ry2n-i _ 

1 + kyi k+p ~ l ~ ?/2n_1 


ry 2n _ 

1 + h^+P- 1 V2r 


from which it follows that 


lim y 2n = oo and lim y 2n+ 1 = 0 . 

n—xx) n—>oo 

Then, the proof is complete. 
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Abstract 

In this paper, we define some general classes of weighted analytic function spaces in the unit 
disc. For the new classes, we investigate boundedness and compactness of the weighted composition 
operator uC $ under some mild conditions on the weighted functions of the classes. 


1 Introduction 

Let H(O) denote the class of analytic functions in the unit disk D. As usual, two quantities Lf and Alf, 
both depending on analytic function / on the unit disk D, are said to be equivalent, and written in the 
form Lf ss Alf, if there exists a positive constant C such that 

—Alf < L f < C M f . 

The notation A < B means that there exists a positive constant C\ such that A < C\B. 

For 0 < a < oo. The weighted type space H™ is the space of all f £ H(B) such that 

ii/n^ = sup(i-ui 2 ri/(ui<oo. 

zSB 

and H™ 0 denotes the closed subspace of H™ such that / £ H satisfies 

(l-H 2 n/U)|-0 as IU-1. 

Let the Green’s function g(z, a) = In = In \^n^y\ > where <p a (z) = ffzf stands for Mobius transfor¬ 

mation. The following classes of weighted function spaces are defined in [7]: 

Definition 1.1 Let K : [0,oo) —> [0, oo) be a nondecreasing function and let f be an analytic function 
in D then f £ A fx if 


\\f\\lr K = SU P [ \f{z)\' 2 K{g(z,a))dA(z) < oo, 
aeo J B 


AMS 2010 classification: 30H30, 30C45, 46E15. 

Key words and phrases: analytic classes, weighted composition operators. 
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2 


where dA(z) defines the normalized area measure on O, so that A(B) = 1. 

Now, if 

lim [ \f{z)\ 2 K(g(z,a))dA(z) =0, 
kh 1 jd 

then f is said to belong to the class Mk,o- 

Clearly, if K(t) = t p , then Mk — M p (see [19]), since g(z,a) « (1 — \gj a (z)\ 2 ). For I\(t ) = 1 it gives the 
Bergman space A 2 (see [17]). 

It is easy to check that || • \\jg K is a complete semi-norm on Mk and it is Mobius invariant in the sense 
that 

\\f ot Pa\W K = \\f\W K > aeB, 

whenever / G Mk and <p a £ Aut(B) is the group of all Mobius maps of D. If Mk consists of just the 
constant functions, we say that it is trivial. 

We assume from now that all K : [0, oo) —> [0, oo) to appear in this paper is right-continuous and 
nondecreasing function such that the integral 

p 1/e poo 

/ K (log(l/p))p dp = / K(t)e~ 2t dt < oo. 

Jo J 1 


From a change of variables we see that the coordinate function 2 belongs to Mk space if and only if 

' (i-M 2 ) 2 


sup 

agD . 


|1 — az\ 


A"(log(l/| 2 |)) dA{z) < oo. 


Simplifying the above integral in polar coordinates, we conclude that Mk space is nontrivial if and only 
if 

r 1 (i — t) 2 

A'(log(l/r))?’dr < oo. (1) 


(1 -tr 2 f 

An important tool in the study of Mk space is the auxiliary function 4>k defined by 


, , x A (st) 

4 > k{S) = sup -—-K, 0 < S < 00. 
0<t<l A (t) 


The following condition has played a crucial role in the study of Mk space: 

f°° , , Ms 
/ <Pk{s)—^ < oo, 

J i s 


and 

The test 

Lemma 


function 

1.1 For 


, Ms 

/ < Pk{3)— < OO. 

Jo s 


in Mk can be stated as follows (see [7]): 
w £ H we define 


h w (z) = 


1 — \w\ 

(1 — wz ) 2 


Suppose that condition (1) is satisfied. Then h w £ Mk and 


sup \\h w \\Kf K < 1. 

we b 


( 2 ) 

( 3 ) 
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2 Analytic Mk, w and spaces 

Let uj : (0, 1] —> [0, oo) be any reasonable and right continuous nondecreasing function and K : 
[0, oo) —> [0, oo) be right continuous nondecreasing function too. Then, we give the following definitions. 

Definition 2.1 Let 0 < a < oo. The weighted type space is defined by 

:= {/ G H(B) : sup (1 ~ \f(z)\ < oo}. 

z6D w(i - Fr) 


if 


lim Ar-ffi|/W|=0 r 


W — > i w(l - \z\ 2 ) 

we say that f belongs to u 0 . 

Definition 2.2 The analytic Nk,w -space is defined by 


Af K ,w := {/ G H(B) : sup f \f(z)\ 2 dA(z) < oo}. 

aeoJo w 2 (1-|2| 2 ) 


If 


lim 

M—d. 


W 2 (l - |*| 2 ) 

\f(z)\ 2 K 2 ,f Z \ a) l dA(z) = 0, 

u 2 {l-\z\ 2 ) 


we say that f belongs to the class Nk,u>,o- 

Clearly, if K ( t) = t p and u> = 1, then A/ka = Af p . 

For K[t) = 1 and u> = 1, it gives the Bergman space „4 2 . 

In the study of the space Nk,u, we assume the following condition holds: 

f 1 AT(logi) 


/o w 2 ( 1 - r 2 ) 


r dr < oo. 


( 4 ) 


Throughout this paper, we always assume that condition (4) is satisfied, so that the Nk,u space we study 
is not trivial. 


Remark 2.1 It should be remarked that the weight function w(l — |z|) is used to define and study some 
general classes of function spaces, see [10, 15, 21] and others. 

(1 7*^ 1 CL 

For a point a G D and 0 < r < 1, let D(a,r) denote an Euclidean disk with center }_~ 2 |q |2 and radius 

( see [^O])- Suppose also that E(a,r) = {z G D : \z — a\ < r( 1 — |a|) }. 

Now, we will prove the following lemma: 

Lemma 2.1 Let lo : (0, 1] —> [0, oo) be any reasonable and right continuous nondecreasing function 
and let K : [0, oo) —> [0, oo) be right continuous nondecreasing function. Then 

a r K ,u, C h^ u . 

Proof: Suppose that / G Af k, and let C be a constant such that 


sup 

aeD 


2 K {g{z,a 
w 2 (l- \z\ 2 ) 


dA{z ) = C < oo. 
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By the fact that K is nondecreasing, for all r, 0 < r < 1, we have 

C 


l/MI 


> 


> 


> 


W 2 (1- M 2 ) 

/ D(a,r) UJ 2 (l-\z\ 2 ) 

lE(a, r) U z (l-\z\ z ) 


K (log *) 


^ 2 (i-l«l 2 ) y B( „, 

Since |/( 2 )| 2 is subharmonic it follows that, 

^(log?) f 


\f{z)\ 2 dA{z). 


C 


> 


w 2 (l - |a| 2 ) J B(air) 
^ (log i 


- w 2 (l — |a| 2 ) 

For ro € (0,1), there exists a constant A such that 

|/(a)| 2 (l-M 2 ) 2 


l/WI 2 ^) 

2r 2 7r(l — |a| 2 ) 2 |/(a)| 2 . 


u> 2 (l- |a| 2 ) 


A 


< 


Since ?’o is fixed, then 


sup l/( a )l(l — l a l 2 ) c 
aeB w(l - |a| 2 ) - 


I \f(z)\ 2 dA(z) 
J D(a,r 0 ) 

C A 

/l (log l/r 0 )' 


/ C A 
if(logl/r 0 ) 


Thus / G iff° w in D. Hence, Nk, u C iFf 0 ^. 


We will prove the following lemmas on Mk, spaces: 

Lemma 2.2 Let to : (0, 1] —> [0, oo), K : [0,oo) —► [0,oo) and X, Y € {H™ u ,Nk,w}- Suppose that 
uC,f,(X) C Y. Then uC$ : X —> Y is compact if and only if for every bounded sequence {fj} € X which 
converges to 0 uniformly on compact subset of IS), we have 

lim \\uC^fj\\Y = 0. 

j—>oo 

Proof: This is an extension of a well-known result on the compactness of the composition operator on 
the Hardy spaces (see [9], Proposition 3.11). We see that any bounded sequence in H™ forms a normal 
family. Also by Lemma 2.1 we have the relation 


ll/ll 


H? 


< ll/IK 


and the growth estimate for / G imply that any bounded sequence in Mk, u forms a normal family. 

Hence a similar argument by using Montel’s theorem also proves this lemma, and so we omit its proof. 


Now, for a G (0, oo), 6 G [0,27r) and r G (0,1], we put 

OO 

fe,r{z) := ^2 2 ak {re w fz 2k (z G D). 
k -o 

Using the function fg^ r , we have the following result: 
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Lemma 2.3 The function fg, r {z) belongs to and ||/g ir ||jyoo < 1 which is independent of 9 and r. 

In particidar, f e>r G 0 if r £ (0,1). 

Proof: The proof is similar to the corresponding results in [27], with some simple modifications, so it 
will be omitted. 


Lemma 2.4 Let ui : (0, 1] —> [0, oo), K : [0,oo) —* [0, oo) with u>(kt) = kui(t), k > 0. Suppose that 
condition (f) is satisfied. For all z,w G D, we define the function h w (z) by 


h w (z) = 

Then h w (z) G AI K , U and sup we]D) \\h w \\jy K ul < 1. 
Proof: First, we have that 


(i-M 2 )(i-M) 

(1 — wz) 2 


\\hw\W K ,«, = sup / 

u>eB JB 


(1-H 2 ) 


(1-M) 5 


-K(g(z,w)dA(z). 


(1 — wz) 2 | u 2 {l-\z\ 2 Y 
Since, 1 — |iu| < |1 — wz\ < 1 + |w| < 2 and 1 — \z\ < |1 — wz\ < 1 + \z\ < 2 where z,w G D, then 


K(g(z,w) 


K ( lo S\^y\) 


||Ma/V,.<4su P / dA{z)= 4 sup / '7^ dA(z). 

u,GB Jd w (1 - l 2 l ) ujGbJd w “(1 - \ z \ ) 

Now, let z = <p w (z), then 


\\h w \\M K ,„ < 4 sup 


K( 108 h) a-l^f dA(z) 


< 16 sup 


weo Jo w 2 (l - \Vw{z)V) \l-wz\ A 

^ (log r) 


Since, 

Then, we obtain that 

11 h w 11 1 Vk 


w£bJb I 1 - WZ\ 2 W 2 (1 - \y w {z)\ 2 ) 




dA(z). 


< 16 sup 

w£B 

= 16 sup 

idGB 

< 16 sup 


|1 — WZ I 2 

A ( 1q Sr) _ 

Jd \l-wz\ 2 w 2 ^ 1 -^ 1 ^ ) 

K{\og fa) 


= 16 sup 

< c 

where c is a positive constant. Then, 

This completes the proof. 


weaJo |1 - wz\ 2 (l - \ w \ 2 ) 2 u 2 

_ if flog r) _ 

~ W £Bh |1 - ^| 2 (1 - | ^| 2 ) 2 

(1 — |u’|) 4 A"(log |4y) 


wgbJb |1 - wz\ 2 (l - H 2 ) 2 w 2 (l - | 2 | 2 ) 

1 if (log i) 


dA(z) 
dA(z) 
dA{z) 
dA(z) 


o w 2 (l — r 2 ) 


r dr < oo, 


sup \\h w \\u KtU1 < 1. 

w£ B 
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3 Weighted composition operator on and Mk, u> spaces 


Let <fi be an analytic self-map of the unit disk D. For any u £ IHI(O) and 0 : D —> D, the weighted 
composition operator uC$ : H(B) —> H(B) is defined by uC^f = u.(f o (j)). This class of operators has 
been appeared in the studies of isometries of many holomorphic function spaces. In fact, many isometries 
of holomorphic function spaces are described as weighted composition operators. For more information 
and various studies on weighted composition operators, we refer to [8, 12, 13, 16, 18, 25, 27, 28, 29] 
and others. 

In this section we study weighted composition operators acting on Mk, w -space. 

Let 0 £ H(B) to denoted a non-constant function satisfying 0(B) C B. First, in the following result, we 
describe boundedness for the Mk, urdass. The results in this section generalizing some results in [19]. 

Theorem 3.1 Let u £ 77(B), suppose that u> : (0, 1] — * [0, oo), K : [0,oo) —> [0, oo) he nondecreasing 
right continuous functions with u>(kt) = ku>(t ), k > 0, also suppose that condition (4) is satisfied and 
a £ (0, oo). Then uC$ : Mk, u> —► is bounded if and only if 


sup 

zgD 


Ms)|(i-H 2 )° 

(i-|^)|>(i-H 2 )) 


< 00. 


( 5 ) 


Proof: First assume that (5) holds. Then 


WuC^/Wh- 


< 


< 

< 


SUp|u( 2 )|/( 0 (z)) 

zgB 


(! - \ Z ?T 

W (l-|z| 2 ) 


sup 

ze d 


K*)|(i-M 2 ) Q 

(1 - I0a(-)| 2 )w(l - \z\ 2 ) 


sup|/(0(0))| 

zgB 


(1 | 0 a(^') | 2 ) 

W (l-|0( 2 )| 2 ) 


ll/lkr„ su P 

’ zSB 


K^)l(i-N 2 ) a 

(1 - |0aW| 2 )w(l - \<fa{z)\ 2 ) 


A||/| W K , 


where A is a positive constant. 

Conversely, assume that uC^ : Mk, u —> 77“ w is bounded, then 


\WC4,f\\Hz„<\\f\W K , 


Fix a Zq E D, and let h w be the test function in Lemma 2.4 with w = (j)(zo ). Then 


1 ^ ||hw ||a/"k, lu — Ai 11 uC(ph w 11 ^ 

> |m(zq)|( 1 - |w| 2 ) __ , |2 \a 

\l-w<j> a (zo)\ 2 Ml-\z 0 \ 2 ) { h0N 
l^o)l(l-U-o| 2 ) Q 
(l-|0 a (zo| 2 )Ml-|zo| 2 ) 7 

where Ai is a positive constant. The proof of Theorem 3.1 is therefore established. 

Theorem 3.2 Let u £ 77(B), suppose that u> : (0, 1] — > [0, oo), K : [0,oo) — > [0, oo) he nondecreasing 
right continuous functions with u(kt) = ku>(t) , k > 0, also suppose that condition (4) is satisfied and 
a £ (0,oo). Then the weighted composition operator uC<t, : 77“ w —> Mk, u is bounded if and only if 


sup 

agB , 


\u(z) | 2 q, 2 (1-|0(z)| 2 ) 


K(g(z,a))dA(z) < oo. 


( 6 ) 


Proof: First we assume that condition (6) holds and let 

M*)| 2 o; 2 (l-|0(z)| 2 ) 


sup 
ae D . 




K(g(z,a))dA(z) < C, 
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where C is a positive constant. If f £ ££“ UI , then for all a £ D we have 

\\uC^f\\^ K , w = 


< 

< 

Conversely, assume that uC<f, : Hff u —> Mk, u is bounded, then 

11^/11^,^11/11^^ 

fixing a point Zq £ D , with w = 4>{zo) then we set that 

r _ w(l-uj^o)) 

M) ~ (1 -wz)° ’ 


sup / \u(z)\ 2 \f((f>(z)\ 
agD Jo 


2 K(g(z,a) 


dA(z) 


sup 

agD , 


^ 2 (i-M 2 ) 

u(z) | 2 (1 - \<j>(z)\ 2 ) 2a \mz)\ 2 ^ 2 (l - \<Kz)\ 2 )K(g(z,a)) 


<*> 2 (l-|*l 2 ) ^ 2 (1-I^)| 2 ) 

|u(z)| 2 u; 2 (l-|<^)| 2 ) 


\H 9 ° sup 
’ oeD 


{l-\<j>{z)\ 2 ) 2 <* 0 J 2 (1 — \z\ 2 ) 


(l-\m\ 2 ) 2a 

K{g{z,a))dA{z) 


dA(z) 


C\\f\\ 2 H ° 


it is easy to check that \\f w \\ H ^ 


\\ U C'<j > fw\\NK, 


< 1 

. Then, 

— 

sup / 


<z£lD) J ID) 

= 

sup / 


a6D JO 

< 

\\fw\\% 


|u(^o)| 2 u; 2 (l-|^o)| 2 )X( g (zo,a)) 

(l - 0(2 o)<Kzo))'“w 2 (1 - \zo\ 2 ) 

K^o)| 2 ^ 2 (l - \<p(z 0 )\ 2 )K(g(z 0 ,a)) 
(1-|^o)| 2 ) 2 “w 2 (1-|^ 0 | 2 ) 


dA(z 0 ) 
dA(z 0 ) 


Theorem 3.3 Let u £ £7(0), suppose that ui : (0, 1] —> [0, oo), K : [0,oo) —> [0,oo) he nondecreasing 
right continuous functions with ui(kt) = kw(t ), k > 0, also suppose that condition (4) is satisfied and 
a £ (0, oo). Then, the operator uC$ : Mk , u> —> u is compact if and only if 


lim sup 

r_> 1 |*(*)l>r 


K~)l(i - N 2 ) a 

(1-|^)| 2 M1-H 2 ) 


= 0. 


( 7 ) 


Proof: First assume that uC$ : Mk,u —» is compact and suppose that there exists £q > 0 a 

sequence (z„) C D such that 


\u{z n )\{l~\z n \ 2 ) a 
(i-|^„)| 2 Mi-|^p) - ° 


whenever \(j>{z n )\ > 1 


1 

n 


Clearly, we can assume that 


w n = (j>{z n ) —> Wo £ 90 as n —> oo. 


Let h-in — 


(i-KI 2 ) 


be the test function in Lemma 2.4. Then h,. 


h Wo with respect to the compact 


(1 - v^z) 2 ~~ .~.... "■ ~ ^ 

open topology. Define f n = h Wn — h Wo . Then ||/ n ||Adf, u — ( see Lemma 2.4) and f n —> 0 uniformly on 
compact subsets of D. Thus, uf n o <f —> 0 in Hff M by assumption. But, for n big enough, we obtain 




> \u(z n )\\h Wn (<j>(z n )) - h W0 (<j>(z n )) py 


\u{z n )\{i~\ Zn \ 2 r 

i (1 -> 

W n | 2 )(1 - Kl 2 ) 

(1 - \<j>(z n )\ 2 )w(l - \z n \ 2 ) 


1 - WdW n 


> £0 = 1 
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which is a contradiction. 

Conversely, assume that for all £ > 0 there exists r £ (0,1) such that 


K~)l(i - l~l 2 ) a 
(i-|<^)l 2 Mi-M 2 ) 


whenever |</>(z)| > r. 


Let (/„)„ be a bounded sequence in Afx, u norm which converges to zero on compact subsets of D. Clearly, 
we may assume that |</>(z)| > r - Then 


\WC^f n \\ H ^ = sup\u(z)\\f n (<j>(z))\ \ Z ! L 

26D lv(1-\z\ 2 ) 

= sup n ’IfiiVnT pi \ um )\{ t -\ m \ 2 )- 

zgd (1 - \<f>{z)\ 2 )w{l - \z\ 2 ) 


It is not hard to show that 


Thus, we obtain that 


M|iTf„ ^ 11 'I \Mk,u ' 


\\vC*fn\\H~ u < £ ll/nlK“„ < £ \\fn\W K , u < £ ' 

It follows that uC<f, is a compact operator. This completes the proof of the theorem. 

Remark 3.1 It is still an open problem to extend the results of this paper in Clifford analysis, for several 
studies of function spaces in Clifford analysis, we refer to [1, 2, 3, f, 5, 6] and others. 


Remark 3.2 It is still an open problem to study properties for differences of weighted composition oper¬ 
ators between Afpc, u and Hff u classes. For more information of studying differences of weighted compo¬ 
sition operators, we refer to [If, 22, 23, 26] and others. 
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HERMITE-HADAMARD TYPE INEQUALITIES FOR THE 
ABK -FRACTIONAL INTEGRALS 


ARTION KASHURI 


Abstract. The author introduced the new fractional integral operator called A.Bif-fractional 
integral and proved four identities for this type. By applying the established identities, 
some integral inequalities connected with the right hand side of the Hermite-Hadamard type 
inequalities for the ABK -fractional integrals are given. Various special cases have been 
identified. The ideas of this paper may stimulate further research in the field of integral 
inequalities. 


1. Introduction 


The class of convex functions is well known in the literature and is usually defined in the 
following way: 


Definition 1.1. Let / be an interval in R. A function / : I —>• R, is said to be convex on I if 
the inequality 

/(Ae: + (1 - A)e 2 ) < A/(e x ) + (1 - A)/(e 2 ) (1.1) 


holds for all ei,e 2 £ I and A £ [0,1]- Also, we say that / is concave, if the inequality in (1.11 
holds in the reverse direction. 


The following inequality, named Hermite-Hadamard inequality, is one of the most famous in¬ 
equalities in the literature for convex functions. 


Theorem 1.2. Let / :/ CR — y K. be a convex function and ei,e 2 £ I with e\ < e 2 . Then the 
following inequality holds: 


ei + e 2 


< 


e2 - ei 


r "/(^<hA±ZM, 


This inequality (1.2) is also known as trapezium inequality. 


( 1 . 2 ) 


The trapezium inequality has remained an area of great interest due to its wide applications in 
the field of mathematical analysis. Authors of recent decades have studied (1.2) in the premises 
of newly invented definitions due to motivation of convex function. Interested readers see the 
references P].p]-[201.[22 -p?71. 


In [8], Dragomir and Agarwal proved the following results connected with the right part of 

Of 

Lemma 1.3. Let f : 1° C R. —>• R. be a differentiable mapping on 1°, ei,e 2 £ 1° with e\ < e 2 . 
If f £ L[ei,e 2 ], then the following equality holds: 

/( g i)y - - - [ f{x)dx = 52 ei ^ f (1 - 2t)f'(te 1 + (1 - t)e 2 )dt. (1.3) 

2 e 2 - ei J ei 2 J 0 

1 2010 Mathematics Subject Classification: Primary: 26A09; Secondary: 26A33, 26D10, 26D15, 33E20. 

Key words and phrases. Hermite-Hadamard inequality, Holder inequality, power mean inequality, Katugam- 
pola fractional integral, AB-fractional integrals. 
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Theorem 1.4. Let f : 1° C R —>• R be a differentiable mapping on 1°, ei, e 2 £ 1° with e\ < e 2 . 
If | f'\ is convex on [ei,e 2 ], then the following inequality holds: 


/(e l) + /(e 2 ) 
2 


e 2 - ei 


f{x)d 2 


<^^(l/'(ei)| + |/ , (e 2 )|). 


(1.4) 


Now, let us recall the following definitions. 


Definition 1.5. AA(ei,e 2 ) (c £ R), 1 < p < oo denotes the space of all complex-valued 
Lebesgue measurable functions / for which ||/||x£ < oo, where the norm || • is defined by 

ll/IU? = \t c f(t)\ pd pj d<P<oo) 


and for p = oo 


||/||x°° = ess sup \t c f(t) 

e\ <i<e 2 


Recently, in m , Katugampola introduced a new fractional integral operator which generalizes 
the Riemann-Liouville and Hadamard fractional integrals as follows: 


Definition 1.6. Let [ei, e 2 ] C R be a finite interval. Then, the left and right side Katugampola 
fractional integrals of order a (> 0) of / £ X p (ei, e 2 ) are defined by 


T+/M = fla) f 1 > e ' 


and 


l-a pe 2 j.p-1 

p I a -f[x ) = / 7 - 77 — f(t)dt , x < e 2 , 

e 2 JW T(a) 7^. (fA - aV’) 1 - 0- ' w 

where p > 0, if the integrals exist. 


(1.5) 

( 1 . 6 ) 


In [3], Atangana and Baleanu produced two new fractional derivatives based on the Caputo 
and the Riemann-Liouville definitions of fractional order derivatives. They declared that their 
fractional derivative has a fractional integral as the antiderivative of their operators. The 
Atangana-Baleanu ( AB) fractional order derivative is known to possess nonsingularity as well 
as nonlocality of the kernel, which adopts the generalized Mittag-Leffler function, see [15]. {2T!. 


Definition 1.7. The fractional AB-integral of the function / £ H* (ei, e 2 ) is given by 

« B, ‘ m = (t) + bhi» i, (t _ “ r " 1 f{u)du ’ t>eu 

where ei < e 2 , 0 < v < 1 and B (v) >0 satisfies the property B (0) = B (1) = 1. 


(1.7) 


Similarly, we give the definition of the (1.7) opposite side is given by 


= + bMTm/ f<e2 - 

Here, T(z/) is the Gamma function. Since the normalization function B (is) > 0 is positive, it 
immediately follows that the fractional AB-integral of a positive function is positive. It should 
be noted that, when the order v —> 1, we recover the classical integral. Also, the initial function 
is recovered whenever the fractional order v —> 0. 


Motivated by the above literatures, the main objective of this paper is to establish some new 
estimates for the right hand side of Hernrite-Hadamard type integral inequalities for new frac¬ 
tional integral operator called the Af?A'-f rac tional integral operator. Various special cases will 
be identified. The ideas of this paper may stimulate further research in the field of integral 
inequalities. 
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2. HERMITE-HADAMARD INEQUALITIES FOR ABiF-FRACTIONAL INTEGRALS 

Now, we are in position to introduce the left and right side ABAT-fractional integrals as follows. 

Definition 2.1. Let [ei,e 2 ] C I be a finite interval. Then, the left and right side ABK- 
fractional integrals of order v £ (0,1) of / £ X p (ei, e 2 ) are defined by 


and 


A + Kp Iff{t) = 

e+ UW B (v) J W 










r* u p- 1 

j (tP- lL P) t>e ^° (2- 1 ) 




B (v )' 


(j/)T(u) J t ( u p - t p ) 


—f(u)du, t < e 2 , 


( 2 . 2 ) 


where p > 0 and B (z/) > 0 satisfies the property B (0) = B (1) = 1. 


Remark 2.2. Since the normalization function B (u) > 0 is positive, it immediately follows that 
the fractional ABA'-integral of a positive function is positive, ft should be noted that, when the 
p —> 1, we recover the AiAfractional integral. Also, using the same idea as in [12], the ABK- 
fractional integral operators are well-defined on X? (ei, e 2 ). Finally, using the same idea as in 
PQ, the interested reader can find new nonlocal fractional derivative of it with Mittag-LefHer 
nonsingular kernel, several formulae and many applications. 

Let represent Hermite-Hadamard’s inequalities in the ABK- fractional integral forms as follows: 

Theorem 2.3. Let v £ (0,1) and p > 0. Let f : [e p , e£] —> R. be a function with 0 < e\ < e 2 
and / £ X p (e p , e £). If f is a convex function on [e p , etf], then the following inequalities for the 
ABK-fractional integrals hold: 


2 (e 2 — e p ) 1 




< 


< 


(u) r (u + 1 ) p 2 

ti Kpi :>m+ tr pi < f{e '\ 

U-e^Y+p{\-u)T{v) 


+ iA[f(e P 1 ) + f(e p 2 )} 


B(u) 


(2.3) 


pB (u) r(u) 


[/(e?)+ /(<£)]• 


Proof. Let t £ [0,1]. Consider x p , y p £ [e^ej], defined by x p = t p e p + (1 — t p )e 2 , y p = (1 — 
t p )e p + t p e 2 - Since / is a convex function on [e p , e^], we have 


/ 


< 


/ O p ) + / ( y p ) 


Then, we get 


2 / 


+ (1 - t p )4) + f ((1 - + t p e p ) . (2.4) 

Multiplying both sides of (2.41 by ^yt pl/_1 , then integrating the resulting inequality with 
respect to t over [0,1], we obtain 


; 0) r 0) 


/ 


< 


1 0) r (z/) y 0 


'M r M 


J t pv ~ l f (* P e? + (1 - t P ) e 2 ) dt + B( ^ r(t/) ^ t p!/ -V ((1 - t p )e p + f p e p ) df 


— tP 


6n e-, 


IX-1 


/(z p )- 


f.p-i 


jdx 


e 9 e-. 
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+ 


-p _ P P 


'MrM Je 1 

Therefore, it follows that 


f(y p ) 


A. KASHURI 

up- 1 


yp 


6n e. 


>dy 


2 (eg-ef ) 1 




i (1/) r (1/+1) p ; 


+ 


1 -1/ 

B(j/) 


[/(e?) + /(eg)] 


< 


ABK p jv 


+ 
c i 


t- Kp W4) 


and the left hand side inequality of (2.3) is proved. 


For the proof of the right hand side inequality of (2.3) we first note that if / is a convex function, 
then 

/ (i'e? + (1 - t p )e p ) < t p f(e p ) + (1 - t») f(e p ) 

and 

/ ((! ~ i P K + £ p e£) < (1 - t p ) f{e{) + t p f{e p 2 ). 

By adding these inequalities, we have 

/ (t p e P i + (1 - t p y 2 ) +/((!— £ P K + £ p e£) < /(e?) + /(e£). (2.5) 

Then multiplying both sides of (2.5) by f(pjp(pyf pl ' _1 and integrating the resulting inequality 
with respest to £ over [0,1], we obtain 

/ t p ''~ 1 f(t p e p 1 + (l~t p )e p 2 )dt + 

Jo 


1 iy) r (v) J o 


1 (z/) r (1/) 7 0 


[ t pv ~ x f ((1 — t p )e p + t p e 2 ) dt 

Jo 


< 


'MFM 


L/K) + /K)] I* t pv ~ x dt 

Jo 


i.e. 


ABK 

L e l" 


P ^/(eg)+ t BKp Qf(e p ) 


< 


(e p 2 -e P r + p( l^)f(,) 
pB (z/) T(z/) 


[M)+ /(<£)]■ 


The proof of this theorem is complete. 


□ 


Corollary 2.4. If we take p —7 1 in Theorem \2.S\ then the following Hermite-Hadamard’s 
inequalities for the AB-fractional integrals hold: 


2 (e 2 — eff' 


\(v)T{v + l) 


f 


ei + e 2 


1 - v 
B (y) 


[/( e 1 ) + /( e 2 )] 


< [i B I V eJ{e2)+ i B i:j(e 1 )] 
^ (e 2 - ei)^ + (1 - v)T{v) 


< 

< 


( 2 . 6 ) 


[/(ei) +/(e 2 )] ■ 


b (z/) r(z') 

Remark 2.5. If in Corollary |2.4| we let z/ —► 1, then the inequalities ( |2.6| ) become the inequalities 

3. The AHA'-fractional inequalities for convex functions 

For establishing some new results regarding the right side of Hermite-Hadamard type inequal¬ 
ities for the YLBIF-fractional integrals we need to prove the following four lemmas. 

Lemma 3.1. Let v £ (0,1) and p > 0 and f : [e p ,e 2 ] —> K. be a differentiable mapping on 
(e p ,e 2 ) with 0 < e\ < e 2 . Then the following equality for the ABK-fractional integrals exist: 

(e p 2 ~e p ) v 


1 - v 


p v 9>{y)T(y) B (z^) 


l m)+f{4)]- 


,+ 
L C 1 


;- ftp 4VK) 
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/ p p\^+1 pi 

l k 1 ^ ^ ^^ w + ^ dt - 


p 

Proof. Integrating by parts, we get 

h = 


(3.1) 


h = f (l-tpytP-'f (tPel + il-t^e^dt 

Jo 


P ( e 2 - e i 


- ~p~ —p f 1 (1 - tpy- 1 t p ~ l f (t p e p + (1 - tP) eg) dt 
0 e l - e 2 JO 


ip 62 ^ - p ^ p / (1 - i P_1 / (i P e? + (1 - t p ) e p 2 ) dt. 

°l) e l e 2 JO 


Similarly, 


I 2 = 


f tP ( ~ v+1 '>- 1 f (i p eg + (1 - t p ) eg) di 

Jo 


-f.p(v+l)-l 


f(t p e p + (l-t p )e p ) 


p(eg - eg) 

^ - Tp^~p T tP(l/+1) / ( iPe ? + (! - tP ) e 2) dt. 

-l) e l e 2 J 0 


P V P ( tP^ +1) f {t p e p 1 +(l-t p )e p 2 )dt 
1 e 2 JO 


iK) 

p(eg - eg) 


(e p - e p ) v+1 

Thus, by multiplying I\ and I 2 with — (i 1 , using definition of the ABA'-fractional 

p^B (y) 1 (u) 

integrals and subtracting them, we get the result. □ 

Remark 3.2. If in Lemma [3.1[ we let p —> 1, then we get the following equality for the AB- 
fractional integrals: 

(e 2 ~ei ) v 1 -v 


')!>) 


(e 2 - ei) 


v+\ 


'(v)Y(v) J 0 


+ ¥(J)) ^ + f ^~ [i Bl eJ( e *)+ l)] 

[ K 1 - 0" - t u ] f ( te i + (! - t)e 2 ) dt. 

Jo 


(3.2) 


Remark 3.3. If in Lemma 3.1 we let p, v —> 1, then we obtain the equality (1.31. 


Lemma 3.4. Let v £ (0,1) and p > 0 and f : [eg, eg] — > K. be a differentiable mapping on 
(eg, eg) with 0 < e± < e 2 . Then the following equality for the ABK-fractional integrals exist: 


(eg-egr l-u 

p y E (y) T ly) B (u) 

(eg-egr +1 ^ 


[/(eg) + /(eg)] - [ \ BKp iyj(e p 2 )+ p /b,/(eg) 


f t py+ i)-i _ t P) e P + t P e P) _ f ( t P e P + (i _ t p )e 2 ) ] dt. (3.3) 

Jo 


p"- 1 i^rw Jo 

Proof. The proof is similarly as Lemma |3.1[ so we omit it. 


□ 


Remark 3.5. If in Lemma [3.4[ we let p —> 1, then we get the following equality for the AB- 
fractional integrals: 


(e 2 - ei y t 1 - 
B (y) T (u) 

(e 2 - ei y +1 
® (v)T{v) J 0 


+ ^y) \f(e 1 ) + /(e 2 )] - [ ^^/(e 2 ) + ^/(e 1 )] 

f t v [f ((1 - t)ei + te 2 ) - f (te 1 + (1 - t)e 2 ) ] dt. 

Jo 


(3.4) 
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Lemma 3.6. Let v £ (0,1) and p > 0 and f : [ef , ef\ —> R be a twice differentiable mapping on 
( e i> e (>) with 0 < ei < e 2 . Then the following equality for the ABI\ -fractional integrals exist: 

( e 2 ~ e iT 


1 - v 


p^B (y) r [y) B (y) 


I/(ef) + /(e§)]- \ BKPI sJ^ 2)+ t BKp Qf«) 


/ p p\v-\-2 ( 

= -rX</ [1 -tA ( *'+ 1) ltA- 1 /"((l -t^ + tPe^dt 

p"-m(v)T{v + 2) o L J J u ' 1 2; 

- {t p e{ + {l-t p )e p 2 )dt^. 

Proof. By using twice integration by parts the proof is similarly as Lemma |3.1[ so we omit 
it. □ 


Remark 3.7. If in Lemma [3.6[ we let p —> 1, then we get the following equality for the AB- 
fractional integrals: 


+ 


1 - v 


f (e 2 -e i y 

\M(o)T{v) ' B (V) 

/ \ v-\-2 

v(e2 ~ e i) 

M{is)T(v + 2) 


[He i) + /(e 2 )] - [ i B IU(e 2 ) + ^^/(d)] 


x [l-t v+1 ]f" {(l-t)e 1 +te 2 )dt- J t v+1 f" (tei + (1 - t)e 2 )dt|. 

Lemma 3.8. Let v £ (0,1) and p > 0 and f : [eef\ —> K. be a twice differentiable mapping on 
(e^ef)) with 0 < e± < e 2 . Then the following equality for the ABK-fractional integrals exist: 

( e 2 ~ e iY 


1 - v 


p^B ( v ) r ( v ) B (v) 

v{e p 2 -e1Y +2 * 


lM) + f(e p 2 )]- 


ABK p ji/ 

e + 

L e l 


%H4)+ t BKpi ltH4) 


,., H r ( „ + 2)l N‘- tfr " -^ + (1 - dt <“> 

Proof. By using twice integration by parts and Lemma |3.1| we get the desired result. □ 

Remark 3.9. If in Lemma [3.8[ we let p —>• 1, then we get the following equality for the AB- 
fractional integrals: 

(e 2 — ef) v l-v 


O') 1 " O') B (z/) 


[/(ei) + /(e 2 )] - [ + i?%J{e i)] 


is -\-2 


t/(e 2 - ei) 

B (i^) T(v + 2) Jo 


I [1 - (1 - ty +1 - t v+1 ] f" (te± + (1 - t)e 2 ) dt. 
Jo 


(3.6) 


Using Lemmas |3.1[ |3.4[ |3.6| and |3.8| we can obtain the following the ABA'-fractional integral 
inequalities. 

Theorem 3.10. Let v £ (0,1) and p > 0 and f : [e^e^] —> M be a differentiable mapping 
on (e^ej) with 0 < e\ < e 2 . If \f\ q is convex on [e^e^] for q > 1 and J + | = 1, then the 
following inequality for the ABK-fractional integrals holds: 

{e p 2 -e{) v 


1 - i/ 


< 


p"B (v)T(v) B (v) 

- e{y +l 

M r W 


I/(ef) + /(e§)]- t + BKp i:,f(e p 2 )+ 


3 + 9B(^)r(^) V 2 


(3.7) 
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where 


D(p,p,v):= (1-^r-^ 


t p 1 dt + 


p(pv + 1) 


—r 1 


t ppv - (i - t p y v 


i 


t p ~'dt 


2p(p^+i) [' 


Proof. Using Lemma 3.1 convexity of \f'\ q , Holder inequality and properties of the modulus, 
we have 


(ef-e?)" , 1 -; 


< 


p"M (u) r (u) B(u) 

^(^-e?r +1 

p"B (u) T (u) 


[/(e?)+ /(<£)]- 


ABK 


P Qf(e P 2 )+ ? BKp Qf(el) 


+ 
°1 


(1 - f p )" - 


t p l dt 


t p 


-l 


/' (t p e p + (l-t p )e p ) 


dt 


p \ v + 1 


< 


^ ( e 2 - e l) 

p’dB (u) T (z/) Uo 


(1 - t p ) vv - 


"1 r- 


t p q dt + 


t vpv _ (i _ t pyv 


t p q dt 


t p ~ 1 {t p \f\e p 1 )\ q + {l-t p )\f"{e p 2 )\ q )dt 
x fjD(p, p, u) 


v (e 2 - el) 


f r (e p 1 ) 9 + f'(e p ) 


p ,y+ 5B(u)r(u) 

The proof of this theorem is complete. 


□ 


Corollary 3.11. With the notations in Theorem \3. 1 0\ if we take |/'| < K, the following 
inequality for the ABK-fractional integrals holds: 


( e 2 — e i) , 1- 


+ 


p^B (z/) T (u) B (u) 


lf(efi+m)]-\ t BKPi :^2)+ ? BKp Qf(e P i) 


vK (e 2 — efU" 1 " 1 r——. - r 

< -j-i — . . . , x V D (P,P, v). 

p +< iB (u) r (u) 


(3.8) 


Corollary 3.12. With the notations in Theorem \3. 1 0\ if we take p — 1- 1, the following inequality 
for the AB-fractional integrals holds: 

( (e 2 - eiY 1 - v' 


\B ( v ) T (u) B (u) 


) [/(ei) + /(e 2 )] - [ ^/(ea) + ^/(ei)] 


< 


^(e 2 ^ ei r +1 p/ n , , , ./|/ , (ei)r + |/'(e 2 )| g 

i(»)r(») -2-■ 


(3.9) 


Theorem 3.13. Let u £ (0,1) and p > 0 and f : [e p ,e 2 ] —> R be a differentiable mapping on 
(e p ,e 2 ) with 0 < ei < e 2 - If \f\ q is convex on [e^e^] for q > 1, f/zen f/ze following inequality 
for the ABK-fractional integrals holds: 


( e 2 — e i) , 1- 


+ 


p^B (z/) T (z/) B (u) 


[/(e?)+/(«£)]- [ t BKPl >J(^)+ t BKP K>JW) 


/ P p\ZX+l 


_ p zy B(u)r(u) 


(3.10) 
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X {E(p,i')\f'(e p 1 )\ q + (F(p,v) - E(p,is))\f (e p 2 )\ q 
+ G(p,v)\f (e{)\ q + (F{p,v) - G(p,is))\f(e p 2 )\ q 


where 


E(p,u):= (1 -t p y-t pv 


? p - x dt = - 
P 


0 —;2,i/ + l - 


2 p 


2p("+ 2 ) (is + 2) 


F(p, v) := / (1-fT-^ 


t p l dt = 


n 


t pv - (i - t p y 


t p l dt 


P(v+ 1) 


1 - 1 - 


2 p 


G(p, v) := / t*"-(!-*>)* 


t 2 "" 1 * = 


1 - 


!/ + l 


2pO+ 2 ) 


2p(y+!) 


^ + 2 


+ /3 ( —; 2, i/ + 1) — /3(2, j/ + 1) 


where (3(- /3(-, •) are respectively the incomplete and complete beta functions and D(l, p , z^) 

zs defined as in Theorem \ 3.1 [\ for value p = 1. 


Proof. Using Lemma 3.1 convexity of f \ q , the well-known power mean inequality and prop¬ 
erties of the modulus, we have 


( e 2 — e i) 


P\" 


1 - z/ 


< 


p^B (zz) T (is) B (is) 

u(e p 2 -e p y +1 ' 


L/K) + f(e p )\ - [ t + BKp iyj(e p 2 ) + ™ Kp I v ei M) 


p^b (is) r (is) o 


(i - t p y - 


t p x dt 


i-i 


(1 - t p y - f p!y t p - 1 /' (t p e p + (1 - t p )e p ) 


dt 


< 


is (e p 2 - ef) 


P'iH-i 


[- 0 ( 1 , P ,^)] 1 » 


p^b (z/) r (z/) 

| J Q 2 [(1 - t p y - (t p |/ , (e?)r + (1 - t p )\f(e p )\ q ) dt 

J^ [t pv - (1 - t p y]t p ~ l (t p |/ , (e p )r + (1 - t p )\f(e p )\ q ) dij 9 

/ p p\l/+l 

- 

x (-B(p,z/)|/'(ef)| 9 + (F(p,is) - E(p,v))\f(e p 2 )\ q 


+ 


+ G(p,is)\f(e{)\ q + (F(p,is) - G(p, v))\f'(e 2 )\ q 

The proof of this theorem is complete. 


□ 
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Corollary 3.14. With the notations in Theorem 3.13 if we take \f'\ < K , the following 
inequality for the ABK-fractional integrals holds: 


(ef-e?r 


1 - u 


< 


p"B ( v ) r ( v ) B ( v ) 

vK [e p 2 - e{) v+1 


[/(ef) + /(eg)] - l*? Kp iy{eZ)+ ^ p Qf(e p ) 


ABK p jis 


[D(l,p, v)] ■ 


(3.11) 


p "B (v) T (y) 

Corollary 3.15. With the notations in Theorem \3.13[ if we take p —> 1, the following inequality 
for the AB-fractional integrals holds: 

( (e 2 - ei) 1 ' 1 - 


\B ( v) r {v) B (u) 


[/(ei) + /(e 2 )]- [^ 2 /(e 2 )+ £ B r e J(e i)] 


^+i 


< 


v ( e 2 - ei) i_a 

B(u)r(u) ^ 


x {E{l,v)\f\ ei )\ q + {F{l,v)~E{l,v))\f\e 2 )\ 


G(l, u)|/'( ei )| 9 + (F(l, v) - G(l, u))|/'(e 2 )| c 


(3.12) 


(3.13) 


Theorem 3.16. Let v £ (0,1) and p > 0 and f : [e^e^] — > K. be a differentiable mapping 
on (e p ,e 2 ) w 0 < e\ < e 2 . If \ f'\ q is convex on [e p ,e 2 ] for q > 1 and 1 + 1 = 1, then the 
following inequality for the ABK-fractional integrals holds: 


(eg-ef)" + l~v 


p^B (u) r (u) B (u) 

K-e?) 


< 


[/(e?)+/(«£)]- t BKpI <f^ 

1 1 


p iy_1 B(u)r(i/) ^/p(p(i/ +1) -1) +1 frp +1 
X { ^/'(eOl 9 + p|/'(e£)|* + ^>|/'(e?)|« + |/'(e£)|4. 


(3.14) 


Proof. Using Lemma 3.4 convexity of |/'| 9 , Holder inequality and properties of the modulus, 
we have 

(e£-e?r 


1 - u 


p"B(u)r(u) B(u) 


[/(ef) + /K)]- f + BKp JS/(e^)+ f B ^/ e VK) 


< 


( e 2 - e?)^ 1 
p^-ifi (u) r (u) 


^(pG+1)-!)^ 


f (t p e p + (1 - t p )e 2 ) 


dt 


f ((1 — t P ) e i + t p e 2 ) 


dt 


< 


( e 2 - e p ,y +1 
p v ~m{v)T{u) 


t p( p y+i)-i) dt 


+ 


(t p \f(e p )\ q + (l-t p )\f(e p )\ q )dt 


{(l-t p )\f'(e p )\ q + t p \f(e p )\ q )dt 
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( e 2 - e?r +1 


(u) r (u) i/ P ( P (v +1) -1) + i ffp + i 

X | ^|/'(eg)|* + p\H4)\ q + ^Pl/'(ef)l g + l/'(eg)|* j- 
The proof of this theorem is complete. 


□ 


Corollary 3.17. With the notations in Theorem \3. 1 6\ if we take \f \ < K, the following 
inequality for the ABK-fractional integrals holds: 


(eg-eg)" , 1- 


+ 


p"B (is) T (is) B (is) 


[/(eg) + /(eg)] - [ p / e "e/(eg) + f Kp I v < f(e{) 

1 


^ 2K (eg - eg)" +1 ^ 

“ p^B (z/) T (z/) X ^/p(p(z/+ 1) - 1) + l' 


(3.15) 


Corollary 3.18. fUit/z t/ze notations in Theorem \3. 1 6\ if we take p —> 1, the following inequality 
for the AB-fractional integrals holds: 


(e 2 - ei Y 1 — is 
B (is) T (is) + B (is) 


[f(e i) + /(e 2 )] - [ £ B /£/(e 2 ) + £ S /"/(ei)] 


< 


2(e 2 — ei) 


i/+i 


+ ib (i/) r (is) 


|/ , (e 1 )|9 + |/'(e 2 )|« 


(3.16) 


Theorem 3.19. Let is £ (0,1) and p > 0 and / : [eg, eg] —> R. be a differentiable mapping on 
(eg, eg) with 0 < ei < e 2 . If \f\ q is convex on [eg, eg] for q > 1, then the following inequality 
for the ABK-fractional integrals holds: 


(eg-eg) w , 1- 


+ 


p"B (is) T (z/) B (z/) 


< 


[/(eg) + /(eg)] — [ f + B * P / e y(eg)+ f^ P /g f /(eg) 
^ (eg - eg) 


p" ^z/ + 2B (z/) T(z^ + 2) 
x { yi/'(eg)|« + (v + l)|/ , (eg)| 9 + ^/(z, + l)|/'(eg)|* + |/'(eg)|4. 


(3.17) 


Proof. Using Lemma 3.4 convexity of \f'\ q , the well-known power mean inequality and prop- 

E/(eg) + /(eg)] - [ \ BKp i: P J(e g) + p ^/(eg)' 


erties of the modulus, we have 

(eg-eg)" , 1 - t' 


p"B (is) r (z,) B (is) 


< 




r‘»wrw VJo 


1-1 


£/>("+!)- 


/' (t p eg + (1 - Oeg) 


df 


+ 


< 


p>0+i) 


-l 


/((l-t p )eg + t p eg) eft 


(eg-egr +1 "- 1 


p*'-iB(z/)T(z/) V/o 


x / tPlH-D-idt 
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- 1 
r»l 


X 


+ 


t „(*+i)-i (t p \f'(ei)\ q + (1 - t p )\f {e p 2 )\ q ) dt 

0 

t p(u+i)-i _ t p )\f(4)\ 9 +t p \f(4)\ q ) dt 

V (eg - e lY +1 


p u ^V + 2B (v) T (u + 2) 

x | ^|/'(eg)|« + (u + l)|/'(eg)|* + ^ + l)|/'(e?)|* + |/'(eg)|* 
The proof of this theorem is complete. 


□ 


Corollary 3.20. With the notations in Theorem \3. 19\ if we take \f'\ < K, the following 
inequality for the ABI\ -fractional integrals holds: 


(eg-eg)" , 1- 


+ 


p v B (u) T (u) B (u) 


[/(eg) + /(eg)] - [ t t BKp Qf(e P 2 ) + ^"^/(eg) 
2 uJl (eg - eg)" +1 


< 


p-B (u) T (u + 2) ' (3 ' 18) 

Corollary 3.21. With the notations in Theorem \3 .1 fJ[ if we take p —> 1, the following inequality 
for the AB-fractional integrals holds: 

(e 2 -e :L ) 1 ' 1-u 


1 (y) T (y) B [y) 


) [/(ei) + /(e 2 )] - [ i B i:j(e 2 ) + /(er)] 


< 


u(e 2 - ei) 


v+i 


+ 2B (u) T (y + 2) 
x I Vl /'( ei ) l 9 + (^ + l )|/ , ( e 2 )|« + + l )|/'( ei )|9 + |/'( e 2 )|4- 


(3.19) 


Theorem 3.22. Let v £ (0,1) and p > 0 and f : [eg, eg] — > R. be a twice differentiable mapping 
on (eg, eg) with 0 < e\ < e 2 . If \f"\ q is convex on [eg, eg] for q > 1 and 1 + 1 = 1, then the 
following inequality for the ABK-fractional integrals holds: 


(eg-egr , 1- 


+ 


p"B (y) T (z/) B (u) 
v (eg - eg) 


[/(eg) + /(eg)] - [ f + Bif %y(eg)+ ^ p /g f /(eg) 


< 


+ 


i(u)T(u + 2) (pyp(u + l) + l 
1 


x |1 P / P(" + 1) ?/l/ ,, (eg)| 9 + |/ // (eg)| <? 


(3.20) 


^/p(p(u + 2) - 1) + 1 


[/"(eg)! 9 + p|/"(eg)| g 

P+1 


Proof. Using Lemma 3.6 convexity of | f"\ q , Holder inequality and properties of the modulus, 
we have 

(eg - egr , 1 - ^ [/(e?) + m)] _ r ABK PlV f{4) + ABK Pr f{e{) 


< 


p"B (y) r (y) B (y) 

v (eg ~~ eg)" +2 
p t '- 1 B(u)T(u + 2) 
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+ 


< 


1 _ lP( v + 1 ) 


t p{p(u+ 2)-l) dt 




t p 1 dt 


t p ~ 


f”((l-t p )e p +t p e p ) 


dt 


f" (t p e p + (l-t p )e p ) 


dt 


v (e£ - e p ) 


p v ~m{y)T{y + 2) 



The proof of this theorem is complete. 


□ 


Corollary 3.23. With the notations in Theorem \3.22\ if we take \f"\ < K, the following 
inequality for the ABK-fractional integrals holds: 


K-e?r , 1- 


+ 


p v B (i/) T (u) B (v) 


[/(*?) + /(«£)]-[ f + Sifp 4V(^)+ A e BKpi k *( e ?) 

1 ] 


< ^(eS~e?r +a x J I J Pfr +1) + - l. ( 3.2i) 

P" 1 B(^)T(i/ + 2) |pyp(^ + l) + l f/p(p{v + 2) - 1) + 1 J 

Corollary 3.24. ITit/i t/ie notations in Theorem \3. 2S\ if we take p —> 1, the following inequality 
for the AB-fractional integrals holds: 

(e 2 - e 1 ) u 1 - v s 


MTM bm 


^ (e 2 — e 1 fr +2 

< _ . ' _ , —— x 


) [/(ei) + f(e 2 )] - [ /(e 2 ) + 

+ 1 ) + 1 


i/)r(z/ + 2) +1) +1 


|/"(ei)| 9 + |/"(e 2 )| 9 


(3.22) 


Theorem 3.25. Te< i/ € (0,1) and p > 0 and f : [e p , e%] —> R. be a twice differentiable mapping 
on (e^ej) with 0 < e± < e 2 . If\f'\ q is convex on [e^e^] for q > 1, then the following inequality 
for the ABK-fractional integrals holds: 


K-e?r , 1- 


+ 


p v B (i/) T (i/) B (^) 


I/K) + /K)]- t BKPl kf^)+ 

c i 


< 


^(e^-ey +2 

v)T (y + 2) 


(3.23) 


17+1 ^ (i/+ l)(i/ +4) | , p.ig (^+1) iw/ PNig 

v p(z/ + 2)J V 2p(^ + 2)(^ + 3 ) 11 + 2p(i/ + 3) |; 1 2j| 
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1 V"’ J T , .... 1 ' 


+ 


p(y + 2) 


p(v + 3) 


i/"K)r+ 


p(y + 2) {y -f- 3) 


I f"(4)\ q 


Proof. Using Lemma 3.6 convexity of \ f'\ q , the well-known power mean inequality and prop¬ 
erties of the modulus, we have 


( e 2 — e iY , 1-. 


< 


p v B (u) r ( v ) B (u) 

^(eg-ey +2 
v) r (u + 2) 

1 r 


C 1 


ABK l 



X _ £P(" + l) 


0 L 


t p L dt 


1-1 


1 r 


1 — 


t p 


-1 


/"((l-f P K + f p e p ) 


dt 


i N ^ 

f p(i/+2)-l df 


£p(ix+2) —1 


/" (< p e p + (1 - f p )e p ) 


dt 


p p\v+2 


< 


v{e p 2 -e1) 


p"-m (u)r(u + 2) 

rl 



1 — t p U +1 ) 


0 L 


t p q dt 


1-1 


0 


1 — t p ( l,+1 ' > 


t"- i ((i-oir(e?)r 


"(YPl |9 


)D* 


+ (/ (/ t p(l/+2) “ 1 (t p |/"(e p )| 9 + (l-t p )|/"(e p )| 9 )dt 


p p\Zx+2 


u (e£ - e?) 


u) T (u + 2) 


;^r ^; + y + V (eD|,+ ^) |/ " (es) ' 


pi i 9 


+ 


i 


p(i/ + 2) 


1 


p(u + 3) 


|/"(e?)r 


1 


p(u + 2)(u + 3) 


|/ // (eg)r 


The proof of this theorem is complete. 


□ 


Corollary 3.26. With the notations in Theorem \3.25\ if we take \f"\ < K, the following 
inequality for the ABK-fractional integrals holds: 


{4-eir , 1- 


< 


p"B (u) T {y) B (y) 

vK(e p ~e p y +2 

p v B (v) r (v + 2)' 


[/(ef) + /(eg)]- f f + BKp ^/(e p )+ ?_ B *'J e V(e?) 


(3.24) 


Corollary 3.27. WiiA i/ie notations in Theorem \3.°25[ if we take p —> 1, the following inequality 
for the AB-fractional integrals holds: 

( (e 2 - eiY 1 - 


< 


VB(u)r(u) 
v (e 2 - ei)' y+2 
B(u)T(u + 2) 


+ ^y) [/(ei) + /(e 2 )] - [ ^^ 2 /(e 2 ) + £ B J"/( ei )] 
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V + 1 \ J{v + 4)|/"( ei )| 9 + (n + 2)|/"(e 2 ) 


i/ + 2, 
1 


(y + 2) •f/ v -\- 3 


2(^ + 3) 

^ + 2)|/"( ei )| ? + |/"(e 2 )p 


Theorem 3.28. Lei ^ € (0,1) and p > 0 and f : [e p , e((] 


be a twice differentiable mapping 


on (e p ,e 2 ) with 0 < e\ < e 2 . If \ f"\ q is convex on [e^elf] for q > 1 and ^ ^ = 1, then the 

following inequality for the ABK-fractional integrals holds: 

(e£-e?r , 1-v 




') 


[/K) + iK)]- \ BKpi kf^)+ t BKpi >Ji.<) 


< 


v (e 2 - e[Y +2 p(u + 1) - 1 J | /"(e^r + |/"(e§) 


r (i/ + 2) y p(z/ + i) +1 


(3.25) 


Proof. Using Lemma 3.8 convexity of |/"| 9 , Holder inequality and properties of the modulus, 
we have 


< 


I-* 

p v B(v)T{v) B(j/) 


[ /(e?)+ /(<£)]- 


+ 
°1 


'%VK)+ t BKp ^fi<) 


p u b (i/)r(i/ + 2) 


< 


1 - (1 - t p )* ,+1 - i p(l/+1) ‘ i^dt 

« y ( e 2- e i) I/+2 Jp(v+ 1) - 1 


i p 


-1 


/"(f p e p + (l-i p )e p ) 


dt 


p" + pB(v)T{v + 2) \/l(^ + 1 ) + 1 Vio 


x / i p_1 (i p |/ ,, (e p )| 9 + (1 — i p )|/ ,, (e 2 )| 9 ) dt 


v (e p - e p )" +2 Jp(v + 1) - 1 J |/"(e?)r + |/"(e p ) 


p" +1 b (v) r(i/ + 2) y +1) +1 

The proof of this theorem is complete. 


□ 


Corollary 3.29. With the notations in Theorem \3.28\ if we take \f"\ < K, the following 
inequality for the ABK-fractional integrals holds: 

( e 2 — e i) v 


< 


p v B {v)T{v) 

^(e p -e p r +2 


1 - j/ 

B Jv) 


I/K) + /(^)]- f + BX ^/(e p )+ ?_ fl * p J£/(e?) 


p(v + 1) - 1 


(i/) r {y + 2) V p(v + 1) + 1 


(3.26) 


Corollary 3.30. ITii/i iiie notations in Theorem \3. 28[ if we take p — >■ 1 , the following inequality 
for the AB-fractional integrals holds: 

{nUrl) + Sm) [/(ei) + /(e2)] “ [ e^ej^z) + ^/(ei)] 

v (e 2 - ei )- +2 r P (v + 1) - 1 /F(ei)r + |/"M g 

- B(i/)T(i/ + 2) fp(i/+l) + l V 2 ■ 1 J 


Theorem 3.31. Lei ^ £ (0, 1) and p > 0 and f : [e p , e 2 ] —>■ ffi. &e a iirice differentiable mapping 
on (e p ,e 2 ) with 0 < ei < e 2 . //|/"| ? is convex on [e p ,e 2 ] for q > 1, i/ierc the following inequality 
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for the ABK-fractional integrals holds: 


15 


P\ v 


1 - V 


< 


(eg~e?) _ 

p"B ly) F ( v ) ^ B (u) 

/ p p\v -\-2 / 

^ ( e 2 — e l) ( V 


[f(4) + f(4)}-\ *? Kp %f(4) + t BKP Qf(e P 1 ) 


p v B (u) T (v + 2) \ p(v + 2) 


(3.28) 


x f/C(p,u)|/"(e?)r + 


p{v + 2) 


-C(p,u)l |/"(e p )| 9 , 


where 




Proof. Using Lemma 3.8 convexity of \ f"\ q , the well-known power mean inequality and prop¬ 
erties of the modulus, we have 


(e£-e?r , l-i 


< 


p^B (u) r (u) B (v) 

V ( e 2 - e l) 


[/(ef) + /(eg)] - [ t BKp I>J^ 2 ) + t BKP Qf( e i) 


p v B (v) r (v + 2) 


rl r 


i - (i - t p ) y+1 - t p(i/+1) 


t p ~ 1 dt 


r l _ 


< 


1 - (1 - t p ) !/+1 - /" (t p e p + (1 - f p )e p ) 


^-e p r +2 

pUB (u) T (u + 2) yp(u + 2) 


dt 


1 - (1 - t p ) y+1 - t p(«'+i)l^-i ( i p|/"( e (')| 9 + (i _ t p )\f"{e^)\ q ) dt 


v(e p -e p y 


p"B (u) r (v + 2) \p(u + 2) i 
The proof of this theorem is complete. 


/C(p,u)|/"(e p )| 9 + 


p(u + 2) 


-C(p,u) ) |/"(e p )| 9 . 


□ 


Corollary 3.32. With the notations in Theorem 3.31 if we take |/"| < K , the following 
inequality for the ABK-fractional integrals holds: 

( e 2 — e p ) v 


1 - v 

p v M(v)T(y) ' B (y) 
v 2 K(e p -e p y +2 


[/K) + /K)]- \ BKp I v e rJ(e p 2 )+ t BKp Qf(e p ) 


< _ ^ _ (3 29 ^ 

- p !/+1 B (u) T (u + 3) ’ 1 ’ 

Corollary 3.33. With the notations in Theorem \3. 31\ if we take p —> 1, the following inequality 
for the AB-fractional integrals holds: 


f (e 2 - e 1 ) v 1 - ; 


< 


\M{v)T(v) B (u) 
^{e 2 -ei) ( v 


[f(e i) + /(e 2 )] - [ ^ B /r 2 /(e 2 ) + £ fl /£/(ei)] 


l (u) T (u + 2) \i/ + 2 
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x ?C{l,v) |/"( ei )p 


v + 2 


-C( l,v) 


Theorem 3.34. Let v £ (0,1) and p > 0. Let f and g be real valued, nonnegative and convex 
functions on [e p ,e 2 ], where 0 < e\ < e 2 . Then the following inequality for the ABK-fractional 
integrals holds: 


< 


t t BKpi :*f(e p 2 )g(e p ) + *- BKp i:?f(e p 1 )g(e p ) 
1 — j/ v ( v 2 + v + 2) (e 2 — e p ) 


B(i/) 


M(e p ,e p ) 


2^ (e 2 - e p y 


where 

and 


z/)r(t/ + 3) J w ’ 2 ' B(i/)r(i/ + 3) 

M(e p ,e p ) = f(e p )g(e p ) + f(e p )g(e p ) 


N(e p ,e p ), (3.30) 


N(e p ,e p ) = f(e p )g(e p ) + f(e p )g(e p ). 
Proof. Since / and g are convex on [e p ,e 2 \, then 

f{t p 4 + (1 - ne p ) < t p f(e p ) + (1 - t p )/(e p ) 

and 

g(t p e p + (1 - t p )e 2 ) < t p g(e p ) + (1 - t p )g(e p ). 


(3.31) 

(3.32) 


From (3.31) and (3.32), we get 


f(t p e p + (1 - t p )e p 2 )g{t p e1 + (1 - t p )e p 2 ) < t 2p f{e{)g{e p 1 ) + (1 - t p ) 2 f{e p 2 )g{e p 2 ) 

+ t p (l-t p )[f(e p )g(e p )+f(e p )g( eP )]. 

Similarly, 

/((l - t p )e p + t p e p )g{( 1 - t p )e p + t p e p ) < (1 - t p ) 2 f(e p )g(e p ) + t 2p f(e p )g(e p ) 

+ t p ( 1 - t p )[f(e^)g(e%) + f(e 2 )g(e p )\. 

By adding the above two inequalities, it follows that 

f(t P e P + (1 - Py^gftPel + (1 - t p )e p 2 ) + /((1 - t p )e? + t p e p 2 )g({ 1 - t p )e{ + t p e p 2 ) 

< (2t 2p - 2t p + l)[/(e p )g(e p ) + f{e p 2 )g(e p 2 )\ + 2t p (l - i p )[/(ef)y(eg) + f{e^)g(e{)]. 

Multiplying both sides of above inequality by K ^y r ^) t pl '~ 1 and integrating the resulting in¬ 
equality with respest to t over [0,1], we obtain 

/ t py_1 /(t p e p + (1 — t p )e 2 )g(t p e p + (1 — t p )e 2 )dt 

J o 


') r W) 


jo 
r 1 


[ f pl/ 1 f{(l-t p )e p 1 +t p e p 2 )g{(l-t p )e p 1 +t p e p 2 )dt 
Jo 


< 


+ 


(”) r O) Jo 


t pv 1 {2t 2p - 2t p + 1 )[f{e p 1 )g{e p l ) + f(e p 2 )g(e p 2 )\dt 


b (i/) r (i/) J 0 

z/M(e p , ef() 


i p -i 2 f p (l - t p )[/(e p )5(e p ) + /(e p ) 5 (e p )]dt 


b ( v ) r (i/) 

i/(i/ 2 + i/ + 2) 


l 1 ‘""f 2 * 2 ' - 2P +^ I! 


■M(e p ,e p ) + 


2i/ 2 


-iV(e p ,e p ). 


(i/)r(i/ + 3) v 15 B (i/) r ( 1 /+ 3) 

By the change of variables and with simple integral calculations, we get the desired result. □ 
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Corollary 3.35. With the notations in Theorem \ 3.341 */ we choose f = g, the following 
inequality for the ABK-fractional integrals holds: 


< 


^ Kp r eP j\e p 2 )+ f. BKp i: P J 2 (e p ) 

1 - v V (u 2 + V + 2) (eg - eg)"^ f p ^ , 2u 2 (eg - eg)" 


B {v) 


1 (v) F (v + 3) 


Mi (eg, eg) + 


' (u) r(z/ + 3) 


^(eg, eg), (3.33) 


where 


Mi (eg, eg) = / (eg) + /"(eg), JV^eg.eg) = 2/(eg)/(eg). 


Corollary 3.36. FFii/i t/ie notations in Theorem \3.34\ if we take p 
for the AB-fractional integrals holds: 


1, the following inequality 


< 


I eJ{^)g{e 2 ) + /^/(eiMei)] 

^ 1 — u ^ u (u 2 + v + 2) (e 2 — ei)" 


B(u) 


' (u) T (y + 3) 


M(ei,e 2 ) 


2u 2 (e 2 - ei)" 
B(u)r(z/ + 3) 


N(ei, e 2 ). (3.34) 


Remark 3.37. With the notations in our theorems given in Section[3j if we take p, i/ 1, then 
we get some classical integral inequalities. 
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Abstract 

This paper is devoted to the approximation of solutions for nonlinear equations 
by using iterative methods. We present a unified convergence analysis for some 
Newton-type methods. We consider both semilocal and local analysis. In the first 
one, the hypotheses are imposed on the initial guess and in the second on the 
solution. The results can be applied for smooth and non-smooth operators. In the 
numerical section we study two applications, first one, it is devoted to a nonlinear 
integral equation of Hammerstein type and in second one, we approximate the 
solution of a nonlinear PDE related to image denoising. 


1 Introduction 

There are several situations in which the modeling of a problem leads us to calculate a 
solution of an equation 

F(x) = 0. (1) 

This equation can represent a differential equation, ordinary or partial, an integral equa¬ 
tion, an integro-differential equation or a simple system of equations. In general, math¬ 
ematical methods that obtain exact solutions of (|TJ) are not known, so that iterative 
methods are usually used to solve 0 [9i nm m El ei m euzi ng ■ For a greater generality, 
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in this study, we consider F : D C X —>• Y, where A", Y are Banach spaces and D is a 
nonempty, open and convex set. And we pay attention to F is continuous and Frechet 
non-differentiable. In this case, to approximate a solution of ([Tj) , iterative methods using 
divided differences are usually applied instead of using derivatives na-nu. It is common 
to approximate derivatives by divided differences for obtaining derivative free iterative 
schemes. So, given an operator G : D C X —> Y, let us denote by £(A, Y) the space of 
bounded linear operators from X into Y, an operator [x, y\ G\ G £(A, Y) is called a first 
order divided difference for the operator G on the points x and y (x ^ y) in D if 

[x,y;G\(x - y) = G(x) - G(y). (2) 

Steffensen’s method [13] is the most used iterative method using divided differences 
in the algorithm, which is 

{ Xn given in D , 

(3) 

x n+ i = x n - [x n , x n + F(x n ); F] 1 F(x n ), n> 0. 

As we can see in [13], Steffensen’s method has a problem of accessibility that can be 
solved by using a procedure of decomposition ([15]) for operator F, the Frechet differen¬ 
tiable part and the non-differentiable part. So, we consider 

F(x) = F 1 (x) + F 2 (x) (4) 


where F±, F 2 : D C X —>• Y, F\ is Frechet differentiable and F 2 is continuous and Frechet 
non-differentiable. Thus, in [13], w e consider the method of Newton-Steffensen, given by 
the following algorithm 

{ Xo given in D, 

_! (5) 

x n+ i = x n - (F{(x n ) + [x n ,x n + F(x n );F 2 ]) (Fi(x n ) + F 2 (x n )), n > 0, 

with X = Y, which improves significantly the accessibility of method (|3]) and has quadratic 
convergence. 

By using this procedure of decomposition for operator F, we see that we can also con¬ 
sider the application of iterative methods that use derivatives when F is non-differentiable. 
So, for example, we can consider the well-known Newton’s method, which algorithm is 


{ x 0 given in D, 

t (6) 

x n+ i = x n - [F'(x n )] 1 F(x n ), n > 0, 

Obviously, Newton’s method is not applicable, under form (]6]), when F is not Frechet 
differentiable. However, if we consider decomposition of F given in (|4]), we can use the 
following algorithm 


Xq given in D, 

x n+1 = x n - [F'(x n )] _1 (Fi(a; n ) + F 2 (x n )), n > 0, 


(7) 
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which is known as method of Zincenko im 

The main aim of this paper consists of defining one-point iterative methods of Newton- 
type, as we can see previously, to obtain a general study for the convergence, local and 
semilocal, for these type of iterative methods. Moreover, in view of the last two consid¬ 
erations, with these one point iterative methods we can to improve the accessibility of 
one-point iterative methods that use divided differences and, in addition, to extend the 
application of iterative methods that use derivatives when F is Frechet non-differentiable. 
For this aim, we consider the one-point iterative methods of Newton-type given by the 
following algorithm 


Xq given in D , 

X n+ i =x n - L~ 1 (F 1 (x n ) + F 2 (x n )), n > 0, 


( 8 ) 


where L n := L(x n ) with L{.) : D —>- £(X, Y). Clearly, method (J8J) can be used to solve 
equations containing a nondifferentiable term. 

There are a lot of iterative methods that can be written as algorithm (J8]) , in addition to 
modifications of Steffensen and Newton given in (j5]) and ([7]), where L(x) = F[ (x) + [x, x + 
F 2 (x)] F 2 \ and L(x) = F[(x), respectively. At the same time, we can also consider two 
interesting cases. Firstly, the generalized Steffensen methods [6], that are very used in the 
approximation of solutions of non-differentiable operators equations and the algorithm is 

Xq given in D, 

x n+ i = x n — [x n - aF(x n ),x n + bF(x n ); FY l F(x n ) 1 n > 0. 

Then, it is clear that we can define the generalized Newton-Steffensen method from [8]) 
with L{x) = F[(x) + [x — aF 2 (x),x + bF 2 (x)\ F 2 ], so we have the final iterative function 
given as: 


Xq given in D , 

x n+ i = x n - (F[(x n ) + [x n - aF 2 (x n ),x n + bF 2 {x n ); F 2 ])- 1 F(x n ), n > 0. 
where a, b G M. 

In the same way as Newton’s method, from Stirling method [TO], 
x 0 given in D , 

X n +1 = Xn~ [F{(x n ~ F(x n ))} -1 F(x„), 11 > 0, 


(9) 


( 10 ) 


we can define a modification of Newton-type, that can be applied to Frechet non-differentiable 
operators. For this, just consider ([8]) with L(x) = F[(x — F(x)). In both cases, we choose 
X = Y. Obviously, we can include a lot of iterative methods in (J8| if F is Frechet 
differentiable. 

So, in this paper, we study the convergence of algorithm (J8]) . We analyze the semilocal 
and local convergences, so that we have a study of convergence of a lot of iterative methods 
that are usually used and can be written by algorithm (J8]) . 
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Section 2 is devoted to the theoretical analysis about local and semilocal convergence 
for a very general single step Newton-like methods. In Section 3 we make a comparison 
for the behavior of some of these methods by solving a non-differentiable problem. In 
Section 4, we consider an application related to image denoising. Finally, in Section 5 we 
give some conclusions. 

2 Convergence Analysis for single step Newton-like 
methods 

In this section, we present both semilocal and local convergence analysis. In the first one, 
the hypotheses are imposed on the initial guess and in the second on the solution. The 
results can be applied for smooth and non-smooth operators. 

2.1 Local Convergence Analysis 

In this section, we first present the local followed by the semilocal convergence of method 
(j8|. Let v 0 : [0,+oo) —> [0, +oo) be a nondecreasing continuous function with n 0 (0) = 0. 
Suppose that the equation 


v 0 (t ) = 1 


( 11 ) 


has at least one positive root r 0 . Let also v : [0, r 0 ) —>• [0, +oo) be a nondecreasing 



( 12 ) 


has at least one positive root. Denote by r the smallest such root. It follows that for each 


t e [0, r) 


0 < v 0 (t) < 1 


(13) 


and 


0 < v(t) < 1. 


(14) 


The local convergence analysis of method (|8]) uses the conditions (A): 


• (ai) There exist a solution x* G D of equation Q, and B G £(X,Y) such that 
5- 1 g£(F,X). 


• (a 2 ) Condition (fllj) holds and for each 


B-\L(x)-B)\\<v 0 (\\x-x*\\), 


where Vq is defined previously and r 0 is given in (jTTj) . 
Set D 0 = D fl U (. x *, r 0 ). 
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( 03 ) For L : D 0 —>• £(X, Y ), any solution y of equation (|4]) and each x G Dq 
|5 _1 (Fi(o;) + F 2 (x) - L(x)(x - y))|| < n(||x - j/||)||a; - y\\, 
where v is dehned previously. 


(a 4 ) U(x*,r) C D, where r is given in (12). 
( 05 ) There exist r* > r such that 

v(r*) 


£■■= 


1 - v 0 (r) 


e [ 0 , 1 ). 


Set Di = D fl U(x*, r*). 

Remark 1 • Condition ( 03 ) can be replaced by the stronger: for each x,y,z G D 0 

\\B~ 1 (Fi(x) + F 2 (x) - L(x)(x - 2 /))|| < ui(||a: - j/||)||x - y\\, 
where function V\ is as v. But for each t > 0 

v(t) < Vi(t). 

• Linear operator B does not necessarily depend on the solution x*. It is used to 
determine the invertibility of linear operator L(-) appearing in the method. The 
invertibility of B can be assured by an additional condition of the form ||J — B\\ < 1 
or some other way. A possible choice for B is B = B(x*) or B = F^x*). 

• It follows from the definition of r 0 and r that r 0 > r. 

We can present the local convergence analysis of method (J 8 | based on the aforemen¬ 
tioned conditions (A). 

Theorem 2 Suppose that the conditions (A) hold. Then, sequence Xk generated by 
method 0 for xo G U(x*,r ) — x* is well defined in U(x*,r), remains in U(x*,r ) and 
converges to x*. Moreover, the following estimates hold. 

- *11 ^ ^ II 1 * - **U < r - < 15 > 

The vector x* is the only solution of equation Q) in Di, where D\ is given in (a5). 

Proof We base the proof on k and mathematical induction. Let x G U(x*, r). Using 
(| 8 |, (al) and (a 2 ), we have in turn that 

IIB _ 1 (L(x) - 5)|| < u 0 (||a: - x*||) < v 0 (r ) < 1. (16) 
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It follows by (16) and the Banach lemma on invertible operators [] that L(x) 1 € -2(1", X ) 
and 

* 1 -MnL.ir < 17 > 


In particular, estimate (17) holds for x = Xq, so X\ is well defined by method (j8J) for k — 0. 
We also get by method (j8 ) (for k — 0), (al), (a3), ( Jl4| ) and ( fl7[ ) (for k — 0) that 


||aq — x* 


< 

< 


|| x 0 -x*-L(x 0 ) 1 (F 1 (x 0 ) + F 2 (a;o))|| 

|| [—L(xq)- 1 B^B” 1 (Fi(xq) + F 2 (x o) - L(x 0 )(x 0 - x* 
||L(xo)- 1 5||l^-^Fi^o) + F 2 (x 0 ) - L(xo){x Q - x*) 
v(\\x 0 -x*\\) 


1 - ^o(lko - x* 


\xq — x || < xq — x || < r, 


(18) 


which shows estimate (15) for k = 0, and X\ E U(x*,r). 

Simply, replace x 0 , x i by x i: x i+ \ in the preceding estimates to complete the induction 
for estimate (15). Then, in view of the estimate 


where 


Xi+l - x*|| < £||Xj 

n(||x 0 - x *||) 


x 


< r, 


(19) 




e [0,1), 


1 - w(||^o - x* 

we deduce that lim i _ H _ 00 Xj = x* and x i+l E U(x*,r). Moreover, to show the uniqueness 
part, let y* E D x with Fi(y*) + F 2 (y*) = 0. Using (a3), (a5) and estimate (18), we obtain 
in turn that 


\\x i+1 -y*\\ < || L(xi) l B\\\\B 1 (F 1 (xi) + F 2 (xi) - L(xi)(xi - y*))\\ 

< ^dl^-i/11) I, *|i 

1 - u 0 (||x; - x*|l) 

< Z\\xi~y*\\<e +1 \\xo^y*l ( 20 ) 

which shows lim,;^ +00 Xi = y*. But, we showed linp^ +00 Xi = x*. Hence, we conclude that 
x* = y*. 

□ 

2.2 Semilocal Convergence Analysis 

As in the local case it is convenient to define some functions and parameters for the 
semilocal analysis. Let wo : [0, +oo) —* [0, +oo) be a continuous and nondecreasing 
function. 

Suppose that equation 

w 0 (t) = 1. (21) 
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has at least one positive root. Denote by po the smallest such root. Let also w : [0, po) x 
[0, po) —» [0, +oo) be a nondecreasing continuous function. Moreover, for p > 0, define 
parameters C\ and C 2 by 

= w(rj, 0) 
l-^o(b)’ 

= 

and function C : [0, p 0 ) —* [0, +oo) by C(t) = Suppose that equation 

(f _ + ^ + t = 0 (22) 

has as least one positive root. Denote by p the smallest such root. 

Next, we show the semilocal convergence analysis of method (J8]) in an analogous way, 
under the conditions (H): 


(hi) There exists x 0 E D and B e £(X, Y) such that B 1 e £(Y,X) 


(h 2) Condition (21) holds and for each x £ D 

II B~ 1 (L(x) - B )|| < w 0 (lk - x 0 ||), 


where wq is as defined previously, and po is given in (21). 
Set D 2 = Df)U(x 0 ,p 0 ). 

(h3) For L(-) : D 2 —>• £(X,Y), and each x,y G D 2 


B~\F 1 (y) - F 1 (x) + F 2 (y) - F 2 (x) - L(x)(y - x))|| 
< w(\\y- x 0 ||, 11 ®-XqIDUp-x||, 


where w is as defined previously. 


(hA) U(xo,p ) C D and condition (22) holds for p, where ||xi — lcq || < V- 


• (h 5) There exists p* > p such that 


£o := 


w(P, P*) 

1 -w 0 (p) 


e [0,1). 


Set D 2 = Df)U(x*,p*). 
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Then, as in the local case but using the (H) instead of the (A) conditions, we have in 
turn the estimates: 


IN-2h|| < 


mki - soil, iix 0 —^o ii) 


= Cillxi - x 0 ||, 


|^2-^o|| < 11^2 — anil + 11^1 - X 0 || < (1 + Ci)\\xi - X 0 | 


l-C 1 ! 


\Xi - Xq\ 


\X 1 - x 0 


-V < P, 


\X 2 - Xi 


\\x 2 - aii || = C*211^2 - ail I 


1 - C x ' 

w(\\x 2 -x 0 |U|xi — a?o||) „ n 

n-^ii < r^i^^n) n*»-*n 

w(t -A=T, v) 

< T-tStA W X * — ^l|| = C 2 X 2 -Xi 

||ai 3 — ai 0 || < ||ai3-X2II + ||ai2-an|| + ||xi-x 0 || 

< C 2 ||a; 2 - xi|| + Ci||xi - x 0 || + ||xi - x 0 \ 

< (C 2 Ci + C\ + l)||xi — x 0 ||, 

w(||x 3 — ai 0 ||, ||ai2 — ai 0 ||),, „ 

1,14 13,1 - l-«*(||*,-*oll> 1113 

< C(p)\\x 3 - x 2 \\ < C(p)C 2 \\x 2 - X \|| 

< C'(p)C' 2 C' 1 ||x 1 -x 0 ||, 


|ai 4 — ar 3 1 | < 


■||®3 “ a ; 2 | 


||x i+1 -Xi|| < C(p)\\xi — Xj_i|| < C(py~ 2 \\x 3 — x 2 \\ 

||x i+1 -x 0 || < ||x i+1 -Xj|| + ... + ||ai4 - x 3 || + ||x 3 - x 0 || 

< C(p)\\xi - Xj_i|| + ... + C(p)\\x 3 - x 2 \\ 

+(C 2 Ci + Ci + l)||aii — Xoll 

< C(p)* _2 ||ai3 - ai 2 1| + ... + C(p)\\x 3 - x 2 || 

+(C 2 Ci + Ci + l)||xi — x 0 || 

- ( i — C(p) + C 1 + l)||xi - x°|| 

c r 

< (T^pj + Cl + 1)r) - p ^ (23) 
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\X 


i+j 


Xi 


— II x i+j ~ x i+j- 1|| + \\ x i+j-l ~ X i+j- 21| + ••• + ||^j+l 

< (c( P y + i- 3 + ... + c(f,y- 2 )\\x 3 -x4 


Xi 


< C{p) 


i -2 


1 - C{p) 


-1|^3 - x 2 | 


< c{ P y- 2 l A c ^ 1 c 2 c 1 \\x 1 - x 0 || 


< C(p) 


i -2 


1 - C(p) 

1 - c(py- 1 

1 - C(p) 


c 2 c in . 


(24) 


It follows from (23) that Xi G U(xo,p) and from (24) that sequence Xi is complete 
A" and as such it converges to some x* G U(xo,p). By letting i —> +oo in the estimate 

||S _1 (Fi(a;i) +F 2 (xi))\\ = \\B~ l (Fi(xi) + F 2 (xi) - Fi(ay_i) - F 2 (x i - 1 ) - B^i(xi - ay_i) 


m 


^ — soil, ||xi_i - xolDIIHajj^ w(p,p) 

l-rcodl^-xoll) - l-^o(p)' |Xi 

we obtain F x (x *) + F 2 (x*) = 0. The uniqueness part is omitted as identical to the one in 
the local convergence case. 

Hence, we arrived at the semilocal convergence result for method (J8|. 


Theorem 3 Suppose that the conditions (H) hold. Then, sequence Xk generated by 
method |5j) for xq £ D is well defined in U(xo,p ) remains in U(xo,p) and converges 
x* G U(xo,p) to a solution of equation 0- Moreover, the vector x* is the only solution 
of equation & in D 3 , where D 3 is defined previously. 


The same comments introduced in the previous remark are valid. 

We emphasize the theoretical importance of this theorem because it presents a unified 
studied of the local and semilocal convergence of a big variety of Newton-Type methods 
and Steffensen type methods, so the study is applicable to differentiable an non differen¬ 
tiable equations. 


3 Numerical Experiments 

In this section, we consider a nonlinear integral equation of Hammerstein type, which can 
be used to describe applied problems in the fields of electro-magnetics, fluid dynamics, 
in the kinetic theory of gases and, in general, in the reformulation of boundary value 
problems. These equations are of the form: 

x(s) — f(s) — f K(s,t)Q(x(t))dt, a < s < b, (25) 

J a 
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where x(s), f(s) G C\a, b\, with —oo < a < b < oo, and is a polynomial function. One 
of the most used techniques to solve this kind of equations consists of expressing them as 
a nonlinear operator in a Banach space and solving the following operator equation: 


F(x)(s) — x(s) — f(s) + / K(s, t)Q(x(t))dt — 0, 


(26) 


where F : D C C[a,b\ —» C[a, 6] with .D a non-empty open convex subset of C[a,b] with 
the max-norm ||z/|| = max sg [ a ^] |z/(s)|. 

We consider (25), where K is the Green function in [a, b] x [a, b\, and then use a 
discretization process to transform equation (26) into a finite dimensional problem by 
approximating the integral by an adequate quadrature formula 

rb P 

/ q{t)dt~^2wiq{ti), 

Ja i=1 

where the nodes ti and the weights uy are known. 

If we denote the approximations of x(ti) and f(ti) by Xi and fi, respectively, with 
i = 1 , 2 ,..., p, then equation (26) is equivalent to the following system of nonlinear 
equations: 


x i = fi + '52 a ij $(x j ), j = 1,2,... ,p, 

3 = 1 


(27) 


where 




= WjK(ti, tj) = 


w 




b—a 


U) 


Now, system (27) can be written as 

F(x) Ex-f-dz = 0, 

where 


(b-tj)(tj-a) 

b—a ‘ 


F : A C 


j < h 
j > i. 


(28) 


x = (x 1 ,x 2 ,...,x p ) t , f= (/ 1 ,/ 2 ,---,/p) T , A=(a ij )l j=1 , 

After that, we choose a = 0, b = 1, K(s,t) as the Green function in [0,1] x [0,1] and 
<h(x(t)) = x(t ) 3 + \x(t)\ in (25). Then, the system of nonlinear equations given in (28) is 


of the form 

where 


F(x) = x - f- A (v x + w x ) = 0, 


F : 


(29) 


v x = (x 1 ,a; 2 ,...,a;p) , w x = (|xi|, \x 2 \,..., |x p |) . 


It is obvious that the function F defined in (29) is nonlinear and non-differentiable. So, 
we consider F(x) = Fi(x) + F 2 (x) where: 


Fi(x) = x — f — Av x and F 2 (x) = —Aw x . 
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As in M p we can consider divided difference of first order that do not need that the 
function F is differentiable (see PI), we use the divided difference of first order given by 
[u, v;G] = ([u, v; G £(M P ,M P ), where 


[u,v;G]ij = 


Mi 


i( M l) ■ ■ ■ j 'Uj+ 1) • • ■ i Vp) &i(ui, . • • , Zlj—i, Vjj . . . } Vp)) j (30) 


if Uj 7 ^ Vj, in other case [u, v; G] j j = 0, for u = (u\, 112 , ■ ■ ■, u p ) T and v = (ui, v 2 ,..., v p ) T . 

Now, to compare the behavior of different methods we consider the case f = 0 in 
(29). Obviously, for this problem, x* = 0 is a solution of F(x) = 0. Then, the system of 
nonlinear equations given in (29) is of the form 


F(x) — x — Az, Zj — Xj + \xj\, j — 1,... ,p. 


(31) 


The numerical results are obtained by using MATLAB 2018 and working with variable 
precision arithmetic with 100 digits. In Table [T| we can see the results obtained by using 
the methods mentioned in our study. First of all we take nodes and weights of Trape¬ 
zoidal rule with n = 10 subintervals for approximating the integral and starting guess 
Xo(t) — 1/2 \/t G [0,1]. We compare the distance between consecutive iterates of the first 
7 iterations of each method. In the case of the Newton-Steffensen General method ([9]) , 
the parameters involved are a = 0.5 and b = 1.5. 



Stirling (10) 

Zincenko (7) 

Steffensen (3) 

New-Steff. (5) 

New-Steff. Gen.(9) 

1 

1.5887 

1.1637 

7.4375 

2.9044 

2.9044 

2 

6.0578e - 01 

3.0210e — 01 

2.7350e - 01 

1.3867 

1.3867 

3 

4.7941e - 01 

1.2065e - 01 

1.8235e - 02 

3.2041e - 01 

1.2942e — 01 

4 

4.1942e — 01 

4.9511e - 02 

5.5411e - 05 

2.8725e - 04 

2.8725e - 04 

5 

3.5456e - 01 

2.0403e - 02 

2.8134e - 09 

1.3552e - 12 

1.3552e - 12 

6 

1.9024e - 01 

8.4133e - 03 

3.0173e - 18 

3.1538e — 37 

3.3246e - 37 

7 

2.9676e - 02 

3.4697e - 03 

3.9490e - 36 

1.7796e - 111 

2.1782e - 111 


Table 1: Results with different methods in the first iterations. 


In Table [2] we work with same conditions, we obtain the iterations that each method 
needs to satisfy the stopping criterion Haifc+i — Xfc|| < 10~ 40 . It should be noted that the 
first two methods never meet the required tolerance because they are not convergent and, 
therefore, the methods end when the required iterations are completed (in this case 15 
iterations at most). Second, we observe a good approximation to the order of convergence 
of each method p in case the method converges. In the last two rows of Tablc|2]we compare 
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Stirling (10) 

Zincenko (7) 

Steffensen (3) 

New-Steff. (5) 

New-Steff. Gen.(9) 

k 

15 

15 

8 

7 

7 

p 

1.0000 

1.0000 

1.9994 

3.0142 

3.0148 

B 

1 

1 

-id 

_B_ 

2.3258e - 04 

2.9041e - 06 

6.9382e - 72 

1.7796e- 111 

2.1782e - 111 


9.5985e - 05 

1.1977e — 06 

1.2745e - 107 

7.8863e - 219 

6.8587e - 219 


Table 2: Numerical results for comparing the proposed methods. 


the difference between the last iterates of each method and we also see the norm of the 
function evaluted in the last iteration. 

Now, we also want to use the Gauss-Legendre quadrature to approximate the integral 
of equation (25). Moreover, by using the Newton-Steffensen method we compare two 
different possibilities for implementing the divided differences given in ( p0| ), that is, in 
Tables 1 and 2 we obtain the divided difference like [x n ,x n + F\ (x n ) + F 2 (x n ), F 2 ] but 
we want to compare with [x n ,x n + F 2 (x n ), F 2 ]. The results in Table 3 show that the 
use of first form used for obtaining the divided differences gives better residual errors, 
which was expected because Fi(x n ) + F 2 (x n ) tends to zero quicker than F 2 (x n ). Even 
in some different example the value F 2 (x n ) could not tend to zero, in this case only first 
form of obtaining the divided differences considered would work. In Table 3 we have also 
included the computational time, as can be observed in the last row, notice that the use 
of Gauss-Legedre quadrature needs much more time than the trapezoidal rule although 
in some cases reaches better accuracy. 



11 %n %n—111 

Iterations 

Trapezoidal rule 

Gauss — Legendre 

n 

[x,x + Fi + F 2 , F 2 ] 

[x,x + F 2 ,F 2 ] 

[x, x + Fi + F 2 , F 2 ] 

[x,x + F 2 ,F 2 ] 

1 

2.9044 

2.9044 

2.7204 

2.7204 

2 

1.3867 

1.3867 

1.1355 

1.1355 

3 

3.2041e - 01 

1.2942e - 01 

6.6978e - 02 

6.6978e - 02 

4 

2.8725e - 04 

2.8725e - 04 

3.4608e - 05 

3.4608e - 05 

5 

1.3552e - 12 

1.3552e - 12 

2.1448e - 15 

2.1448e - 15 

6 

3.1538e - 37 

3.3489e - 28 

1.124e - 45 

1.124e -45 

7 

1.7796e - 111 

1.3651e - 43 

8.0773e - 137 

7.8571e - 137 


Table 3: Results with Trapezoidal rule and Gauss-Legendre method by using different 
form of obtaining the divided differences. 
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Trapezoidal rule 

Gauss — Legendre 

n 

[: X , X + Fi + F 2 , F 2 \ 

[x, X + F- 2 , F 2 \ 

[x, x + Fi + F 2 , F 2 \ 

[x,x + F 2 ,F 2 \ 

k 

7 

8 

7 

7 

P 

3.0142 

unstable 

3.0099 

3.0103 

| 1 %k 11 

1.7796e - 111 

4.3463e - 59 

8.0772e - 137 

7.8571e - 137 

11^)11 

7.8863e - 219 

1.0160e - 74 

1.3057e - 243 

1.5367e - 138 

time 

17.796129 

20.6134 

282.5403 

309.3090 


Table 4: Numerical results and computational time for comparing the proposed methods. 


4 Approximating the solution of a nonlinear PDE 
related to image denoising 

In some steps of the manipulation of an image, some random noise is usually introduced. 
This noise makes the later steps of processing the image difficult and inaccurate. 

In many applications like astrophysics, astronomy or meteorology we have to manipu¬ 
late images contaminated by noise. The image processing becomes difficult and inaccurate. 
For these reasons, usually some image denoising strategies are developed. In this paper, 
we center our attention in the PDE framework. 

Let /: hi —> M be a signal or image which we would like to denoise. 

The usual PDE frameworks start with constrained optimization problems like 


Minimize in u : R[u ) 

subject to ||u - /||| 2(n) = |D|u 2 . 

where n — u — f denotes the noise. If there is no good estimate of the variance of the 
noise, then we may consider the unconstrained optimization problem. 

Different linear regularization functionals R(u) can be consider, the most used is 
|| Vu || 1,2. This type of functionals introduce diffusion near the edges of the images, this is 
their main limitation. 

The TV norm does not penalize discontinuities in u , and thus allows us to improve 
the approximation near the edges. 



\Wu(x)\dx. 


For the linear model its 
tions for u, is 


Eulcr-Lagrange equation, with Neumann’s boundary condi- 


— A u + A {u — /) = 0, 


(32) 
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which comes from the corresponding unconstrained problem with the norm || Vu||^ 2 (q) 
and where the positive parameter A determines the relative importance of the smoothness 
of u and the quality of the approximation to the given signal /.. 

For the TV- model we have 

- V ■ (||^) + A(« -/) = 0. (33) 


In practice, the term | Vu| is replaced by y/\ Vu | 2 + e, but even after this regularization, 
Newton’s method does not work satisfactorily in the sense that its domain of convergence 
is very small. This is especially true if the regularizing parameter e is small. 

On the other hand, while the singularity and nondifferentiability of the term w = 
Vm/|Vw| is the source of numerical problems, w itself is usually smooth because it is in 
fact the unit vector normal to the level sets of u. The numerical difficulties arise only 
because we linearize it the wrong way. 

Thus we should introduce a new variable w\ namely 


Vu 

7T^F 


and replace (33) by the equivalent system of nonlinear PDEs: 


— V ■ u> + A(w — /) = 0, 
WyJ\Vu\ 2 — Vu = 0. 


Without the inclusion of the above regularization parameter e, this system is nonlinear 
and nondifferentiable . 


4.1 Discretization and numerical implementation 

We present a comparison between the nonlinear model and the linear model using a simple 
finite difference discretization procedure. 

For a regular mesh of size h = 1/m, m 6 N (xi = i ■ h, i = 0,... ,m), if in each 
iteration k we approximate the divergence and the gradient operators (these operators 
are the same in ID) by 

V • v(Xi) = vv(xi) & ---, 

h 

we obtain a nonlinear system for the unknowns Wi and u t . 

That is, 


Wi - Wi i 


h 


K u i - fi ) 


Wi ■ 



0, Wi = w m = 0, 

0) Uo fo , Um fm j 
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for i — 1..... m — 1. 

We then consider the nonlinear and nondifferentiablc operator 


F 2 i-i(u, w, X h ) = Wi - Wi-! + \ h {ui - fi) = 0, 

F 2 i(u,w, X h ) = Wiy/(ui - Ui-i) 2 + - (ui-Ui-i) = 0, l<i<m-l, 

with X h = h A, w 0 = w m = 0, u 0 = f 0 and u m = f m . 

For the discretization of the linear model we can consider the system 


11 1 ■ 1 2 Vji V^i-l 

h 2 


X(Ui fi) 0, Uq fo, U m fmi 


for i = 1 ,..., m — 1. 



Figure 1: Original signal with a jump sin- Figure 2: Solid lines = nonlinear model, 
gularity. starred lines = linear model and + lines 

= signal with noise. Noise level = 0.3, 
A = 10. 

In Figure [2j the solid lines are the function reconstructed by the nonlinear model 
approximated by the linearization based on a dual variable, solving the nonlinear system 
of equations by Steffensen’s method [3] and the starred lines are given by the standard 
linear model, solving the associated linear system of equations by Gauss’s method. The 
line with ‘+’ is the noisy signal. The linear model introduces too much diffusion, giving 
a continuous function. 
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5 Conclusions 

We have to point out the generalization of this study in which we have analyzed the local 
and semilocal convergence for Newton type methods and Steffensen like methods, so we 
can consider Newton-Steffensen’s methods. The main idea it is to apply these kind of 
study to non-differentiable equations by taking in to account the advantages of consider 
the decomposition of the nonlinear equation into a sum of the differentiable part and the 
one non-differentiable. 


Acknowledgements 

Research of the first and third authors supported in part by Programa de Apoyo a la 
investigation de la fundacion Seneca-Agencia de Ciencia y Tecnologfa de la Region de 
Murcia 19374/PI/14 and by MTM2015-64382-P. Research of the fourth and fifth authors 
supported in part by the project MTM2014-52016-C2-1-2-P of the Spanish Ministry of 
Science and Innovation and by the project of Generalitat Yalenciana Prometeo/2016/089. 


References 

[1] Arnat, S.; Busquier, S.; Gutierrez, J. M., On the local convergence of secant-type 
methods. Int. J. Comput. Math. 81 (2004), no. 9, 1153-1161. 

[2] Arnat, S.; Busquier, S., Convergence and numerical analysis of a family of two-step 
Steffensen’s methods. Comput. Math. Appl. 49 (2005), no. 1, 13-22. 

[3] Arnat, S.; Busquier, S., On a Steffensen’s type method and its behavior for semis¬ 
mooth equations. Appl. Math. Comput. 177 (2006), no. 2, 819-823. 

[4] Arnat, S.; Busquier, S., A two-step Steffensen’s method under modified convergence 
conditions. J. Math. Anal. Appl. 324 (2006), no. 2, 1084-1092. 

[5] Arnat, S.; Busquier, S.; Gutierrez, J. M., An adaptive version of a fourth-order 
iterative method for quadratic equations. J. Comput. Appl. Math. 191 (2006), no. 2, 
259-268. 

[6] Arnat, S.; Ezquerro J.A.; Hernandez M.A, On a Steffensen-like method for solving 
nonlinear equations, Calcolo (2016) 53, 171-188. 

[7] Alarcon, V.; Arnat, S.; Busquier, S.; Lopez, D.J., A Steffensen’s type method in 
Banach spaces with applications on boundary-value problems. J. Comput. Appl. 
Math. 216 (2008), no. 1, 243-250. 

[8] Argyros I.K., A new convergence theorem for Steffensen’s method on Banach spaces 
and applications, South west J. Pure Appl. Math. 1 (1997) 23-29. 

16 


342 


AMAT 327-343 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


[9] Argyros I.K.; Magrenan A.A., Iterative Methods and Their Dynamics with Applica¬ 
tions: A Contemporary Study, CRC Press, 2017. 

[10] Argyros I.K.; Magrenan A.A., A Contemporary Study of Iterative Methods, Aca¬ 
demic Press, 2018. 

[11] Chen K.W., Generalization of Steffensen’s method for operator equations in Banach 
spaces, Comment. Math. Univ. Carolin. 5 (1964), no. 2, 47-77. 

[12] Ezqnerro J.A.; Hernandez M.A.; Romero N.; Velasco A.I., On Steffensen’s method 
on Banach spaces,J. Compnt. Appl. Math. 249 (2013) 9-23. 

[13] Grau-Sanchez, M.; Nognera, M.; Amat, S., On the approximation of derivatives 
using divided difference operators preserving the local convergence order of iterative 
methods. J. Comput. Appl. Math. 237 (2013), no. 1, 363-372. 

[14] Hernandez, M.A.; Martinez, E., Improving the accessibility of Steffensen’s method 
by decomposition of operators, J.Comput. Appl. Math. 330 (2018) 536-552. 

[15] Hernandez, M.A.; Rubio, M. J., On a Newton-Kurchatov-type Iterative Process, 
Numer. Funct. Anal. 37 (2016), no. 1, 65-79. 

[16] Ostrowski A.M., Solution of Equations in Euclidean and Banach Space, Academic 
Press, NewYork, (1973). 

[17] Zincenko A.I., Some approximate methods of solving equations with non- 
differentiable operators, Dopovidi Akad Nauk, (1963) 156-161. 


17 


343 


AMAT 327-343 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


On the Localization of Factored Fourier Series 

Hikmet Seyhan OZARSLAN 
Department of Mathematics 
Erciyes University 
38039 Kayseri, TURKEY 
seyhan@erciyes.edu.tr 


Abstract 

In the present paper, a theorem concerning local property of \A,p n \k summability of 
factored Fourier series, which generalizes a result dealing with | TV, p n \k summability of 
factored Fourier series, has been obtained. Also, some results have been given. 
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Infinite series, Local property, Minkowski inequality, Summability factors. 


1 Introduction 

Let J2 a n be an infinite series with its partial sums (s n ) and (p n ) be a sequence of positive 
numbers such that 

n 

P n = ^ p v —> oo as n —> oo, (P-i = P-i = 0, i > 1). 

v=0 

Let A = ( a nv ) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal 
entries. Then A defines the sequence-to-sequence transformation, mapping the sequence 
s = ( s n ) to As = (A n (s)), where 

n 

A-u(s) — ^ ' &nvSvi H — 0, 1 , ... 
n=0 
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The series )T] a n is said to be summable \A,p n \ k , k > 1, if (see [21]) 



\A n (s) - A n _i(s)\ k < oo. 


If we take a nv = then \A,p n \k summability reduces to \N,p n \k summability (see [2]). 
If we take a nv = jr and p n = 1 for all values of n (resp. a nv = jr and k = 1), \A,p n \ k 
summability reduces to \C, l\k summability (see [11]) (resp. |lV,p n |) summability. Also, if 
we take p n = 1 for all values of n, then \A,p n \k summability reduces to |^4|^ summability 
(see [22]). Furthermore, if we take a nv = p-, then \A\k summability reduces to \R,p n \k 
summability (see [4]). 

A sequence (A n ) is said to be convex if A 2 A n > 0 for every positive integer n, where 
A 2 A n = A(AA n ) and AA n = A n - A n+ i (see [24]). 

Let f(t) be a periodic function with period 27r, and integrable (L) over (—7r, 7 t). 
Without any loss of generality we may assume that the constant term in the Fourier 
series of f(t) is zero, so that 


/ f(t)dt = 0 

J — TV 


and 


OO OO 

m E ( OjyiCosfit b n sinnt) — ^ [ L), (t), 

71=1 )l=l 

where (■ a n ) and ( b n ) denote the Fourier coefficients. It is well known that the convergence 
of the Fourier series at t = x is a local property of the generating function / (i.e. it 
depends only on the behaviour of / in an arbitrarily small neighbourhood of x), and 
hence the summability of the Fourier series at t = x by any regular linear summability 
method is also a local property of the generating function / (see [23]). 


2 Known Results 

There are many different applications of Fourier series. Some of them can be find in [1], 
[5]-[10], [12]-[20]. Furthermore, Bor [3] has proved the following theorem. 
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Theorem 1 Let k > 1 and (p n ) be a sequence such that 

P n = 0(np n ), (1) 

PnApn = 0(p n p n+ 1). (2) 

Then the summability \N,p n \ k of the series Cn ^^ nPn at a point can be 

ensured by local property, where (A n ) is a convex sequence such that ]Tn _1 A n is 
convergent. 


3 Main Result 


The purpose of this paper is to generalize Theorem 1 by using the definition of | A,p n \k 
summability. Now, let us introduce some further notations. Let A = (a nv ) be a normal 
matrix, we associate two lower semimatrices A = ( a nv ) and A = (a nv ) as follows: 

n 

Qnv = ^ ^ Tl^V — 0 , 1 , ... ( 3 ) 

i=v 

fi-00 = ^00 = ^00? (Lnv = ^nv ^n— l,v? 7T- — 1, 2, ... (4) 


and it is well known that 


n 

= ^ ^ ClnvSv 
v=0 


E 

v=0 


dn.vCli) 


and 


n 

^ . a nv a v . 

V=0 


Now, we will prove the following theorem. 

Theorem 2 Let k > 1 and A = ( a nv ) be a positive normal matrix such that 


(in o — 1) — Oil)"-; 


On- 1 , 1 ) > a nv , for n > v + 1, 


(5) 

( 6 ) 

(7) 

( 8 ) 
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a nn — O 



( 9 ) 


®n,t)+i| — O (y \A v a nv \), 


( 10 ) 


where A v (a nv ) = a nv — a njV +i. Let f/ie sequence (p n ) be such that the conditions (1) and 
(2) of Theorem 1 are satisfied. Then the summability \ A,p n \k of the series Cn ^p nPn at 
a point can be ensured by local property, where (\ n ) is as in Theorem 1. 

Here, if we take a nv = jT, then we get Theorem 1. 

J n 

We should give the following lemmas for the proof of Theorem 2. 

Lemma 3 ([13]) If the sequence (p n ) is such that the conditions (1) and (2) of Theorem 
1 are satisfied, then 


A 




( 11 ) 


Lemma 4 ([10]) //(A n ) is a convex sequence such that \ n is convergent, then (A n ) 

is non-negative and decreasing, and nA\ n —> 0 as n —> oo. 

Lemma 5 Let k > 1 and let the sequence (p n ) be such that the conditions (1) and (2) of 
Theorem 1 are satisfied. If ( s n ) is bounded and the conditions (1)-(10) are satisfied, then 
the series 


anAnPn 


V 

n=\ H P " 


( 12 ) 


is summable \A,p n \k, where (A„) is as in Theorem 1. 

Remark 6 Since (A n ) is a convex sequence, therefore ( X n ) k is also convex sequence and 



(13) 
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4 Proof of Lemma 5 


Let (M n ) denotes the 4-transform of the series Y] an ^ Pn . Then, we have 

x / z J ii'Pn 


A M n = Y' 


V=1 


Ojy X V Py 

VPv 


by (5) and (6). 

Now, we get 

AM, = 


n— 1 


E a (dnvXyPii\ \ ' dnnPnXn \ ' 

A y - > a r H-V a v 

V=1 V vp v J ^ np n ^ 


V=1 


E a (a nv X v P v \ a nn P n X n 

- s v H- s n 

V=1 V vPv / np n 

dnnPnXn PvXy^Xy(cinv) . v - ' ®n,t)+lAA vPv 

-Sn + V-s„ + > —--; 

z —* 'j m z ' 


npn 

n— 1 


ii=l 




i)=l 


Vp v 


T / „ + iA„ + iA i I -S\ 
\ . 


l! = l 


P, 


— X'l n \ + M n> 2 + M n ,3 + M n ^ 


by applying Abel’s transformation. For the proof of Lemma 5, it is sufficient to show that 

fc-i 


/ p \ K ~ L 

Y ( " ) \M n>r \ k <oo, for r = 1,2,3,4. 

n=l 


First, we have 


m / p \ fc—i 

5 (*) |M ” al 


m /p 

£ (A 

n=l VPn 


ife-1 


&nnPn^n 


npn 


171 / p \ k —1 

-L T) 


0(1) L,„ 

n=l VAl 

1 


fc 

Pji J n k \p n J 


= 0(l)Y-(X n ) k = 0(l) as m —> oo, 

■ <n 


n=l 


n 


by (9), (1) and (13). 
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From Holder’s inequality, we have 


m+l / p \ k—1 


n =2 


E ( E \ M n,2\ 


WnJ 


m+l / -p \ k—1 

£ + 

n=2 '"re 


Pv^v^vi&nv) n 

/ , s v 

^ Vp v 


V=1 


m+l 


< V 

n='2 ^ P n 


P, 


k -1 (n—l 


Pn 


e:(— jiMwiwk 

<v=l \ v Pv, 


m+1 / P„A fe_1 {+1 ( P v \ k 


- Mr 

n=2 '"n 


E — |A„(a„ w )|(A w ) fc | St; | fc 
El ^ V PvJ 


By (4) and (3), we have that 


r n—l 


k-l 


£ |A»(i 


< V=1 


^■viflnv) ~ Q"nv &n,v +1 

= Unv ^n—l,v Q"n,v-\-1 T Cln—l,v+l 

— &nv ^n—l,v 


(14) 


Thus using (8), (3) and (7) 


n—l 


n—l 


} ^ ^ v ifln— l,v ^nv) ^ 


(15) 


V=1 


V=1 


Hence, we get 

m+l / -p \ k—1 

s© 


\M, 


n, 2 — 


m+ l / p \ k —1 

00) £ (A) 

n=2 




TO / p \ k 1 TO+1 

OWE 7 7fe(^) fc E +<++!• 

„ = 1 V n=v+ l 


Here, from (14) and (8), we obtain 


m+l m+l 

^ ^ |^h)(^m;)| = ^ ^ (&n— l,v ^nv) ^ &W 

n=H+l n=i?+l 


Then, 


7 71+ 1 / p \ /c—1 

gE |m "' 


,fc - 
2 - 


m / Pn\ k 1 


° (1> S(f) . 


EE)* CL VV 
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Pr 


k -1 


1 


= 0 < 1 > S+) ^ 

m 

= o(DE’ l - , ? w‘ 

71=1 

m -i 

= 0(1) V-(A,)'= 0(1) as m —y oo, 
i v 

71=1 


by (9), (1) and (13). 

Now, by (1) and Holder’s inequality, we have 

| 71-1 


Tn-\-l / p \ k—1 


m-\-l / p \ k—1 

5 © - SIS 


\ ^ 1 NA ; , 

it 


rn+l /p \k -1 f n -1 

= 0(1) E p E K, +1 |AA,| S , 

71=2 U=1 


= 0 ( 1 ) £ 

©. o. 

Now, (4), (3), (7) and (8) imply that 


777+1 / p \ k -1 ( 71-1 
n 


'72—1 


E l®re,u+l|AA t ,|s t) | ‘ E |^72 ,ti+1 | 


„ 71 = 1 


< 71 = 1 


n n—1 

^ 72 , 21+1 = &72,ti+ 1 ^n—1, v-\-l = ^ ^ ^ ^ &n— 1,2 

2=71+1 2=71+1 

n v n—1 v 

= ^ ^ &ni ^ ^ ^ ^ ^n—1,2 H“ ^ ^ &72—1,2 

2=0 2=0 2=0 2=0 

ti ti 

= 1 ^ ^ &ni 1 H“ ^ ^ &n— 1,2 

2=0 2=0 


— ^ ^ (o-n—1,2 ^722 ) ^ 0 


2=0 


and from this, using (4), (3) and (8), we have 


(16) 


U+l | — ^72,71+1 ^72—1,21+1 

72 72—1 

= ^ ^ &ni ^ ^ ^72—1,2 

2 = 21+1 2 = 21+1 

72—1 

H“ ^ ^ (&722 ^72—1,2) 


— 


2 = 21+1 


A (knn ■ 
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Hence, we get 

m-\-l / r> \ k—1 


iiX / p \ ac— i iu~r± / 


m+1 / p \ k-1 n-1 

Cfi \ 


f n— 1 


I E 


. V=1 


“nn 


= °(i>e(T 

n=2 V ^ n 
m m+1 

= 0(1) ^ ^ ^ ^ |^n,t;+l| 

■u=l n=t;+l 


nn i 0 n,i>+l| AA<; 1 A\ v 

v=l I 

( n— 1 

fc_1 J El+++i|AA, 


< 1>=1 


Now, by (16), (3) and (7), we find 


m+1 

^ ^ |fin,v+l| ^ 1* 

n=v +1 


Thus, 


m+1 


1_L / P \ K ~ 1 AAA- 

El - " 1 ) l M n,3| fc = 0(1)X;AA„ = 0(1) as m-» oo, 

n=2 V 7W n=l 

by Lemma 4. 

Since A = (9 (0) by Lemma 3 and also by using (10), we have that 


m+1 

V 

n=2 VPn 


p \ k—1 m+1 / p \ k—1 

E(-) i«»A = E(- 

1 " ' „2 Vp» 


E ®n,v+++lA ( ) s t 


m+1 


77 


u=i 

fc-1 (n-l 


VPv/ 


= OWE 7) E^l^iKVOk 

n=2 ^ T 1 ?). , 


. t)=l 


m+1 , p n fc-l n-1 fn -1 

= o(i) E — EIA(« 

n =2 7Pn / W=1 i; l v =l 


From (15) and (9), 

771+1 / p \ /C—1 
-a n \ 


n=2 


m+1 


E Ur l M Ml fc = o(i) E hr E -1+r+iK-Wi) 


r 9 \PnJ 


n =2 


77 


r 9 VPn 


fc_l n-l 


11=1 


m+1 


= 0(1) E ~(Ay+l) fc E Kr+ll- 


V=1 


n=v+1 


Again using (17), 


m+1 / p \ fc-1 m -j 

E — |A7n, 4 | fc = 0(1) E “(A«+i) fc = 0(1) as m -+ oo, 

n=2 AA+ +1^ 

by (13). Hence the proof of Lemma 5 is completed. 


(17) 
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5 Proof of Theorem 2 

The convergence of the Fourier series at t = x is a local property of / (i.e., it depends 
only on the behaviour of / in an arbitrarily small neighbourhood of x), and hence the 
summability of the Fourier series at t = x by any regular linear summability method is 
also a local property of /. Since the behaviour of the Fourier series, as far as convergence 
is concerned, for a particular value of x depends on the behaviour of the function in the 
immediate neighbourhood of this point only, hence the truth of Theorem 2 is a consequence 
of Lemma 5. 

6 Conclusions 

For a nv = jr and p n = 1 for all values of n, then we get a result concerning \C, l\k 
summability factors of Fourier series. If we take a nv = jr and k = 1, then we get a result 
concerning \N,p n \ summability factors of Fourier series (see [13]). 

References 

[1] S. N. Bhatt, An aspect of local property of \ R,logn , 1 | summability of the factored 
Fourier series , Proc. Nat. Inst. Sci. India Part A, 26 (1960), 69-73. 

[2] H. Bor, On two summability methods , Math. Proc. Cambridge Philos Soc., 97(1) 
(1985), 147-149. 

[3] H. Bor, Local property of \ N,p n \k summability of factored Fourier series, Bull. Inst. 
Math. Acad. Sinica, 17(2) (1989), 165-170. 

[4] H. Bor, On the relative strength of two absolute summability methods , Proc. Amer. 
Math. Soc., 113(4) (1991), 1009-1012. 

[5] H. Bor, Some new results on absolute Riesz summability of infinite series and Fourier 
series, Positivity, 20(3) (2016), 599-605. 

9 


352 


OZARSLAN 344-354 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


[6] H. Bor, On absolute weighted mean summability of infinite series and Fourier series, 
Filomat, 30(10) (2016), 2803-2807. 

[7] H. Bor, Absolute weighted arithmetic mean summability factors of infinite series and 
trigonometric Fourier series, Filomat, 31(15) (2017), 4963-4968. 

[8] H. Bor, An application of quasi-monotone sequences to infinite series and Fourier 
series, Anal. Math. Phys., 8(1) (2018), 77-83. 

[9] H. Bor, On absolute summability of factored infinite series and trigonometric Fourier 
series, Results Math., 73(3) (2018), Art. 116, 9 pp. 

[10] H. C. Chow, On the summability factors of Fourier series , J. London Math. Soc., 16 
(1941), 215-220. 

[11] T. M. Flett, On an extension of absolute summability and some theorems of Littlewood 
and Paley, Proc. London Math. Soc., 7 (1957), 113-141. 

[12] K. Matsumoto, Local property of the summability \R,\n, 1], Tohoku Math. J. (2), 8 
(1956), 114-124. 

[13] K. N. Mishra, Multipliers for \ N,p n \ summability of Fourier series, Bull. Inst. Math. 
Acad. Sinica, 14 (1986), 431-438. 

[14] R. Mohanty, On the summability \ R,loguj, 1 | of a Fourier Series, J. London Math. 
Soc., 25 (1950), 67-72. 

[15] H. S. Ozarslan, A note on \N,p%\ k summability factors, Soochow J. Math., 27(1) 
(2001), 45-51. 

[16] H. S. Ozarslan and H. N. Ogdiik, Generalizations of two theorems on absolute summa¬ 
bility methods, Aust. J. Math. Anal. Appl., 1 (2004), Article 13 , 7 pp. 

[17] H. S. Ozarslan, A note on \N,p n \k summability factors, Int. J. Pure Appl. Math., 
13(4) (2004), 485-490. 

10 


353 


OZARSLAN 344-354 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


[18] H. S. Ozarslan, Local properties of factored Fourier series, Int. J. Comp. Appl. Math., 
1 (2006), 93-96. 

[19] H. S. Ozarslan, On the local properties of factored Fourier series, Proc. Jangjeon 
Math. Soc., 9(2) (2006), 103-108. 

[20] H. Seyhan, On the local property of — \N,p n -,5\k summability of factored Fourier 
series, Bull. Inst. Math. Acad. Sinica, 25(4) (1997), 311-316. 

[21] W. T. Sulaiman, Inclusion theorems for absolute matrix summability methods of an 
infinite series. IV, Indian J. Pure Appl. Math., 34(11) (2003), 1547-1557. 

[22] N. Tanovic-Miller, On strong summability, Glas. Mat. Ser. Ill, 14(34) (1979), 87-97. 

[23] E. C. Titchmarsh, Theory of Functions, Second Edition, Oxford University Press, 
London, 1939. 

[24] A. Zygmund, Trigonometric Series, Instytut Matematyczny Polskiej Akademi Nauk, 
Warsaw, 1935. 


11 


354 


OZARSLAN 344-354 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


Analysis of Solutions of Some Discrete Systems of 
Rational Difference Equations 

M. B. Almatrafi. 

Department of Mathematics, Faculty of Science, 

Taibah University, P.O. Box 30002, Saudi Arabia. 

E-mails: mmutrafi@taibahu.edu.sa 


Abstract 

The major objective of this article is to determine and formulate the analytical 
solutions of the following systems of rational recursive equations: 

Xn—Yyn—3 yn—l%n—3 n 1 

x n+l — TXi -r- 7’ Vn+1 — 7 , N) — 

yn —1 (il -f- X n — iyn—3) X n — 1 (Tl ^ yn—lXn—3) 

where the initial conditions x_ 3 , x_ 2 , x'_i, xo , y- 3 , y~ 2 , y_i and yo are required to 
be arbitrary non-zero real numbers. We also introduce some graphs describing these 
exact solutions under a suitable choice of some initial conditions. 

Keywords: difference equations, system of recursive equations, periodicity, local stability, 
global stability. 

Mathematics Subject Classification: 39A10. 

1 Introduction 

The global interest in exploring the qualitative behaviours of discrete systems of recursive 
equations has been recently emerged due to the significance of difference equations in mod¬ 
elling a considerable number of discrete phenomena. More specifically, recursive equations 
are utilized in describing some real life problems that originate in genetics in biology, queuing 
problems, enegineering, physics, etc. Some experts put effort to analyse dynamical systems 
of difference equations. Take, for instance, the following ones. Almatrafi et al. [1] studied 
the local stability, global attractivity, periodicity and solutions for a special case for the 
difference equation 

bx n -1 

x n -\~i dx n — 1 

cx n _ 1 clx n — 3 

Clark and Kulenovic [6] investigated the global attractivity of the system 

x n y n 

*n +1 = —-, Vn+1 = 7—7 • 

a + cy n b + ax n 
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The author in [8] explored the equilibrium points and the stability of a discrete Lotka-Volterra 
model shown as follows: 


oix n (3x n y v 
x n +i = : : 

1 + 7 x n 

The positive solutions of the system 

OtUn—l 


Dn +1 — 


^Vn “I - 

1 + mjn 




P + lVnV q n _ 2 ’ 


^n+l — 


A+ 7 


were obtained in [14] by Gumu§ and Ocalan. Moreover, Kurbanli et al. [18] solved the 
dynamical systems of recursive equations given by 

_ %n— 1 _ Un— 1 _ 

%n +1 T? Vn +1 7 ’ ^n +1 • 

Un^n— 1 1 'EnVn—X 1 Vn^n—l 

In [19] Mansour et al. presented the analytical solutions of the system 

Xn —1 Vn—l 

X n +l = j Un +1 = "X : • 

® -Xn—lUn P T ^Un— \X n 

Finally, the author in [23] demonstrated the dynamics of the system 

•Xn—2 Vn—2 

x n +1 = > Vn+1 = “7 ~ • 

X) T ynUn—lVn —2 -4 T X n X n —\X n —2 


To attain more information on the qualitative behaviours of dynamical difference equations, 
one can refer to refs [1-5, 7, 9-13, 15-17, 20-22] 

In this paper, the rational solutions of the following discrete systems of difference equa¬ 
tions will be discovered and given in four different theorems: 

•Xn—lVn—'i Un-l^nS n 

Xn+l = /_ 1 _ 1 7 i Vn+1 = / 1 | 7 i U = 0, 1, ..., 

Vn—l (il ”F %n— lVn— 3/ %n— 1 (“Fl i ?/n—l*£n—3/ 

where the initial values are as described previously. 


2 Main Results 


Xn—iyn—3 


_ _ yn—l^n—3 


2.1 First System x n+ \ =- 77 ian - —v, Vn+i — n i 

J yn-l(l-X n -iyn-3) ’ *„_! (l-J/ n _iar n _ 3 ) 

This subsection concentrates on obtaining the solutions of a dynamical system of fourth 
order difference equations given by the form: 


•Xn—lUn—3 Un—l-^n—3 n i 11 \ 

•Xn+l 77 7j Vn+1 77 7) XI 0, 1, ... , (1) 

Vn—l (1 •Xn—lUn—3) •Xn— 1 (1 Dn—l'Xn—3/ 

where the initial values are as shown previously. The following fundamental theorem presents 
the solutions of system (1). 


Un—l-Xn—3 
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Theorem 1 Assume that {x n ,y n } is a solution to system (1) and let x _ 3 = a , rr _ 2 = 
/ 3, X-i = 7 , xo = 5, y-3 = e, y - 2 = rj, y_i = n and yo = uj. Then, for n = 0, 1, ... we have 


^4n—3 


^4n—1 


n— 1 

7 n e n n [( 2 i) an - 1 ] 

2=0 

n— 1 

a n ~ l n n n [(2i + 1) 7e — 1] 

2=0 

n—1 

7 n+ 1 e n n [( 2 i + 1 )an~ 1 ] 
2=0 

n— 1 

a n n n n [(2 i + 2) 7e — 1] 

2=0 


71—1 

S n rj n II [(2 i) fdoj — 1] 

i=0 

x 4n—2 - 

fd n ~ l (jj n IT [(2 i + 1) 5rj — 1] 


2=0 


71—1 


X/± n 


5 n+l rj n n [( 2 i + 1 ) j3u — 1 ] 
2=0 


71—1 


p n eo n n [(2 i + 2) 5r) - 1] 

i =0 


And 


l/4n—3 


yin—l 


71—1 

a n n n n [(21) 76 — 1] 


i =0 


71—1 

7 n e n_1 II [(2i + 1) ay — 1] 
2=0 

71—1 

a n n n+1 n [(2 i + 1) 76 - 1 ] 

2=0 

71—1 

7 n e n II [(2 i + 2) ay — 1] 
2=0 


71—1 

P n oj n II [(2 i) Sr] — 1] 

i=0 


y\n-2 — 


71—1 


2/4 n 


fin^n—l XI [(2 i -f 1) fdu; — 1] 
2=0 

71—1 

/3 n co n+1 II [(2/ + 1) Si] — 1] 
2=0 

71—1 

8 n r) n n [(2/ + 2) flu - 1] 

i =0 


Proof. For n = 0, our results hold. Next, let n > 1 and suppose that the relations hold for 
n — 1. That is 


XAn—7 


^4ti—5 


7' 


71—2 

i-i^n-i p[ [(2 i) ay — 1] 
i=0 
n—2 


a 


: n 2 ]i n 1 n [( 2 / + 1 ) 76 — 1 ] 


i=0 

71—2 


7 n e n " 1 n [( 2 i + 1 ) a/i - 1 ] 

i=0 
_ 2 

a n ~ l n n ~ l n [(2/ + 2) 76 — 1] 
2=0 


*£ 471—6 


^471—4 


71—2 

S n-l v n-l n p u _ X] 

2=0 
71—2 

pn— 2 (^jn—l JX [[ 2 % + 1 ) Sr] — 1] 
2=0 
71—2 

S n v n-1 n [(2* + 1) Pu - 1] 
2=0 
71—2 

p n - x (jj n - x n [(2 % + 2) Sr] - 1] 

i =0 


And 


yin—7 — 


Vin—b 


71—2 

a n ~ l n n ~ l n [(2 i) 76 — 1] 

2=0 


71—2 


7 


71—1^71—2 


n [( 2 / + 1 ) an — i] 


o n - V n n [(2i + 1) 76 - 1] 

2=0 

71—2 

^n-i e n-i fx [[2 i + 2) an — 1] 

i=0 


i=0 

n—2 


n—2 


bin—& 


/5 n_1 u; n_1 n [(2 i) Sr] - 1] 
2=0 

71—2 

fin-l^n-2 XX [[2 % + 1) Put — 1] 


i=0 


71—2 


VAu 


P n l uj n II [(2/ + 1) Sr] — 1] 
2=0 

71—2 

fin—l jjn—l XX [(2 i + 2) Puj — 1] 
i =0 
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Now, it can be obviously observed from system (1) that 


£ 471-3 


£4n—5?/4n—7 


VAn —5 (1 *^4n—5?/4n—7) 

n—2 n—2 

7 n 6"-i n [(2i+l)o/7-l] a n “V n_1 n [(27)76-1] 

4=0 i= 0 

n—2 n—2 

a n_1 /2 n—1 11 [(22+2)76—1] 7 n—1 e n—2 n [(22+l)a/2— 1] 

4=0 4=0 

n — 2 

Ct n— 1 fl n 11 [(22+1)76—1] 

4=0 

n—2 n—2 

7 n e n—1 11 [(22+l)a/2— 1] a n—1 /2 n—1 11 [(22)76—1] 

I 4=0 4=0 

n — 2 

7 n_ le n -l II [(22+2)a/2— 1] 

4=0 

n — 2 

n [(2?) 

4 = 0 

n — 2 

n [(27+2 

i=0 

n — 2 n — 2 

a n—1 /2 n—1 11 [(22+2)76—1] 7 n_1 e n_2 11 [(2i+l)a/2—1] 

4=0 4=0 

176-1] 

be—1] 

n — 2 

a n_1 /i n 11 [(22+1)76—1] 

4=0 

n — 2 

7c n [(27)76-1] 

1 z=0 


n — 2 

7 „_l e n_l n [(27+2)0/7-1] 
4=0 

n — 2 

n 1(27+2)76-1] 

L 4=0 J 


n —2 n —2 

7 "e n n [( 2 i) ye - 1 ] fl [( 2 i + 2 ) a/x - 1 ] 


7=0 


7 = 0 


a 


n— 1 1 ,n 


n —2 


/x n IT [(2i + 1) ye — 1] 


7=0 
n —2 


n —2 


n—2 


II [(2i + 2) ye — 1] — ye IT [(2i) ye — 1] 


7=0 


7=0 


y n e n n [( 2 i + 2 ) a/x - 1 ] 

2 =0 
n—1 

a n_ 1 /x" II [(2i + 1) ye — 1] 

2=0 


n— 1 

7 n e n n [( 2 i) a/x - 1 ] 

2=0 




n—1 


n—1 


/x n II [(2 i + 1) ye — 1] 


7=0 


Now, system (1) gives ns that 


VAn —3 


VAn— 5^4n—7 


*^4n—5 [1 VAti— 5^4n—7] 

a n “V n * 

i 

1 — 2 n — 2 

n [(27+1)76-1] 7 «-l e n-l n [(27)o/7 — 1 ] 

= 0 4 = 0 

n—2 n—2 

^n-l e n —1 [(22+2)a/2—1 ] O n — 2 /2 n —1 11 [(22+1)76—1] 

4=0 4=0 

n — 2 

7 n e n—1 11 [(22+l)a/2—1] 

4=0 

n—2 n—2 

a n_1 /2 n 11 [(22+1)76—1] 7 n ~ ie n —1 n [(22)01/2—1 ] 

1 4=0 4=0 

n — 2 

a n— 1 /2 n_1 n [(22+2)76—1] 

4=0 1 

n — 2 

a/2 II [(2i 

4 = 0 
n — 2 

n [(27+2 

4 = 0 

n — 2 n — 2 

7 n_ i e n—1 n [(2i+2)a/2—1] a n—2 /2 n—1 n [(22+1)76—1] 
4=0 4=0 

)a/7—1 ] 

)a/7-!] 

n — 2 

7 n e n_1 11 [(22+l)a/2—1] 

4=0 

n — 2 

0/2 11 [(22)0/2—1] 

1 4=0 


n—2 

a"—V 1 *- 1 TI [(27+2)76-1] 
4=0 

1 n — 2 

n [(22+2)0/2-1] 

4 = 0 


n—2 n—2 

a n /x n II [(2i) a/x — 1] II [(2x + 2) ye — 1] 
2=0 2=0 


n—2 

y n e n_1 II [( 2 i + 1 ) a/x — 1 ] 

2=0 


n—2 n—2 

IT [(2x + 2) a/x — 1] — a/x II [(2i) a/x — 1] 


7 = 0 


7=0 


358 


Almatrafi 355-368 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


n —2 

a n n n n [(2 i + 2) 7 e - 1] 
2=0 


n— 1 

a> n n [( 2 i) 76 - 1 ] 
2=0 


72—1 72—1 

7 n e n_1 II [(2 i + 1) a/d — 1] 7 n e n_ i II [(2 i + 1) a/d — 1] 

i=0 *=0 

Hence, the rest of the results can be similarly proved. 


%n— iVn —3 


Vn—l%n —3 


2.2 Second System x n+ \ =- ° -v, t/ n +i = , , , . 

Our leading duty in this subsection is to determine the solutions of the following discrete 
systems: 


^72+1 


^ 72 — lVn —3 


Dn +1 


Vn—l%n —3 


Vn—l ( 1 ^72— lVn— 3 ) 3?72— 1 ( 1 T ?/? 2 —1*^72— 3 ) 

The initial values of this system are arbitrary real numbers. 


( 2 ) 


Theorem 2 Suppose that {x n ,y n } is a solution to system (2) and assume that x_ 3 = 
a, X -2 = Pi X-i = 7 , x 0 = 5, y- 3 = e, y _ 2 = 7 , y -1 = /U and y 0 = u. Then, for n = 0, 1, ... 
we have 


%An—3 

^ An — 1 


7 n e n 


Q,n 1 jjU ^ry € _ X) 

7 n+ 1 6 n (ayU - 1 ) 
a n id n 


72 ? ^ An —2 

^472 


6 n r] r 


P n 1 LU n (dp — 1 ) 
8 n+1 p n (fdoj — l) n 


/3 n UJ r 


And 


On—3 

On —1 


a n /d n 


7 n e n 1 (a/d — 1 ) 
a n /d n+1 (76 - 1 ) 


ryn^n 


n -i On—2 

On 


P n UJ n 

d n p n ~ l (pod - l) r 
P n oj n+l (dp — l) n 


d n p r 


Proof. It is obvious that all solutions are satisfied for n = 0. Next, we suppose that n > 1 
and assume that the solutions hold for n — 1. That is 


On -7 — 


•On—5 


^n-l^n -1 


72—1^,72—1 


a n-2^n-l (ry 6 _ X) 

7 n e n_1 (aid - 1 ) 


r —l 5 ^An —6 


J72 1 ^ 


72—1 


72—1 


a n - l fd n - 1 ’ X4n 4 


Pn-^ujn-l (fi^ _ x) 

d n pn -1 (/3a; — 1 ) 


n—1 ’ 


And 


On-7 ~ 


On—5 — 


a n -y i_1 


72—1, ,72—1 


yi-l e n-2 _ X/ 

a n ~ l id n (76 - l ) n_1 


_1 5 On—6 


P n ~ 1 co' 


fin-l.yjn-2 _ X/ 


n—1 ’ 


^y72—1^72—1 


"? VAn—A 


/3 n 1 o; n (y — 1 ) 

72—I,*-) 72— 1 


72—1 


d n 1 p 
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We now turn to illustrate the first result. System (2) leads to 


%An —3 


*^4n—5?/4n—7 


y^n —5 ( 1 “1“ *^4n—5?/4n— 7 ) 

'y n e n ~ 1 (afi—l) ri ~ 1 


n-l a n-l ~n-l fi n-2 




7 n— 1 e n — 2 (a/x_ 1) ^ 


Q n ~V n (76-l) n - 1 \—l + 7 rten ~ 1 ( Q: M- 1 ) n ~ 1 a n - 1 n n ~ 1 


'y n - 1 e n - 2 (afl—l) r 


7 n e n 


76 


a n ~ l y n (ye _ l) n 1 [—1 + ye] V n (7 e — l) r 

Similarly, it is easy to see from system (2) that 


VAtl —3 


VAtl— 5*^4n—7 


*^4n—5 ( — 1 + VAn-5 x An- 7 ) 

Q"- 1 /i , ‘(7f—I)"" 1 


"-if 11 - 1 rv n-2,,n-l 


^,n-l £ n-l 


7 e 


a 11 - 2 — 1 ( 76 — 1 ) 


l—l 


7 n e n - 1 (o^-l ) n ~ 1 _|_ a n ~ 1 n n { 7 e-l ) n ~ 1 


n— l f n—1 2.,n-l 


7 e ' 


a n y n 


a 11 2 /i n 1 ( 7 e— 1 )” 

a n y n 


7 n e n - 1 (a/x - l) n_1 [-1 + a/i] 7 n e n_1 (a// - l) n ' 

The remaining solutions of system (2) can be clearly justified in a similar technique. Thus, 
the proof is complete. 


%n—lVn —3 


Vn—l%n —3 


2.3 Third System x n+ i =- jf — - — Y , w n+ i =-p-- Y 

The central point of this subsection is to resolve a system of fourth order rational recursive 
equations given by the form: 


%n—lVn —3 


2 /n—l^n—3 


%n-\- 1 /-i \ i yn-\-l / i i \ i 

?/n—1 (1 %n— l?/n—3/ %n— 1 ( 1 T 2/ri—1*^77.—3/ 

where the initial values are as described previously. 


(3) 


Theorem 3 Let {x n ,y n } be a solution to system (3) and suppose that x_ 3 = a, x_ 2 = 
(3, X-\ = 7 , xq = 5, y _ 3 = e, y- 2 = rj, y ~i = y and yo = c o. Then, for n = 0, 1, ... we have 


(-l) n 7 n e n 


x An-3 — 


%An— 1 


{-l) n 8 n r] n 


n— 1 


%An —2 


CT 


V n n n [(2* + 1) 7e - 1] 


n— 1 


/3 n 1 co n II [( 2 i + 1 ) Srj — 1 ] 

i=0 


(—l) n 7 n+ 1 e n (ay — l) n 

n— 1 

a n /x n If [( 2 i + 2 ) 7 e — 1 ] 
2=0 


i %An 


(~l) n 6 n+1 r} n (0u - l) n 

n —1 

f3 n ui n n [( 2 i + 2 ) 5r) — 1] 
?=0 


And 
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n—1 n—1 

(- l) n a n n n U [( 2 i) 7 e — 1 ] (-l) n +V+n [( 2 i) Sr) - 1 ] 

_ 2=0 _ i=0 

VAtiS ~ ri _i / -t \n 5 VAti —2 ~~ 


7 n e n_1 (afi — l) r 




n i 


n—1 n—1 

(-l) n a n n n+1 n [(2 i + 1) 76 - 1] (-1)" P n tu n+1 n [(2 i + 1) Srj - 1] 

_ i =0 _ i =0 

VAti—I ; 2/4 n 


ryn^n 


S n T] r 


Proof. The results are true for n = 0. Next, we suppose that n > 1 and assume that the 
relations hold for n — 1 . That is 


(-1)" -1 7 n " 1 e n ~ 1 


^4n—7 


«^4n—5 


(—l) n—1 (5 n—1 7^ n—1 


n—2 


"? *^4n —6 


a n 2 n n 1 II [( 2 i + 1 ) 76 — 1 ] 
2=0 


n—2 


(3 n 2 uj n 1 II [(2/ + 1) Sr) — 1] 

2=0 


n— 1 


(—1) 7 n e n_1 (a/r — 1) 

n—2 

a"- 1 //"- 1 n [(2/ + 2) 76 - 1] 

2=0 


n— 1 


" •> %An —4 


(— l) n S n rj n 1 (/5a; — 1) 

n—2 

/3 n -icj n -i n [( 2 i + 2 ) Srj - 1] 

i=0 


And 


. n—2 n—2 

(-l) n_1 a n ~ V" 1 n [(2i) 76 - 1] (-l) n_1 /3 n " V 1 " 1 n [(2i) Sr) - 1] 

_ 2=0 _ 2=0 

VAn—7 ^ 1 ^ 0 / ^ \n—1 ? IjAn— 6 rr? — 1 n— 9 (o i \n—1 


7 " 1 e n 2 (a)i — 1 ) 


1 r) n 2 (/3ta — 1) 


n—2 n—2 

(-l) n_1 a n - 1 /x n n [(2/+ 1 ) 76 - 1 ] (-l)" -1 ^- 1 ^" n [(2* + 1) Sr) - 1] 

_ i=0 _ i=0 

^ 4n " 5 “ ^ n _i en _i ’ l/4n-4 - £n-l^n-l 

Now, we establish the proofs of two relations. Firstly, system (3) gives us that 

^4n—5?/4n—7 


%An—3 


VAn —5 (1 ^4n—5?/4n— 7 ) 


(-l) n ~ 1 7 n € n ~ 1 (aM-l)' 


-1 (-l) n_i a n -V n_ n [(22)76-1] 


i—i 


n — 2 

a n— 1 /x n— 1 n [( 22 + 2 ) 76 —!] 


7 n 1 e n 2 (a/j,— 1 ) 


(-1 ) n ~ 1 a n - 1 /j. n n [(22+1)76-1] 
4=0 


^ _ (-l) n - 1 7 ^e"- 1 (aM-l) n ~ 1 ( ~ 1)n lan lfin 1 T 0 [( 2 d7e~l] 
a n- V „- 1, 'n 2 [(2 i+ 2) 7e -l] 7- 1 e™- 2 («M-l)’ 


4—1 


n—2 

7 « n [( 2 i) 7 e-l] 

4=0 _ 

n — 2 

n [( 2 i+ 2 ) 7 e— 1 ] 


(- 1 n [( 2 i+l) 7 E-l] 
4=0 


n — 2 

7f n [( 2 i) 7 £-l] 

1 _ 4=0 _ 

1 n — 2 

n [( 2 i+ 2 ) 7 £— 1 ] 
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(—l)“ n+1 7 n e n n [(2i) 7 e—1 ] 

i =0 

n —2 n —2 n —2 

a n_1 /x" II [(2i + 1) 7 e — 1] IT [(2x + 2) 7 e — 1] — 7 e II [(2i) 7 e — 1] 


(—l ) _n+1 7 n e r 


(—i) n yv 


n— 1 n—1 

a n ~ l n n II [(2 i + 1) 7 e — 1] a n_1 /x n II [(2 i + 1) 7 e — 1] 

i =0 j=0 

Next, it can be noticed from system (3) that 


V4n—3 


VAti— 5% An —7 

*^4n—5 ( — 1 + ll4n-5 x 4n-7) 


(—l) n—1 a Il—x /i n n [(2i+l)7e—1] 

i=0 


(- l )"~ 1 7 n - 1 £ rl - 1 
n — 2 

Q ,n—2f 1 n — l [(22+1)76—1] 


lan V" .n o [(2i+l) 7 e-l] 

n — 2 ^ ■ ryn— l e n— 1 n — 2 

a n— 1 fL n ~ 1 n [( 22 + 2 ) 76 — 1 ] Q,n — 2 ^n-i [( 22 + 1 ) 76 — 1 ] 

i=0 L i=0 

I 1 ra—2 1 n—1 

(—l) _n+1 a n fi n II [(2i + 2) 7 e — 1] - (-l) n_1 a> n fl [(2i) 7 e - 1] 

i =0 i=0 


7 n 6 n—1 (ayx — 1)” 1 [—1 + a/j] 


7 n e n_1 (ap — 1) ? 


(—l) n a n n n II [(2 i) 7 e — 1] 

i =0 

7 n e n_1 (a/x — l) n 

The proofs of the remaining relations can be likewise achieved. Therefore, they are omitted. 


2.4 Fourth System x n+ i = - 1 Vn 3 -^ Un+ 1 =- V n ~ 3 —t 

J n ^ yn-i(—l+x n -ryn-3) ’ a; n _i(l-y„_ia; n _3) 

Onr fundamental task in this subsection is to develop fractional solutions to the system of 
recursive equations given by the form: 

x n—iyn—3 yn—l x n—3 /.\ 

x n +1 7 1 . T ) 2/n+l 77 7> (4) 

Vn— 1 ( 1 “1“ *^n— lVn— 3/ %n— 1 (1 ?/n—l*^n—3/ 

where the initial conditions are required to be non-zero real numbers. 

Theorem 4 Assume that {x n ,y n } is a solution to system (4) and suppose that x_ 3 = 
a, x_ 2 = P, ai-i = 7 , x 0 = 5, y ~3 = e, y _ 2 = y, y_i = /x and y 0 = w. Then, for 
n = 0 , 1 , ... we have 


n— 1 

(-l)" 7 v n [(2i) cc/x — 1] (-l) n h+ n n [(2i) /3oj — 1] 

X4n ~ 3 = a-V ( 7 e - 1)" ’ Xin ~ 2= +++ (+ - l) n ’ 

n—1 n—1 

(—l) n 7 n+1 e" n [(2i + 1) a/i - 1] (-l) n 5 n+1 y n n [(2* + 1) pu - 1] 

i= 0 *=0 

x 4n— 1 7 ,, j X 4 n — — 
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VAn —3 


y&n—i 


(—1 ) n a n fi n 

n— 1 

7 n e n_1 II [(2 i + 1) afi — 1] 

i =0 

(-1 ) n a n fi n+1 (ye-l) n 

n— 1 

y n e n II [(2 i + 2) an — 1] 

i=0 


(—l) n /3 n cu n 

2 _ n— 1 

finrjn -1 n + 1 ) flu 

i =0 

(-l) n /? n u; n+1 (<fy-l) n 

n—1 

5 n, rj n IT [(2i + 2) f3uj — 1] 


1 ] 


Proof. The relations hold for n = 0. Next, we let n > 1 and assume that the formulas hold 
for 7 i — l. That is 


•^An—7 


*^4n—5 


And 


. n—2 n—2 

(-l ) n_1 y^e"" 1 n [(2 i) an - 1] (-l ) n_1 V -1 II [(2 i) /3 uj - 1] 

i =0 i =0 

a n ~ 2 /i n_1 ( 7 c — l ) n_1 ’ 6 P n ~ 2 co n ~ 1 (Sr) — l ) n_1 

n—2 n—2 

(-i) n_1 7 n e n_1 n [(2?; +1 )an- 1] (-i) n_1 n [(2* + i)pu>- 1] 

i=0 i =0 

o n -V n_1 ’ XAn ~ A ~ (3 n ~ l uj n - 1 


ljAn-7 ~ 


UAn—5 


(- 1 ) 


71 —1 77 —1 77 — 1 

a n x /i 1 


(- 1)" -1 pn-'u 71 - 1 


n —2 

^n-l e n-2 n [(2 i + 1 ) an — i] 
i=0 


UAn-fi 


n —2 


5 n-'n n - 2 n [(2* + i)pu- 1] 

i =0 


(—l ) n_1 a n ~ l n n (je ~ 1 ) 

n—2 

yn-l € n-l n [(2 i + 2) an - 1 ] 
2=0 


n— 1 


(—l) n 1 (3 n 1 cu n (Sr) — 1 ) 

n—2 

^n-l^n-l n [(2 i + 2) j 3 uj - 1] 

i=0 


n—l 


2/4n—4 


We now turn to verify the proof of two relations. It can be obviously seen from system (4) 
that 


^4n—3 


«^4n—5?/4n—7 

UAn—5 ( — 1 + XAn-bVAn-T) 

71 — 2 

i 7 » e »—i n Q [( 2 i+l)a/i— 1 ] 

0,71—1^71—1 71 — 2 

^,71-lgTi —2 JJ [(22+l)a/2—1] 
i=0 

71 — 2 

(-l) n_ 1 7™£™- 1 n [( 2 i+l)a/i-l] , 

_ i _i_i=o_ v~jj Q V _ 

' O 71 - 1 u n —1 71 — 2 

7 n— i e n —2 n [( 2 i+l)a/x— 1 ] 
i=0 


71 — 2 

^y?i—i e n—l [( 22 + 2 )a/x— 1 ] 
i=0 


11 n_2 i n_i 

(-l)- n+ 1 7 n e n n [( 2 i + 2 ) a/x - 1 ] - (-l ) n_1 y n e n n [( 2 i) a/x - 1 ] 

i=0 _ i=0 

a n ~ 1 n n (ye — l) n_1 [—1 + ye] a n ~ l n n ( 7 c — l) n 

n—l 

(—l) n y n e n n [( 2 i)a/i- 1 ] 

i=0 

a n- 1 /i n (ye — l )' 1 
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Further, it can be attained from system (4) that 

Vin— 5*^4n— 7 


VAn-3 ~ 


*^4n—5 (1 Vin— 5^4n— 7 ) 


(-l) m ~ 1 g ra -V n (76-l)' 


-1 


n—1 n—1 _n —1 


n [(2i)a/i-l] 
2=0 


n — 2 

7 n_ ie n_ 1 n [( 2 i+ 2 )a/x— 1 ] 
2=0 


a n ~ 2 fi ri ~ 1 ( 7 €—l ) 71 


n [( 2 i+l)a/x-l] 
2=0 


1 - 


(—l) m - 1 a"- 1 /x"(7e— 1)' 


n — z 

,_i (-l) n_ 1 7 n_ 1 e"^* n [( 2 i)a/i-l] 


n — 2 

ryn—i e n—i jq [( 2 i+ 2 )a/x— 1 ] 


a n— 2 /i n_1 ( 76 —l ) 71 


n — 2 

a/x II [(2i)a^—1] 

2 = 0 _ 

n — 2 

n [( 2 i+ 2 )a/i— 1 ] 


(-l) n_ 1 7 "e"-l n [(2i+\)afi—\\ 
i —0 


1 - 


n — 2 

ap. II [(2i)a^—1] 

2 = 0 _ 

n — 2 

n [( 2 i+ 2 )a/x-l] 
2=0 

n—2 


(—l) -n+ a n fi n II [(2i)a/x-l] 

i=0 


n—2 


7 n e n 1 II [(2 i + 1) an — 1] 
2=0 


n —2 n —2 

II [(2 i + 2) an — 1] — a/d IT [(2i) an — 1] 


i =o 


i =0 


(—l) n a n /d n 


n— 1 


7 n e n 1 II [(2i + 1) an — 1] 

i =0 


Other results can be proved in a similar way. Thus, the remaining proofs are omitted. 


2.5 Numerical Examples 

This subsection aims to present graphical confirmations to the whole solutions obtained in 
the previous subsections. Here, we plot the solutions (by using MATLAB software) under 
specific selections of some initial conditions. 

Example 1. This example shows the paths of the solutions of system (1). The initial 
conditions of this example are given as follows: x_ 3 = 3, x_ 2 = 1, £-i = 5, x 0 = 2, y_ 3 = 
1, y_ 2 = 3, y_i = 5 and y 0 = 5. See Figure 1. 
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Plot of The First System 



Figure 1: The behaviour of the solution of system (1). 

Example 2. In Figure 2, we illustrate the behaviour of the solution of system (2) under 
the following selection of initial conditions: x_ 3 = 3.4, x_ 2 = 0.7, x_i = 2, x 0 = 3, t/_ 3 = 
1.5, y -2 = 1.5, y -1 = 0.5 and yo = 1.22. 


Plot of The Second System 



Figure 2: The behaviour of the solution of system (2). 

Example 3. Figure 3 illustrates the curves of the solutions of system (3) when we assume 
that X -3 = 0.7, X —2 = 2.1, X-\ — 1, xq — 0.5, y_ 3 = 0.1, y_ 2 = 0.2, y_i = 2.2 and 
Vo = 0.5. 
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Plot of The Third System 



Figure 3: The behaviour of the solution of system (3). 

Example 4. The solutions of system (4) are depicted in Figure 4 under the following initial 
data: x_ 3 = 0.2, x_ 2 = 1, x_\ = 0.3, xq = 0.2, y_ 3 = 3, y_ 2 = 1, y_i = 2 and y 0 = 0.3. 


Plot of The Fourth System 



Figure 4: The behaviour of the solution of system (4). 
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The ELECTRE multi-attribute group decision making 
method based on interval-valued intuitionistic fuzzy sets 

Cheng-Fu Yang* 

School of Mathematics and Statistics ofHexi University, Zhangye Gansu,734000, P. R. China 


Abstract 

In this paper, based on the ELECTRE method and new ranking for the interval-valued intuitionistic 
fuzzy set (IVIFS), the IVIF ELECTRE method to solve multi-attribute group decision-making problems 
with interval-valued intuitionistic fuzzy input data is proposed, it is extending the intuitionistic fuzzy set 
(IF) ELECTRE method. This method firstly use AHP (Analytic hierarchy process) to find the weights 
of attribute, and use new ranking method for IVIFS and similarity measure between IVIFS to determine 
the weights of decision makers (DMs), then give the concordance set. midrange concordance set, weak 
concordance set and cosponging discordance set, midrange discordance set, weak discordance set. From 
this, the concordance matrix, discordance index, concordance dominance matrix and discordance domi¬ 
nance matrix are proposed. Finally, the ranking order of all the alternatives A,(i = 1,2,..., n) and the best 
alternative are obtained. A numerical example is taken to illustrate the feasibility and practicability of the 
proposed method. 

Keywords'. Interval-valued intuitionistic fuzzy sets; ELECTRE method; Multi-attribute group decision 
making 


1 Introduction 

Since the multi-attribute decision making (MADM) was introduced in 1960 s, it has been a hot topic 
in decision making and systems engineering, and been proven as a useful tool due to its broad applications 
in a number of practical problems. But in some real-life situations, a decision maker (DM) may not be 
able to accurately express his/her preferences for alternatives due to that (1) the DM may not possess a 
precise or sufficient level of knowledge of the problem; (2) the DM is unable to discriminate explicitly the 
degree to which one alternative are better than others. In order to handle inexact and imprecise data, in 
1965 Zadeh [38] introduced fuzzy set (FS) theory. In 1983 Atanassov [1,2] generalized FS to intuitionistic 
fuzzy set (IFS) by using two characteristic functions to express the degree of membership and the degree of 
non-membership of elements of the universal set. Since IFS tackled the drawback of the single membership 
value in FS theory, IFS has been widely applied to the multi-attribute decision making (MADM) [4,7,8,10- 
14,20,22,23,28] and multi-attribute group decision making (MAGDM) [18,19,21]. 

In 1989 Atanassov and Gargov [3] further generalized the IFS in the spirit of the ordinary interval¬ 
valued fuzzy set (IVFS) and defined the concept of interval-valued intuitionistic fuzzy set (IVIFS), which 
enhances greatly the representation ability of uncertainty than IFS. Similar to the IFS, IVIFSs were also 

’Corresponding author Address: School of Mathematics and Statistics of Hexi University, Zhangye, Gansu,734000, P. R. China. 
Tel.:+86 0936 8280868; Fax:+86 0936 8282000. E-mail: ycfgszy@126.com (C.F.Yang). 


1 


369 


YANG 369-382 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


used in the problems of MADM [6,15-17,28,32] and MAGDM [29,31,33,34]. In these researches, some are 
extension of classic decision making methods in IVIFS environment. For example, Li [15] developed the 
closeness coefficient-based nonlinear-programming method for interval-valued intuitionistic fuzzy MAD- 
M with incomplete preference information, Li [16] proposed the TOPSIS-based nonlinear-programming 
methodology for MADM with IVIFSs, Li [17] proposed the linear-programming method for MADM with 
IVIFSs. These decision methods under interval-valued intuitionistic fuzzy environments also generalize the 
classic decision making methods, such as TOPSIS and LINMAP. In [32], Wang et al. proposed a expect to 
apply ELECTRE and PROMETHEE motheds to MADM and MAGDM with IVIFS. 

In this paper, based on the new ranking method of interval in [27] and similarity measure of IVIFSs in 
[35, 37], the IF ELECTRE [30] method is applied to MAGDM with IVIFS, and obtain IVIFS ELECTRE 
method for solving MAGDM problems under IVIF environments. 

This paper is organized as follows. Section 2 briefly reviews the analytic hierarchy process (AHP). 
Section 3 and Section 4 introduce the new ranking method of intervals and similarity measure between 
IVIFSs, respectively. Section 5 formulates an MAGDM problem in which the evaluation of alternatives 
in each attribute is expressed by IVIF sets, and also develops an extended ELECTRE method. Section 
6 demonstrates the feasibility and applicability of the proposed method by applying it to the MAGDM 
problem of the air-condition. Finally, Section 7 presents the conclusions. 

2 Analytic hierarchy process (AHP) 

AHP was introduced for the first time in 1980 by Thomas L. Saaty [24], For years, AHP has been used 
in various fields such as social sciences, health planning and management. Many researchers have preferred 
to use AHP to find the weights of attribute [25,26]. Due to the fact that attribute weights in the decision¬ 
making problems are various, it is not correct to assign all of them as equalled [5], To solve the problem 
of indicating the weights, some methods like AHP, eigenvector, entropy analysis, and weighted least square 
methods were used. For the calculation of attribute weight in AHP the following steps are used: 

(i) Arrange the attribute in n X n square matrix form as rows and columns. 

(ii) Using pairwise comparisons, the relative importance of one attribute over another can be expressed 
as follow: 

If two attribute have equal importance in pairwise comparison enter 1; if one of them is moderately more 
important than the other enter 3 and for the other enter 1/3; if one of them is strongly more important enter 5 
and for the other enter 1/5; if one of them is very strongly more important enter 7 and for the other enter 1/7, 
and if one of them is extremely important enter 9 and for the other enter 1/9. 2, 4, 6 and 8 can be entered as 
intermediate values. Thus, pairwise comparison matrix is obtained as a result of the pairwise comparisons. 
Note that all elements in the comparison matrix are positive, in other words c/, ; > 0 (i, j = 1,2,..., n). 

(a) To find the maximum eigenvalue A of the comparison matrix. 

(b) Calculate consistency index Cl = and consistency ratio CR = where RI is the random 
consistency index given by Saaty.(Table 1) 

(c) If CR > 0.1, then adjusts elements c/, ; (i,j = 1,2,...,«) of the comparison matrix, (a) and (b) 
choices are done iteratively until CR <0.1. 

fd) Compute eigenvector of the maximum eigenvalue of the comparison matrix. 

(e) Normalized eigenvector. 


Table 1:Random consistency index RI. 


n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

RI 

0 

0 

0.58 

0.90 

1.12 

1.24 

1.32 

1.41 

1.45 

1.49 

1.51 
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3 Ranking method for intervals 

Let x = [a, b] c [0,1] and y = [c, d] c [0,1] be two intervals. Since the location relations between 
x — [a, b] and y - [c, d] include the following six cases. Wan and Dong [27] calculated the occurrence 
probability for the fuzzy(or random) event x > y, denoted by P(x > y), under different cases. 


Casel: a < b < c < d. 


P(x >y) = 0. 


Case2: a < c < 
P(x > y) = 
Case3: a < c < 
P(x > y) = 
Case4: c < a < 
P(x >y) = 
Case5: c < a < 
P(x > y) = 
Case6: c < d < 


b<d or a<c<b<d, 

(b - cf 

2(b - a)(d - c )' 

d<bora<c<d<bora<c<d< 

2b - d - c 
2(b - a) ' 

b < d or c < a < b < d, 

b + a — 2c 
2(7/-c) ' 

d < b or c < a < d < b, 

2bd + 2ac — 2 be - a 2 - d 2 
2 (b - a)(d - c ) ' 

a < b or c < a < b < d. 


b , 


P(x > y) = 1. 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

(6) 


In order to rank intervals a, = [a,, /;,] (i = 1,2,... ,n), Wang and Dong [27] construct the matrix of 
possibility degree as P = ( Pij) n xn, where P, s = P(ti, > dj) (i = 1,2, = 1,2,,.., n). Then, the 

ranking vector a> = {l>\, u> 2 ,..., u>„) T is derived as follows: 

n 

0Ji = (2 Pij + n - - l)/(n(n - D) {i = 1,2, • • •, n). (7) 

i=i 

The larger the value of the bigger the corresponding intervals a, = [a,, b,]. In other words, for the 
two intervals 5 ( - = [a,-,/?,-] and cij = [aj,bj\, if cj, > a>j, then [a t , b,] > [aj,bj]. 


4 Similarity measure between IVIFSs 

Definition l.[3] An IVIFS A in the universe set of discourse X is defined as 

A = {(x,jli a (x), v a (x)) I* e X ], 

where /j a (x) c [0,1] and v A (x) c [0,1] denote respectively the membership degree interval and the non¬ 
membership degree interval of x to A,with the condition: 
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supp A (x)+ supv A (x) < l,Vx € X. 

Since IVIFS is composed of two ordered interval pairs, Xu [31,32] called them interval-valued intuition- 
istic fuzzy numbers(IVIFNs) and simply denoted by G — ([a, b], [c, c/]), where [a, b] c [0,1], [c, d ] c [0,1] 
and b + d < 1 . 

Definition 2.[37] Let G, = ([a,, /?,], [q, cl,]) (i = 1,2) be two IVIFNs, the normalized Hamming distance 
between G\ and G 2 can be defined as: 

d(G\,Gi) = - 02 I + \b\ - b 2 \ + |ci - C 2 I + | d\ - d 2 \ + \n\ - 7r' 2 j + | n" - n”_ |), (8) 

where 7 re, = [n' r 7t"] - [1 - b, - di, 1 - a, - c ; ] (i - 1,2) is called the degree of indeterminacy or called the 
degree of hesitancy of the IVIFN G,. 

Definition 3. [35, 37] Let G, = ([a,-, b{], [c,-, di\) (i = 1,2) be two IVIFNs, then 


s(G u G 2 ) = 


1, if G\ - G 2 = GL 

f /(G 1 .c 2) W(b 1 ,GO - otherwise 


(9) 


is called the degree of similarity between Gi and G 2 , where G( = ([C 2 , cL], [c/ 2 , £> 2 ]) is denoted as the 
complement of G 2 . 

Definition 4.[37] Let A and B be two IVIFSs in X, then 




d(G*,(Gp c ) 


j= 1 


npd(Q*,G*) + d(Gj,(Pfn 


( 10 ) 


is called the degree of similarity between A and B , where G^ and G® are j-th IVIFNs of A and B , respec¬ 
tively. 

Definition 5.[6, 27] Let Gj (i - 1,2,..., ri) be a collection of the IVIFNs, where G; = ([a,-, /?,], [c,, c/,]). If 


2 W ; G ; 

^(Gi,G2,---,G n )= ^-, (11) 

2 ojj 
j= 1 

where <y = (a>i, a > 2 ,..., w„) r is the weight vector, then the function Y (1 , is called the weighted average operator 
for the IVIFNs. Particularly, if ojj (j - 1,2,..., n) are crisp values, then the weighted average operator Y 0I 
is calculated as follows: 


2 <OjGj 
j= 1 

f 

- n 

2 UjOj 

7=1 

n 

2 "A 

7=1 


- n 

2 (OjCj 

7=1 

2 "A 

7=1 

\ 

n 

2 

7=1 

V 

n 

2 uj 

7=1 

n 

2 uj 

7=1 


n 

2 uj 

7=1 

n 

2 

7=1 

/ 


5 MAGDM problems and ELECTRE method with IVIFSs 


5.1 Problems description for MAGDM with IVIFSs 

Assume that there are m alternatives [Ai, A 2 ,... ,A,„] and k experts {p \, p 2 ,... ,/?£■}, each alternative A, 
has n attributes {ci\,a 2 ,... ,a n }. For each alternative A,, each expert gives evaluation on different attribute. 
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The multi-attribute group decision making (MAGDM) is choose the best one from all alternatives according 
to these evaluations. Assume that GL = [a' ; , b\A and G' Ni; = [c'.,<T ] are respectively the membership 
degree and non-membership degree of alternative A, e A on an attribute a } given by DM p, to the fuzzy 
concept ’’excellent”. In other words, the evaluation of A, on a j given by p, is an IVIFN as follows: 

G\j = (G' M ij,G' Ni j), (13) 

where [a'..,b'..] c [0,1], [c'.,c/ f ] c [0,1] and b'.. + d r . < 1 (1 < i < m, 1 < j < n, 1 < t < k). 

IJ l J l J IJ IJ IJ 


5.2 Determination of the weights of DMs 

Since the different DMs play different roles during the process of decision making, thus the importance 
of DMs should be taken into consideration. The weight vector of DMs is denoted by z = ( Zi, Zi, ■ ■ ■ ,Zk) T ■ 
In the following, an approach determined the weights of DMs is given. 

Suppose that the evaluation of alternative A, given by DM p, on each attribute are respectively the 
IVIFNs G'j,G' 2 , .... G‘ . By Eq.(12), the individual overall attribute value of A, given by p, is obtained as 
follows: 


E' = ([a‘,b%[c' i ,d]]) = Y w (G' n ,G t i2 ,---G'J, 


(14) 


where a> = (a>\, a> 2 , •••- w») T is the weight vector of attributes. 

Let E ' = (£' E’ m ) and E u — (E“, E ",..., £") are evaluation vectors of all alternatives given by 

DMs p, and p u , respectively. Using Eqs.(8-10), the similarity degree s tu between E’ and E" is obtained, and 
the similarity matrix S is constructed as follows: 


S = 


( Stu)kx.k • 


(15) 


Obviously, S is a non-negative symmetric matrix, by the Perron-Frobenius theorem [12], there exists 
the maximum module eigenvalue A > 0 , and the corresponding eigenvector x = (x\,X 2 ,... ,Xk) T satisfies 
that x, > 0 (t — 1 , 2 ,.... k) and Ax — S x. 

Let z — Ax - S x, then each component of z is the weight of corresponding expert. The normalized 
vector z, the weight Zt (t — 1,2,..., k) of DM p, is obtained as follows: 

z, = 7 - 5 -- (t = 1,2,-..,*). (16) 

(Xi + X2 + ■ ■ ■ + Xk) 


5.3 ELECTRE methods based on IVIFS 

Based on the idea of ELECTRE method, a new approach, named as IVIF ELECTRE, is formulated to 
solve a MCDM problem under interval-valued intuitionistic fuzzy environment. For each pair of alternatives 
k and 1 (k, l = 1,2 and k A /), each attribute in the different alternatives can be divided into two 

distinct subsets. The concordance set E\a of A<- and A/ is composed of all attribute for which A/ ; is preferred 
to A/. In other words, Eu = {j\xkj > x/ 7 ], where J = {j\j - 1,2,...,«}, Xkj and Xp denoted the evaluation 
of DM in the jth attribute to alternative A* and A/, respectively. The complementary subset, which is the 
discordance set, is /•)./ = {j\xkj < xp}. In the proposed IVIF ELECTRE method, we can classify different 
types of concordance and discordance sets using the concepts of score function, accuracy function and 
hesitation degree, and use concordance and discordance sets to construct concordance and discordance 
matrices, respectively. The decision makers can choose the best alternative using the concepts of positive 
and negative ideal points. 
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Xu [31] and Xu and Chen [36] defined the score function 5(G) and accuracy function H(G ) for an 
IVIFN G=([a,b],[c,d]) as follows: 

5(G) = \{a + b-c-d), (17) 

H(G) = \(a + b + c + d). (18) 

Here, we define the hesitation degree for an IVIFN G=([a,b],[c,d]) as follows: 

n(G) = \-\{a + b + c + d). (19) 

From (18) and (19), easy to see that a higher accuracy degree H(G) correlates with a lower hesitancy 
degree n(G). 

Considering the better alternative has the higher score degree or higher accuracy degree in cases where 
alternatives have the same score degree. A higher score degree refers to a larger membership degree or 
smaller non-membership degree, and a higher accuracy degree refers to a smaller hesitation degree. Based 
on this, using the above three functions to compare IVIF values of different alternatives. The concordance 
set can be classified as concordance set, midrange concordance set and weak concordance set. Similarly, 
The discordance sets can also be classified as the discordance set, midrange discordance set, and weak 
discordance set. 

Next, the concordance set, midrange concordance set, weak concordance set, discordance set, midrange 
discordance set, weak discordance set are defined respectively as follows. 

Let Gkj = ([ay, bkj\, [c kj , dkj\) and Gij = ([ay, bij], [cy, dij ]) denote the /'th attribute value of alternative 
A k and A/, respectively. The concordance set C k i is composed of all attribute for which A* is preferred to 
A,,i.e„ 

C k , = {j\[a kj ,b kj \ > [ay,fey], [c k j,d kj ] < [cy,dy] and [n' kj ,n kj ] < [ti^tt^]}, (20) 

where J = {j\j = 1,2,... ,n). 

The midrange concordance set CL is defined as 

C kl = { j\[a k j,b kj ] > [a/j, fey], [c kj , d kj \ < [cy,dy] and [n' kj ,n' kj ] > [n' lj ,jc' l j]}. (21) 

The major difference between (20) and (21) is the hesitancy degree; the hesitancy degree at the kth 
alternative with respect to the /th attribute is higher than the /th alternative with respect to the /th attribute 
in the midrange concordance set. Thus, Eq. (20) is more concordant than (21). 

The weak concordance set CL is defined as 

C'ki = {j\[a k j,b k j] > [ay, fey] and [c kj ,d kj ] > [cy,dy]}. (22) 

The degree of non-membership at the kth alternative with respect to the jth attribute is higher than the 1th 
alternative with respect to the jth attribute in the weak concordance set; thus, Eq. (21) is more concordant 
than (22). 

The discordance set is composed of all attribute for which A k is not preferred to A/. The discordance set 
Dm is formulated as follows: 


Dm = { i\[a kj ,b kj ] < [ay,fey], [c kj ,d kj ] > [cy, d tj \ and W kj ,n kj \ > [ 7 ^, 7 ^']}, (23) 

The midrange discordance set D' kl is defined as 

D’ kI = { j\[a k j,b k j] < [aij,bij],[c k j,d kj \ > [cy,dy] and W kj ,n kj ] < W tj ,n y]}. (24) 
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The weak discordance set D" is defined as 

D' kl = {j\[a kj ,b kj ] < [aij,b/j] and [c kj ,d kj ] < [cij,d,j]}. (25) 

The IVIF ELECTRE method is an integrated IVIFS and ELECTRE method. The relative value of the 
concordance set of the IVIF ELECTRE method is measured through the concordance index. The concor¬ 
dance index e ki between A k and A/ is defined as: 


e k i = min{w c * x d(G kj , G, ; )K (26) 

feC* 

where d(G k j,G[j) is defined in (8), denoted the distance between jth attribute of alternatives A k and A/, and 
n’c* is equal to wc, wc or wy , which denoted the weight of the concordance, midrange concordance, and 
weak concordance sets, respectively. 

The concordance matrix E is defined as follows: 


e l2 ■■■ 

^1 m 

en - ^23 

m 

€(m-1)1 


^m\ € m 2 



where the maximum value of e k i is denoted by e*, which is the positive ideal point, and a higher value of e k i 
indicates that A k is preferred to A/. 

the discordance index is defined as follows: 


h u = ma x{w D . x d(G kj , G u )}, (28) 

jeD- J J 

where d(G k j,Gij) is defined in (8), denoted the distance between jth attribute of alternatives A k and A/, and 
w'/). is equal to vv w , wjy or w/y , which denoted the weight of the discordance, midrange discordance, and 
weak discordance sets, respectively. 

The discordance matrix H is defined as follows: 


- 

h 12 • • • 

h\m 

*21 

_ h 2 3 

*2 m 

h(m- 1)1 


~ h(m—\)m 

*ml 

kml 

hm(m- 1) ~ 


where the maximum value of h k i is denoted by h*, which is the negative ideal point, and a higher value of 
H k i indicates that A k is less favorable than A/. 

The concordance dominance matrix calculation process is based on the concept that the chosen alter¬ 
native should have the shortest distance from the positive ideal solution, thus, the concordance dominance 
matrix K is defined as follows: 


K = 


- kn 

kl\ - &23 


k\m 
klm 


k(m -1) I 
km I 


kml 




Ktn(m— 1 ) 


(30) 
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where k k i = e* - e k i, which refers to the separation of each alternative from the positive ideal solution. A 
higher value of k k i indicates that A k is less favorable than A/. 

The discordance dominance matrix calculation process is based on the concept that the chosen alter¬ 
native should have the farthest distance from the negative ideal solution, thus, the discordance dominance 
matrix L is defined as follows: 


L = 


- l l2 

hi - hi 


hm 

hm 


l(rn- 1)1 

I in I l m2 


l 


mini - 1) 


l 


(rn— \)m 


(31) 


where hi = h* - h kk which refers to the separation of each alternative from the negative ideal solution. A 
higher value of l k i indicates that A k is preferred to A/. 

In the aggregate dominance matrix determining process, the distance of each alternative to both positive 
and negative ideal points can be calculated to determine the ranking order of all alternatives. The aggregate 
dominance matrix R is defined as follows: 


n 2 • • • 

V\m 

rn - r 2i 

rim 

F (m-l)l 

” r (m-l)m 

Fm\ Fm2 



(32) 


where 

hi 

rid = -r, 

K-kl + hi 

r k / refers to the relative closeness to the ideal solution, with a range from 0 to 1. A higher value of r k / 
indicates that the alternative A k is simultaneously closer to the positive ideal point and farther from the 
negative ideal point than the alternative A;, thus, it is a better alternative. 

_ m 

Let T k— E r kh k = 1,2, •••,?«, (33) 

1=1 Mk 

and T k is the final value of evaluation. All alternatives can be ranked according to T k . The best alternative 
T*, which is simultaneously the shortest distance to the positive ideal point and the farthest distance from 
the negative ideal point, can be generated and defined as follows: 


T * = max {T k }, 

1 <k<m 


(34) 


where A* is the best alternative. 


5.4 Group decision making method 

In the following we shall utilize the AHP and interval-valued intuitionistic fuzzy weighted average op¬ 
erator Y (i.e. Eq. (12)) to propose a new MAGDM method with IVIFN information. The detailed steps are 
summarized as follows: 

Step 1. DMs use IVIFSs to represent the evaluation information in the each attribute of alternatives; 

Step 2. Use AHP to calculate the weight of attribute; 

Step 3. Calculate the individual overall attribute value of each alternative by Eq.(14); 

Step 4. Obtain the similarity matrix of the DMs according to Eq.(10); 
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Step 5. Derive the weight value of each DM from Eq.(16); 

Step 6 . Using the weight of DM to integrate the same attribute value of different DMs of each alternative in 
terms of Eq.(14); 

Step 7. By the possibility degree ranking method for intervals in Section 3, calculate the ranking vector of 
the membership degree interval, the non-membership degree interval and the hesitancy degree interval of 
between the difference alternatives on each attribute, respectively. 

Step 8 . Obtain the concordance, midrange concordance, weak concordance, discordance, midrange discor¬ 
dance and weak discordance set according to Eqs.(20)-(25), respectively; 

Step 9. Compute the concordance matrix, discordance matrix, concordance dominance matrix, discordance 
dominance matrix and aggregate dominance matrix in terms of Eqs.(26)-(32); 

Step 10. Obtain the ranking order of all alternatives and the best alternative according to Eqs.(33)-(34). 


6 Numerical example 

In this section, we use the air-condition system selection problem given by [27] to verify the feasibility 
of the proposed method. The problem is described as follows; 

Suppose there exist three air-condition systems {Ai, A 2 , A 3 ), four attributes ci\ (economical), (^(function), 
<33 (being operative) and a/tdongevity) are taken into consideration in the selection problem. Three expert- 
s (DMs) {p\,P 2 ,Pi\ participate in the decision making. The membership degrees and non-membership 
degrees for the alternative A, on the attribute aj given by expert p, were listed in Tables 2-4. 


Table 2: IVIFNs given by the expert p\. 


Attribute 

At 

a 2 

A 3 

a\ 

([0.4, 0.8], [0.0, 0.1]) 

([0.5, 0.7],[0.1, 0.2]) 

([0.5, 0.7],[0.2. 0.3]) 

a 2 

([0.3. 0.6], [0.0, 0.2]) 

([0.3, 0.5],[0.2, 0.4]) 

([0.6, 0.8],[0.1, 0.2]) 

as 

([0.2, 0.7], [0.2, 0.3]) 

([0.4. 0.7],[0.0, 0.2]) 

([0.4, 0.7],[0.1, 0.2]) 

C 14 

([0.3, 0.4], [0.4, 0.5]) 

([0.1, 0.2],[0.7, 0.8]) 

([0.6, 0.8],[0.0, 0.2]) 

Table 3: IVIFNs given by the expert p 2 . 

Attribute 

At 

a 2 

A 3 

a\ 

([0.5,0.9], [0.0, 0.1]) 

([0.7, 0.8], [0.1, 0.2]) 

([0.5, 0.6], [0.1,0.4]) 

a 2 

([0.4, 0.5], [0.3, 0.5]) 

([0.5, 0.6], [0.2, 0.3]) 

([0.6, 0.7], [0.1, 0.2]) 

as 

([0.5, 0.8], [0.0, 0.1]) 

([0.5, 0.8], [0.0, 0.2]) 

([0.4, 0.8], [0.1, 0.2]) 

C 14 

([0.4, 0.7], [0.1, 0.2]) 

([0.5, 0.6], [0.3, 0.4]) 

([0.2. 0.6], [0.2, 0.3]) 

Table 4: IVIFNs given by the expert ps. 

Attribute 

At 

a 2 

A 3 

d[ 

([0.3, 0.9], [0.0, 0.1]) 

([0.3, 0.8], [0.1, 0.2]) 

([0.2, 0.6], [0.1, 0.2]) 

a 2 

([0.2, 0.5], [0.1. 0.4]) 

([0.5, 0.6], [0.1. 0.3]) 

([0.2, 0.6], [0.2, 0.3]) 

as 

([0.4, 0.7], [0.1, 0.2]) 

([0.2. 0.8], [0.0, 0.2]) 

([0.3. 0.6], [0.1, 0.3]) 

(14 

([0.3, 0.6], [0.3. 0.4]) 

([0.3, 0.5], [0.2, 0.3]) 

([0.4, 0.7], [0.1, 0.2]) 


In the following, we will illustrate the decision making process. 

(1) Calculation of weights of attributes 

In order to find the weights of attributes, A commission, which is organized by sampling method, 
determined the importance of attribute by using AHP. A 4 x 4 size matrix is formed because 4 attribute are 
considered in this study. All the diagonal elements of the matrix will be 1, the elements of symmetrical 
position with respect to the diagonal are reciprocal, in other words, if a/j is ;th row and /'th column element 
of matrix, then its symmetrical position is filled using a ;l - = 1 /c/, ; formula. 
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The comparison matrix W is obtained as follows: 


W = 


1 

1 

2 

3 

4 


3 

3 1 
6 3 


I \ 

f 

f 

3 

1 


By computing the eigenvalues and the eigenvectors of W, we obtained that the maximum eigenvalue 
of W was 4.0875, the corresponding eigenvector was u> = (0.1905,0.1230,0.4046,0.8849) r , consistency 
index Cl- 0.0292 and consistency ratio CR = 0.0324 <0.1. 

Normalized eigenvectors, the four attributes weights are obtained as follows: 
u)\ = 0.1213, CJ2 - 0.0765, n>3 = 0.2517, oq = 0.5505. 

(2) Calculate the individual overall attribute value of each alternative 

By Eq.(14), the individual overall attribute value of each alternative can be obtained as in Table 5. 


Table 5: The individual overall attribute values of the alternatives for weight vector of attributes. 


E< 

I 

•Al 


^3 

Pi 

P2 

P3 

([0.2870,0.5393],[0.2705,0.3782]) 
([0.4373,0.7341],[0.0780,0.1857]) 
([0.3175,0.6539],[0.1980,0.3133]) 

([0.2393,0.4095],[0.4128,0.5456]) 
([0.5242,0.6746],[0.1926,0.3178]) 
([0.2901,0.6196],[0.1299,0.2627]) 

([0.5375,0.7627], [0.0571,0.2121]) 
([0.3173,0.6580],[0.1551,0.2793]) 
([0.3353,0.6551 ].[0.1077,0.2328]) 


(3) Calculation of the similarity matrix and the weight vector of DMs 

The similarity matrix for the DMs is constructed by Eq.(10) as follows: 


S = 


1 0.5415 0.6059 ' 

0.5415 1 0.7577 

0.6059 0.7577 1 


Because the maximum eigenvalue of 5 is 2.2746, the corresponding eigenvector is x = (0.5373,0.5878,0.6048) r 
the expert's weights are obtained from Eq.(16) as follows: z,\ — 0.3106, zi = 0.3398, Zi = 0.3496. 

(4) Integrate the attribute value of different DMs 

By Eq.(14), the attribute value of different DMs are respectively integrated as in Table 6. 


Table 6: The attribute value of different DMs in the different alternatives and different attributes. 



Ai 

M 

^3 

a i 

a 2 

ai 

C 14 

([0.3990,0.8689],[0,0.1]) 
([0.2990,0.5311],[0.1369,0.3719]) 
([0.3719,0.7340],[0.0971,0.1971]) 
([0.3340,0.5719],[0.2631,0.3631]) 

([0.4980,0.7689],[0.1.0.2]) 
([0.4379,0.5689],[0.1650,0.3311]) 
([0.3641,0.7689],[0,0.2]) 
([0.3058,0.4408],[0.3893,0.4893]) 

([0.3951,0.6311],[0.1311,0.2990]) 
([0.4602,0.6961],[0.1350.0.2350]) 
([0.3650,0.6990],[0.1,0.2350]) 
([0.3942.0.6971],[0.1029.0.2340]) 


(5) Calculate the ranking vector 

The ranking vector of the membership degree interval, the non-membership degree interval and the 
hesitancy degree interval of between the difference alternatives on each attribute is calculated by Eqs.(l-7), 
respectively, as in Table 7. 
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Table 7: The attribute value of different DMs in the different alternatives and different attributes. 



membership degree interval 

non-membership degree interval 

hesitancy degree interval 

a\ 

Ai 

a 2 

A, 

a 2 

A, 

a 2 

0.5006 

0.4994 

0.25 

0.75 

0.5873 

0.4127 

Ai 

A 3 

Ai 

a 3 

Ai 

A 3 

0.6286 

0.3714 

0.25 

0.75 

0.5388 

0.4612 

a 2 

A 3 

a 2 

a 3 

a 2 

a 3 

0.6808 

0.3192 

0.3207 

0.6793 

0.4341 

0.5659 

a 2 

Ai 

a 2 

Ai 

a 2 

A, 

a 2 

0.3214 

0.6786 

0.5135 

0.4865 

0.5878 

0.4122 

Ai 

a 3 

Ai 

a 3 

A, 

A 3 

0.27295 

0.72705 

0.6477 

0.3523 

0.59905 

0.40095 

a 2 

a 3 

a 2 

A 3 

a 2 

A 3 

0.34565 

0.65435 

0.6764 

0.3236 

0.5173 

0.4827 

as 

Ai 

a 2 

Ai 

a 2 

A, 

a 2 

0.48325 

0.51675 

0.6177 

0.3823 

0.4723 

0.5277 

Ai 

a 3 

A, 

A 3 

Ai 

a 3 

0.52875 

0.47125 

0.4246 

0.5754 

0.4995 

0.5005 

a 2 

a 3 

a 2 

A 3 

a 2 

A 3 

0.54255 

0.45745 

0.3426 

0.6574 

0.5273 

0.4727 

a<\ 

Ai 

a 2 

Ai 

a 2 

^1 

a 2 

0.66115 

0.33885 

0.25 

0.75 

0.56895 

0.43105 

Ai 

^3 

Ai 

a 3 

Ai 

^3 

0.35955 

0.64045 

0.75 

0.25 

0.44015 

0.55985 

a 2 

a 3 

a 2 

a 3 

a 2 

A 3 

0.2633 

0.7367 

0.75 

0.25 

0.365 

0.635 


( 6 ) Determine the concordance, midrange concordance, weak concordance, discordance, midrange discor¬ 
dance and weak discordance set 

Applying Eqs.(20-25) and Table 7, the concordance, midrange concordance, weak concordance, discor¬ 
dance, midrange discordance and weak discordance set is calculated, respectively, as follows: 




- 

- 

3 

\ 



- 1,4 

1 ' 


_ _ _ \ 

c = 


2 

- 

1 


, C' = 


3 - 

3 

, C" = 

- - - 



2 

2 

- 

/ 



4 

4 

— / 


~ ~ ~ ) 



- 

2 

2 




- 3 

4 


( — ~ ~ \ 

D = 


- 

- 

2 


, D' = 


1,4 - 

4 

, D” = 

- - - 



3 

1 

- 




1 

3 

~ 


“ _ ~ ) 


For example, C 13 = {3}, which is in the 1st (horizontal) row and the 3rd ( vertical) column of the concordance 
set, is ”3.” cn = {-), which is in the 1st row and 2nd column of the concordance set, is ’’empty,” and so 
forth. 

(7) Compute the concordance matrix, discordance matrix, concordance dominance matrix, discordance 
dominance matrix and aggregate dominance matrix 

We give the relative weights as: [a>c, we, u>c", wd, Wc, w»"] = [1, §, |, 1 , |, |], By Eqs.(26)-(32), the 
concordance matrix, discordance matrix, concordance dominance matrix, discordance dominance matrix 
and aggregate dominance matrix are obtained, respectively, as follows: 



0.08575 

0.02235 



0.1039 

0.16309 ' 

0.04759 

- 

0.05697 

, H = 

0.09967 

- 

0.18088 

, 0.09643 

0.07862 



, 0.12298 

0.1204 

— j 

/ 

0.01068 

0.07408 ' 


— 

0.07698 

0.01779 ' 

0.04884 

- 

0.03946 

, L = 

0.08121 

- 

0 

0 

0.01781 

/ 


0.0579 

0.06048 

j 
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R = 


0.8782 0.1936 ' 
0.6246 - 0 

1 0.7725 


( 8 ) Compute the ranking order of all alternatives and obtain the best alternative 
Applying Eq.(33), 


T = 


0.5359 ' 
0.3123 
0.88625 , 


The optimal ranking order of alternatives is given by A 3 > A\ > At. The best alternative is A 3 . The 
ranking order given by [27] is identical. The best air-condition system is A 3 . 

This example shows the effectiveness of the ranking method proposed in this paper. 


7 Conclusion 

Regarding the MAGDM problem, the IVIF theory provides a useful and convenient way to reflect the 
ambiguous nature of subjective judgments and assessments. In this paper, firstly, using the normalized 
Hamming distance between IVIFS to construct similarity matrix and obtain the wights of DMs. Then, 
using possibility degree of IVIF to calculate the ranking vector. Based on this, the concordance and dis¬ 
cordance sets, concordance and discordance matrices etc. are obtained. Finally, by computing the ranking 
order of all alternatives, decision makers can choose the best alternative, the example verify the correctness 
of the method. 
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The interior and closure of fuzzy topologies induced by the 
generalized fuzzy approximation spaces 

Cheng-Fu Yang* 

School of Mathematics and Statistics ofHexi University, Zhangye Gansu,734000, P. R. China 


Abstract 

With respect to the Alexandrov fuzzy topologies induced by the generalized fuzzy approximation 
spaces, Wang defined interior of fuzzy set. In this paper, we give the closure of fuzzy set and discuss 
some properties of the interior and closure. 

Keywords'. Alexandrov fuzzy topology; the generalized fuzzy approximation spaces; interior; closure; 
properties 


1 Introduction 

In his classical paper [36], Zadeh introduced the notation of fuzzy sets and fuzzy set operation. Subse¬ 
quently, Chang [2] applied some basic concepts from general topology to fuzzy sets and developed a theory 
of fuzzy topological spaces. Pu etc.[18] defined a fuzzy point which took a crisp singleton, equivalently, an 
ordinary point, as a special case and gave the concepts of interior and closure operator w.r.t. fuzzy topology. 
Later, Lai and Zhang [11] modified the second axiom in Chang’s definition of fuzzy topology to define an 
Alexandrov fuzzy topology. 

The concept of Rough sets were introduced by Z. Pawlak [19] in 1982 as an powerful mathematical 
tool for uncertain data while modeling the problems in many fields [17,20,27], Because the rough sets 
defined with equivalence relations limited the application of it. Thus many authors changed the equivalence 
relations into different binary relations to expand the application of it [23,35,37,38], In recent years, the 
rough sets has been combined with some mathematical theories such as algebra and topology [1,5,6,8,10, 
14, 16, 21, 25, 26, 28, 29], With respect to different binary relations, the topological properties of rough 
sets were further investigated in [7,14,33,34], 

In 1990, Dubois and Prade [3] combining fuzzy sets and rough sets proposed rough fuzzy sets and fuzzy 
rough sets. Afterward Morsi and Yakout [15] investigated fuzzy rough sets defined with left-continuous t- 
norms and R-implicators with respect to fuzzy similarity relations. Radzikowska and Kerre [24] defined 
a broad family of fuzzy rough sets based on t-norms and fuzzy implicators, which are called generalized 
fuzzy rough sets here. In recent years, the topological properties of fuzzy rough sets were further studied 
in many literatures [4,9,12,13,22], Recently, with respect to the lower fuzzy rough approximation operator 
determined by a fuzzy implicator, Wang [30] studied various fuzzy topologies induced by different fuzzy 
relations and proved that /-lower fuzzy rough approximation operators were the interior operator w.r.t. some 
Alexandrov fuzzy topology. 

’Corresponding author Address: School of Mathematics and Statistics of Hexi University, Zhangye. Gansu,734000, P. R. China. 
E-mail: ycfgszy@126.com 
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In this paper, we give closure operator w.r.t. some Alexandrov fuzzy topology given by Wang in [30], 
Combined with the definition of Wang’s interior, discuss some properties of the interior and closure of fuzzy 
set. 


2 Preliminary 

Definition 2.1.[36] A fuzzy set A in A is a set of ordered pairs: 

A = {(x,A(x)) : x G X) 

where A(x) : X —> [0,1] is a mapping and A(x) states the grade of belongness of x in A. The family of all 
fuzzy sets in X is denoted by A?(X). 

Let a G [0,1], then a fuzzy set A G J^(A) is a constant, while A(x) = a for all x G X, denoted as ax- 

Definition 2.2.[36] Let A, B be two fuzzy sets of A?(X) 

(1) A is contained in B if and only if A(x) < B(x) for every x e X. 

(2) The union of A and B is a fuzzy set C, denoted by A U B = C, whose membership function C(x) - 
A(x) V B(x) for every x G X. 

(3) The intersection of A and B is a fuzzy set C, denoted by A Pi B = C, whose membership function 
C(x) = A(x) A B(x) for every x e X. 

(4) The complement of A is a fuzzy set, denoted by A c , whose membership function A c (x) — 1 - A (x) for 
every x e X. 

A binary operation T : [0,1] X [0,1] —> [0,1] (resp. S : [0,1] X [0,1] —> [0,1]) is called a t-norm (resp. 
t-conorm) on [0, 1] if it is commutative, associative, increasing in each argument and has a unit element 1 
(resp. 0). 

A mapping I : [0,1] X [0,1] —> [0,1] is called a fuzzy implicator on [0, 1] if it satisfies the boundary 
conditions according to the Boolean implicator, and is decreasing in the first argument and increasing in the 
second argument. 

Definition 2.3.[30] A fuzzy implicator I is said to satisfy 

(1) the left neutrality property ((NP), for short), if 7(1, b) = b for all b G [0,1]; 

(2) the confinement principle ((CP), for short), if I{a, b) = 1 <=> a < b, for all a, h e [0,1]; 

(3) the regular property ((RP), for short), if (V/ is an involutive negation, where Ni is defined as Ni(a) = 
I(a, 0) for all a e [0,1], 

Definition 2.4. [11] A subset t c :'X(X) is called an Alexandrov fuzzy topology if it satisfies: 

(1) ax 6 t for all a e [0,1], 

(2) n ieA A; e r for all [A/) ieA c T , 

(3) U i€A A, e r for all [A,} ;€A c t. 

Every member of r is called a r-open fuzzy set. A fuzzy set is r-closed if and only if its complement 
is r-open. In the sequel, when no confusion is likely to arise, we shall call a r-open (r-closed) fuzzy set 
simply an open (closed) set. 

Definition 2.5. [18,31], Let r c X(X) be a fuzzy topology. Then the interior of A e XiX) w.r.t. fuzzy 
topology r denoted as A° is defined as follows: 

A° = U \B G t\B c A). 

2 


384 


Cheng-Fu Yang 383-389 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


The operator A° is called an interior operator w.r.t. fuzzy topology r. 

According to definition of the fuzzy topology, obviously A° is an open set. 

Definition 2.6. [18]. Let r c J^(A) be a fuzzy topology. Then the closure of A e -^(X) w.r.t. fuzzy 
topology t denoted as A is defined as follows: 

A = n{B\B 2 A,B C e t] 

The operator A is called a closure operator w.r.t. fuzzy topology r. 

According to De Morgan’s Law and definition of the fuzzy topology, A is a closed set. 


3 Fuzzy topologies induced by the generalized fuzzy approximation 
spaces 

A fuzzy set R e &(X x Y) is called a fuzzy relation from X to Y. If X — Y, then R is a fuzzy relation on 
X. For every fuzzy relation R on X, a fuzzy relation R 1 is defined as R 1 (x,y) = R(y, x) for all x,y e X. Let 
R be a fuzzy relation from X to Y . Then the triple {X, Y,R ) is called a fuzzy approximation space. When 
X — Y and R is a fuzzy relation on X , we also call (A, R) a fuzzy approximation space. 

Definition 3.1.[30]. Let R be a fuzzy relation on X. Then R is said to be 

(1) reflexive if R(x, x) = 1 for all x e A; 

(2) symmetric if R(x,y ) = R(y,x) for all x,y e A; 

(3) '/’-transitive if T(R(x,y), R(y,z)) < R(x,z ) for all x,y,z € A. 

If T - A, then T -transitive is said to be transitive for short. A fuzzy relation R is called a fuzzy tolerance 
if it is reflexive and symmetric, and a fuzzy T -preorder if it is reflexive and T -transitive. Similarly, a fuzzy 
relation R is called a fuzzy preorder if it is reflexive and transitive. 

Definition 3.2.[24,30,32], Let (X, Y. R) be a fuzzy approximation space. Then the following mappings 
R, R : ■'X(Y) —> ■X'(X) are defined as follows: for all A e ■'X'(Y) and x e A, 

R(A)(x) = A I(R(x,y),A(yJ) and/?(A)(x) = V T(R(x,y),A(y)). 

yeY yeY 

The mappings R and R are called I-lower and T-upper fuzzy rough approximation operators, respectively. 
The pair (R(A), R(A)) is called a generalized fuzzy rough set of A w.r.t. (A, Y, R). Also known as generalized 
fuzzy approximation spaces. 

Let //he a fuzzy relation on A. Then a fuzzy set A e ■'X(X) is said to be 

(1) /-lower definable w.r.t. fuzzy relation R if R(A) = A; the family of all I - lower definable fuzzy sets 
w.r.t. R is denoted as YXi(R). 

(2) '/’-upper definable w.r.t. fuzzy relation R if R(A) = A; the family of all T - upper definable fuzzy sets 
w.r.t. R is denoted as YXt(R)- 

Proposition 3.3.[30]. Let (A ,R) be a fuzzy approximation space and R be reflexive. Then 

(1) S>j(R) is an Alexandrov fuzzy topology, if I satisfies (NP). 

(2) Ya t (R) is an Alexandrov fuzzy topology. 

Let (A, R) be a fuzzy approximation space. In [30] Wang defined 

StfAR) = \R(A)\A e ,?(X)I and M r (R) = [R(A)\A e J?(A)[. 
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To discuss the properties of generalized fuzzy rough sets, Radzikowska and Kerre [19] introduced the 
following auxiliary conditions: for a fuzzy implicator 7 and a t-norm T, 

(Cl) I(a,I(b,c )) = I(T(a,b),c ) for all a,b,c e [0,1], 

(C2) I(a, I(b, c )) > l(T(a, b), c ) for all a,b,ce [0,1], 

(C3) I(a, I(b, c)) < KT(u, b), c) for all a,b,c e [0,1], 

If (Cl) (resp. (C2), (C3)) holds for I and T , then we say that I satisfies (Cl) (resp. (C2), (C3)) for T. 

Proposition 3.4. [30]. Let ( X , R ) be a fuzzy approximation space and R he a fuzzy T -preorder. Then 

(1) t%i(R) is an Alexandrov fuzzy topology and '33/(R) = 2>i(R), if 7 satisfies (NP) and (C2) for T. 

(2) 2%j(R) is an Alexandrov fuzzy topology and S% T (R) — 33 r (R). 

The above ^j(R), 33iAR), K3i(R) and :'%j(R) are called fuzzy topologies induced by the generalized 
fuzzy approximation spaces. 

4 The interior and closure of fuzzy set 

Proposition 4.1. [30]. Let R be a fuzzy T -preorder on X, and 7 satisfy (NP) and (C2) for T. Then R is 
the interior operator w.r.t. Alexandrov fuzzy topology 23i(R). 

Proposition 4.2. Let R he a fuzzy T -preorder on X, and 7 satisfy (NP) and (C2) for T. Then A is an 
open set w.r.t. Alexandrov fuzzy topology 2>i(R) iff R(A) — A " = A. 

Proof. Suppose A is an open set w.r.t. Alexandrov fuzzy topology fX/(R), again A c A, due to defini¬ 
tion of A°, A c A". On the other hand, 

Vx e X, R(A)(x) = A I(R(x,y),A(y))<I(R(x,x),A(x))-I(l,A(x))=A(x). 

yeX 

This means R(A) = A 0 c A. Thus R(A) = A° = A. 

Conversely, suppose R(A) = A° = A, A° is an open set, thus A is an open set. 

Proposition 4.3. Let R be a fuzzy T -preorder on X, and 7 satisfy (NP) and (C2) for T. Then for any 
A e ■'X(X), [IKA ' )]' is the closure operator w.r.t. Alexandrov fuzzy topology S>i(R). 

Proof. For any A 6 ^(x), since R(A C ) is an open set, thus (R(A r )) r is a closed set. Again 

Vx G X, R(A c )(x) = A I(R(x,y),A c (y))< I(R(x,x),A c (x)) = 7(l,A c (x)) = A c (x), 

y&X 

this means (R(A C )) C 2 A. 

On the other hand, for any A c B € 3?( X) and 13 e $>i(R). By Proposition 4.2, R(B r ) — 13 , and 
Vx G X, R(A c )(x) = A l(R(x,y),A c (y)) > A I(R(x, x), B c (x)) = R(B c )(x). 

~ yeX yeX ~ 

We obtain R(A C ) 2 R(B r ) = B c . This means (R(A' )f c 13 By Definition of the closure, for any A € -3K (X ), 
\R(A r )]‘ is the closure operator w.r.t. Alexandrov fuzzy topology 2>i{R) i.e. \R(A‘ )] C = A. 

Proposition 4.4. Let R be a fuzzy T -preorder on X, and 7 satisfy (NP) and (C2) for T. Then A is a 
closed set w.r.t. Alexandrov fuzzy topology @i(R) iff (R(A r )f = A — A. 

Proof. Suppose A is a closed set w.r.t. Alexandrov fuzzy topology 3>i(R), then A c is an open set. Therefore 
R(A C ) = A c , and then A = (R(A C )) C = A. 
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Conversely, suppose A — (R(A C )) C = A, A is a closed set, thus A is a closed set. 

Proposition 4.5. Let A 1 be a fuzzy T -preorder on X, I satisfy (NP) and (C2) for T. Then for any A, B G ■'X(X) 
the following formula hold w.r.t. Alexandrov fuzzy topology $)i(R). 

(1) AcA; 

(2) A = A; 

(3) If A c B, then A c B; 

(4) AU5 = A UB. 

Proof. (1) For all x G X, 

A(x) = (R(A c )) c (x) = 1 - R(A c )(x) = 1 - A I(R(x,y),A c (y)) 

yEX 

> 1 - I(R(x,x),A c (x))= l - I(l,A c (x))= l - A c (x) = A(x), 


thus A c A. _ 

(2) Since A is a closed set. By Proposition 4.4, A - A. 

(3) By A c B, we obtain A c 2 B c . According to Definition 3.2, obviously R(A C ) 2 R(B C ), and then 
A = (R(A c )f c (R(B C )) C = B. 

(4) Since A c A U B, B c A U B, by (2) 

A c AUB and B c A U B. Thus A U B c A U B. _ 

On the other hand, by (1) A c A, B c B. Thus A U B c A U B. And then A U B c A U B. Again A U B is 

a closed set, according to Proposition 4.4 A U B = A U B. Thus A U B c A U B. 

Thereby A U B = A U B. 

Proposition 4.6. Let R be a fuzzy T -preorder on X, I satisfy (NP) and (C2) for T. Then for any A e &<X)i 
the following formula hold w.r.t. Alexandrov fuzzy topology 3>i(R). 

(1) A = [(A f )°] e ; (2) A^ = [/L] c ; 

(3) [A] f = [A e ]°; (4) A f = [A°] e . 

Proof. (1) By Proposition 4.2, (A c )° = B(A C ), thus [(A c )°] c = [B(A e )] c = A. 

(2),(3),(4) can be proven in a similar way as for item (1). 

Proposition 4.7. Let R be a fuzzy T -preorder on X, I satisfy (NP) and (C2) for T. Then for any A, B e ■'X(X) 
and A c B, the following holds w.r.t. Alexandrov fuzzy topology 2>i{R). 

(1) A° c B°; (2) A°° = A°; (3) (A n B)° = A° n B°. 

Proof. (1) Vx G A, R(A)(x) = A I(R(x,y),A(y )) < A I(R(x,y),B(y )) = R(B)(x). Thus A" c B°. 

(2) Since A 0 is a open set, by Proposition 4.2, A°° = A°. 

(3) By Proposition 4.6 (2) and Proposition 4.5 (4), 

(A n B)° = ((A n BYY = (A c U B c ) c = (A< U W) c = (A^) e n (B 7 / = A° n B°. 
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Abstract 


We generalize the weighted Lim’s geometric mean of positive definite 
matrices to positive invertible operators on a Hilbert space. This mean 
is defined via a certain bijection map and parametrized over Hermitian 
unitary operators. We derive an explicit formula of the weighted Lim’s ge¬ 
ometric mean in terms of weighted metric/spectral geometric means. This 
kind of operator mean turns out to be a symmetric Lim-Palfia weighted 
mean and satisfies the idempotency, the permutation invariance, the joint 
homogeneity, the self-duality, and the unitary invariance. Moreover, we 
obtain relations between weighted Lim geometric means and Tracy-Singh 
products via operator identities. 

Keywords: positive invertible operator, metric geometric mean, spectral geo¬ 
metric mean, Lim’s geometric mean, Tracy-Singh product 

Mathematics Subject Classifications 2010: 47A64, 47A80. 

1 Introduction 

Recall that the Riccati equation for positive definite matrices A and B: 


XA~ x X = B 


(1) 


has a unique positive solution 



known as the metric geometric mean of A and B. This kind of mean was 
introduced by Ando [2] as the maximum (with respect to the Lowner partial 

‘Corresponding author. Email: pattrawut.ch@kmitl.ac.th 
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order) of positive semidefinite matrices X satisfying 




^ 0 . 


The above two definitions of the metric geometric mean are equivalent. See a 
nice discussion about the Riccati equation and the metric geometric mean of 
matrices in [4]. 

Fiedler and Ptak [3] modified the notion of the metric geometric mean to 
the spectral geometric mean: 

AOB = {A-^B^A^A-^B)*. (3) 


One of the most important properties of the spectral geometric mean is the 
positive similarity between (A()B) 2 and AB. This shows that the eigenvalues 
of A()B coincide with the positive square roots of the eigenvalues of AB. 

Lee and Lim [5] introduced the notion of metric geometric means and spectral 
geometric means on symmetric cones of positive definite matrices and developed 
various properties of these means. Lim [6] provided a new geometric mean of 
positive definite matrices varying over Hermitian unitary matrices, including 
the metric geometric mean as a special case. The new mean has an explicit 
formula in terms of metric and spectral geometric means. He established basic 
properties of this mean including the idempotency, joint homogeneity, permu¬ 
tation invariance, non-expansiveness, self-duality, and a determinantal identity. 
He also gave this new geometric mean for the weighted case. Lim and Pallia [7 
presented a unified framework for weighted inductive means on the cone of pos¬ 
itive definite matrices. The metric geometric mean, spectral geometric mean, 
and Lim geometric mean [6] are basic examples of the two-variable weighted 
mean. 

In this paper, we extend the notion of weighted Lim’s geometric mean [6] to 
the case of Hilbert-space operators via a certain bijection map (see Section 2). 
This operator mean is parametrized over Hermitian unitary operators. An ex¬ 
plicit formula of the weighted Lim’s geometric mean is given in term of weighted 
metric geometric means and spectral geometric means. This kind of operator 
mean serves the idempotency, the permutation invariance, the joint homogene¬ 
ity, the self-duality, and the unitary invariance. Moreover, we establish certain 
operator identities involving Lim weighted geometric means and Tracy-Singh 
products (see Section 3). Our results include certain literature results involving 
weighted metric geometric means. 


2 Lim’s geometric mean of operators 

In this section, we discuss the notion of Lim’s geometric mean of positive in¬ 
vertible operators on any complex Hilbert space. 

Throughout, let H be a complex Hilbert space. Denoted by *8(111) the Ba¬ 
nach space of bounded linear operators on H. The set of all positive invertible 
operators on H is denoted by P. 


391 


Ploymukda 390-400 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.2, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


A. Ploymukda, P. Chansangiam 


First of all, we recall the notions of metric/spectral geometric means of 
operators. Recall that for any t £ [0,1], the t -weighted metric geometric mean 
of A, B £ P is defined by 

A$ t B = Ai^A-iBA-^Y Ai (4) 

For briefly, we write A$B for A^/ 2 B. The spectral geometric mean of A, B £ P 
is defined by 

A<fB = (A~ 1 jt.B)5A(A~ 1 jt.B)5. (5) 

We list some basic properties of metric and spectral geometric means. 
Lemma 1 (e.g. [1, 3, 4]). Let A,B£ P and t £ [0,1]. Then 

(i) Aj) t A = A, 

(ii) (aA)UPB)=a 1 - t p t {A$ t B), 

(in) A$ t B = Bfti-tA, 

(iv) (A^B)- 1 =A-%B~\ 

(v) (Riccati Lemma) A§B is the unique positive invertible solution ofXA~ 1 X = 

B, 

(vi) (T*AT)$ t (T*BT) = T*(A$ t B)T for any invertible operator T £ ©(H), 

(vii) (T*AT)()(T*BT) = T*(A(}B)T for any unitary operator T £ ©(H). 

For a Hermitian unitary operator U £ ©(H), we set 

P+ : = {X £ P : UXU = X}, P“ := {X £ P : UXU = A -1 } 

Lemma 2. Let U £ ©(H) be a Hermitian unitary operator. Then the map 

d >(7 : Py x Py —> P, (A,B) i-A A^BA^ ( 6 ) 

is bijective with the inverse map given by 

X ^ (X$(UXU), A0({/A' _ 1 t/))- (7) 

Proof. The proof is quite similar to [6, Theorem 2.6]. Let Ai,A 2 £ Pjy and 

Bi,B 2 £ Py such that ^ U {A 1 ,B 1 ) = <& U {A 2: B 2 ), i.e. A(BiA( = A%B 2 A%. 
Since Ai £ P) 1 ), we have 

UA- X U = (UAjU)- 1 = A- 1 , 

UAf U = (UAiU)i = Af. 
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and thus A i 1 , Af £ P^ for i = 1, 2. It follows that 
Bf 1 = UB ± U 

= u( k a~^a\b 2 a\a~^'\u 

= ( UA~ *U) ( Ua\ U) ( UB 2 U ) (UA j U) ( UA ~’ U) 

_I I , I _1 
■ - 4 2 4 2 R —1 4 2 4 2 

— S±2 n 2 /1 2 71 1 

= a^a| (a^aIb.aIa; 

i.e. Aj 2 A 2 A 1 2 is a solution of XBf 1 X = Bf 1 . Since Bf 1 $Bi = I is the 
unique solution of XBf x X = B j -1 (Lemma 1 (v)), we conclude A 1 2 A 2 A 1 2 = /. 

This implies that Ai = A 2 and then B\ = B 2 . Hence, $j/ is injective. Next, 
let IeP. and consider A = X\\(UXU) and B = X()(UX~ 1 U) = A~^XA~^. 
Consider 

UAU = U(X$(UXU))U = {UXU)^U 2 XU 2 ) 

= {UXU) ax = Xjj(UXU) = A 

and 

UBU = U(A~iXA-i)U = (UA~iu){UXU)(UA~iu) 

= Aix-'A? = B~\ 

This implies that A £ Py and B £ Py. We have that there exist A £ Py and 
B £ Py such that <h[/(A,B) = A 2 BA 2 = X. Thus, $>u is surjective. Therefore 
is bijective. □ 

By the bijectivity of <&{/, we can define the t- weighted Lim geometric mean 
of operators as follows: 

Definition 3. Let U £ *8(H) be a Hermitian unitary operator and t £ [0,1]. 

Let X = <!>[/(Ai, B i), Y = &u{A 2 , B 2 ) £ P. The t-weighted Lim geometric mean 
of X and Y is defined by 

Su(t;X,Y) = <f>u(A4 t A 2 ,B4 t B 2 ). (8) 

We denote Qu(X,Y) = <?(/(l/2;X, Y) the Lim geometric mean. 

The next theorem gives an explicit formula of Qu(X, Y). 

Theorem 4. Let U be a Hermitian unitary operator and t £ [0,1]. Let X , Y £ 

P. We have 

Quit] X, Y) = (A 1 tt t A 2 )5(B 1 tt t B 2 )(A 1 tt t A 2 )5, (9) 

where A 1 = X$(UXU),A 2 = Y]fiUYU),B 1 = X<f{UX~ 1 U) and B 2 =Y<f{UY~ 1 U). 
In particular, Qj{X,Y) = XfaY. 
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Proof. Since fu is surjective, there exist Ai,A 2 £ and B\ 1 B 2 £ P^ such 
that X = and Y = &u(A 2 , B 2 ). By using the inverse map (7), we 

have 


{A 1 ,B 1 ) = Q-'iX) = (X$(UXU), A^>(t/A _ 1 /7)) 

(A 2 ,B 2 ) = ^(T) = (Y^UYU^Y^UY^U)). 

For the case U = I, we have P/ = P and Pj = {/}. It follows that B\ = B 2 = I. 
By Lemma 1, we have A\ = X$X = X and A 2 = YfY = Y. Hence, 

Gi{t; X, Y) = (X$ t Y)i(I$ t I)(X$ t Y)i = X$ t Y. □ 

Now, we give the definition of the Lim-Palfia weighted mean [7] in the case 
of operators. 

Definition 5. The (two-variable) Lim-Palfia weighted mean of positive invert¬ 
ible operators is the map M : [0,1] x P x P -> P satisfying 

(i) M(0, X, Y) = X, 

(ii) M(l, X, Y) = Y, 

(Hi) (Idempotency) M(t, X, X) = X for all t £ [0,1]. 

We say that M is symmetric if 

(iv) (Permutation invariancy) M(f, X , Y) = M(1 — t, Y, X) for all t £ [0,1]. 

Theorem 6 . The t-weighted Lim geometric mean of operators is a symmetric 
Lim-Palfia weighted mean. 

Proof. Let U £ ©(H) be a Hermitian unitary operator and t £ [0,1]. Let 
X. Y £ P. Write X = & U (A 1 , Bi) and Y = <&u(A 2 , B 2 ). We have by Lemma 1 
that 


17c/(0; X, Y) = ^ u (A4 0 A 2 ,B4oB 2 ) = $u(Ai,Bi) = X, 
Gu(1-,X,Y) = $ [ x(A 1 tt 1 A 2 ,H 1 tt 1 H 2 ) = <f>u(A 2 ,B 2 ) = Y, 
Gu(t>X,X) = = X. 

This implies that Gu is a Lim-Palfia weighted mean. Using Lemma 1 again, we 
get 

Gu{t;X,Y) = <f>u(A4 t A 2 ,B4 t B 2 ) 

= 3>[/(A 2 tli_ t Ai, i? 2 jli_ t i?i) 

Thus, Gu is symmetric. □ 

Corollary 7. The t-weighted metric geometric mean of operators is a symmetric 
Lim-Palfia weighted mean. 
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Theorem 8. Let U £ ©(H) be a Hermitian unitary operator and t £ [0,1]. Let 
X = B\) and Y = §u{A 2 , B 2 ). We have 

( 1 ) Q u {t]X,I) = <f> u (A{- t ,B 1 1 - t ) a ndg u (t;I,Y) = ^ u (A t 2 ,B t 2 ), 

(ii) (Joint Homogeneity) Quit ; aX, (3Y) = a 1 ^ t f3 t Qu(t] X , Y) for any a,0 > 0, 

(in) (Self-duality) Gu{t; X, Yp 1 = Quit] X -1 , T -1 ), 

(iv) (Unitary invariance) Qu(t]T*XT,T*YT) = T*Qu(t] X,Y)T where T £ 
©(H) is a unitary operator such that UT = TU , 

(v) Qu(t] UXU, UYU ) = UQu{t] X , Y)U, 

(vi) Q U (X,X~ 1 ) = I. 

Proof. The first assertion is immediate from Definition 3. For the joint homo¬ 
geneity, note that 


aX = a$(/(Yli, B\) = a(Af BxAf) = A) (aB A )A( = $,y(Ai, aUi). 

Similarly, /3F = <&u{A 2 , (3B 2 ). Using Lemma 1, we obtain 

Qu(t] aX, /3Y) = ^ u (A4 t A 2 ,(aB 1 )UPB 2 )) = ^(A^A^a 1 ^p\B4 t B 2 )) 
= a 1 - t p t ^ u (A 1 ^ t A 2 ,B 1 ^ t B 2 ) = a^/PQu&X^). 


For the self-duality, consider 

X - 1 = SuiA^Bf)- 1 = ( a\b x A \) 


1 \ -1 


= ApBf l Ap =^ u (Af l ,Bf i ). 


Similarly, Y 1 = $u{.A 2 , B 2 1 ). Applying Lemma 1, we get 

Qu{t]X,Y)~ x = <5>u{A4 t A2,B4 t B 2 )~ 1 = (BrtttBa)" 1 ) 

= <f>u(Af\Ap,Bf%Bp) = Qu(t]X-\Y- x ) 

Now, let us prove the assertion (iv). Since T is unitary, we have by Lemma 
1 that 


{T* XT)$\U (T* XT)U] = ( T*XT)$[T*(UXU)T] 

= T*[X$(UXU)]T 
= T*A X T , 

(T*XT)<>[;7(T*XT)- 1 £/] = {T* XTPpTX-^U] 

= {^XTPIT^UX-^T] 
= T*[X<f{UX- l U)}T 
= T*BiT. 
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Similarly, 

(: T*YT)i[U(T*YT)U] = T*A 2 T and (T*YT)(}[U (T*FT) _1 {7] = T*B 2 T 
Then T*XT = $u(T*A X T,T*B ± T) and T*YT = <f>u(T* A 2 T,T* B 2 T). Thus 
Gu{t; T*XT, T*YT) 

= [(T*A 1 T)fc(T*A 2 T)]5[(T*B 1 T)H t (T*B 2 T)][(T*A 1 T)tt t (T*A 2 T)]5 
= [T* (A4 t A 2 )T] i [T* (B4 t B 2 )T] [T*(A4 t A 2 )T\ i 
= [T*(A4 t A 2 )^T][T*(B4 t B 2 )T][T*(A4 t A 2 )iT} 

= T*{A4 t A 2 )^{B4 t B 2 ){A4 t A 2 )^T 
= T*G v (t\ X, Y)T. 

Setting T = U, we get the result in the assertion (v). For the last assertion, 
since A -1 = ^(Aj -1 , Rj -1 ), we have 

Gu{X, A -1 ) = <S>u{A4Ai\B4B^) = $u(I,I) = I- □ 

3 Weighted Lim geometric means and Tracy- 
Singh products 

In this section, we investigate relations between Weighted Lim geometric means 
and Tracy-Singh products of operators. Let us recalling the notion of Tracy- 
Singh product. 

3.1 Preliminaries on the Tracy-Singh product of operators 

The projection theorem for Hilbert space allows us to decompose 

n 

H = 01, (10) 

where all H; are Hilbert spaces. For each i = 1,... ,n, let Pi be the natural 
projection map from H onto Hj. Each operator A £ 23(H) can be uniquely 
determined by an operator matrix 

^ = |.i, 

where Ay : Hj —> H; is defined by Ay = Pi.AP* for each i,j = 1... ,n. 

Recall that the tensor product of A,B £ 23(H) is the operator A (g> B £ 
23(H (g> H) such that for all x,y £ H, 

(A (g) B)(x ® y) = (Ax)® (By). 
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Definition 9. Let A = [Hy]”^™^ and B = be operators in 05(H). The 

Tracy-Singh product of A and B is defined to be 

AM B = \[Aij ® Bki] kl \.. (11) 

which is a bounded linear operator from gHj into itself. 

Lemma 10 ([9, 10, 11]). Let A, B,C, D £ 05(H). 

(i) (AMB){CMD) = (AC) B (BD). 

(ii) If A, B £ F, then ABBeP. 

(Hi) If A,B £ P, then (A IE1 B) a = A a Kl B a for any atR. 

(iv) If A and B are Hermitian, then AM B is also. 

(v) If A and B are unitary, then AM B is also. 

Lemma 11 ([ 8 ]). Let A,B,C,D £P and t £ [0,1]. Then 

(AMBMCMD) = (A$ t C)®(B$ t D). 

For each i = 1,..., k, let H* be a Hilbert space and decompose 


rii 

Hj = Hj |f . 

r =1 


where all Hj |T . are Hilbert spaces. We set KL- =1 Ai = A]. For k £ N — {1} and 
Ai £ 05 (H,) (i = 1,..., k), we use the notation 


k 






((Hi MA 2 )M---M H fe _i) M A k . 


3.2 The compatibility between weighted Lim geometric 
means and Tracy-Singh products 

The following theorem provides an operator identity involving t-weighted Lim 
geometric means and Tracy-Singh products. 

Theorem 12. Let U,V be Hermitian unitary operators, X\,X 2 ,Y\,Y 2 £ P and 

t e [0,1]. 


Qu{t\ X\, Y\) Kl Qv(t', X 2 , Yfi) — Guwv{t'iXiM X 2 ,Y\MY 2 ). (12) 

Proof. Write 

X\ = $c/(Hi, B{), Y 1 = $ U {C 1 ,D 1 ), X 2 =<S> V (A 2 ,B 2 ), Y 2 = $> v (C 2 ,D 2 ), 
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where A\,C\ € Py € Py A 2 ,C 2 € Py, B 2l D 2 € Py Since U and 

V are Hermitian unitary operators, we have by Lemma 10 that U H V is also 
a Hermitian unitary operator. Thus Gumv(t\ An H X 2 . Y\ HI Y 2 ) is well-defined. 
By Lemma 10, we get 

(UMV)(A l MA 2 )(UMV) = {UA-JJ) HI {VA 2 V) = AiHA 2 


and 


(U HI V)(Bi HI B 2 )(U HI V) = (UB-JJ) HI (VB 2 V) = Bf 1 HI B^ 1 

= (Bi HI B 2 ) _1 . 

Thus AiMA 2 G Pygjy and BiHB 2 G P^gjy Similarly, we have CiHIC 2 G Pj^y 
and Di HI D 2 G Py^y Using Lemma 10, we get 

Xi HI X 2 = Bi) HI $v r (A 2 , B 2 ) 

= (a\bxa\) hi (ajb 2 a|) 

= (a\ HI a\)(B 1 MB- 2 )(a\ HI a\) 

— (A\ H A 2 ) 2 (Bi M B 2 )( Ai HI A 2 ) 2 
= <&umv{Ai H A 2 , Bi H B 2 ). 

Similarly, Yi HI Y 2 = <&u^v(Ci MC 2 ,Di H D 2 ). Then 

Gu®v(t; X\ H X 2 , Yi H Y 2 ) = dh^y ((Ai HI A 2 )(jt(Ci H C 2 ), (B\ HB 2 )ft(Pi H D 2 )). 
We have by applying Lemmas 10 and 11 that 


Gu(t\X\,Y\) HI Gv(t\ X 2 , Y 2 ) 

= d>[/(Aijj t Ci, BijJtDi) H d*y(Ai() t C 2 , B 2 $ t D 2 ) 

= [(AifttCi ) 2 (B 1 jj t B 1 )(A 1 jJ t C'i) 2 ] H [(A 2 t) t C 2 ) 2 (B 2 jj t B 2 )(A 2 jj t C' 2 ) 2 ] 

= [(YUtfiCr) 2 H (A 2 # t C 2 ) 2 ] [(Bi$ t Di) H (B 2 # t £> 2 )] [(A^) 2 H (A 2 ^C 2 ) 2 } 
= [{A4tC x ) H (A 2 $ t C 2 )\ 1 [(B^Bfi) H (B 2 # t D 2 )] [{A$ t Ci) B (A 2 $ t C 2 )\ 1 
= $umv ((AifttCi) H (A 2 t) t C 2 ), (Bi$ t Di) H (B 2 $ t D 2 )) 

= d> f 7g]y((A 1 H A 2 )$ t (Ci H C 2 ), ( B 1 H B 2 )$ t (Di H D 2 )) 

= Gu^v(t'i X\ H A 2 , Y) H Y 2 ). □ 


Corollary 13. Let k G N and t G [0,1]. For each 1 ^ ^ k, let Ui G 03(H) he 

a Hermitian unitary operator and Xi,Yi G P. Then 

k / k k \ 


i=1 ' i—1 i=1 


X Gu.it-, Xi,Yi) = Suit’, X Xi, X Yi : 


(13) 


where U = Uj- 
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Proof. Since U t is a Hermitian unitary operator for alii = 1,..., k, we have by 
Lemma 10 that ^ =1 JJ i i s also. Using the positivity of the Tracy-Singh product, 
we get |^ =1 Xj , Yi £ P. Hence, the right hand side of (13) is well-defined. 
We reach the result by applying Thoerem 12 and induction on k. □ 


From Corollary 13, setting Ui = I for all i = 1,..., k, we have 
k / k \ / k 


i =l ^ i =l / ^ i =1 ' 


This equality were proved already in [ 8 , Corollary 1], 
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A Numerical Technique for Solving Fuzzy Fractional 
Optimal Control Problems^ 

Altyeb Mohammed° ,b , Zeng-Tai Gong a ’*, Mawia Osman a 
° College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China 
b Faculty of Mathematical Science, University of Khartoum, Khartoum, Sudan 


Abstract In this paper, the fuzzy fractional optimal control problem with both fixed and free final 
state conditions has been considered. Our problem is defined in the sense of Riemann-Liouville frac¬ 
tional derivative based on Hukuhara difference, and the dynamic constraint is described by a fractional 
differential equation of order less than 1. Using fuzzy variational approach, a necessary conditions 
of our problem has been derived. A numerical technique based on Griinwald-Letnikov definition of 
fractional derivative and the relation between right Riemann-Liouville fractional derivative and right 
Caputo fractional derivative is proposed. Finally, some numerical examples are given to illustrate our 
main results. 

Keywords: Fuzzy fractional calculus;Griinwald-Letnikov fractional derivative;Fuzzy fractional optimal 
control problem;Fixed final state problem;Free final state problem;Fuzzy variational approach;Necessary 
conditions. 

1. Introduction 

Optimal control is the standard method for solving dynamic optimization problems, which deal with 
finding a control law for a given system such that a certain optimality criterion is achieved. It’s playing 
an increasingly important role in modern system design, and considered to be a powerful mathematical 
tool that can be used to make decisions in real life. On the other hand, accurate modeling of some 
real problems in scientific fields and engineering, sometimes lead to a set of fractional differential and 
integral equations. Fractional optimal control problem is an optimal control problem whose dynamic 
system is described by fractional differential equations. We can define the fractional optimal control 
problem in sense of different definitions of fractional derivative, for example Riemann-Liouville fractional 
derivative, Caputo fractional derivative and so on. 

Due to, uncertainty in the input, output and manner of many dynamical systems, meanwhile, 
fuzziness is a way to express an uncertain phenomena in real world. Thus, importing fuzziness in the 
optimal control theory, give a better display of the problems with control parameters in real world such 
as physical models and dynamical systems. 

In the last decade, fuzzy fractional optimal control problems have attracted a great deal of attention 
and the interest in the filed of fuzzy fractional optimal control problems has increased. In [1], Fard 
and Soolaki, prove the necessary optimality conditions of pontryagin type for a class of fuzzy fractional 
optimal control problems with the fuzzy fractional derivative described in the Caputo sense. In [2], Fard 
and Salehi studied the constrained and unconstrained fuzzy fractional variational problems containing 
the Caputo-type fractional derivatives using the approach of the generalized differentiability. In [3], 
Karimyar and Fakharzadeh introduced the solution of fuzzy fractional optimal control problems by 
using Mittag-Leffler function. 

In this paper, we will study a fixed and free final state fuzzy fractional optimal control problems 
with the fuzzy fractional derivative described in Riemann-Liouville type in sense of Hukuhara difference. 

^This work is supported by National Natural Science Foundation of China(61763044). 

‘Corresponding Author:Zeng-Tai Gong. Tel.: +869317971430. E-mail addresses: zt-gong@163.com email: altyebfm- 
s@gmail.com 
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Then, we derive the necessary conditions of that problems based on fuzzy variational approach. A 
numerical algorithm is proposed to solve the necessary conditions to find the optimal fuzzy control and 
optimal fuzzy state as a solutions of our problems. The definitions of a strong and weak solutions of 
our problems are given, to guarantee the optimal solutions are a fuzzy functions. 

This paper is organized as follows. In Section 2 we introduce and generalize some basic concepts 
and notations that are key to our discussion. In Section 3 we present basic elements of fuzzy fractional 
calculus and fuzzy calculus of variations. In Section 4 we establish our main results, Theorem(4.1), 
that provides the necessary conditions of fuzzy fractional optimal control problems with both fixed 
and free final state conditions. In Section 5 we propose a numerical technique to solve the necessary 
conditions. Finally, we discuss the applicability of the main theorem and the numerical algorithm 
through an examples. 


2. Definitions and preliminaries 


Here, we start with basic definitions and lemmas needed in the other sections for a better under¬ 
standing of this work. The details of this concepts are clearly found in [7, 9, 10, 11, 12, 17]. 
Definition 2.1 A fuzzy set A : R —>• [0,1] is called a fuzzy number if A is normal, convex fuzzy set, 

upper semi-continuous and suppA = {x € R\A(x) > 0} is compact, where M denotes the closure of M. 
In the rest of this paper we use E 1 to denote the fuzzy number space. 

Where it is a—level set a[a] = {x € R : a(x) > a} = [a i (a),a r (a)],Va € (0,1], and 0—level set 
a[0] is defined as {x € R\a(x) > 0}. Obviously, the a-level set a [a] = [a 1 (a), a r (a)] is bounded closed 
interval in R for all a € [0,1], where a 1 (a) and a r (a) denote the left-hand and right-hand end points of 
a [a], respectively, a is a crisp number with value k if its membership function is defined by, 


Thus, 


a(x) 


1 ,x = k 
0 , x t - k 


0(x) 


1 , x = 0 

0 , x / 0. 


Let u,v € E l ,k € R, we can define the addition and scalar multiplication by using a-level set 
respectively as 


(o + b) [a] = a [a] + 6 [a], (ka)[a\ = ka[a ], 


where a [a] + b[a] means the usual addition of two intervals of R, and ka\a] means the usual product 
between a scalar and interval of R. Furthermore, the opposite of the fuzzy number a is —5, i.e., 
—a(x) = a(—x), it means, —a[a] = [—a r (a), — a l (a)]. 

The binary operation in R can be extended to the binary operation ”©” of two fuzzy numbers 
by using the extension principle. Let a and b be fuzzy numbers, then 


(aQ b)(z) = sup min{o(x), b(x)}. 

x-y=z 


Using a-level set the product (a © b ) is defined by 

(a ©6) [a] = min {a! (a)b l (a), a! (a)b r (a), a r (a)b l (a), a r (a)b r (a)}, 

max{ a 1 (a)b l (a), a 1 (a)b r (a), a r (a)b l (a), a r (a)b r (a)} . 

The metric structure is given by the Hausdorff distance O : E 1 x E 1 x R —> R + U {0}, 

B(5, b ) = sup max{| a 1 (a) — b\a ) |, | a r (a ) — b r (a ) |}. 
ae[0,i] 
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A special class of fuzzy numbers is the class of triangular fuzzy numbers. For a\ < < 03 and 

cii,ci 2 ^ci 3 £ R, the triangular fuzzy number a is generally denoted by a = ( 01 , 02 , 03 ) is determined by 
ai, 02 , 03 such that a 1 (a) = ai + (02 — ai)a and a r (a ) = 03 — (03 — 02 ) 0 , when a = 0 then a[ 0 ] = [ai, 03 ] 
and when a = 1 then a[l] = [ 02 , 02 ] = 02 - 

We know that, we can identify a fuzzy number a € E 1 by the left and right hand functions of its 
a—level set, the following lemma introduce the properties of this functions. 

Lemma 2.1 Suppose that a 1 : [0,1] —> R and a r : [0,1] —>• R satisfy the conditions: 

Cl: 0 } is bounded increasing function, 

C2: a r is bounded decreasing function, 

C3: a l { 1) < o r (l), 

C4: lim a 1 (a) = a\k ) and lim a r (a ) = a r (k), for all 0 < k < 1, 

a— OL^k~ 

C5: lim a 1 (a) = a*(0) and lim a r (a ) = a r (0). 

a->0+ «—>-0+ 

Then a : R —> [0,1] defined by a(x) = sup{a|a ; (a:) < x < a r (a)} is a fuzzy number with a[a] = 
[a l (a),a r (a)]. Moreover, if a : R —*■ [0,1] is a fuzzy number with a[a] = [a l (a), a r (a)], then the 
functions a l (a) and a r (a ) satisfy conditions Cl- C5. 

Definition 2.2 (H-difference). Let a,b € E 1 , where a [a] = [a*(a), a r (a)] and b[a] = [b l (a), b r (a)\ for 
all a € [0,1], the H-difference is defined by 

aQb = c a = b + c. 

Obviously, a © a = 0, and the a-level set of H-difference is 

(a © b) [a] = [a 1 (a) — b l (a), a r (a) — b r (a)], Va € [0,1]. 

Definition 2.3 (Partial ordering). Let a, b G E 1 , we write a A b, if a l (a) < b l (a) and a r (a ) < b r (a ) 
for all a € [0,1]. We also write a A b, if a < b and there exists ao € [0,1] such that a l (ao) < b l (ao) or 
a r (a 0 ) < b r (a 0 ). Furthermore, a = b, if a A b and a >z b. In other words, a = b, if a\a\ = b[a] for all 
a e [ 0 , 1 ]. 

In the sequel, we say that 6 B 1 are comparable if either a ^ b or a >z b, and non-comparable 
otherwise. 

From now we consider S as a subset of R. 

Definition 2.4 (Fuzzy valued function). The function / : S —>• E 1 is called a fuzzy-valued function 
if f(t) is assign a fuzzy number for any e € S. We also denote f(t)[a] = [f l (t,a), f r (t,a)\, where 
f l (t,a) = (f(t)) l (a ) = min{/(t)[a]} and f r (t,a) = ( f(t)) r (a ) = max{/(t)[a]}. Therefore any fuzzy- 
valued function / may be understood by ) and f r (t,a ) being respectively a bounded increasing 

function of a and a bounded decreasing function of a for a € [0,1]. And also it holds f l (t, a) < f r (t, a) 
for any a € [ 0 , 1 ]. 

Definition 2.5 (Continuity of a fuzzy valued function). We say that / : S —>• E 1 is continuous at 
t G S. if both f l (t , a) and f r (t, a) are continuous functions at t € S' for all a € [0,1]. 

If /(f) is continuous in the metric D, then its definite integral exists and defined by 

b [6 b 

j f(t)[a]dt= j f l (t,a)dt, J f r (t,a)dt 

a L a a 

Definition 2.6 (Distance measure between fuzzy valued functions). Suppose that are 

two fuzzy functions. We define the distance measure between / and g by 

^E^(f(x),g(x)) = sup H (f(x)[a\,g(x)[a\) 

0<a<l 

= max{ sup d(z,g{x)\oi\), sup d(f(x)[a],y)}, Vx € S. 

zef(x)[a] y&g(x)[a\ 
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Where H is the Hausdorff metric on the family of all nonempty compact subsets of R, and 

d(a, B) = inf d(a, b). 


Moreover, we can define 

II K x ) ll|i= Mx G S, 

for any f : S ^ E 1 . 


3. Elements of fuzzy fractional calculus and fuzzy calculus of variations 


Several definitions of a fractional derivative have been studied, such as Riemann-Liouville, Griinwald- 
Letnikov, Caputo and so on. In this paper, we deal with the problems defined by Riemann-Liouville 
fractional derivative. In this section, we first introduce the definition of fuzzy Riemann-Liouville inte¬ 
grals and derivatives in sense of Hukuhara difference. 

Definition 3.1 (see [6]) Let f(x) be continuous and Lebesgue integrable fuzzy valued function in [a, 6] G 
R and 0 < /3 < 1, then the fuzzy Riemann-Liouville integral of f(x) of order (5 is defined by 

JxK x ) = — J f(t)( X - tf- l dt , 

where L(/3) is the Gamma function and x > a. 

Theorem 3.1(see [6]) Let fix) be continuous and Lebesgue integrable fuzzy valued function in [a, 6] G 
R. The fuzzy Riemann-Liouville integral of f(x) can be expressed as follows 


where 


JxRx) [a] 


1 lPf l (x,a), a lPf(x,a) 


0 < a < 1 , 


J f l (t, a)(x — t)P l dt , 
algf r (x,a) = J a f r (t,a)(x-t)P~ 1 dt. 


In the next definition, we define the fuzzy Riemann-Liouville fractional derivative of order 0 < (3 < 1 
of a fuzzy valued function f(x). 

Definition 3. 2(see [6]) Let f(x) be continuous and Lebesgue integrable fuzzy valued function in [a, fc] G 
R. xq G (a, b) and then: G{x) = pj fa ~ sa y Riemann-Liouville H-differentiable 

of order 0 < j3 < 1 at xq , if there exist an element a Dxf(x o) G E 1 such that for h > 0 sufficiently small 


(1) a D P x f{x o) 

or 

(2) a DZf(x 0 ) 

or 

(3) a Dif(x 0 ) 
or 

(4) a Dif(x o) 


lim 

G(xo+h)QG(xo) 

= lim 

h—t 0 + 

tl 

h—y 0 + 

lim 

G(xo)QG(xo+h) 

—h 

= lim 

h—>0+ 

h-y 0 + 

lim 

G(xo+h)QG(xo) 

U 

= lim 

h—>0+ 

H 

h—yO+ 

lim 

G(xo)QG(xo+h) 

—h 

= lim 

h—y 0 + 

h-y 0 + 


G(xo)QG(xo—h) 

h 


G(x 0 -h)QG(x 0 ) 

—h 


G(x 0 -h)QG(x 0 ) 
— h 


G(x 0 )QG(xo~h) 

h 
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For sake of simplicity, we say that the fuzzy valued function f(x ) is Riemann-Liouville [(i)—/?]—differentiable 
if it is differentiable as in the Definition(3.2) case(i), i = 1,2, 3,4 respectively. 

Theorem 3.2(see [6]) Let f(x) be continuous and Lebesgue integrable fuzzy valued function in [a, fo] G 
R and f(x)[a] = [f l (x,a), f r (x,a)\, then for a G [0,1], x G (a,b) and /3 G (0,1) 


(i) Let us consider / is Riemann-Liouville [(1) — /3\— differentiable fuzzy-valued function, then: 


a D xf(xo) M 


a D %f l ( x o,u), a D%f r (x 0 ,a ) 


(ii) Let us consider / is Riemann-Liouville [(2) — /?] — differentiable fuzzy-valued function, then: 


a D xK x o)M 


a D %f r (xo,a), a DPf l (x 0 ,a ) 


Where 


a D xf\x o,a) 
a D xf r ( x o,a ) 


1 d f x f l (t,a)dt 

T(l-P)dxJ a {x-t)P _ 
1 d f x f r (t, a)dt 

,r(! - p) dx J a (x-t)P _ 


Theorem 3.3(see [6]) Let f(x) be continuous and Lebesgue integrable fuzzy valued function in [a,b\ 
is a Riemann-Liouville H-differentiable of order 0 < (3 < 1 on each point x G (a, b) in the sense of 
De£nition(3.2) case(3) or case(4), then a Dxf(x ) G R for all x G (a, b). 

Now we state some elements of fuzzy calculus of variations. 

Definition 3.3(Fuzzy increment[10]). Suppose that x(.) and x(.) + Sx(.) are fuzzy functions for which 
the fuzzy functional J is defined. The increment of J, denoted by A J, is 

A J := J(x + 5x) Q J(x), (3-1) 


Where 5x(.) is the variation of x(.). 

Because the increment A J depends on the fuzzy functions x and 6x, we denote A J by A J(x, Sx). 
Definition 3.4(Differentiability of a fuzzy functional [10, 15]). Suppose that A J can be written as 

A J(x,Sx) := 5J(x,5x) + j(x,8x)- || dx ||^i, (3.2) 

Where SJ is linear in Sx. We say that J is differentiable with respect to x if for any e > 0 , 

D E i(j(x, Sx), 0) < e, as || Sx(.) 0. 

From now C[to,ti] represent the class of all fuzzy continuous functions on [fo,G]- 
Definition 3.5(Fuzzy relative minimum[10]) A fuzzy functional J with domain C[R.t\\. has a fuzzy 
relative minimizer x* = x*(t), if 

J(x) A J(x*), (3.3) 

for all fuzzy functions x G C[to,ti]. 

It is clear that the inequality (3.3) holds iff 

J l (x,a) > J l (x*,a), and J r (x,a) > J r (x*,a), (3.4) 

for all a G [0,1] and all x G C[to,ti]. 

The following theorem is the fundamental theorem of the calculus of variations in fuzzy environment. 
Theorem 3.4 Let x,Sx G C[to,ti] be two fuzzy functions of t G [to,ii], and J(x) differentiable fuzzy 
functional of x. If x* is a fuzzy minimizer of J, then the variation of J regardless of any boundary 
conditions must vanish on x*, that is, 

SJ(x*,Sx) = 0, (3.5) 
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for all admissible Sx having the property x + 5x G C[to, ti]. 

It is obviously that the equality (3.5) holds if and only if 

5J l (x*(t)[a ], 5x(t)[a], f, a) = 0, (3.6) 

5J r (x*(t)[a],5x(t)[a],t,a) = 0, (3.7) 

for all a € [0, l],f G [fo,H] and all admissible fix where, 

5x(t)[a] = [5x l (t,a),5x r (t 1 a)\. 


Proof. See [10] 

4. Fuzzy fractional optimal control problem 

In this section, we first define fuzzy fractional optimal control problem with fixed and free final 
state conditions, and then we derive necessary conditions for optimality by applying fuzzy variational 
approaches to our problem. 

We define fuzzy fractional optimal control problem as: 


mm 


1 1 

J(u) = 4>(x(ti),h) + J f(x(t),u(t),t)dt, 
to 


subject to: = g(x(t),u(t),t) 

x(t 0 ) = x 0 . 


(4.1) 


For fixed final state problem we have additional condition x(t\) = x\. Where / , g : E 1 x E 1 x R : —>• E 1 
are assumed to be continuous first and second partial derivatives on t G / = [to, ti] C R with respect to 
all their arguments and Riemann integrable, the fuzzy state x(t) and the fuzzy control u{t) are functions 
of t G /, and the fuzzy state function x{t) is Riemann-Liouville [(1) — /3\— differentiable fuzzy-valued 
function and satisfies appropriate boundary conditions, and f3 G (0,1). 

Definition 4.1 We say that an admissible fuzzy curve (x*,u*) is solution of (4.1), if for all admissible 
fuzzy curve (x,u) of (4.1), 

J(x*, u*) ri J(x, u). 

Note that, we consider an admissible fuzzy control u is not bounded. 

Remark 4.1 If we choose f3 = 1, problem (4.1) is reduced to classical fuzzy optimal control problem. 
Definition 4.2 (Fuzzy Hamiltonian Function). We define fuzzy Hamiltonian function as, 

H{x(t),u(t),X(t),t) = f(x(t),u(t),t) + A (t)g(x(t),u(t),t). (4.2) 

It means that, 

H(x(t),u(t),X(t),t)[a] = [H l (x l ,v!,X l ,t,a),H r (x r ,u r ,X r 1 t,a)]. (4.3) 

for any a G [0,1], and where H l (x l ,u l , X 1 ,t,a) and H r (x r ,u r ,X r ,t,a) are classical Hamiltonian func¬ 
tions. 

Remark 4.2 In the following theorem, we assume that J l (x(t), u(t), A(i), t) (or J r (x(t),u(t),X(t),t.)) 
is stated in terms containing only x l (t,a), u l (t,a ) and A l (t,a) (or only x r (t, a), u r (t,a ) and A r (t,a)) 
in order to simplify the result presentations. 
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4.1 Derivation of Necessary Conditions 

Now we are in the position to state a fundamental result of this work in the following theorem. 
Theorem 4.1 (Necessary Conditions) Assume that x*(t) be an admissible fuzzy state and u*(t) be an 
admissible fuzzy control. Then the necessary conditions for u* to be an optimal control for (4.1) and 
for all a € [0,1], t € [io,£i] are: 


with 


t 0 D t x *\^ a ) = ^f(x*\t,a),u* l {t.,a),X*\t,a),t,a), 


Df x * r (t, a) = ^-r (x* r (t, a),u* r (t, a),X* r (t, a),t, a), 


*0 


t Dt x X*' (t, a) = ^-(/(i,a),/(l,a), X*‘(t,a),t,a), 
fD^X* r (t,a) = ~^r(x* r (t,a),u* r X* r 

o TtI 

——r(x* ( t , a),u* (t, a), X* (t, a),t, a) = 0, 
ou L 


dX 

dH l 


dH r 

du r 


(x* ( t,a),u* (t,a), X* (t, a), t, a) = 0. 


X l (h,a) 

X r (t. 1 ,a) 


d(f > 1 

dx l 

d(j) r 

dx r 


(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 


for free final state problems. 

Proof. First we adopt fuzzy lagrange multiplier to form an augmented functional incorporating 
the constraints, then we modify the performance index as, 


1 1 


Ja(u) = 


f(x(t),u(t),t) + ^ + A 


x(t),u(t),t) e to D£x 


to L 


dt , 


(4.12) 


It means that, 


J l a (u l ,a),J^(u r ,a) 


1 1 




1 r l 

J f l (x l , u l , t, a) + ^- + A \t,a) (g\x l ,u l ,t,a) - t 0 D^x l ^j 

to 

/-(*-,„v, a) + f + v(/(V,V, t ,a)-, D ,V) 


dt , 


In the remaining of the proof we will ignore the similar arguments and only we consider the left hand 
of all functions of its a-level set. 


J l a (u l ,a) = 




tN„J „a _ / f l ( x l (t),u l {t),t,a) + X l (t,a)g l (x l (t),u l (t),t, a) - X l (t,a) to D^x l (t,a) + < ^~ 
j L at 

to 


dt. 

(4.13) 
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Using the definition of fuzzy Hamiltonian function, then we can rewrite equation (4.13) as, 

ti _ , 

d(j) 1 


J l a {u\a) = 


to 


H l (x l {t),u l {t),X l (t),t,a) + — - \ l (t,a) to D^x l (t,a) 


(4.14) 


Taking variation of equation (4.14), we obtain 

ti 


SJ l a (u l ,a) = I ^6x l + ^-Su 1 + ^ 8X l + ^ Sx l - 5X l to D?x l - A l 5 to D?x l , 


(4.15) 


dx l du l dX l dx l 

to 

where 6x l , SX 1 and Su l are the variations of x l , X 1 and u l respectively. 

Using the formula for fractional integration by parts, integrate the last term on the RHS of (4.15), 
then we obtain 


Sj‘(u‘,a) = j -f Sx , + + ( 


to 


where f represent the classical right Caputo fractional derivative. 
u* 1 is an extremal if the variation of J* is zero, that is, for all a € [0,1] we require 

ti 




t=t\ 


6x l (ti). 
(4.16) 


to 


-f D?A) «*' + ^ Su‘ + (%- , a' dt + (jg - A 1 ) | &'((,) = 0. (4.17) 


r l 4- T ( - 4. 8X l 


t=t\ 


It is convenient to choose the coefficients of Sx l ,Su l , and 5X l in (4.17) to be zero. This leads to 

r\ rjl 

Df X* ( t,a ) = ( t,a),u* (t,a), X* 


to 

C n P- 1 


LOf.V(t.a) = (*.«),«*'{(,a), A*'(«, a),t,a), 


O T t] 

(ti ct),u* (t, a), A* (t, a),t, a) = 0, 
ou l 


Finally, we have 

1. For the fixed final state problem 

2. For the free final state problem 


d^ 1 \i 
dx l 


5x l (ti) = 0, 


t=t\ 


5x l (ti) = 0, 


\ ox 1 


= 0 . 


(4.18) 

(4.19) 

(4.20) 

(4.21) 

(4.22) 

(4.23) 


t=t 1 


Equations (4.18) — (4.20) represents the necessary conditions for u* to be an optimal with the condition 
(4.22) for the fixed final state problem and (4.23) for the free final state problem. 

By following the same steps(using the right hand of all functions of its a-level set ) for 6J^(u* , a) = 
0 , for all a € [0,1] and t £ [0,1], we will obtain 


to 


Df x* 1 (t, a) = ^ r (x* r (t, a),u* r {t, a), A* r (f, a), f, a), 


(4.24) 
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CD? i \* r (t,a) = 
d H 


OH 1 r r l 

( t,a),u* (t,a), X* (t,a),t,a), 


du r 


(x* ( t,a),u* (t,a),X* (f, a), t, a) = 0. 


(4.25) 

(4.26) 


= 0 for the free final state 


Equations (4.24) — (4.26) represents the necessary conditions for u* r to be an extremal with the con¬ 
ditions 5x r (t\) = 0 for the fixed final state problem and 
problem. 

The above equations form a set of necessary conditions that the left and right hand functions of its 
a—level set of the fuzzy optimal control u* and fuzzy optimal state x* must satisfy. □ 


t=t\ 


We know that, u*(t) and x*(t) are a fuzzy numbers with u*(t)[a] = u* (t,a),u* r (t,a) 


and 


x*(t)[a\ = |x* (f, a), x* r {t, a)J if u* (t,a),u* r (t,a),x* ( t,a ) and x* r (t,a ) satisfy are related proper¬ 
ties in C1-C5 of Lemma(2.1). In the following definition, based on the conditions Cl and C2 of 
Lemma(2.1), we introduce the definition of strong and weak solutions of our problem. 

Definition 4.3(Strong and Weak Solutions). 


1. (Strong Solution). We say that u*(t) [ck] andx*(t)[a] are strong solutions of (4.1) if u l * (t,a),u r * (t,a) 
,x l ( t,a ) and x r ( t,a ) obtained from (4.4) — (4.11) satisfy the conditions C1-C2 of Lemma(2.1), 
for all t € [fo,^i] and a £ [ 0 , 1 ]. 


2. (Weak Solution). We say that u*(t) [a] and x*(t)[a\ are weak solutions of (4.1) if u l * (t, a), u r * (t, a) 
,x l ( t,a ) and x r *(t,a ) obtained from (4.4) — (4.11) do not satisfy the conditions C1-C2 of 
Lemma(2.1), then we define u*(t)[a] and x*(t)[a] as: 

u*(t)[a\ = 

[2 u r (■ t , 1) — u l ( t,a),u r (t,a)], if u l ,u r are decreasing functions of a, 

< [u l * (t, a), 2u l * (t, 1) — u r *(t,a)\, if u l *,u r * are increasing functions of a, 

[u r * (t, a), u l * (t, a)], if n ; *is decreasing and u r *is increasing of a 

and, 

x*(t)[a\ = 

[2 x r * (t, 1) — x l * (t, a), x r * (t, a)], if x l * ,x r *a,re decreasing functions of a, 

< [x l * (t, a), 2x l * (t, 1) — x r *(t, a)], if x l * ,x r * are increasing functions of a, 

[x r * (t, a), x l * (t, a)], if x l *is decreasing and x r *is increasing of a 


for all t £ [to, 11 ] and a £ [ 0 , 1 ]. 

Now, we consider hxed and free final state problems with a quadratic performance index. 


4.2 Fixed Final State Problem 

We can define fuzzy fractional optimal control problem with fixed final state as 

ti 

[q{t)x 2 + r(t)u 2 ] dt, 
to 

subject to: 0 D^x = a(t)x + b(t)u, 

x(t 0 ) = x 0 , x(tl) = Xl. 


min J (u) = - 
u 2 




where q(t) > 0 and r(t) > 0 . 


(4.27) 
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Theorem(4.1), give the necessary conditions for u*‘ to be an optimal as 


to D t xl = a (. f ) xl + b(t)u l , 

(4.28) 

?D^X l = q(t)x l +a(t) X 1 , 

(4.29) 

r(t)u l + b(t)X l = 0. 

(4.30) 

Equations (4.28) and (4.30) gives 


t y t x l = a(t)x l -r-\t)b 2 (t,)X l . 

(4.31) 


We will obtain x l (t,a ) and u l (t,a) by solving Equations (4.29) — (4.31) with the boundary conditions 
x l (to) = Xq and x l {t\) = x[. 

Similarly Theorem(4.1), give the necessary conditions for u* to be an optimal as 

t 0 D t xT = a ( t ) x ‘ r + b(t)u r , (4.32) 

fD^X r =q(t)x r + a(t)X r , (4.33) 

r(t)u r + b{t)X r = 0. (4.34) 

Equations (4.32) and (4.34) gives 

t 0 D t xr = a(*)* r - r~ 1 (t)b 2 (t)X r . (4.35) 

We will obtain x r (t,a ) and u r (t,a) by solving Equations (4.33) — (4.35) with the boundary conditions 
x r (to) = x r 0 and x r (ti) = x\. 

4.3 Free Final State Problem 

We can define fuzzy fractional optimal control problem with free final state as 

ti 

min j(u) = 4>{x{t\),t\) + - / [q(t)x 2 + r(t)u 2 ] dt, 

XL A J 

to (4.36) 

subject to: t^t x = a(t)x + b(t)u, 
x(t 0 ) = x 0 . 


where q(t) > 0 and r{t ) > 0. 

Following the same steps, we will obtain x l (t,a ) and u l (t,a ) by solving Equations (4.29) — (4.31) 
with respect to the conditions 


x l (t 0 ) = Xq and A l (t\,a) = 


dtp 1 

dx l 


(4.37) 


t=tl 


Also we will obtain x r (f, a) and u r (t,a) by solving Equations (4.33) — (4.35) with respect to the 
conditions 

x r {t 0 ) = x o and A r (ti, a) = f ^ 


(4.38) 


t=t\ 


In the next section we propose an algorithm used to find the solution of both cases numerically, the 
details of this algorithm in [4, 5]. 
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5. Numerical technique 

Considering the both cases of fixed and free final state problems defined above, in order to find 
the solution of our problems, we use the Grunwald-Letnikov(GL-for short) approximation of the left 
Riemann-Liouville fractional derivative and using the relation between right Riemann-Liouville fraction¬ 
al derivative and right Caputo fractional derivative and then use GL-approximation, we can approximate 
(4.31) and (4.29) as 

m 

^ = a(mh)x l m — r _1 {mh)b 2 (mh)X l m , (5.1) 

3=0 

for m = 1, 2,..., N. and 

£ h~ t3w f ) \ l m + j = q(rnh)x l m + a(mh)\ l m + AjV ^ —, (5.2) 

for m = N — 1, N — 2,..., 0, respectively. Where N is the number of equal divisions of the interval [0, t±\, 
the nodes are labeled as 0,1,..., N. The size of each division is given as h = jf, and tj = jh represent 
the time at node j. The coefficients are defined as 

»f = ( - 1), (y (5-3) 

Where x\ and \[ represent the numerical approximations of x l (t,a) and A l (t,a) at node i. 

Similarly, we can approximate (4.35) and (4.33) as 

m 

h~^w^px r m _j = a(m,h)x^ n — r~ l (mh)b 2 {mh)\ r m , (5.4) 

3=0 


for m = 1, 2,..., N, and 


h X r m+j = q{mh)x r m + a(mh)X l m + AjV ^ —, (5.5) 

for m = N — 1, N — 2,..., 0, respectively. 

Also x\ and A[ represent the numerical approximations of x r (t,a ) and A r (t, a) at node i. In 
general, Equations (5.1) and (5.2) or Equations (5.4) and (5.5) give a set of 2 N equations in terms of 
2 N variables, i.e., Ax = b, it means that, we can use any linear equation solver to find the solution. 
Regardless the left and right bounds of the fuzzy numbers x and A, the vector x is constructed as 
follows 

• For fixed final state problem 

x = [xi x 2 ... xjv_i A 0 Ai ... X N ] T . 

• For free final state problem 

x = [xi x 2 ... x N A 0 Ai ... Aat_i] t . 

In the next section, we will give four examples can serve to illustrate our main results. 
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6. Numerical examples 

Example 6.1 Find the fuzzy control that minimize 


l 


J(u(t )) = ^ j [x 2 + u 2 ] dt 

0 


subject to: 


qD^X = tx + u , 

x(0) = (0,1,2), 5(1) = (—2,-1,1). 


Solution.We have, 

q(t ) = r(t) = b(t) = t\ = 1, and a(t) = t, 

Then for the left bound of state and control Theorem(4.1) gives, 


qD^x 1 = tx 1 — X 1 , 

(6.1) 

"■o 

b 

II 

+ 

(6.2) 

o 

II 

+ 

(6.3) 

and the boundary conditions 


x l (0 ,a) = a, 

x\l ,a) = — 2 + a. 


For the right bound of state and control, Theorem(4.1) gives, 


0 llfx r = tx r - A r , 

(6.4) 

t c L>f A r = x r + tX r , 

(6.5) 

d 

II 

- 

■< 

+ 

- 

(6.6) 


and the boundary conditions 


x r (0, a) = 2 — a, 

x r (\ ,a) = 1 — 2 a. 

Now, we use the numerical method to solve the above equations with the related boundary conditions, 
then we obtain the following results. 

Figure(l(a)) show that the state x*(t) as a function of a, we observe that x l ( t,a ) is an increasing 
function of a , x r ( t , a) is a decreasing function of a and x l (t, 1) = x r (t, 1 ), thus, x l ( t , a) and x r (t, a) 
satisfy the conditions of Lemma(2.1). 

Figure(l(b)) show that the control u*(t) as a function of a, we find that u l ( t,a ) is an increasing 
function of a, u r (t, a) is a decreasing function of a and x l (t, 1) = x r (t, 1), it means that u l (t, a) and 
u r ( t,a ) satisfy the conditions of Lenmra(2.1), furthermore, x*[t) and u*{t) represent a strong fuzzy 
solution of this problem. 

Example 6.2 Find the fuzzy control that minimize 


J(u(t)) 


1 

2 


2 


1 


u 2 dt 
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subject to: 


0 D^x = (2t — l)x © sin(t)u, 

x(l) = (0,1,2), x(2) = (—2, —1,1). 

Solution.We have, q(t) = 0, r(t ) =to = l, b(t ) = — sin (t), and a(t) = (2 1— 1), then for the left bound 
of the state and control, Theorem(4.1) gives, 

iD^x 1 = ( 2 1 — l)x l — sin 2 (f)A ; , (6.7) 

?D%X l = (2t-l)X l , ( 6 . 8 ) 

u l — sm(t)X l = 0. (6.9) 

and the boundary conditions 

x l (0,a) = a, 

x l (l,a ) = — 2 + a. 

For the right bound of state and control Theorem(4.1) gives, 

iD^x r = ( 2 1 — l)x r — sin 2 (f)A r , (6.10) 

?D^y = (2t-l)X r , (6.11) 

u r — sin(t)A' = 0. ( 6 . 12 ) 

and the boundary conditions 


x r (0, ck) = 2 — a, 

x r (l, a) = 1 — 2a. 


Now, we use the numerical method to solve the above equations with the related boundary conditions, 
then we obtain the following results. 

Figure(2(a)) show that the state x*(t) as a function of a, we observe that x l *(t,a ) is an increasing 
function of a , x r ( t , a) is a decreasing function of a and x l ( t , 1 ) = x r (t, 1 ), thus, x l (t, a) and x r ( t , a) 
satisfy the conditions of Lemma(2.1). 

Figure(2(b)) show that the control u*(t) as a function of cc, we find that u l (t,a) is a decreasing 
function of a, u r ( t,a ) is an increasing function of a and x l (t , 1 ) = x r ( t , 1 ), it means that u l ( t,a ) 
and u r ( t,a) do not satisfy the conditions C1-C2 of Lemma(2.1), then we use the definition(4.3) of 
weak solution, we find that 


u*(t)[a] 


u r ( t,a),u l ( t,a ) 


Furthermore, x* ( t ) and u* ( t ) represent a weak fuzzy solution of this problem. 
Example 6.3 Find the fuzzy control that minimize 


subject to: 




\ J [® 2 + ^ 2 ] ^ 

o 


o D^x = — (0, 1 , 3)x + ft, 

x(0) = (1,1,1), s(l) = (0,0,0). 
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Solution. We know that, 


r>d i 

o u t x ’0 u t x 


— (3 — 2 a)x l + u l , —ax r + u r 


then we have, 


q(t) = r(t ) = 6(f) = xq =h = 1, 


a(t) = — (3 — 2a) and a(t) = —a for the left and right derivatives respectively, then for the left bound 
of the state and control Theorem(4.1) gives, 


o D^x 1 = — (3 — 2 a)x l — X 1 , 

(6.13) 

f £)f = x l - (3 - 2a)X l , 

(6.14) 

+ 

II 

o 

(6.15) 

and the boundary conditions 


j-* o 

II II 

O J-* 


For the right bound of the state and control Theorem(4.1) gives, 


1 Dfx r = —ax r - X r , 

(6.16) 

c t D{ X r = x r - aX r , 

(6.17) 

o 

II 

- 

+ 

- 

(6.18) 


and the boundary conditions 


x r (0, a) = 1, 

x r {1 , a) = 0. 


Now, we use the numerical method to solve the above equations with the related boundary conditions, 
then we obtain the following results. 

Figure(3(a)) show that the state x*(t) as a function of a, we observe that x l ( t,a ) is an increasing 
function of a, x r (t, a) is a decreasing function of a and x l (t, 1) = x r (t, 1), thus, x l ( t , a) and x r ( t , a) 
satisfy the conditions of Lemma(2.1). 

Figure(3(b)) show that the control u*(t) as a function of a, we find that u l (t,a) is a decreasing 
function of a, u r ( t,a ) is an increasing function of a and x l (t , 1) = x r (t, 1), it means that u l ( t,a ) 
and u r ( t,a ) do not satisfy the conditions C1-C2 of Lemma(2.1), then we use the definition(4.3) of 
weak solution, we find that 


u*(t)[a] 


u r ( t,a),u l ( t,a ) 


Furthermore, x* (t) and u* (t) represent a weak fuzzy solution of this problem. 
Example 6.4 Find the fuzzy control that minimize 


subject to: 


J <«(*)) = ^ 2 (!) + \ J [ x2 + u 2 ] dt 

o 


oDyx = — ( 0 , 1 , 3)5 + u, 

®( 0 ) = ( 1 , 1 , 1 ). 


426 


Mohammed 413-430 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


Altyeb Mohammed, Zeng-Tai Gong and Mawia Osman: A Numerical Technique for Solving Fuzzy Fractional ... 


Solution. We have, 

a(t ) = —(3 — 2 a) and a(t) 


q{t ) = r(t) = b(t ) = x 0 = h = 1, 

—a for the left and right derivatives respectively, then Theorem(4.1) gives, 


ioDt.x 1 = —(3 — 2a)x l — X 1 , 

(6.19) 

?D^X l = x l -(3-2a)X l , 

(6.20) 

o 

II 

+ 

""Si 

(6.21) 


and the boundary conditions 

x l (0,a) = 1, 

X l (0,a) = x l (l,a). 

For the right bound of the state and control Theorem(4.1) gives, 


L £>f x r = -ax r - X r , 

(6.22) 

fB^X r = x r - aX r , 

(6.23) 

o 

II 

s- 

-< 

+ 

j- 

s 

(6.24) 


and the boundary conditions 


T r (0, a) = 1, 

A r (0, a) = T r (l,a). 


Now, we use the numerical method to solve the above equations with the related boundary conditions, 
then we obtain the following results. 

Figure(4(a)) show that the state x*(t) as a function of a, we observe that x l ( t,a ) is an increasing 
function of a, x r (t, a) is a decreasing function of a and x l (t. 1) = x r (t, 1), thus, x l (t, a) and x r (t, a) 
satisfy the conditions of Lemma(2.1). 

Figure(4(b)) show that the control u*(t) as a function of a , we find that u l (t,a) is a decreasing 
function of a, u r ( t,a ) is an increasing function of a and x l (t , 1) = x r (t, 1), it means that u l (t,a ) 
and u r (' t,a ) do not satisfy the conditions C1-C2 of Lemma(2.1), then we use the dehnition(4.3) of 
weak solution, we find that 


u*(t)[a] 


u r ( t,a),u l ( t,a ) 


Furthermore, x* (t) and u* (t) represent a weak fuzzy solution of this problem. 


7. Conclusion 

In this paper, the necessary conditions of fuzzy fractional optimal control problem with both fixed 
and free final state conditions at the final time has been derived using fuzzy variational approach. Our 
problems is defined in the sense of Riemann-Liouville fractional derivative based on Hukuhara difference. 
A numerical technique is proposed based on Griinwald-Letnikov definition of fractional derivative. The 
concepts of strong and weak solutions of our problems are given, lastly, four examples are provided to 
show the effectiveness of Theorem(4.1) and the numerical algorithm. 
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figure 1: Example(6.1) (a) the state at t = 0.1 ,/? = 0.77 ( b ) the control at t = 0.1,/? = 0.77. 
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Figure 2: Example(6.2) (a) the state at t = 0.1, j3 = 0.77 (6) the control at t = 0.1, /3 = 0.77. 
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Differential Transform Method for Solving Fuzzy 
Fractional Wave Equation^ 

Mawia Osman , Zeng-Tai Gong 1 ’*, Altyeb Mohammed 1,2 
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Abstract: In this letter, the differential transform method (DTM) is applied to solve fuzzy fractional 
wave equation. The elemental properties of this method are investigated based on the two-dimensional 
differential transform method (DTM), generalized Taylor’s formula and fuzzy Coputo’s derivative. The 
proposed method is also illustrated by using some examples. The results reveal that DTM is a highly 
effective scheme for obtaining analytical solutions of the fuzzy fractional wave equation. 

Mathematics Subject Classification. 65L05, 26E50 

Keyword: Fuzzy numbers; Fuzzy fractional wave equation; Differential transform method; Fuzzy 
Caputo’s derivative; Generalized Taylor formula. 

1 Introduction 

In 1965, the fuzzy sets were introduced for the first time by Zadeh in [28]. hundreds of examples 
have been supplied where the nature of uncertainty in the behavior of given system processes are fuzzy 
rather than stochastic nature. In the last few years, many authors have interested in the study of the 
theoretical framework of fuzzy initial value problems. Chang and Zadeh in [6] have introduced the 
concept of fuzzy derivative. Kandel and Byatt, in [12] have initially presented the concept of the fuzzy 
differential equation. Bede and Gal in [4] have studied the concept of strongly generalized differentiable 
of fuzzy valued functions, which enlarged the class of differentiable fuzzy valued functions. 

In 1695, the fractional calculus was first studied. The subject of fractional calculus has gained im¬ 
portance during the past three decades due mainly to its demonstrated applications in different area of 
physics and engineering in [16]. Fuzzy fractional differential equations (FFDE) play an important role 
in modelling of science and engineering problems. Padmapriya and Kaliyappan in [22] established ana¬ 
lytical and numerical methods to solve fuzzy fractional differential equations, the concept of differential 
of fuzzy function with two variables and fuzzy wave equations studied in [26]. In the last years many 
authors have developed and introduced some variant methods for solving fuzzy wave equation. Kermani 
in [15] used finite difference method to solve the fuzzy wave equation numerically. Also, Martin and 
Radek in [25] used f-transforms to solve the fuzzy wave equation. 

Zhou in [29] has presented the concept of the differential transform method (DTM), this method 
constructs an analytical solution inform of a polynomial, which is different from the tradition higher 
order Taylor formula method. Recently some researchers used differential transform method (DTM) to 
solve fuzzy fractional differential equations and fuzzy differential equations in [9, 23, 1, 19, 20]. 

This paper is structured as follows. In Section 2, we call some definitions on fuzzy numbers, 
fuzzy functions and fuzzy Caputo’s derivative. In Section 3, The generalization of Taylor’s formula 
is presented. In Section 4, the generalized two-dimensional differential transform method (DTM) for 

^This work is supported by National Natural Science Foundation of China (61763044). 
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the solution of the fuzzy wave equation with space and time-fractional derivatives are developed and 
derived. Examples are shown in Section 5. Finely, conclusion is given in section 6. 

2 Basic concepts 

The results about fuzzy numbers space E 1 , we recall that E 1 = {u : R — > [0,1] : u satis¬ 
fies (1)(4) below } (refer to [6]) 

1. u is normal, i.e., there exists xq £ R such that u(x o) = 1; 

2. u is convex, i.e., for all and A € [0,1 \,x,y £ R, 

u(Xx + (1 — A )y) > min{fi(x), u(y)}, 


holds; 

3. u is upper semicontinuous, i.e., for any .To € R , 

u(xq) > lim u(x ); 

x — 


4. supp u = {x £ R\u(x) > 0} is the support of u, and its closure cl (supp ii) is compact. 

For 0 < r < 1, denote [u] r = {x : u(x) > r}. Then from (1)-(4), follows that the r-level set [it],, is a 
closed and bounded interval for all r £ [0,1]. 

For u,v£ E 1 , k £ R, the addition and scalar multiplication are defined using the equations 


[it + v\ r = [u] r + [v\ r , 
[ku] r = k[u ] r , 

respectively. 

Define D : E l x E 1 —>• R + U {0} using the equation 

D(u,v) = sup d([it] r [i)] r ), 

rG[0,l] 

where d is Hausdorff metric space as 


d([u\r, [i5] r ) = inf{e : [it] r C iV([ii] r ,e), [v] r C iV([it] r ,e:)} 

= max{|u r — v r \,\u r — v r \}, 

where lV([it] r , e), AT([i;] r , e) is the e-neighborhood of [it] r , [D] r , respectively, and u r ,v r ,u r ,v r are end¬ 
points of [it] r , [u], r , respectively. 

By using the results of [13], we see that 

• {E l ,D) is complete metric space, 

• D(u + w,v + w) = D(u, v ) for all u,v,w £ E l , 

• D(ku,kv ) = \k\D{u,v). 

In addition, we can introduce a partial order in E 1 by u < v if and only if [it] r < [u] r , r £ [0,1] if 
and only if u r < v r ,u r < v r ,r £ [0,1]. For applications of the partial order on E 1 (refer to [27]). 

As the fuzzy number is resolved by using the interval u r = [u r ,u r \, see [8] defined another statements, 
parametrically, of fuzzy numbers as in following. 

Definition 2.1. [31, 32] For arbitrary fuzzy numbers u,v £ E l ,u = [u r , u r \,v = [v r ,v r \, the quantity 
D(u,v ) = sup re r 0; i] max{|u r — v r \, \u r — v r \} is the distance between u and v and also the following 
properties hold: 
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• ( E l ,D) is a complete metric space, 

• D(u 0 w, v © w) = D(u, v), Vu, v, w G E 1 , 

• D(u © v, w © e) < D(u, w) + D(v, e), Vu, v,w, e G E 1 , 

• D(u 0 v, 6) < D(u, 0) + D{v , 0), VS, v gfi 1 , 

• D(kQ u,k Q v) = \k\D(u, v), VS, v € E 1 ,k € R, 

• D(k\ 0 S, &2 © S) = | k± — k 2 \D(u, 6), VS G E 1 , ki. k-z G i?, with k\ ■ k 2 > 0. 


Let us recall the definition of the Hukuhara difference (H-difference) in [33]. Suppose that S, v € E 1 . 
The Hukuhara H-difference has been presented as a set w for which S Q 9 h v = w<^u = v(Bw. The 
H-difference is unique, but it does not always exist (a necessary condition for S Q 9 h v to exist is that S 
contains a translate {c} 0 v of S). A generalization of the Hukuhara difference aims to overcome this 
situation. 

Definition 2.2. [33, 31] The generalized Hukuhara difference between two fuzzy numbers S, S € E 1 
is defined as following: 


S Q 9 h v = w <G> 


(i) S = v 0 w, 
or (ii) v = S 0 (—w). 


( 2 . 1 ) 


In terms of the r— levels, we get [S Q 9 h S] = [min{u r — v r , u r — v r }, max{u r — v r , u r — u r }] and if 
the H-difference exists, then uQv = u Q 9 h v; the conditions for existence of w = u Q 9 h v G E 1 are 


Case (i) 
Case (ii) 


( w r = u r — v r and w r = u r — v r ,\/ r G [0,1], 

\ with w r increasing, w r decreasing, w r <w r . 
fw r = u r — v r and w r = u r — v r , V r G [0,1], 

\ with w r increasing, w r decreasing, w r <w r . 


( 2 . 2 ) 

(2.3) 


It is easy to show that (i) and (ii) are both valid if and only if w is a crisp number. In the case, it 
is possible that the gH-difference of two fuzzy numbers does not exist. To address this shortcoming, a 
new difference between fuzzy numbers was introduced in [33]. 

Lemma 2.1.[10, 24] A fuzzy number u in parametric form is a pair \u r ,u r \ of function u r and u r 
for any r G [0,1], which satisfies the following requirements. 

• u r is a bounded non-decreasing left continuous function in (0,1]; 

• u r is a bounded non-increasing left continuous function in (0,1]; 

• u r < u r . 

Some the author of the classified fuzzy numbers into several types of fuzzy membership function. To 
the deepest of our study, triangular fuzzy membership function or also often referred to as triangular 
fuzzy numbers are the most widely used membership function. 

In order to describe the fuzzy numbers and real numbers clearly, in convenience, the fuzzy numbers 
and fuzzy-valued functions in the whole paper are added with a tilde sign at the top, while the real-value 
function and interval-value functions are written directly. 

A fuzzy valued function / of two variables is a rule that assigns to each ordered pair of real numbers, 
in a set D, a unique fuzzy numbers denoted by f(x,t). The set D is the domain of / and its 
range is the set of values taken by /, i.e., {f(x,t)\(x,t) G D}. 

The parametric representation of the fuzzy valued function / : D —>• E 1 is expressed by f(x,t)(r) = 
[f(x,t)(r),f(x,t)(r)], for all (x,t) G D and r G [0,1]. 

Suppose / : D —>• E 1 be a fuzzy valued function of two variable. Then, we say that the fuzzy limit 
of f(x,t) as (x,t) approaches to (a, b) is L G E 1 , and we write lim(z,t)->-( a ,6)/(£, I) = L if for every 
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number e > 0, there is a corresponding number 5 > 0 such that if (x,t) € D, || (x,t) — ( a,b ) ||< 6 =t> 
D(f(x,t),L) < e, where || • || denotes the Euclidean norm in R n (ref. to [3]) 

A fuzzy valued function / : D —>• E 1 is said to be fuzzy continuous at (xo, t o) € D if lim^ o^^ ^) f(x, t ) 
f(xo,to)- We say that / is fuzzy continuous on D if / is fuzzy continuous at every point (xo,£o) in D 
(ref. to [3, 30]). 

Definition 2.3. [11] Suppose that u(x,t) : D — >• E 1 and {xq ,t) € D. We say that u is strongly 
generalized differentiable on (xq ,t) if there exists an element ||| ( xo ,t) £ E 1 such that 

i. for all h > 0 sufficiently small, 3u(x o + h,t) Q 3 h u(xo,t),u(xo,t) Q 9 h u(x o — h,t ) and the limits 
(in the metric D) 

u(x 0 + h,t)Qg H u(x 0 ,t) (xo,t)Qg H u(xo-h,t) du 

, lim -; - = I™ = --- = w-(*„,*)> 

h-> 0 + h h-> 0 + h ox y ’ 


or 


ii. for all h > 0 sufficiently small, 3 g jju(x o, t) Q 9 h u(xq + h, t),u(x o — h, t) Q 9 h u(xq, t ) and the limits 


lim u(x 0 ,t) Q gH u(x o + h,t) _ u(x o - h,t) Q gH u(x 0 ,t) 

h —lO-l- h h —>0+ h 


du. 

dx 


or 


iii. for all h > 0 sufficiently small, 3u(xo + h, t) Q g n u(x o, t),u{x o — h, t ) Q 9 h u(x q, t) and the limits 


lim u(x o + M) e gH u(x 0 ,t) _ u{x o - h,t) e gH u(x 0 ,t) 

h —>0+ h h —>0+ h 


du 

dx^ 


or 


iv. for all h > 0 sufficiently small, 3u{x o, t) Q g n u{x o + h, t),u(x o, t) Q g H u(xo — h , t) and the limits 

u(xo,t) QgH u(x 0 + h,t) u(xo,t) Q 9 h u(x 0 - h,t) du 

lim --—--= lim -- = tH tenth 

h-+ o+ —h h,-* o+ h dx ( °’ ’ 


Definition 2.4. [4] Suppose that u(x,t) : D —>• E 1 and {xq, t) € D. We define the n th-order 
derivative of u as follows: we say that u is strongly generalized differentiable of the n th-order at (xq, t ) 
if there exists an element fyvIteoY) € E 1 , Vs = 1, 2, • ■ -, n such that 

i. for all h > 0 sufficiently small, 3u^ s ~ 1 \xo + h,t)Q g HU^ s ^ 1 \xo 1 t),u^ s ~ 1 \xo,t)Q g HU^ s ^ 1 \xo — h,t) 
and the limits (in the metric D) 


lim 

h —^0-b 


u (s (.To + h, t) QgH U (s ^(xo,t) 

h 


lim 

h —^0-1- 


ft (s ^(.To ,t)e g Hu( s l \x 0 -h,t) 
h 


d s u 

dx s ’ 


or 


ii. for all h > 0 sufficiently small, 1 \xo,t)Q g HU^ s 1 ^(xo + h,t),u^ s l \xQ — h,t)Q g HU^ s 1 ^(xo ,t) 
and the limits 

lim u^-^jx 0 ,t) Q gH u^Xxp + M) _ ^ u^-^jxo - h,t) Qg H u^-^jx 0 ,t) _ d s u 
h-+ o+ —h h-t o+ —h dx s 

or 
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iii. for all h > 0 sufficiently small, 1 \xo + h,t)Q g HU < ' s l \xo,t),u^ s 1 \xq — h,t)Q g HU^ s 1 - ) (xo ,t) 
and the limits 

lim (.tq + h, t) Q gH u (s ^ (go, t) _ u( s ~ 1 '> (x 0 - h, t ) e gH u (s ~ 1) (x 0 , t ) _ d s u 

h—>o+ h h-> o+ —h dx s ( xo,t )’ 

or 


iv. for all h > 0 sufficiently small, 1 ^(xo ,t)Q g HU^ s ^(xq + h,t),u^ s ^(xq, t)Q g HU^ s 1 ^(xo — h,t) 
and the limits 


u( s ^(xo.t) Q gH vf s l \x Q + h,t) vf s ^(.xo ,t)Q gH u ( ' s l \x 0 -h,t) d s u 

lmr --— --- = lim -—- = 77 — i Xn ■ 

0 + —h h-t 0 + h *■ °’ ' 


dx s 


2.1 Fuzzy Coputo’s derivative 

We denote C F [a , b] as a space of all fuzzy valued functions which are continuous on [a, 6 ], and the 
space of all Kaleva integrable fuzzy-valued functions on the bounded interval [a, b] C M by K F [a, b\, we 
denote the space of fuzzy value functions f(x) which have continuous H-derivative up to order n — 1 on 
[a,b] such that /( n- 1 )(ai) € AC F ([a, b]) by AC^ F {[a, 6 ]), where AC F ([a,b]) denote the set of all 
fuzzy-valued functions which are absolutely continuous (ref. to [13, 9]). 

Definition 2.5. [2] Suppose f(x) € C F [a, b]f)K F [a, b], the fuzzy Riemann Liouville integral of fuzzy 
valued function / is defined as following: 


where 0 < r < 1 


(Ia+f)(x,r) = [(/“+/)(x, r), (/“+/)(®,r)], 
f x f{t){r)dt 


( Ia+l)(x,r ) = 


(■ Ia+f)(x,r) = 


F(a) J a ( x-t )! a 




1 


, 0 < r < 1 , 


, 0 < r < 1 . 


r(a) J a (x-t) 1 a ’ 

Suppose f(x ) € C F ((0, a]) n K F (0,a), be a given function such that f(t,r ) = [f(t,r),f(t,r)] for 
all t € (0, a] and 0 < r < 1. We define Df a f(t;r) the fuzzy fractional Riemann-Liouville derivative of 
order 0 < a < 1 of / in the parametric from, 

D “ /(t; r) = f0Ta) »)-“/(», r)ds 

provided that equation defines a fuzzy number D° a f(t) € E 1 . In fact, 

= [DfJ(t,r),DfJ(t,r)\. 

Obviously, DfJ(t) = (§/ 1_Q 7(t) for t € (0,a]. 

3 Generalized Taylor’s formula 

In this section, we present the generalized Taylor’s formula that involves Caputo fractional 
derivative. 


Theorem 3.1. [21] Let that (D" a ) J /(x) € C(a, b] for j = 0,1,., n+1, where 0 < a < 1, that we get 

(3.4) 


/M = E AW^((D.“a)7)(o+) + _ „)(»+■)« 


T((n + l)a + 1 ) 
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with a < C < x, \/x € (a, b] and D“ a is the Caputo fractional derivative of order a, where {D* a ) J = 
D* a D* a —I 11 case of a = 1, the generalized Taylor’s formula (3.4) reduces to the classical Taylor’s 
formula. 

Theorem 3.2.[17] Let that (D% a yf(x) € C(a,b\ for j = 0,1,., IV + 1, where 0 < a < 1. If 

x € [a, b ], then 

/(*) = £ < 3 ' 5 > 

Furthermore, there is a value ( with a <(< x so that the error term R^(x) has the from 


Rn(x) 


( Wa ) jV+1 /)(0 , 

T{(N + l)a + iy 


a) (7V+1) “. 


(3.6) 


The accuracy of R^(x) increases when we choose large N and decreases as value of x moves away 
from the center a. Hence, we must choose N large enough so that the error does not exceed a specified 
bound. In the following theorem, we find precise condition under which the exponents hold for arbitrary 
fractional operators. 

Theorem 3.3.[18] Let that f(x) = x x *g(x), where A* > —1 and g(x) has the generalized power 
series expansion g(x) = a n{x — a) na with radius of convergence R > 0, where 0 < a < 1. Then 

D2 a Dlf{x) = Dj^f(x) (3.7) 


for all x € (0, R) if one of the following conditions is satisfied: 

1. /3 < A* + 1, and 7 arbitrary, 

2. (3 > X* + 1 ,7 arbitrary,, and aj = 0 for j = 0,1,., rri — 1, where m — 1 < (3 < m. 


4 Differential transform method and fuzzy fractional wave equation 

4.1 Generalized two-dimensional differential transform method 

In this section, we will derive the generalized two-dimensional differential transform method 
(DTM) that we get developed for the solution of the wave equation with space and time-fractional 
derivatives. The proposed method is based on Taylor’s formula. Consider a function of two variables 
u(.x,t), and Let that it can be represented as a product of two single variable functions, u(x,t) = 
f(x)g(t). Based on the properties of generalized two dimensional differential transform method, function 
u(.x, f) can be represented as. 

OO OO OO OO 

u(x,t) = ])• (x-x 0 y a ^Gp{h)■ {t-t 0 ) hij = 'Y^2 l u a ^{j,h)(x-x 0 y a (t-t 0 ) h y ( 4 . 8 ) 

j =0 h =0 j =0 h =0 

where 0 < a, (3 < 1, U a ,g(j. h) = F a (j)Gp(h) is called the spectrum of u(x,t). If function u(x,t ) is 
analytical and differentiated continuously with respect to time t* in the domain of interest, then we 
define the generalized two-dimensional differential transform method (DTM) of the function u(x, t ) as 
follows: 

= r(aj + l)T(fih +1) K p £, d-dy-fetiw,), (4.9) 

where (D^)- 7 = .. In this work, the lowercase u(x, t) represents the original function while 

the uppercase U Q g(j. h) stands for the transformed function. The generalized differential transform 
method (DTM) inverse of U a p(j,h) is defined as follows 

OO OO 

u ( x , = h ) • (- T “ X 0 ) Ja (t - t 0 ) hl3 (4.10) 

j =0 h =0 
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In case of a = 1 and j3 = 1. then generalized two-dimensional differential transform (DTM) (4.9) 
reduces to the classical two-dimensional DTM [5]. From equation (4.9) and (4.10), some basic proper¬ 
ties of the generalized two-dimensional differential transform (DTM) are introduced below (ref. to [17]). 

Theorem 4.1 If u(x, t ) = v(x , t ) ± w(x , t ), then U a) p(j, h ) = V a ^{j, h ) ± W a ^(j, h ). 

Theorem 4.2 If u(x,t ) = cv(x,t), then U a ,/3(j,h) = cV a ^(j,h). 

Theorem 4.3 If u(x,t) = v(x,t)w(x,t), then 

i 

Ua,f)U, = V aA r i h ~ s ) W aAJ ~r,s). (4.11) 

r=0 s= 0 

Theorem 4.4 If u(x,t ) = D° v(x,t) and 0 < a < 1, then we get 

UaAj , M = r( r ( (aj + i| 1) y ^ (i + 1 ' h) - (412) 

Theorem 4.5 If u(x,t ) = D™ 0 D? o v(x, t) and 0 < a, [3 < 1, then we get 


Ua,p{ji k) 


T(a(j + 1) + l)T(/3(h + 1) + 1) 
T(aj + l)T(/3/i + 1) 


VaAj + 1 ,^+ 1 )- 


(4.13) 


Theorem 4.6 If u(x, t) = (x — xq) na (t — to) ma , then U a ,g(j. h) = S(J — n)(h — m ). 

Theorem 4.7 If u(x,t) = D2 0 v(x,t),m — 1 < 7 < m and v(x,t) = f{x)g(t), where f(x) satisfies 
the conditions in Theorem 3.3, then 


u a Aj A) 


T(aj + 7 + I) 

r (aj + 1 ) 


U a Aj + l/ a A)- 


(4.14) 


Theorem 4.8 If u(x, t ) = D2 0 D i / q v(x, t), where m —1 <7 < m, n— 1 < g <n and u(x, t) = f(x)g(t), 
where the functions /(x) and g(x) satisfy the conditions given in Theorem 3.3, then 


UaAj A) 


r(aj +7 + 1) r (j3h + g + 1) 
r(aj + 1 ) T(/3h + 1 ) 


UaAj + r y/ a A + v/P)- 


(4.15) 


4.2 Fuzzy fractional wave equation 


Consider the fuzzy fractional wave equation with the indicated initial conditions and boundary 
conditions. 


d c 


u 


dt a ' ^ dx 2 

subject to the boundary conditions 


= c 2 © — tj , 0 < a < 2 , 0 < x < L, t > 0 , 


(4.16) 


«(0,t) = 0, and u(L,t) = 0, (4-17) 

and initial conditions. 

tt(x, 0) =/(x), and ut(x, 0) = g(x). (4.18) 

We note that the case (i) of Definition 2.3 is coincident with the Hukuhara derivative [14]. We say 
that a function is ( i ) differentiable if it is differentiable as in ( i ) of Definition 2.3, a function is ( ii ) 
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differentiable if it is differentiable as in (ii) of Definition 2.3. In this paper we consider the two cases 

(i) and (ii). In Ref. [4] the authors consider four cases: the case ( i ) in [14] is coincident with (z); the 
case (Hi) of Definition 2.1 is equivalent to (zz); in the other cases, the derivative is trivial because it is 
reduced to crisp element. For details see Theorem 7 in [4], Thus, we only consider the cases ( i ) and 

(ii) . 

Lemma 4.2. [7]. Let u(x,t) : D —> E l . Then the following statements hold. 

(i) If u(x, t) is (z)-partial differentiable for x (i.e. u is partial differentiable for x under the meaning of 
Definition 2.1 (z), similarly to t), then 


du 


du(x,t)(r) du(x,t)(r) 

dx 

r 

dx ’ 3x 


(4.19) 


(ii) If u(x, t) is (zz)-partial differentiable for x (i.e. u is partial differentiable for x under the meaning 
of Definition 2.1 (ii), similarly to t), then 


du 


du(x, t)(r) 

du(x, t)(r) 

dx 

r 

dx 

dx 


(4.20) 


Remark 4.1. For u(x,t) : D —>• E 1 , the following results hold. 



' d 2 u 


d 2 u(x , t)(r) 

d 2 u(x , t)(r) 


dx 2 

r 

dx 2 

dx 2 

in cases for that (i,i), (ii,ii)-§^ 

exist; 




’ d 2 u 


d 2 u(x, t)(r) 

d 2 u(x , t)(r) 


dx 2 

r 

dx 2 

dx 2 


in cases for that (i,ii), ( ii,i )-^r exist. 

Remark 4.2. In this paper, we only consider that the cases of (i — H) n -^w such that 


(4.21) 


(4.22) 


i 

<3 

e 


d n u(x,t)(r) d n u(x,t)(r) 

\_dx n 

r 

dx n ’ dx n 


where (i — H) n -^r stands for n time derivative in the cases (z) or (ii). 


(4.23) 


5 Examples 

Example 5.1. Consider the following fuzzy fractional wave equation 

(A) 

d^u d^u 

0<t ’ ( 5 - 24 ) 

subject to the boundary conditions 

u(0,t) = u(l,t) = 0, 0 <t, (5.25) 

and initial conditions 

u(x, 0) = f(x) = k n © sin(7rx), 0 < x < 1, 

= s(x) = 0, 0 < x < 1. (5.26) 
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where k n € E L , n=l,2,3,... fuzzy number is defined by 


k(s) = ( 


2-s 

0 


s € [0,1], 

s€ (1,2], 

s ^ [0,2], 


and [. k n ](r) = r n , [k n ](r) = (2 — r) n . 
The parametric form of (5.24) is 


for r € [0,1], and where u stands for u(x,t)(r), similar to u. 

Taking the differential transform of equations (5.28) and (5.29), we get 

(j + 2 )(j + 1 )U(i,j + 2 )(r) = 4 (i + 2 )(z + 1 )U(i + 2, j)(r), 
U + 2)(j + 1 )U(i,j + 2)(r) = 4 (i + 2 )(i + l)U(i + 2,j)(r). 

From the initial given by equation (5.26), we get 


u 


u 


OO OO / 1 \ 

(x, 0)(r) = ^ U_(i, 0)(r)x t = fc(r) sin(7rx) = r n ^ ---7r ? 'x*, 

2=0 2=1,3,.... 

OO OO / 1 \ 

(x, 0)(?’) = ^ U(i, 0)(r)x* = fe(r) sin(7rx) = (2 — r) n ^ ---7r*x*. 

i =o 


*=1,3,.... 


Z! 


The corresponding spectra can be obtained as follows, 

f/(i,0)(r) = | 


U(i, 0)(r) = < 


and from equation (5.26) it can be obtained that, 


Hence, 


(5.27) 


d' 2 u 

d 2 u 



(5.28) 

dt 2 

= 4—= 
dx 2 

0 < x < 1, 

0 < t, 

d 2 u 
dt 2 

d 2 u 
dx 2 ’ 

0 < x < 1, 

0 < t, 

(5.29) 


(5.30) 

(5.31) 


(5.32) 

(5.33) 


o, 

for i is even, 


(i —1) 

( — 1) 2 

1 , r n /, 

l\ 

for i is odd 

(5.34) 

o, 

for i is even, 


(-1)^ 

^ - (2 — r) n TT l , 

for i is odd 

(5.35) 


Su(*Mr ) = £ 0!il)(r)li = o , 

2=0 

(5.36) 

= ±U(i,D(r)x‘ = 0. 

(5.37) 

1=0 


u(i,l)(r) = 0, 

(5.38) 

u(i, l)(r) = 0. 

(5.39) 
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Substituting equations (5.34) -(5.39) to equations (5.30) and (5.31), all spectra can be found as, 

f 0, for i is even or j is odd 


U(i,j)(r) = < 


— 1) 

2J (-D^ rV+ , 

•i -i 1 /l 5 

i\j\ 


U(i,j)(r) = < 


( o, 

2 i(_i ) i ^ 11 

ilj! 


for i is odd or j is even 
for i is even or j is odd 

(2 — r) n TT l+J , for i is odd or j is even 


So, the closed from of the solution can be easily written as 


(5.40) 


(5.41) 


u 


CXI OO OO OO 

(.x, t){r) = k n EE U_(i, j){r)x l ti = 

i =0 j =0 i =0 j =0 


= r 




1 


K i= 1,3,... 

= r n sin(7rx) cos(27rf), 


0 = 0 , 2 ,... 


(5-42) 


u 


OO OO OO OO 0 j 

(x, t)(r) = k n EE U(i, j)(r)x l ti = (2 — r) n EEsi-^^" 

i=0 j=0 i=0j=0^' 


= (2-r) 


1 

E 


E l 1i— i) 

-(-1) —(tts) 

d =1 ’ 3 ’- 

= (2 — r) n sin(7rx) cos(27rf). (5.43) 

(B) Consider the following fuzzy fractional wave equation (5.24) with the boundary conditions: 

u(0, t) = tt(l, t) = 0, 0<t, (5.44) 

and initial conditions 

u(x, 0) = f(x) = k n © sin(7rx), 0 < x < 1, 
du(x, 0) 


dt 


= g{x ) = o, 


0 < x < 1. 


(5.45) 


By following the same steps, we will find that the solution. So, the closed from of the solution 
can be easily written as 


u 


OO OO OO OO 

(x, t)(r) = k n + EE U_(i, j){r)x l ti = r n + 

i =0 j =0 i=0 j=0 


= r n + 


E 2 ( ?rx ) 

i= 1,3,... 

= r n + (sin(7rx) cos(27rf)), 


OO 

E ? (-i)W 

U'=0,2,... 


(5.46) 




OO OO OO OO q j 

(x,t)(r) = r + EE U (i, j){r)x l ti = (2 — r) n + 

!=0 j =0 i=0j=0^' 


1 , . (i-1) 


= (2 - r) n + 

I 1 

^=1,3,... 

= (2 — r) n + (sin(7rx) cos(27rt)). 


1 




V' 0,2,... ■ 


(5.47) 
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(C) Consider the following fuzzy fractional wave equation (5.24) with the boundary conditions: 


and initial conditions 


w(0, t) = u( 1, t) = 0, 0 < t, 


u(x, 0) = f(x ) = k n Q g H sin(7nc), 0 < x < 1, 
<9«(.x,0) _. . 

' 5 ' _ _ r\ c\ s' ™ s' i 


= g{x) = 0, 


0 < x < 1. 


(5.48) 


(5.49) 


where k n G E 1 , n=l,2,3,... , fuzzy number is defined by 


2(a- 0.5), 

[0.5,1], 

2(1.5 — s), 

sG (1,1.5], 

0 

a i [0.5,1.5] 

(1.5 — 0.5r) n . 



(5.50) 


By following the same steps, we will find that the solution. So, the closed from of the solution 
can be easily written as 


OO UO OO OO p. j 

, t) (r) = k n — EE U{i,j){r)x l t j = (0.5 + 0.5r) n — 

i =0 j =0 i =0 j =0 


= (0.5 + 0.5r) n - 


oo 

X—"\ 1 (i—1) 


L V =1 ’ 3 ’- 

= (0.5 + 0.5r) n — (sin(7rx) cos(27rf)) 


00 i \ 

E 7T (* 1 ) i (2>ri)d 

= 0 , 2 ,... J 


(5.51) 


OO OO (30 OO Q 7 • • 

, t)(r) = k n — EE U (i, j){r)x l t^ = (1.5 — 0.5r) n — 

i=0 j= 0 z=0 j= 0 


/ UO 1 

= (1.5 — 0.5r) n — | ^ — (— (irx) 

\i= 1,3,... *• 

= (1.5 — 0.5r) n — (sin(7rx) cos(27rf)). 


o° \ 

= 0 , 2 ,... J 


(5.52) 


Example 5.2. Consider the following fuzzy time-fractional wave equation. 

(A) 

d lb u d 2 u 
dt 1 - 5 dx 2 ’ ^ > 


subject to the initial conditions 


u(x, 0) = f(x) = k n © sin(x), ^ = g(x) = k n © (— sin(x)). 

where k n G E 1 , n=l,2,3,..., fuzzy number is defined by 

2(,s - 0.5). sG [0.5,1], 

k(s) = < 2(1.5 — s), sG (1,1.5], 

0 si [0.5,1.5], 


(5.53) 


(5.54) 


(5.55) 
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and {k n }(r) = (0.5 + 0.5r) n , {k n }(r) 
The parametric form of (5.53) is 


= (1.5 — 0.5r) n . 



d 15 u d 2 u 


(5.56) 

dt 1 - 5 dx 2 ’ 

t > 0, 

d 15 u d 2 u 
dt 1 - 5 dx 21 

t > 0. 

(5.57) 


for r € [0,1], and where u stands for u(x,t)(r), similar to u. 

Let the solution u(x,t) = f(x)g(t ) where the function g(t) satisfies the conditions given in Theo¬ 
rem 3.3. Then selecting a = 0.5,/? = 1 and applying the generalized two-dimensional differential 
transform method (DTM) to both sides of equations (5.56) and (5.57) by Theorem 4.7, equations 
(5.56) and (5.57) Transforms to 


—0.5,1 (ji h + 3)(r) 


U 0 . 5,1 Ch h + 3)(r) 


(j + l)(j + 2)T(| + 1) 

r (| + |) 

(j + l)(j + 2)T(| + 1) 

r (| + I) 


—o. 5 ,i0 + 2, h)(r), 


'U 0 . 5,1 {j + 2 ,h)(r). 


(5.58) 

(5.59) 


The generalized two-dimensional differential transform of the initial conditions (5.54) are given 
by 


— 0 . 5,1 (j)°)(0 = (0.5 -H 0.5/')" sin(^), (5.60) 

IZo.S.lCb 1 )^) = 0> ( 5 - 61 ) 

^ 0 . 5,1 (+ 2)(r) = (0.5 + 0.5r)"^sin®, (5.62) 

U 0 . 5 ,i(j, 0)(r) = (1.5 - 0.5r) n 4 sin®, (5.63) 

U 0.5,1 (j, 1) (t) == 0, (5.64) 

Uo.5,i{j, 2)W = (1.5 - 0.5r) n -rp sin®. (5.65) 

J • ^ 


Utilizing the recurrence relation (5.58), (5.59) and the transformed initial conditions (5.60) -(5.65), 
the first few components of C/0.5,1 (j, h) can be calculated. 

So, the solution u(x,t) of equations (5.56) and (5.57) is obtained 


u(x,t)(r) = (0.5 + 0.5r) n ll-t- —Igyti + —!yyf§ + + 


x 


+ (0.5+ 0.5 r) n (-1 + It + 


1 


3! 3! 3!T(|) 


1 2 - 


1 


3 !T() 


-t 2 - 


3!T(4) 


t a + 


1 1 


+ (0.5 + 0.5r) n I — — —t — 


5! 5! 5!T(§) 


t 2 + 


5!r (l 


-t 2 + 


5!T(4) 


t - 


u 


. 3 j 

(x,t)(r) = (0.5+ 0.5 r) n IE- -- sm(x) — 




(-1 ) j t 


3 1 


+1 


hTd + D ,tJ r <f + 2 ) 


+=o 


= (0.5 + 0.5r) n ^ E 3 sin(x) — t.Ez 2 (— 1 2 ) sin(x)^ , 


x 


x 


sin(x') 1 , 


(5.66) 
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u(x, t)(r) = (1.5 - 0.5r) n ^1 - t - —^3 + —^3 + ^t 3 +. 

+ (1.5 - 0.5r)" + it + + ..-j • ^ 

+ < L5 - a5r) ” 0 - y ~ wwf + 4lf + - ■) ’ 15 


+ 1 


u 


(x,t)(r ) = (1.5 - 0.5r)" | sin M - S TWi ‘C sin M I ' 


ts r <i+i) ■ ' %,m+v 


= (1.5 — 0.5?’) n 3 x (—f 2 ) sin(x) — tE 3 2 (—) sin(x)^ . 


(5.67) 


Which is the exact solution of the fuzzy time fractional wave equations (5.56) and (5.57) where 
E a j-j(z) is the two parameters mittag-Leffer function defined by 


n 


(5.68) 


(B) Consider the following fuzzy time-fractional wave equation (5.53) with the initial conditions: 

(5.69) 


u(x, 0) = f(x) = k n © sin(x), ^ = g(x) = k n © (— sin(x)). 


By following the same steps, we will find that the solution. Utilizing the recurrence relation 
(5.58), (5.59) and the transformed initial conditions (5.60) -(5.65), the first few components of 
C 0 . 5 , i (j-, h) can be calculated. 

So, the solution u(x, t ) of equations (5.56) and (5.57) is obtained 


u(x, t)(r ) = (0.5 + 0.5r) n + (l - t - —Igyii + ^yy* 2 + + 


x 


i / 1 1 1 3 15 1 o \ 

+ (0.5 + 0.5r) n +[-- + - 1 + 12 - :T ^ 77T t 3 + ....] x 3 


3! 3! 3!r(|) 3!r(|) 3!T(4) 


+ (0.5 + 0.5r) n + - - - 1- 


2> ' J - 1 -\2> 

11 1 3 1 5 1 


-t 2 + 


t 2 + 


5! 5! 5!r(|) 5!r(|) 5!r(4) 


-t° - ... x° 


i(x,t)(r) = (0.5 + 0.5r) n + £ 


(-lydf 

'M. 


(-i yt 


, 3j 


sin(x) — > „ . 

jT„r(f + i) p, r(| + 2 ) 


lf+1 


sin(x) I , 


= (0.5 + 0.5r) n + ^ E 3 : (—t 2 ) sin(x) — tEs, 2 (— 1%) sin(x)^ , 


(5.70) 
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u(x,t)(r) = (1.5-0.5 r) n + M -t- —+ 


+ (1.5-0.5r) n + [ -h + ^ + 


1 


-t 2 — 


1 


t 2 — 


3! 3! 3!F(§) 3!r(|) 3!T(4) 


-r + .... • x d 


+ (1.5 - 0.5,.)" + (i - y - ©gf + ©gf 


+ 1 


u 


(x,t)(r ) = (1.5 - 0-5,')" + | ^ a* 1 sin(x) - sin(i) | , 


jSUf + l) fs; r (f + 2 ) 


= (1.5 — 0.5?’) n + 3 x (— 1%) sin(x) — tEz 2 (— tz ) sin(x)^ . 


(5.71) 


Which is the exact solution of the fuzzy time fractional wave equations (5.56) and (5.57) where 
E a ,p{z) is the two parameters mittag-Leffer function defined by 


EaAz) = kn © Z r (an + py 


(5.72) 


(C) Consider the following fuzzy time fractional wave equation (5.53) with initial conditions: 

u(x, 0) = f(x) = k n G gH sin(x), = g(x) = k n Q gH (-sin(x)). (5.73) 

By following the same steps, we will find that the solution. Utilizing the recurrence relation 
(5.58), (5.59) and the transformed initial conditions (5.60) -(5.65), the first few components of 
Co. 5 : i (i, h) can be calculated. 

So, the solution u(x,t) of equations (5.56) and (5.57) is obtained 


1 


1 


1 


«(*> = (0-5 + 0.5r) n - I 1 - f - + 


x 


1 1 


+ (0.5 + 0.5r) n — -- + -t + 


1 3 1 5 


-f2 - 


t 2 — 


-r + .... x d 


3! 3! 3!r(§) 3!r(|) 3!T(4) 

+ (0.5 + 0.5r)" - ^ + Aff + STEW*' “ -) " 


, M 


^ + 1 


i(x, t)(r) = (0.5 + 0.5r) n - | ^ * '- sin(x) - ©gWl s in(a,) | , 


,t5r(¥ + D " tSUf + 2) 

= (0.5 + 0.5r) n — ^Ez : (—i§) sin(x) — tE 3 2 (—ii) sin(x)^ , 


(5.74) 
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u(x,t)(r) = (1.5-0.5 r) n - M -t- —+ 


+ (1.5 — 0.5r) n — (-i + It + 


1 


-t 2 — 


1 


t 2 — 


3! 3! 3!T(§) 3!r(|) 3!T(4) 


-r + .... • x d 


+ (1.5-0.5r)"- vr - T ,t- 


2 / "'^2; 

11 1 3 1 5 1 


-t 2 + 


-t 2 + 


5! 5! 5!T(§) 5!r(|) 5!r(4) 


t d ~... ■x 0 


. 3j 

u(x, t)(r ) = (1.5 — 0.5?’) n — I ^ —-— sm(x) — 


E 


(-+« 


3 j 


+ 1 


tJUf + i) 3 tSr(f + 2) 


sin(x) I , 


O=o 


= (1.5 — 0.5?’) n — 3 x (— 1%) sin(x) — tEz 2 (— tz ) sin(x)^ . 


(5.75) 


Which is the exact solution of the fuzzy time fractional wave equations (5.56) and (5.57) where 
E a ,p{z) is the two parameters mittag-Leffer function defined by 


EaAz) = k n QgH E T(an + py 


(5.76) 


Example 5.3. Consider the following fuzzy linear space time fractional wave equation 

(A) 


d l - b u 
dt 15 


1 o d 125 u 

2 X 0 8x 


x > 0, 


t > 0, 


subject to the initial conditions 

OO 

u(x, 0) = /(x) = k n Q ^2 a n.X n , 

n=0 


du(x, 0) 
dt 


OO 

g(x) = k n © ^ b nX n - 

n =0 


(5.77) 


(5.78) 


where k n € E 1 , n=l,2,3,... fuzzy number is defined by 


k(s) 


s, 

< 2 — s 

0 


s € [0,1], 

s€ (1,2], 

s ^ [0,2], 


(5.79) 


and [ , k n ] (r) = r n , [k n ](r) = (2 — r) n . 
The parametric form of (5.77) is 


8 lb u 
dt 1 - 5 
d 15 u 
dt 1 - 5 


-x 

2 


2 X 


d 125 u 

x > 0, 

t > 0 

(5.80) 

dx 1 - 25 

d h25 u 



(5.81) 

x > 0, 

t > 0 

dx 1 - 25 


for r € [0,1], and where u stands for u(x, t)(r), similar to u. 

Let the solution u(x,t ) can be represented as a product of single-valued functions, u(x,t ) = 
f(x)g(t ) where the functions /(x) and g(t) satisfy the conditions given in Theorem 3.3. Selecting 
a = 0.5, f5 = 0.25 and applying the generalized two-dimensional differential transform to both 
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sides of equations (5.80) and (5.81), the fuzzy linear space-time fractional wave equations (5.80) 
and (5.81) transform to 


( 1 r(fe/2 + i)r(j/4 + 7/4) 

Ui/ 2 ,i/ 4 ( 3 ,h + 3)(r)= \ 2 T(h/2 + 5/2)r(j/4 + 2/4) 1 / 2 > 1 / 4 ^ 

lo, 

f 1 r(fe/2 + i)r(j/4 + 7/4) - 
C/i/ 2 ,i/ 4 (j, h + 3)(r) = ^ 2 T(h/2 + 5/2)r(j/4 + 2/4) 1/2 ’ 1/4U 

10, 

The generalized two-dimensional transforms of the initial conditions 


3, h)(r), 

j> 2 

(5.82) 


./ < 2. 


3 ,h)(r), 

.7 > 2 

(5.83) 


.7 < 2. 


(5.78) are 

given by 



—1/2,1/4 0) 0)(r) = r n CLj, (5.84) 

^ 1 / 2 ,1/4(j) 1)0) = 0, (5.85) 

—1/2,1/40) 2 )(0 = r n bj, (5.86) 

£0/2,1/40) °)0) = (2 — r ) n aj, (5.87) 

^1/2,1/40) 1)0) = 0, (5.88) 

^i/2,i/40)2)(r) = (2 -r) n 6,-. (5.89) 


Utilizing the recurrence relation (5.82), (5.83) and the transformed initial conditions (5.84) -(5.89), 
the first few components of CTi/ 2 , 1 / 4 (j/ h) are calculated. So, from equation (4.8), the approximate 
solution of the fuzzy linear space-time-fractional wave equations (5.80) and (5.81) can be derived 
as 


u(x, 00) = r n ( a 0 + b 0 t + ttt a st 3/2 + 


r(7/4) 


b 3 M 


+ r n ( ai + bit + 


r(5/2)r(2/4) 0 r(7/2)r(2/4) 

r ( 7 / 4 ) f 3/2 , r( 7 / 4 ) , .5/2O 1/4 

r(5/2)T(2/4) 4 + r(7/2)T(2/4) 64 J ' 

+ r n (a 3 + M +__a 6 / 3 / 2 +_ F ( 7 / 4 ) _• x 3/4 

V + T(5/2)T(2/4) 6 + r(7/2)T(2/4) 6 J 

+ r" fa 4 + M + J£^L«0 /2 + ■ x + ■ 


+ r n ( a 2 + b 2 t + r(7/4) 


r(5/2)r(2/4) 


r(7/2)r(2/4) ; 


(5.90) 


«(x, 00) = (2 - r) n ( ao + b 0 t + tt a st 3/2 + 


_ F ( 7 / 4 ) _6 3 f 5 / 2 ^) 

r(7/2)T(2/4) 7 


r(5/2)r(2/4) 

+ (2 - r)“ ( a, + M + r(5 00 /4) <-4* 3/2 + r( 7 )gO/ 4 ) M5/2 ) ' 11/4 

r(7/2)r (2 /4) b6 * 5/2 ) '* 2/1 

6rf 5/2 ^ • X 3/4 

r(5/2)r(2/4)"'° 1 ' ' r(7/2)T(2/4) 6 7 

+< 2 - r »" 0 +M+ + wmm^ n ) ' 1 + ' 


r(7/4) 

+ (2 - <-)" I «3 + M + „„ r /( 4 h., «6t 3/2 + r(7/4) 


(5.91) 
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(B) Consider the following fuzzy linear-space-time-fractional wave equation (5.77) with the initial 
conditions: 


u(x, 0 ) = f(x) = k n © ^ a n x n , 


71=0 


du(x, 0 ) 
dt 


g(x ) = k n ®^ 6 n x n . 


(5.92) 


n =0 


By following the same steps, we will find that the solution. Utilizing the recurrence relation 
(5.82), (5.83) and the transformed initial conditions (5.84) -(5.89), the first few components of 
^ 1 / 2 , 1 / 4 (j> h) are calculated. So, from equation (4.8), the approximate solution of the fuzzy linear 
space-time-fractional wave equations (5.80) and (5.81) can be derived as 


u(x, t)(?’) = r n + ( a 0 + b 0 t + 


r (7/4) 


;« 3 t 3/2 + 


r(7/4) 




r(5/2)r(2/4) r(7/2)r(2/4) 

I r n I (a h t I r ( 7 / 4 ) j.3/2 . r (7/4) 5/2 \ 1/4 

+ ? + { ai + blt+ T(5/2)T( 2 / 4 ) M + r(7/2)r(2/4) M )' X 

I r n | (n | h t I r ( 7 / 4 ) j.3/2 . r (7/4) 5/2 \ 2 /4 

+ ? +^a 2 + M+ r( 5 / 2 )r( 2 / 4 ) a 5 i + r(7/2)r(2/4) M 

+ r n + fa. + M +__ a 6 t 3/2 +__ b 6 t 5/2 ] • x 3/4 

V + r(5/2)r(2/4) 6 + r(7/2)r(2/4) 6 J 


+ v n + ( + b^t + 


r(7/4) 


r(5/2)r(2/4) 


«7 


t 3/2 + 


r(7/4) 


r(7/2)r(2/4) 6 ^ 7 ) ' 


•x + 


(5.93) 


“(*, 0 W = (2 - r) n + ( a 0 + M + 


r(5/2)r(2/4) 13 r(7/2)r(2/4) 

+ (2 _ r) . + (a, + ht + + ^ 


+ (2 — r) n + ^2 + 62 ^ + 

+ (2 — r)” + f 03 + b%t + 


r (7/4) 


a -/3/2 + _ r ^ 7 / 4 ) _ b t 5/2\ . 2/4 

+ r(7/2)r(2/4)° 5t J X 

-art 3 / 2 + _ r ^ 7 ^ _& r f 5/ 2^\ . x 3/4 

r(5/2)r(2/4) 6 + r(7/2)r(2/4) 6 J ' 


r(5/2)r(2/4) 
r(7/4) 


+ (2 - r) n + ( 04 + M + r( 5 /2)r(2/4 ) a7t3/2 + 


r(7/4) 


r(7/2)r(2/4) 


6 7 t 5 / 2 ^ • x + • • •. (5.94) 


(C) Consider the following fuzzy linear space-time-fractional wave equation (5.77) with the initial 
conditions: 


u(x, 0) = f(x) = k n GgH a n x n , — = g{x) = k n Q gH '^2 / b n x n ■ (5.95) 

n=0 n=0 

By following the same steps, we will find that the solution. Utilizing the recurrence relation 
(5.82), (5.83) and the transformed initial conditions (5.84) -(5.89), the first few components of 
£ 4 / 2 , 1 / 4 (j, h) are calculated. So, from equation (4.8), the approximate solution of the fuzzy linear 
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space-time-fractional wave equations (5.80) and (5.81) can be derived as 


«(*> *)(r) =r n -(a 0 + b 0 t+ 3* 3/2 + * 5/2 


+ ?’ - 


r(5/2)r(2/4) r(7/2)r(2/4) 


4/4 


+ ?’ n - ( o 2 + b 2 t + 


r(7/4) 


+ r - 


+ r - 


^3 + ^ 3 ^ + 
014 + b^t T 


- t3/2+ F(7Mfik« V2 )- 2/4 


r(5/2)r(2/4) 
r(7/4) 

r(5/2)r(2/4)^°“ 1 r(7/2)r(2/4)' 

r(7/4) 3/2 , r(7/4) 5/2 \ 

r(5/2)r(2/4) 7 ^ r(7/2)r(2/4) 7 y 


•x + 


(5.96) 


u(x, t)(r) = (2 - r) n — ( a 0 + b 0 t + 


r(7/4) 


+ (2 — r) n — + 

+ (2 - r) n - (ci 2 + b- 2 t + 
+ (2 - r) n 


+ (2 - r) n - 


a 3 + & 3 t + 

(24 -(- b/±t + 


r(5/2)r(2/4) 

r(7/4) 

r(5/2)r(2/4) 

r(7/4) 

r(5/2)r(2/4) 

r(7/4) 

r(5/2)r(2/4) 

r(7/4) 

r(5/2)r(2/4) 


03 


04 


05 


06 


t 3/2 + 
f 3/2 + 
t 3/2 + 
t 3/2 + 


r(7/4) 


r(7/2)r(2/4) 

r(7/4) 

r(7/2)r(2/4) 

r(7/4) 

r(7/2)r(2/4) 

r(7/4) 

r(7/2)r(2/4) 


M 5/2 
b,t 5/2 
ht 5/2 

m 5/2 


X 


1/4 


X 


2/4 


• x 


3/4 




6 Conclusions 


In this paper, the differential transform method (DTM) has been successfully applied for solving 
fuzzy fractional wave equation. The proposed method is also illustrated by three examples. The new 
method is investigated based on the two-dimensional differential transform method, generalized Tay¬ 
lor’s formula and fuzzy Caputo,s derivative. The results reveal that DTM is a highly effective scheme 
for obtaining analytical solutions of the fuzzy fractional wave equation. 
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Figure 1: Example (5.1), Case (A), t = 0.000001, x = 0.1, n = 1. 
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Figure 2: Example (5.1), Case (B), t = 0.03, x = 0.1, n = 2. 
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Figure 3: Example (5.1), Case (C), t = 0.0001, x = 0.001, n = 3. 
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Abstract 

Fractional integral operators generalize the concept of definite integration. There¬ 
fore these operators play a vital role in the advancement of subjects of sciences and 
engineering. The aim of this study is to establish the bounds of a generalized frac¬ 
tional integral operator via quasi-convex functions. These bounds behave as a formula 
in unified form, and estimations of almost all fractional integrals defined in last two 
decades can be obtained at once by choosing convenient parameters. Moreover, several 
related fractional integral inequalities are identified. 

2010 Mathematics Subject Classification: 26A51, 26A33, 26D15 

Key words and phrases: convex function, quasi-convex function, fractional integral 
operators, bounds 


1 Introduction 

A function / : I —> R is said to be convex if the following inequality holds: 

f(ta + (1 - t)b ) < tf(a) + (1 - t)f(b) (1.1) 

* Corresponding authors 
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for all a, b G I and t G [0,1]. 

If inequality (1.1) is reversed, then the function / will be the concave on [a, b\. Convex 
functions are very useful in mathematical analysis. A lot of integral inequalities have 
been established due to convex functions in literature (for details see, [2-6,10,11,18-20]. 
Quasi-convexity is also class of convex functions which is defined as follows: 

Definition 1.1. ([10]) A function / : I —> M is said to be quasi-convex if the following 
inequality holds: 

/(fa + (1 - t)b) < nrax{/(a), /(&)} (1.2) 

for all a, b G I and t G [0,1]. 

Example 1.2. ([11, p. 83]) The function / : [—2, 2] —► M, given by 


f 1 SG [-2,-1] 
\ x 2 x G ( — 1, 2] 


is not a convex function on [—2, 2] but it is quasi-convex function on [—2, 2]. 

It is noted that class of quasi-convex functions contain the class of finite convex func¬ 
tions defined on finite closed intervals. For some recent citations and utilizations of quasi- 
convex functions one can see [2, 10, 11, 20] and references therein. 

Fractional integral operators play an important role in generalizing the mathemati¬ 
cal inequalities. In recent years, authors have proved various interesting mathematical 
inequalities due to different fractional integral operators, for example see [3-811,15,20]. 
The upcoming definitions and remark provide a detailed information of recent and classical 
fractional integral operators. 

Definition 1.3. Let / G Li[a,b\ with 0 < a < b. Then Riemann-Liouville fractional 
integral operators of order p > 0 are defined by 

"V/(*) = TT 7 -T [ {x - ty - 1 f{t)dt, X > a (1.3) 

r(/i) Ja 

and 

^h-f{x) = — ^ J (f - xy-'fi^dt, x < 6, (1.4) 

where r(/j) is the Gamma function defined by T(p) = t /1 ~ 1 e~ t dt. 

Definition 1.4. ([16]) Let / G Li[a,b\ with 0 < a < b. Then Riemann-Liouville k- 
fractional integral operators of order p,k> 0 are defined by 

M/ a+/0) = fcr ^ j J (* - rf-'f^dt, x > a (1.5) 

and 

' 1/ 6-/(*) = yyyjy J ~ x^^fitfdt, x < b, (i.e) 

where T&(//) is the LGamma function defined as = fo°° t tl ~ 1 e~^dt. 
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Definition 1.5. ([14]) Let / G Li[a,b\ with 0 < a < b. Also let g be an increasing and 
positive function on (a, b\, having a continuous derivative g' on (a, b). The left-sided and 
right-sided fractional integrals of a function f with respect to another function g on [a, b] 
of order // > 0 , are defined by 

gl a +f(x ) = J (g(x) ~ g{t)Y~ l g\t)f(f)dt, x > a (1.7) 

and 

gh-f(x) = J (, g(t ) - g{x)y~ l g\t)f(t)dt, x<b. (1.8) 

Definition 1.6. ([15]) Let / G Li[a,b\ with 0 < a < b. Also let g be an increasing and 
positive function on (a, b\, having a continuous derivative g' on (a, b). The left-sided and 
right-sided fractional integrals of a function f with respect to another function g on [a, b] 
of order n, k > 0 are defined by 

g T a+f ( x ) = A . r ^ j J (g( x ) - g(t))^~ 1 g'(t)f(t)dt, x > a (1.9) 

and 

grf-fix) = kT \ ) J (. g(t ) - g(x))%~ 1 g'(t)f(t)dt, x<b. (1.10) 

These are compact formulas which give almost all fractional integrals by choosing 

suitable formations of function g. In this context the following remark is important: 

Remark 1.7. Fractional integrals elaborated in (1.9) and (1.10) particularly produce 
several known fractional integrals corresponding to different settings of k and g. 

(i) For k = 1 (1.9) and (1.10) fractional integrals coincide with (1.7) and (1.8). 

(ii) For taking g as identity function (1.9) and (1.10) fractional integrals coincide with 
(1.5) and (1.6). 

(iii) For k = 1, along with g as identity function (1.9) and (1.10) fractional integrals 
coincide with (1.3) and (1.4). 

(iv) For k = 1 and g(x) = p > 0, (1.9) and (1.10) produce Katugampola fractional 
integrals defined by Chen et al. in [1], 

(v) For k = 1 and g{x) = , (1.9) and (1.10) produce generalized conformable 

fractional integrals defined by Khan et al. in [13]. 

(vi) If we take g(x) = ( ' x y. a ' ) , s > 0 in (1.9) and g(x) = — , s > 0 in (1.10), then 

conformable ( k, s)-fractional integrals are achieved as defined by Sidra et al. in [9]. 

(vii) If we take g{x) = 7 x 7 > then conformable fractional integrals are achieved as 
defined by Sarikaya et al. in [17]. 

(viii) If we take g{x) = ( ' x ~ a ' ) , s > 0 in (1.9) and g(x) = — , s > 0 in (1.10) with 

k = 1, then conformable fractional integrals are achieved as defined by Jarad et al. in [12]. 

The rest of paper is organized as follows: 

In Section 2, the bounds of sum of left-sided and right-sided generalized fractional in¬ 
tegrals via quasi-convex function are established. First result provides an upper bound for 
generalized fractional integrals, and some particular cases are elaborated. Then bounds 
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along with particular cases, in modulus form have been presented. Furthermore, Hadarna- 
rad type bounds are formulated. In Section 3, applications of results of Section 2 are 
given. Moreover concluding remarks are included at the end. 

In the next sections the notation M%(f) = max{/(a), f(b)} has been used frequently. 


2 Main Results 


Firstly, the following theorem set the formula for upper bounds of fractional integrals via 
quasi-convex functions in a unified form. 


Theorem 2.1. Let f,g : [ a,b\ —> M be two functions such that g be differentiable and 
f € L[a, b] with a < b. Also let f be positive, quasi-convex and g be strictly increasing 
function with g' € L[a, b\. Then for x 6 [a, b\ and g, v > k, the following inequality holds: 


u T k 
g a 


-f(x) + u g rf-f(x)< 


(ffQc) - g(a)) k 

kT k (g) 


K(f) + 


(g(ft) -g{x)Y k 

kT k (u) 


M b Af )• ( 2 . 1 ) 


Proof. As / is quasi-convex, therefore for t € [a, x] , f(t) < Mf (f ). Under assumptions on 
function g , for all x G [a, b\, t G [a, x] and g > k, the following inequality holds: 

g\t)(g(x) - g(t ))fe _1 < g\t){g{x) - c/(a))fe _1 . (2.2) 


From aforementioned two inequalities, the following integral inequality is yielded: 

[ {g{x) — gft))^- 1 f(t)g r (t)dt < (g(x) — g(a))%~ 1 Mf(f) f g\t)dt. (2.3) 
J a J a 

By using (1.9) of Definition 1.6, the following bound of fractional integral defined in (1.9) 
is obtained: 




(2.4) 


Again from quasi-convexity of /, for t G [x, b\, f(t) < M^(f). Also for x G [a, b\, t G [x, b] 
and v > k, the following inequality holds: 

g\t){g{t) - g(x ))^ _1 < g\t)(g(b) - gtx))^- 1 . (2.5) 


From aforementioned two inequalities, the following integral inequality is yielded: 

[ (g(t)-g(x))^~ 1 f(t)g , (t)dt<(g(b)-g(x))^~ 1 M b (f) f g'(t)dt. (2.6) 


By using (1.10) of Definition 1.6, the following bound of fractional integral defined in 
(1.10) is obtained: 


V 

9 


4-/(*) < 


(g(b) - g{x))k 
kT k (u) 


M b x (f )• 


(2.7) 


From (2.4) and (2.7), the bound of sum of left-sided and right-sided fractional integrals is 
achieved. □ 
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Special cases of Theorem 2.1, are discussed in the following corollaries. 

Corollary 2.2. If we take n = v in (2.1), then we get the following fractional integral 
inequality: 

P k a+ f{x) +£ I k -f(x) < ((g(®) - g(a))Hlf(f) + (g(b) - g(x))tM b x (f)) • (2.8) 

Corollary 2.3. If we take k = 1 in (2.1), then we get the following generalized (RL ) 
fractional integral inequality: 


a i , 
9 ■'a 4 


fix) A- 


; ww < (9W _l 




(/) + 


(gw -g(^)) t 

r( zy ) 


M b (f). (2-9) 


Corollary 2.4. If we take g(x) = x in (2.1), then we get the following (RL) k-fractional 
integral inequality: 


"&/(*) +" 4‘-/W < 


fcr fe (/x) 


fcr fe (i/) 


( 2 . 10 ) 


Corollary 2.5. If we take g(x) = x and k = 1 in (2.1), t/ien we get the following (RL) 
fractional integral inequality: 


"WO*) +" h-f(x) < %^-MZif) + { ±-^M b (f). 






( 2 . 11 ) 


Corollary 2.6. Under the assumptions of above theorem if f is increasing on [a, b], then 
from (2.1), we get the following fractional integral inequality: 


rk t, , rk t, / (g(x)-g(a))k ,, . , (g(6)-g(x))fc 


»/(*) + v g i;-f(x) < 


kT k (n) 


-fix) + 


kT k (u) 


f(b). (2.12) 


Corollary 2.7. Under the assumptions of above theorem if f is decreasing on [a, b\, then 
from (2.1), we get the following fractional integral inequality: 


( ;i k + f ( X ) v g nuw< 


(g(x) - g(a)) k 

kV k (n) 


/(a) + 


(g(b)-g(x))* 

kT k (u) 


fix) 


(2.13) 


Next theorem provides the bound of generalized fractional integrals in modulus form. 


Theorem 2.8. Let f. g : [a,b\ —> M be two differentiable functions with a < b. Also let 
\f'\ be quasi-convex and g be strictly increasing with g' G L[a, b\. Then for x G [a, b\ and 
H, v, k > 0, the following inequality holds: 


PiVf(x) + V 9 I k b -fix)- 


(g(x)-g(a))k (g(6) - g(x))*> 

-J ( a ) + r, M fib) 


T k (h + k) 


T k (iz + k) 


< 


(g(x) - g(a)) k (x - a) 
T k (n + k) 


M x a (\f'\) + 


(g(b) - g(x))k (b - x) 
T k (u + k) 


M b x (\f'\). 


(2.14) 
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Proof. As | f'\ is quasi-convex, therefore for t £ [a, x], we have 

|/'(f)|<M*(|/'|). 

From (2.15), we have 

f'(t) < 

Under assumptions of the function g, the following inequality holds: 

(g(x) - g{t))k < (g( x ) - g{a))k 

for all x £ [a, b], t £ [a, x] and g, k > 0. 

From (2.16) and (2.17), we have 

[ {g{x) - g{t))k f (t)dt < (g(x) - g{a))kM%(\f'\) f dt, 

J a J a 

the left hand side calculate as follows: 

f (g(x)~ g{t))k f (t)dt 

J a 

= f{t){g{x) -g{t))k\ x a + tj- J (g(x) — gft))*- 1 f(t)g\t)dt 
= ~f(a)(g(x) - g(a))k + T k (g + k)%I*+f(x). 

Using above calculation in (2.18), we get the following inequality: 


( g(x ) - g{a))k 


(g(x) - g(a))k(x-a) 


n T k \o\^j n\^)) n t/^ ~ y^)/-\^ ~ n f x(\ ft\\ 

~ —( mr /( > s — fkijr+icj — M “ (l/1) - 

Also from (2.15), we can write 

fit) > -Ml (|/'|). 

Following the same procedure as we did for (2.16), we also have 

(g(x)-g{a))k Tk (g(x)-g(a))k(x-a) , 


f(a) -Ua+fix) < 


M x a {\f\)- 


Tkig + k) J W 9 a~kJ V / r k (fJL + k) 

From (2.19) and (2.21), we get the following modulus inequality: 

(g{x) - g{a))k{x-a, , 




< 


r k {g + k) 


M x (\f\). 


T k (g + k) 

Again by using quasi-convexity of \f\, for t £ [x, b], we have 

l/'(*)l < Mi(l/'l). 

Now for x £ [a, b], t. £ \x, b\ and u, k > 0, the following inequality holds: 

(g(t) - g(x)f < ( g(b) - g{x))f 


(2.15) 

(2.16) 

(2.17) 

(2.18) 


(2.19) 

( 2 . 20 ) 

( 2 . 21 ) 

( 2 . 22 ) 

(2.23) 

(2.24) 
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By adopting the same way as we have done for (2.16), (2.17) and (2.20) one can get from 
(2.23) and (2.24) the following modulus inequality: 




T k (v + k) 


T k (u + k) 


(2.25) 


From (2.22) and (2.25) via triangular inequality, we get the modulus inequality in (2.14), 
which is required. □ 


Special cases of Theorem 2.8, are discussed in the following corollaries. 

Corollary 2.9. If we take p, = v in (2.14), then we get the following fractional integral 
inequality: 


P.a + f(x ) +£/(*-/(*)- 


1 


x) - g{a))k f(a) + ( g(b) - g(x))k 


< 


1 


Lk(h + k ) 


Tfc(/x + k) 

((^(x) - g(a))k( x - o)M*(|/ , |) + (#(&) - g(x))k(b - x)M b x (\f'\)^ . 


(2.26) 


Corollary 2.10. If we take k = 1 in (2.14), then we get the following generalized (RL ) 
fractional integral inequality: 


p a+ f( X ) + V gI b -f( X )- 

(. g{x ) - fl 1 ^))^ - a) 


(c/(.t) - cKa))^ \ , (g(b) - g(x)) v 

fW + - TV.. , ^ - f( b ) 


< 


r(/x + i) 

Mfd/'DH- 


(9{b)-g{x)) v {b-x, A/rb 


i> + i) 

M»(|/'|). 


(2.27) 


r(/i + i) avu r(j/ + i) 

Corollary 2.11. If we take g(x) = x in (2.14), then we get the following (RL) k-fractional 
integral inequality: 

V‘ + /(x) +- I*. f{x) - 




< 


(x — a) 


l+i 


-M x a (\f'\) + 


r fc(/i + A:) 


i+i 


r fc (i/ + k)~ 


(2.28) 


( r ( I'm M iUfV- 

T k (u + k) 


T k (p + k) 

Corollary 2.12. If we take g(x) = x and k = 1 in (2.14), then we get the following (RL) 
fractional integral inequality: 

n a+ f(x) V I b -f(x) - 
(x — aY +l 


(x~aY t , , , (h-x) v 

fW + TV.. , ,J ( b ) 


r(/x + i)‘ 


r(^ +1)' 


(2.29) 


< 


(h — rY +l 

Km + ++,,, * 4 ( 1 / 1 ). 


r(/i + i) " r(>/ + i) 

Corollary 2.13. Under the assumptions of above theorem if \ f'\ is increasing on [a, b\, 
then from (2.14), we get the following fractional integral inequality: 


Pl + f(x) + V g I k b -f(x)~ 


(g(x)-g(a))k (g(b) - g(x))k 

-J( a ) + r, M /(o) 


r k (h + k) 


T k (iy + k) 


(2.30) 


(g(x)~ g(a))k(x-a)^, l (g(b) - g(x))k (b - x ), 

< - :: -I/ (*)l + - r, -1/ ( 0 )\. 


L k (h+ k) 


T k (u + k) 
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Corollary 2.14. Under the assumptions of above theorem if \ f'\ is decreasing on [a, b\, 
then from (2.14), we get the following fractional integral inequality: 


p k + f(x) V g I k b -f{x)- 


(g(x) - g{a)) k 
T k (h + k) 


f( a ) + 


(9(b) - g(x))k 

T k (u + k) 


f(b) 


< 


(g(x) - g(a)) k (x - a) 

r k (n + k) 


\f(a)\ + 


(g(b) - g(x))k (b - x) 
T k (u + k) 


\f(x)\. 


(2.31) 


We need the following lemma in the proof of next result. 


Lemma 2.15. Let f : [0, oo) —► R be a quasi-convex function. If f(x) = f(a + b — x), 
then for x £ [a, b], the following inequality holds: 


f 


f a + b 


< /(*)■ 


(2.32) 


Proof. We have 


a + b 
2 


1 

2 


x — a 
b — a 


b + 




x — a 
b — a 


a + 



(2.33) 


As / is quasi-convex, therefore for x £ [a, b], we have 

/ (~Y“) <nra x{f(x),f(a + b-x)}. 


(2.34) 


Using given condition f(x) = f (a + b — x) in (2.34), then inequality in (2.32) is estab¬ 
lished. □ 


Theorem 2.16. Let f. g : [a,b\ —> M be two functions such that g be differentiable and 
f £ L[a,b\ with a < b. Also let f be positive, quasi-convex, f(x) = f (a + b — x) and g 
be strictly increasing with g' £ L[a,b\. Then for x £ [a,b\ and p.,u,k > 0, the following 
inequalities hold: 


f 


( a + b 


(g{b) - g(a))k +1 (g(b) - g(a))k +1 

T k (i' + 2k) T k (p + 2k) 


< 


u Q +k ltf(a) +r fc I k a+ f(b) 



(g(b) - g{a))k +i (g(b) - g(a))* +1 
T k (n + k) T k (n + k) 


M b a (f)- 


(2.35) 


Proof. As / is quasi-convex, therefore for x £ [a, b] , we have 


f(x) < M b a (f). 


(2.36) 


Under assumptions of the function g, the following inequality holds: 

g'(x)(g(x) - g(a))% < g'(x)(g(b) - g(a))% (2.37) 

for all x £ [a, b] and u, k > 0. 
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From (2.36) and (2.37), we have 

[ (g(x) -g(a))*f(x)g'(x)dx < (g(b) -g(a))*M*(f) f g'(x)dx. 
J a J a 

By using (1.10) of Definition 1.6, we get 

Now for x £ [a, b\ and g, k > 0, the following inequality inequality holds: 

9(x){g{b) - g{x))^ < g\x){g{b) - g(a))%. 

From (2.36) and (2.39), we have 

[ (g(b)-g(x))$f(x)g'(x)dx < (g(b) -g(a))%M%(f) f g'(x)dx. 
J a J a 

By using (1.9) of Definition 1.6, we get 


(2.38) 


(2.39) 


p k % + m < 


(gO) - g(«))fe +1 

kT k (n + k) 


M b a {f). 


Adding (2.38) and (2.40), we get the following inequality 


(2.40) 


u-\-k 

9 


I k b .f{a) +^ k I k a+ f(b)< 


1 

k 


(ff(b) -ff(q))fc +1 (, g(b) - g(a))* +1 

T k (u + k) T k (g, + k) 


M b a (f). 


(2.41) 


Now on the other hand multiplying (2.32) with (g(x) — g(a))kg'(x), then integrating over 
[a, b] , we have 

/ (~T~) / - g(a))^g\x)dx < J (g(x) - g(a))%g'(x)f(x)dx. (2.42) 

By using (1.10) of Definition 1.6, we get 

Ka(b) ~ g{a ))% +1 t (a + b\ +k k . 

- -—j: -/ I —2~ ) < kT k (v + k) g + / ft -/(a). ( 2 . 43 ) 

Similarly, multiplying (2.32) with (g(b) — g(x))%g'(x), then integrating over [a, b], we have 

(^) < ^ 4- */(«■ (2.44) 

Adding (2.43) and (2.44), we get the following inequality 


/ 


/ ci + b 


(g(b) -g(q))fc +1 {g{b) - g{ci))k +1 

^ k{y + 2 A:) Ffc(/x + 2fc) 


—9 


4 fc -/(«) +r fc 4 fc +/W- 


(2.45) 


From (2.41) and (2.45), we get the inequalities in (2.35), which is required. □ 
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Special cases of Theorem 2.16, are discussed in the following corollaries. 


Corollary 2.17. If we take fj, = v in (2.35), then we get the following fractional integral 
inequality: 


2 / 


fa + b\ 

(g(b) - g(a))k +1 

V 2 J 

L k (g + 2 k) 


< r fc 4 fc -/(a)+^ +fe 4 fc + /(6) 



jg{b) - g{a))k +1 

r (/y H- k) 


M b a (f). 


Corollary 2.18. If we take k = 1 in (2.35), then we get the following generalized (RL ) 
fractional integral inequality: 


n 

< 

< 


a + b \ l (g(b) - g(a)) u+1 (g(b) - fl(a)) /i+1 ~ 

2 J T(z/ T 2) r(/x + 2) 

g +1 h~ f i a ) +£ +1 V/(&) 


' (g(b)~g(a)y +1 (g(b) - g(a))^ +1 ~ 

r(i/ + i) r(/i + i) 


M a b (/)- 


(2.46) 


Corollary 2.19. If we take g(x) = x in (2.35), then we get the following (RL) k-fractional 
integral inequality: 


/a + 6\ (b — a)fc +1 (b — a)fc +1 

V 2 y Tfc(i/ + 2/c) r^(/x + 2/c) 

< " +fc 4 fc -/(a)+^ fc /£+/(&) 



(b — a)fc +1 (6 —a)fc +1 
T fc (z/ +A:) T fc (/i + A:) 


M b a (f). 


(2.47) 


Corollary 2.20. If we take g(x) = x and k = 1 in (2.35), then we get the following (RL) 
fractional integral inequality: 


fa + b\Ub-oY +1 (b-ay +1 ' 

' \ J [ r(i/ + 2) + r(/z + 2) 

< v+l I h -f(a)+» +1 I a+ f(b) 


' (b — a) u+1 (b — o) M+1 " 

. r(i/ + i) + r(/r + i) _ 


M b (f). 


(2.48) 


Corollary 2.21. Under the assumptions of above theorem if f is increasing on [a, b\, then 
from (2.35), we get the following fractional integral inequality: 


f 


fa + b 


(g(b) - g(a))k +1 (g(b) - g(a))* +1 

L k (i , -\-2k) T k (p-\-2k) 


< 


r fc 4 fc -/(a) +P*lZ + m 



(g(b) - g(a))k +1 (g(b) - g(a))^ +1 

T k (v + k) T k (n + k) 


f(b )• 


(2.49) 
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Corollary 2.22. Under the assumptions of above theorem if f is decreasing on [a, b\, then 
from (2.35), we get the following fractional integral inequality: 


f 



(g(b) ~ g(a))t +1 (g(b) - g(a))% +1 

T k (u + 2k) T k {p + 2k) 


< g +k ljf-f(a) +^ +k I k + f(b) 


< 


( g(b ) - g{a))k +l + (g(b) - g(a))k +1 


T k (u + k) 


F k (p + k) 


f(a) 


(2.50) 


3 Applications 


In this section we give applications of the results proved in the previous section. First we 
apply Theorem 2.1 and get the following result. 


Theorem 3.1. Under the assumptions of Theorem 2.1, we have the following fractional 
integral inequality: 


P £+/(&) + 


9 -b~f ( a ) < l 


1 ( ( 9{b)-g{a))k ( g{b)-g{a))k 


r k(u) 


+ 


r k (u) 


M b a (f). 


(3.1) 


Proof. If we put x = a in (2.1), then we have 


Vt-M < 


kT k (is) 


If we put x = b in (2.1), then we have 


s&m < (s(i L?y p M^f). 


kT k (n) 

Adding inequalities (3.2) and (3.3), we get (3.1). 


(3.2) 


(3.3) 

□ 


Special cases of Theorem 3.1, are discussed in the following corollaries. 

Corollary 3.2. If we take p, = v in (3.1), then we have the following fractional integral 
inequality: 


Pt+m +£ It-Ha) < (3.4) 

Corollary 3.3. ([2]) If we take p = k = 1 and g(x) = x in (3.4), then we get the following 
inequality: 

f f(t)dt<M b a {f). (3.5) 

b~ a J a 

Next we apply Theorem 2.8 to obtain required results. 
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Theorem 3.4. Under the assumptions of Theorem 2.8, we have the following fractional 
integral inequality: 


Am +; it-m-1 


< 


r k (n + k) 

(g(b) - g(a))% , (g(b) - g(a))%\ 


+ 


T k (u + k) T k (y + k) 

Proof. If we put x = a in (2.14), then we have 


T k (u + k) 


I*™ "TOT™ 

If we put x = b in (2.14), then we have 


Am - wgfJtsp-ffc) 


r k(p + k) 


(g[b)-g(a))k{b-a) b , 
- T k (n + k) 


< (g(fe) -g(a)) fc (fc~ 


T k (n + k) 


Adding inequalities (3.7) and (3.8), we get (3.6). 


(3.6) 


(3.7) 

(3.8) 

□ 


Special cases of Theorem 3.4, are discussed in the following corollaries. 


Corollary 3.5. If we take n = v in (3.6), then we have the following fractional integral 
inequality: 




( 9 (b) - g(a))k 

F k (h + k) 


( f(a) + f(b )) 


(3.9) 


Corollary 3.6. If we take n = k = 1 and g(x) = x in (3.9), then we get the following 
inequality: 



f(a) + f(b) 

2 


<(b 


a)M b a (\f\). 


(3.10) 


By applying Theorem 2.16 similar relations can be established we leave it for the 
reader. 


4 Concluding Remarks 

The aim of this study is to explore bounds of fractional integrals in a compact form by 
using the concept of quasi-convexity. The authors are succeeded in the formulation of 
bounds of generalized fractional integrals (1.9) and (1.10). Theorem 2.1 provides upper 
bounds, Theorem 2.8 gives bounds in modulus form while Theorem 2.16 formulates bounds 
of Hadamard type. Section 3 consists of the applications of these bounds. Also some 
particular case of all these results are shown. Remark 1.7 includes all possible fractional 
integrals associated with generalized fractional integrals (1.9) and (1.10). The readers can 
obtain bounds for desired fractional integrals by putting the corresponding function g from 
Remark 1.7. 
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Abstract 

The aim of this paper is to study the existence of asymptotically 
almost automorphic mild solution to some classes of second order semi¬ 
linear evolution equation via the techniques of measure of noncompact¬ 
ness. The investigation is based on a new fixed point result which is a 
generalization of the well known Darbo’s fixed point theorem. Finally 
examples are given to illustrate the analytical findings. 
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1 Introduction 

This work is mainly concerned with the existence of asymptotically al¬ 
most automorphic mild solution for second differential equations. More 
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precisely, we will consider the following problem 

y"{t) - A(t)y(t) = f(t, y(t )), t <E M+ := [0, +oo), (1) 

2 /( 0 ) = yo, y'(0) = yi, (2) 

where {vl(t)} tgR + is a family of linear closed operators from E into E that 
generate an evolution system of linear bounded operators {U(t, s)}(i,<s)eiR+xR+ 
for 0 < s < t < +oo, / : M+xE E is a Caratheodory function, and (E, |-|) 
is a real Banach space. 

Evolution equations arise in many areas of applied mathematics [2, 37]. 
This type of equations has received much attention in recent years [1]. There 
are many results concerning the second-order differential equations, see for 
example [8, 11, 12, 20, 28, 35]. In recent years there has been an increasing 
interest in studying the abstract non-autonomous second order initial value 
problem 

y"(t) - A(t)y(t ) = f(t,y(t)), t <E [0,T], (3) 

2 /(0) = yo, 2/'(0) = 2/1- (4) 

The reader is referred to [10, 19, 22, 36] and the references therein. In the 
above mentioned works, the existence of solutions to the problem (3)-(4) is 
related to the existence of an evolution operator U{t\ s ) for the homogeneous 
equation 

y"{t) = A(t)y(t), for t > 0. 

For this purpose there are many techniques to show the existence of U(t , s) 
which has been developed by Kozak [25]. 

On the other hand, since Bochner [13] introduced the concept of almost 
automorphy, the automorphic functions have been applied to many areas 
including ordinary as well as partial differential equations, abstract differ¬ 
ential equations, functional differential equations, integral equations, etc.; 
see [16, 21, 18, 27, 7]. We also refer the reader to the monographs by 
N’Guerekata [30, 31] for the basic theory of almost automorphic functions 
and applications. The concept of asymptotically almost automorphy was 
introduced by N’Guerekata [29]. Since then, these functions have generated 
lot of developments and applications, see [39, 14, 24, 17] and the references 
therein. In the previous works, people have established the existence of 
asymptotically almost automorphic mild solution of differential equations 
under the conditions that / satisfies or not the Lipschitz condition. 
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In this paper we use the technique of measures of noncompactness. It 
is well known that this method provides an excellent tool for obtaining ex¬ 
istence of solutions of nonlinear differential equation. This technique works 
fruitfully for both integral and differential equations. More details are found 
in Aissani and Benchohra [3], Akhmerov et al. [4], Alvares [5], Banas and 
Goebel [9], Olszowy and W§drychowicz [33], Olszowy [34], and the refer¬ 
ences therein. 

Inspired by the above works,, in this work, using the properties of the 
analytic semigroups, Kuratowski measure of noncompactness, fixed point 
theorem, we obtain an existence result without assuming that the nonlin¬ 
earity / satisfies a Lipschitz type condition. 

This work is organized of as follows. In Section 2, we recall some fun¬ 
damental properties of asymptotically almost automorphic and facts about 
evolution systems. Section 3 is devoted to establishing some criteria the 
existence of asymptotically almost automorphic mild solutions to the prob¬ 
lem (l)-(2). Furthermore, appropriate examples are provided in section 4 to 
show the feasibility of our results. 


2 Preliminaries and basic results 

In this section we recall certain definitions and lemmas to be used subse¬ 
quently in this paper. 

Throughout this paper, we denote by E a Banach space with the norm | • |. 
Let BC'(M + , E) be the Banach space of all bounded and continuous functions 
y mapping M + into E endowed with the usual supremum norm 

IMloo = sup \y(t)\. 
te R+ 

In what follows, let {A(t), t £ M + } be a family of closed linear operators 
on the Banach space E with domain D(A(t )) which is dense in E and inde¬ 
pendent of t. 

In this work the existence of solution the problem (l)-(2) is related to 
the existence of an evolution operator U(t , s ) for the following homogeneous 
problem 

y”{t) = A(t)y(t) t, £ M + . (5) 
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This concept of evolution operator has been developed by Kozak [25] and 
recently used by Henriquez et al. [22], 


Definition 2.1 A family U of bounded operators U(t,s) : E —> E. ( t,s ) G 
A := {(t,s) G M + x M + : s < t}, is called an evolution operator of the 
equation (5) if de following conditions hold: 


(ei) For any x G E the map (t, s ) i —> U(t , s)x is continuously differentiable 
and 


(a) for each i G i, U(t,t)x = 0. Vx G E, 

d 

(b) for all ( t,s ) G A and for any x G E, —U(t,s)x\ t=s = x and 

d 

fcU(t,s)x\ t=s = -x. 

d 

(e 2 ) For all ( t,s ) G A, if x G D(A(t)), then —U(t,s)x G D(A(t)), the map 

ds 

(' t, s) i —> U(t, s)x is of class C 2 and 


d 2 

(a) —^U(t,s)x = A(t)U(t, s)x, 
dt z 

d 2 

(b) —rU(t,s)x = U(t,s)A(s)x, 
ds z 


( c ) 


d 2 

dsdt 


U(t,s)x L =s = 0. 


d d ^ 

(e 3 ) For all (t, s) G A, then —U(t, s)x G D(A(t)), there exist „ U(t, s)x, 

ds dt-ds 

d 3 

^ 2 Qp(t,s)x and 


^3 ^ 

(a) ^ -r^U(t, s )x = A(t)—(t)U(t,s)x. 

S S d 

Moreover, the map (t,s) i —> A(t) — (t)U(t,s)x is continuous, 

ds 

( b ) = ^U(t,s)A(s)x. 


Throughout this paper, we will use the following definition of the concept 
of Kuratowski measure of noncompactness [9]. 
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Definition 2.2 The Kuratowski measure of noncompactness a is defined by 
a(D) = inf{r > 0 : D has a finite cover by sets of diameter < r}, 
for a bounded set D in any Banach space E. 

Let us recall the basic properties of Kuratowski measure of noncompactness. 

Lemma 2.3 [9] Let E be a Banach space and C, D C E be bounded, then 
the following properties hold: 

(11) a(D) = 0 if only if D is relatively compact, 

( 12 ) a(D) = a(D) ; D the closure of D, 

(is) a(C) < a(D) when C C D, 

( 4 ) a(C+D ) < a(C)+a(D) where C+D = {x\ x = y + z;y € C] z € D}, 
(is) a(aD) = \a\a(D) for any a € M, 

(ie) a(ConvD ) = a(D), where ConvD is the convex hidl of D, 

( 17 ) p(C U D) = max(a(C), a(D)), 

(is) a(C U {x}) = a(C) for any x G E. 

Denote by a : T (y,e) the modulus of continuity of y on the interval [0,T] 
i.e. 

w T (y,e) = sup {\y(t) - y(s)\-t,s G [0,T], \t - s\ < e} . 

Moreover, let us put 

uj t (D, e) = sup {u> T (y, e);y G D) , 

ujT(D) = lim uj t (D, e). 

£—>0 

Lemma 2.4 [15] Let E be a Banach space, D C E be bounded. Then there 
exists a countable set Do C D, such that 

a{D) < 2a(Do). 
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Lemma 2.5 [23] Let D = {y n }n=o ^ C(M + ,E) be a bounded and countable 
set. Then a(D(t)) is Lebesgue integrable on M + , and 

a i I y n (s))ds\ <2 f a(D(s))ds, t G M + . 
v J 0 J Jl=0 J 0 

Now, we recall some basic definitions and results on almost automor- 
phic functions and asymptotically almost automorphic functions (for more 
details, see [13, 31, 38]). 

Definition 2.6 A continuous function f : M —> E is said to be almost auto¬ 
morphic if for every sequence of real numbers {r^}, there exists a subsequence 
{r n } such that 

g{t) = lirn f(t + T n ) 

n—>oo 

is well defined for each t 6 M and 

lim g(t — T n ) = f(t ) for each f El. 

n—>oo 

Denote by AA(M, E) the set of all such functions. 

Lemma 2.7 [30] AA(M, E) is a Banach space with the supremum norm 

ll/lloc = sup|/(t)|. 
te R 

Definition 2.8 A continuous function f : M x E —> E is said to be almost 
automorphic in t e M for each y G E if for every sequence of real numbers 
{r^}, there exists a subsequence {r n } such that 

lim f(t + T n ,y) = g(t,y) 

n—>oo 

is well defined for each fEl and 

lim g(t - r n ,y) = f(t,y) 

n—>oo 

for each iEl and each y £ E. The collection of those functions is denoted 
by ^L 4 (M x E,E). 

Example 2.9 [40] The function f : M x E —>• E given by 

f(t,y) = sin | - =- ) cosy 

\ 2 + cos t + cos y/2t J 

is almost automorphic in t G M for each y € E, where E = L' 2 ([ 0,1]). 
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The space of all continuous functions h : M + — > E such that lim hit) = 0 

t—> OO 

is denoted by Co(R + , E). Moreover, we denote Co(M + x E, E)\ the space of 
all continuous functions from M x E to E satisfying lim h(t, y) = 0 in t and 

t—> OO 

uniformly in y £ E. 

Remark 2.10 Note that if v(t) € Co(R + ,E), then 

e-^~ s) iy(s)ds G C 0 (R + ,E). 

Definition 2.11 A continuous function f : M + -» E is said to be asymp¬ 
totically almost automorphic if it can be decomposed as 

f(t ) = g(t) + h(t ), 

where 

g(t ) G AA(R,E), hit) G C 0 Q8L + ,E). 

Denote by AAA(M. + ,E) the set of all such functions. 

Example 2.12 The function f : M —> M defined by 

fit) = sin ( ---+ e _t 

V 2 + cos t + cos y/21J 

is an asymptotically almost automorphic function with 

g(t) = sin (--- y=r- ) G h(t) = e G Co(M + ,M). 

\ 2 + cos t + cos V 2t J 

Lemma 2.13 [31],[32], Ay4^4(M + , E) is also a Banach space with the norm 

ll/lloo = sup \f(t)\. 

t£«.+ 

Definition 2.14 A continuous function f : M + x E E is said to be 
asymptotically almost automorphic if it can be decomposed as 

f(t,y) = g(t,y) + h(t,y), 

where 

g(t , y) G x E, E), h(t, y) G Co(R + x E,E). 

Denote by ylYlYl(M + x E, E) the set of all such functions. 
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Example 2.15 The function f : M + x E —> E given by 

fit , x) = sin ( -— | cos y + 

V ' \ 2 + cos t + cos y/2t J '' 

is asymptotically almost automorphic in t G M + for each y G E, where 
E = L 2 ([ 0,1])- 1 

g(t,y) = sin ( -—^- y=- J cos y G tL4(R. x E, E), 

V 2 + cos t + cos v 2t / 

/*(*,*/) = e-*M gC 0 (M+xE,E). 


Lemma 2.16 [26] f : M x E —> E is almost automorphic, and assume that 
f[t,-) is uniformly continuous on each bounded subset K C E uniformly 
for i £ I, that is for any £ > 0, there exists g > 0 such that y,z G K 
and | y(t) — z(t)\ < g imply that \f(t,y) — f(t,z)\ < £ for all t £ R. Let 
<p E be almost automorphic. Then the function F : M —> E defined by 

F(t ) = f{t,(p{t)) is almost automorphic. 

Theorem 2.17 [6] Let ft be a nonempty, bounded, closed and convex subset 
of a Banach space E, and let V : 11 —>• ft be a continuous operator satisfying 
the inequality 

a(T(D )) < (a(D)) 

for any nonempty subset D of where 'L : M + —> M + is a nondecreasing 
function such that 

lim \I > n (t ) = 0 for each t > 0 . 

n—>■+OO 

Then T has at least one fixed point in the set LI. 

3 Main results 

Definition 3.1 A function y G BC(M . + , E) is said to be a mild solution to 
the problem (l)-(2) if y satisfies the integral equation 

y(t) = —^U(t,0)y o +U(t,0)yi + J U(t,s)f(s,y(s))ds. 
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For the proof of our main theorem, we need the following hypotheses: 

(H i) (a) There exists a constant M > 1 and 6 > 0, such that 

s)||b(e) < Me~ S(t ~ s) for any (t,s) <E A 

and for any sequence of real numbers {r^}, we can extract a 
subsequence {r n } and for any e > 0, there exists N G N such 
that 

\\U(t + r n , s + T n ) — U(t, s)||e(E) < £e ^ 

||17(t - r n ,s - T n ) - U(t,s )|| B ( E ) < ee -,5(< ~ s) 
for each t, s G M. for all n > N, for each t, s G R, t > s. 

(H 2 ) There exist a constant Af > 0 and 5 > 0, such that: 

< Me- {(t - s) ,(l,s) € A. 

B(E) 


lk m ’ s) 


(H 3 ) The function / : R + x E —>• E is Caratheodory and asymptotically 
almost automorphic i.e., f(t,y) = g(t,y) + h(t,y ) with 

g{t,y) G AA(R x E, E), h(t,y ) G C' 0 (R + x E,E), 

and g(t,y) is uniformly continuous on any bounded subset K C E 
uniformly for t G R. 

Moreover, 

(a) There exist p G L 9 (R,R + ), q G [l,oo) and a continuous nonde¬ 

creasing function i/> : [0, 00 ) —> (0, 00 ) such that for all t G R + 
and y G E, 

\g(t,y)\ < p(t)i/>(\y\) and lirn inf = pi _ 

Ij/K+oo \y\ 

( b ) There exist a function /3(f) G Co(R,R + ) and a nondecreasing func¬ 

tion <f> : R + —> R + such that for all t G R + and y G E with 

\y\ < R, 

\h(t,y)\< P(t)(j>(\y\) and lirn inf = p 2 . 

i?-H-00 K 
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{H 4 ) There exist a locally integrable function p : R —> R + and a continuous 
nondecreasing function (p : R + —>• R + such that for any nonempty 
bounded set D C E we have : 

a(f(t,D)) < rj(t)(p(a(D)) for a.e t £ R + . 

Additionally we assume that lim (if + (f) n (t) = 0 for a.e t £ M + . Let 

n—>•+00 

/ 3{t ) be the function involved in the assumption (H 3 ), then 

e-^- s) P{s)ds £ C 0 (M + ,M + ). 



Put 

p = sup f f3(s)d-s. 

teiR+ J 0 

We need the following technical lemma. 

Lemma 3.2 Assume that ( H\) hold. If >p{t) £ AA(M.,E), then 



U(t, s)(/?(s)ds, 


t £ M, 


belongs to AA(M, E). 

Proof. From (H 1 ) it is clear that A(t) is well-defined and continuous on R. 
Since <p(t) £ AA(R, E), it follows that for every sequence of real numbers 
{t^}, we can extract a subsequence {r n } such that 

(ci) lim ip(t + T n ) — <p(t) = 0 for each t £ R and, 

n—>00 

( 02 ) lim p>{t — r n ) — ip(t) = 0 for each t £ R. 

n—>00 

Notes that Ip is also bounded on R, and measurable. Define 
Aft) = f U(t,s)(p(s) ds, t £ R. 

J —00 
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For t £ M, Since cp is measurable, A is well-defined. 
For t El, we have 


A y)(t + T n ) - (A y)(t) 

rt+T n 


< 

+ 

< 


' —OO 

rt 


' —OO 

rt 


U(t + T n , s)ip(s)ds — / U(t, s)ip(s)ds 
J —OO 

U(t + T n ,s + T n )(p(s + T n )ds- / U(t,s)ip(s)ds 

J — OO 

/ || U(t + T n , S + T n )\\ B ( E ) |<^(s + T n ) ~ £(s))| ds 

/ ||^(f + T n ,s + T n ) - U(t, s))\\ B ( E )lp(s)ds 

J — OO 

f \<p(s+ r n ) - &(s))\ds 

J — OO 
rt 


+ ee 
J — OO 


—<5(t—s) 




<M e ds sup\(p(s + r n ) — p(s))\ 


-\~£ 


[ e-W-^ds sup\&{s)\ 

J —oo sGM 


M e 

< -T SU P b( S + r n) - <^(s))| + T sup |<^(s)| . 

0 seR 0 sSR 

Using (ci), we obtain that for n —>• oo, 

A(f + T n ) — > A(t). 

Analogously, one can prove that, 

A(f — r n ) -> A(t) for each t € M as n —> oo. 

This we show that 

A € AA(R,E). 

Theorem 3.3 Assume that the hypotheses (H i) — (Hfi) are satisfied. If 

Mpi\\p\\ Lq +M5~ 1 pp2 < 1 , ( 6 ) 

and 

( 7 ) 


AiTnax(4||? ? || L i, \\p\\ L iS 1+ *) < 1 , 


then the problem (l)-(2) has a asymptotically almost automorphic mild so¬ 
lution. 
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Proof. Consider the operator N : AAA(R + ,E) —> AAA(R + ,E) defined by 

(Ny)(t) = --^U(t,0)y o +U(t,0)yi + J U(t, s)f(s,y(s))ds, ( 8 ) 

where y G AAA(K + ,E) with y = 7 + £, 7 is the principal term and ( 
the corrective term of y. We need to prove that N is weel- defined, that is 
N(AAA(R + ,E)) c AAA(R+,E). Let 

a(t) = - -U ( t , 0)yo + U(t, 0 ) 2 / 1 , 

then 

K*)l =\~-^U(t,0)y o + U(t,0)yi\ 

< \^U(t,Q)yo\ + mt,0) yi \ 

< Me~ 5 t \y 0 \ + Me~ St \yi\. 

Since 5 > 0, we get lim |(<r(f)| = 0. that is 

t— H-00 

uEC 0 (M + ,£). (9) 

By assumption / = g + h where g is the principal term and h the corrective 
term. So we can write 


)) = g(t,j(t)) + - /(f, 7 (i)) + h(t,j(t)) 

= 9 (t,n/(t)) + H(t,y(t)), 

In view of (10), we have 


W(t) = / U(t,s)f(s,y(s))ds 


1 0 

[ U(t,s)g(s,j(s))ds+ [ U{t, s)H(s, y(s))ds 
1 0 Jo 

rt rO 


t —OO 

rt 


U(t,s)g(s,'y(s))ds - / U(t,s)g(s,'y(s))ds 

J — OO 


+ / l4(t,s)H(s,y(s))ds 

Jo 

= (hv)(t) + (hy)(t), 


( 10 ) 
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where 


(hy)(t)=[ U(t,s)g(s,'y(s))ds, 

(hy){t) = [ U(t, s)H(s, y(s))ds 

Jo 

~ / U(t,s)g(s,y(s))ds 

J — OO 

= {Jiy)(t) + (J- 2 y){t), 

(J iy )(t) = [ U(t, s)H(s, y(s))ds, 
Jo 

(J 2 y)(t)=f U(t,s)g(s,'y(s))ds. 

J — OO 


Using (H 3 ) and Lemma 2.16 , we deduce that s 
AA(R,E). Thus, by Lemma 3.2 we obtain 

(hy)(t) € AA(R,E). 


where 


ff(s,7(s)) is in 
( 11 ) 


Let’s prove that J\ € Co(M + , E), J 2 € Co(R + , E). 

Ideed by definition H e Cq(M. + , E), that means given e > 0, there exists 
T > 0 such that if t>T. we have \H(t,,y)\ < e. Therefore if t > T, we get 


then 


So, 


\\U(,t,s)\\B{ E )\H(s,y(s))\ds < 


< 


Me J e-W-^ds 

M 


\{Jiy)(t)\ < —e if t>T. 


J 1 eC 0 (R + ,E). 


( 12 ) 


480 


Benchohra 468-493 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


14 


M. Benchohra, G.M. N’Guerekata and N. Rezoug 


Next, let us show that J 2 G Co(M + ,.E). 


\{J 2 V)(t)\ < j \\U(t,s)\\ B(E) \g{s,y{s))\ds 

J — OO 

< Mswp\g(t,y(t))\ [ e~ s{t ~ s) ds 
te m Jo 

e S(t 

+ MUglloo—— -> 0 as -too. 

0 


So, 


J 2 eC 0 (R + ,E). 


(13) 


Finaly combining (9),(11), (12) and (13) proves our claim that N G AA.A(M + , E). 
Next, we will prove that the operator N satisfies all the assumptions of The¬ 
orem 2.17. We will break the proof into several steps. 

Let 

B R = {ye AAA(R + ,E) t IMU < R} , 

where R be any positive constant. Then B R is a bounded, closed and convex 
subset of A7lvl(M + , E). 

Step 1: N(y) G B R for any y G B R . 

In fact, if we assume that the assertion is false, then R < |(lVy)(t)|. This 
yields that 


i2<|(IVj,)(t)| 


< J \g(s,y(s)\ds 

+ [ \\U(t,s)\\ B{E) \h(s,y(s)\ds 

< J ||W(t, s)|| B(£;) p(s)?/’(|j/(s)|)ds 

+ / W(t,s)\\ B{E) P(s)cl)(\y(s)\)ds 

Jo 

< Mi/j(R) f e~ s< ' t ~ s ' > p(s)ds 

Jo 

+ M <f>(R) f e- 5{t ~ s) /3(s)ds. 

Jo 
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For t > 0, it follows from the Holder inequality that 

R<\(Ny)(t)\ < Mip(R)\\p\\ L q + Mp 2 (j)(R). 

Dividing both sides by R and taking the lirninf as R —> +oo, we have 

MpiWpWlh + M5~ l pp 2 > 1 , 

which contradicts (6). Hence, the operator N transforms the set Br into 
itself. 

Step 2. N is continuous. 

Let ( y n )neN be a sequence in Br such that y n — > y in Br. 

Case 1. If t G [0, T]; T > 0, then, we have 

\(Ny n )(t) - (Ny)(t,)\ < M f \f(s,y n (s))-f(s,y(s))\ds. 

Jo 

Since the functions / is Caratheodory, the Lebesgue dominated convergence 
theorem implies that 

\\Ny n - AL/Hoo -1 0 as n ->• +oo. 


Case 2. Since the functions / is Caratheodory, we can see that 

\f{s,y n {s)) - f{s,y{s))\ < ^ for t > T. (14) 

If t £ (T, oo), T > 0, then (14) and the hypotheses give us that 


\Ny n (t.) - Ny(t)\ 


< ^ l|W(t,s)||B(B)|/(s,y„(s)) - f(s,y(s)) 

<M 6 4 f e-W-'^ds 

~ M J 0 

Mtk 

~ T M 

< £. 


ds 


(15) 


Then the inequality (15) reduces to 

ll^V(yn) - N(y)||oo -)• 0 as n ^ oo. 

Now, we conclude that N is continuous from Br to Br. 
Step 3: N(Br) is equicontinuous. 
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Let ti,t 2 £ [0, T] with t 2 > t\ and y £ B b . Then, we have 


\(Niy){t 2 ) ~ (Niy(ti)\ 

[ (U(t 2 ,s)-U(ti,s))g(s,y(s)) 
'o 

ft 2 

+ / U(t 2 ,s)g(s,y(s))ds 

Jt i 


(U(t 2 ,s) -U(ti,s))h(s,y(s)) 


+ 


ft 2 

+ / U(t 2 ,s)h(s,y(s))ds 

Jti 


< 


II u{t 2 ,s) -U(ti,s)\\ B ( E ) p(s)t/j(\y(s)\)ds 


r<2 


+M / e 5(t S ' l p(s)'ip(\y(s)\)ds. 


>t i 


r* i 


+ / ||W(i 2 ,s) -W(ii,s)|| B ( B ) /3(s)<K|y(s)|)ds 


^2 


+M / 

Jti 


It follows from the Holder inequality that 


I (dVi2/)(t 2 ) - (ATiy(ii)l 

rti 


< 

+ 


\\U(t 2 ,s) -U{ti,s)\\ B ( E ) p{s)i>(\y(s)\)ds 


M\\p\\ L9 y(R) ( e -^t-t 2 ) __ 


fil 


5 1 9 


1-J 


+ J \\U(t 2 ,s) -U(ti,s)\\ B(tE ) P(s)<f>(\y(s)\)ds 
M<j)(R ) sup/3(f) 

_|_ teR ( c -^(t-t2) _g-«5(t-tl)^ 


The right-hand side of the above inequality tends to zero as t 2 — t\ 0, 
which implies that N(B b ) is equicontinuous. 

Consider the measure of noncompacteness yt{B) defined on the family of 
bounded subsets of the space AAA(R + ,E) (see [33]) by 


p(B) = u>q (B) + sup a(B(t)) + lim sup{|y(t)| : t > T, y £ E}. 
teJ T^+oo 
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Step 4: p(N(B)) < M max(4||?/|| L i, \\p\\lqS~ 1+ ^)(ip + iP)(ij,(B)) for all B C 
Br. For all B C B r, N(B) is bounded. Hence, by Lemma 2.4, there exists 
a countable set B\ = {y}^ =1 C B , such that 

(N(B)) < 2a(N(B 1 )). (16) 

Using the properties of a, Lemma 2.4, Lemma 2.5 and assumptions (H i) 
and (H 4 ), we get 


a(NB\(t)) 


< U{t,s)f(s,y n (s))dsj ^ 

< 2 M f {a(f(s,y n (s))ds))}™ =0 ds 

Jo 

< 2 M f r](s)<p ({(a(y n (s))}™ =0 ))) ds 

Jo 

< 2 M / ri(s)ip(a(B(s)))ds. 

Jo 


Form inequality (16), it follows that 

a(NB(t)) < AM f y(s)<p(a(B(s)))ds, 
Jo 


then 


a (N(B(t)) < 4M\\i]\\ L np( sup a(B(t))). 

teR+ 


Since 


sup a(B{t)) < sup a(B(t )) + lim sup{|y(i)| : t>T,y £ -E 1 }), 
teR+ tm+ t->+ 00 


then 


a(N(B(t)) < AM\\r)\\ L up( sup a(H(t)) + lim sup{|y(t)| :t>T,y£ E}).( 17) 

teR+ i^+oo 
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On the other hand, we have 

\(Ny)(t)\ < Me~ 5t \ Vl \ + Me~ st \y 0 \ 

+ m[ e- 5{t - s) p(s)'ip(\'y(s)\)ds + \(I 2 y)(t)\ 

J — OO 

+ M j e~ S( - t ~ s ' > p(s)ip(\'y(s)\)ds. 

J — OO 

+ mJ e^ sit ~ s ' , p(s)ijj(\^(s)\)ds + \h(t)\. 

< Me- St \ yi \ + Me- St \y 0 \ 

+ M f e~ S( ' t ~ s ^p(s)dsip(swp l'y(s)|) 

J —oo sEM 

+ M J e~ s( ' t ~ s ^p(s)ds'i/j(swp{\ r y(t)\ : t > T,y e E}) 
+ sup{|(/ 2 y)(i)| : t > T,y G E}). 


Next, applying the Holder inequality we derive 
\(Ny)(t)\ < Me~ St \ yi \+Me- St \y 0 \ 

+ ~ e“l^ T Y“l^(sup{|y(t)| :t>T,ye E}) 

5 1 

+ swp{\(I 2 y)(t)\ :t>T,y G £}). 


Then 


|(JVy)(t)| < 
+ 

+ 

+ 


Me~ 6t |?/i| + Me~ dt |y 0 | 
st 

i 1 e 

51 


M||p|| 


L9 


X 1 - 1 

5 9 


^(sup{|y(t)| :t>T,ye E}) 


sup{|(/ 2 y)(t)| ■ t>T,y € E}). 
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Since 5 > 0, I 2 £ Cq(M + , E) and 


lim sup{|y(t)| : t > T ,y £ E} < sup a(B(t))+ lim sup{|y(t)j : t>T,y £ E}, 

T^+oo teR T->+oo 


then 


lim sup{| (Ny)(t) :t>T,y £ E}) 

T— h-oo 

< ijj(sup a(B(t )) + lim sup{|y(f)| : t > T, y £ E}). 

6 1 teJ T ~>+°° 

Further, combining (17) and (18), we get 


(18) 


sup a((NB)(t)) + lim sup{| (Ny)(t) : t > T, y £ E}) 
teJ T— s>+oo 

< 4M\\r}\\ L i<p(supa(B(t)) + lim sup{|y(i)| : t > T,y £ E}) 

teJ t^+oo 

_\_ m \[p\\l q if,(supa(B(t)) + lim sup{|y(t)| : t > T, y £ E} 

6 1 teJ t^+oo 

< Mmax(4||?7|| L i, )(tp + ip) (sup a(B(t)) + lim sup{|y(i)| : t >T,y £ E}). 

5 9 teJ t^+oo 

From Step 3 and inequality (19), we conclude that 

p{N(B)) < MmaxU\[i]\\ L i,^^] {^ + ^){p,{B)). 

\ £ 9 / 

It follows from Lemma 2.17 that N has at least one fixed point y £ Br, 
which is just a asymptotically almost automorphic mild solution of problem 
(l)-(2) on M+. 


4 An Example 

Consider the second order differential equation of the form; 


(9 2 0 “ ( 

Qt 2 Z ^ T ) = 2^d)+ 2sin ( 


d 2 


1 


\ d 

) 


d> 

dt 


sin 2 t 

H- , sin 


+ 


12\/l + t 2 ' 2 + cos t + cos y/2t 
sin 2 f sin7T2;(t, r) 


2 + cos t + cos y/21 ' dt 

\l*(t>T)| +!n(! + |z(*,t)|)) 


15a/ 1 + t 2 (l + | z(t, r)|) ’ 

z(t , 0) = z(t , 7 r) = 0, 


z(0,t) = Y’(t), 


t £ M , r £ [0, 7 r], 
t £ M + , 

T £ [0, 7r]. 


( 20 ) 


(19) 
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Let E = L 2 ([0,7r],M + ) be the space of 2-integrable functions from [0,7r] into 
M + , and let H 2 ([0, 7r], M + ) be the Sobolev space of functions x : [0,7r] -» M + , 
such that x" G L 2 ([0,7r],M + ). We consider the operator A\z(t) = z"(r) 
with domain D(A\) = , C), which is the infinitesimal generator of 

strongly continuous cosine function C(t) on E. Moreover, A\ has discrete 
spectrum, the spectrum of A\ consists of eigenvalues n 2 for n G Z, with 
associated eigenvector 

Wn(£) = -i=e tr *,n€ Z, 

V 27t 

the set { u n G Z} is an orthonormal basis of E. In particular, 

OO 

A\x = — ^2 n 2 (x , w n )w n for x G D(A). 

n =1 

The cosine function C(t ) is given by 

OO 

C(i)x = £ cos (iit){x,w n )w n for x G D(A),t G M + , 

n=l 

form a cosine function on H , with associated sine function 


S(t)x = Y - ^ (x, w n )w n for x G D(A),t G M + . 

“ n 

n= 1 

From [35], for all x G H 2 ([0, 7r], M + ), t G M + , ||C'(t)||s(B) < e - * 
and ||S’(t)||s(E) < e _t . 

Now, we define an operator A(t) : D{A) C H —> H by 

r z>(A(t)) = D{A) 

1 = ^1 + &(i, t). 

where b(t , r) = 2 sin ( -— | 

V 2 + cos t + cos \/2i / 

Note that A(t) generates an evolutionary process U(t , s) of the form 

U(t,s) = S(t-s)ef>^ s)ds 

Since b(t,r) = 2 sin ( -| < 2, we have 

V 2 + cos t + cos y/ 2 t J 

U(t,s) = S{t- s)e- 2(t ~ s) (21) 
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and 

II^IIb(B) < ll'S'll B(E) e 2( ' t s) < e 3(t s) 

We conclude that U(t, s ) is a evolutionary process exponentially stable with 
M = 1 and 5 = 3. 

It follows from the estimate (21) that U(t,s) : E E is well defined and 
satisfies the conditions of Definition 2.1. 

Hence conditions (H\) and (i/ 2 ) are satisfied. 

Now, let 

z(t)(r) = w(t)(r ), t > 0, t E [0,vr], 


9 (t,z)(r) = 


sin 2 t 


: sin 


12\/l + t 2 ^2 + cos t + cos \f2t 


(|z(t,r)| + ln(! + \z(t,r)\)), 


h(t, z)(t) 


sin 2 tsimrz(t, t) 

15\/l + t 2 (l + | z(t, t)|) 


Then it is easy to verify that g : R x E x E is continuous and 


g € HH(M x E-,E). 


We can estimate for the functions g: 


g(t,z)(r) < 


sin 2 t 


( \z(t,T)\ + In (1 + \z(t,T)\)). 


12\/l + 1 2 

Hence conditions (H^)(a) is satisfied with 

ciri 2 f | 

P (t) = ^==, m = - 4 (t+Hi+t)). 

Then it is easy to verify that p e L 2 (M) and p\ = -. 

On the other hand, it is clear that h : R + x E x E is continuous and 

h € C 0 (M + x E;E). 


We can also estimate for the functions h: 


h(t, z){t) < 


7 r 


15V1 + t 2 


\z(t,r)\. 
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Hence conditions (H^)(b) is satisfied with 


P(t) 


7r 

15V1 + t 2 ' 


<p(R) = R. 


Then it is easy to verify that (3 G Co (M + , M), p 2 = 1 and p < —. 

15 

Furthermore: 


f(t; z) = g(t ; z) + h(t; z) G Hyl(M + x E;E). 


We can also estimate for the functions /: 


„, . . . 2 sin 2 t . . 

f(t,z)(r) < -j====\z(t,T)\. 

By (22), for every t G J, and B G D C E, we have 

t 


( 22 ) 


Hence conditions {HA) is satisfied with 




1 

6\/l + i 2 ' 


V9(t) 


sin 2 1 
2 


Moreover, we have 


sin 2 f 1 

W + ¥>)(*) = — + 4(* +Ml+*))<*■ 

We conclude that (see Lemma 2.1. [6]) 

lim + 4>) n (t) = 0 for a.e t G M + . 

n—>+oo 


Consequently, can be written in the abstract form (l)-(2) with A{t) and 
/ as defined above. Thus, Theorem 3.3 yields that equation (20) has a 
asymptotically almost automorphic mild solution. 
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Abstract 

In this work, we apply hybrid fixed point theory method to prove the existence of solution of systems of 
second order ordinary nonlinear hybrid differential equations with periodic boundaries. 

Key words and phrases. Second order differential equation; hybrid systems; boundary value problems; coupled fixed 
point. 
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1 Introduction 

Let X ^ (f>, and F : X x X —> X is a mapping. A point (x,y) £ X x X is said to a coupled fixed point of F in 

X x X if F{x,y) = x and F(y,x) = y. The notation of coupled fixed point was introduced in 2006 by Baskar 

and Lshmikantham [1]. It will known that the existence of the fixed point play an important role for showing 

the existence of solutions of nonlinear integral [2, 3] , differential equations [4, 5] and iterative process [6]. 

In 1964, Krasnoselskii [7] initiated the idea of study the hybrid fixed point theory for the function which 

can be written as the sum of two other functions.In 2013, Dhage [2] obtained hybrid fixed point theorems for 

the operator which can be written as the sum of two other operators using Krasnoselskii fixed point theorem 

techniques and developed a Krasnoselskii fixed point technique helpful to analyze the existence of solution of 

nonlinear Volterra fractional integral equations under some conditions. 

Recently, in 2015, Dhage and Dhage [8] proved the existence of solutions of the boundary value problems of 

second order ordinary nonlinear differential equations using the hybrid fixed point theorem which was obtained 

by themselves [9] . 

1 t _ 3bdeIsadek@yahoo.com 
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More recently, in 2017, Yang et al. [10] introduced the notation of hybrid coupled fixed point theorems and 
applied this ideas to prove the existence of system of fractional differential equations of order a, 0 < a < 1. 

In this paper, we apply the hybrid fixed point theorem to study and prove the existence of solution of 
a certain system of boundary -value problems with periodic boundaries( for short BVPPB) of second order 
ordinary nonlinear hybrid differential equations. 

To this end, the remainder of the article is organized as follows. Section 2, is given some preliminaries 
and basic definitions. Section3, is established the existence results of coupled nonlinear system of second order 
differential equations. 

2 Preliminaries 

Throughout this paper, let E be a nonempty set and ( E , <, ||.||) be a partially ordered normed linear space. If 
Q : E — > E is a mapping. Then Q is said to be monotone nondecreasing if a < b the Q(a ) < Q(b) , for all 
a,b £ E. Two elements a,b £ E are said to be comparable if a < b or b < a. If C is nonempty subset of E,C is 
said to be chain if each two elements a,b £ C are comparable. 

Definition 1 [10] Let Q : E —> E be a mapping. Q is called partially compact if for each chain C subset of E, 
Q{C) is reltively compact subset of E. 

Definition 2 [2, 10] Let Q : E —> E be a mapping. Given an element a £ E. Define orbit T(a; Q) as: 

T(a; Q) = {a, Qa, Q 2 a, Q 3 a , , Q n a ,....}. 

If for any sequence {a n } £ T(a-Q) such that: a n —> a* as n —» oo then Qa n —> Qa*, for each a £ E, then 
Q is called T— orbitally continuous in E. Furthermore, (E,<, ||.||) is said to be T— orbitally complete if each 
sequence {a„j £ T(a; Q) converges to an element a* £ E. 

Definition 3 [2, 10] A mapping <j> : E —> E is said to be D— function if it is upper semi continuous and 
monotone nondecreasing such that: <f>( 0) = 0. 
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Definition 4 [2, 10] A mapping T : E —> E is called partially nonlinear D— contraction in E , if for each 
comparable elements a,b £ E, there exist a D— function : 3? + —> 3? + such that the following conditions are 
satisfied: 

(■ i ) ||Ta — T6|| < 0(||a, — &||), and 
(ii) 4>{r) < r for all r > 0. 

Definition 5 [10] Let (E,<, ||.||) be a T— orbitally complete linear space. The positive cone K £ E is defined 
as: K = {x £ E : x > 0} 

The following theorem will be used as tool to prove the main results. 

Theorem 6 [10] Let E is a partially ordered T— orbitally complete normed linear space and K is the positive 
cone of E. Let K is normal and C be a nonempty closed subset of E. Consider P,Q : C —> C are two monotone 
nondecreasing mappings such that the following are satisfied: (1) P is T— orbitally continuous and a partially 
nonlinear D— contraction, 

(2) Q is T— orbitally continuous and a partially compact, 

(3) there exist an element a £ C such that: a < Pa + Qy for all y £ C and 

(4) every pair of elements in C has an upper and lower bounded. 

Then F(x, y) = Px + Qy has a coupled fixed point in E x E. 

Now, we give some notations and definitions about the problem which we will study the existence of its solution. 

Definition 7 Consider I = [0, b] £ where b > 0. The periodic boundary value problem of second-order 
nonlinear differential equation can be written as: 

(p x (t) 

= fit , x(t) + h(t, x (t)), x(0) = x(b),x\ 0) = x'(b) (1) 

for all t £ I, where f,h:IxiR—*iR are continuous function. The solution of the differential equation 
(1) is the function x £ C 2 (1, 3?) that satisfies equation (1), where by x £ C 2 (1, 3?) we mean the space of twice 
continuously differentiable real-valued functions on I. 
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Definition 8 the space C(1, 3?) is the space of all continuous real-value function defined on I. It is easy to 
prove that: C(I,iR) is a Banach space with the norm: 

INI = sup|z(f)|. (2) 

tei 

Therefore, it is also clear that C(1, 3?) is partially ordered with respect to the partially order relation: 

x < y if and only if x(t) < y(t) for all t £ I. (3) 

Also C(1, 3?) is a partially ordered T— orbitally complete linear space with normal cone Kq = {x G C(I,IR) : 
x(t) > 0 ,t£l} [ 10 ]. 

Lemma 9 [11] Consider a, g € L 1 (/, 3?) , then x is a solution of the differential equation: 

x"(t) + a(t)x(t) = g(t), t £ I, 

x(0) = x(b) , a/(0) = x'(b), 
if and only if x is a solution of the integral equation: 

x(t) = / G a (t, s)g(s)ds, 

Jo 

where G a (t,s) is a Green’s function associated with the differential equation: 

x"(t) + a(t)x(t) =0, t £ I, 
a;(0) = x(b) , a; ; (0) = x'(b), 

Remark 10 The Green function G a is continuous an nonnegative on I x / and there exist the number : 


M a = maxUGcr^, s)| : t,s £ [0, 6]} 

for all a £ L 1 (/,3? + ). 

Lemma 11 [8] Consider the differential equations (1). Let F(t,x) = f(t,x) + Xx , such that: 

(PI) The function f : I x 5ft —> 3? is continuous and there exist a constant k\ > 0 such that\ F(t,x)\ < k\ 
for all t £ I, 
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(P2) The function h : I x 3? —> 3? is continuous and exist a constant k 2 > 0 such that\ h(t,x)\ < k% for all 
tel. 

Then a function v £ C(I, SR) is a solution of the differential equation: 
d 2 x{t) 


dt ' 2 


+ A x(t) = F(t, x(t) + h(t,x(t )), x(0) = x(b),x (0) = x'{h) 


if and only if v is the solution of the integral equation: 

nb nb 

x(t) = / G(t, s)F(s, x(s))ds + / G(t, s)h(s,x(s))ds, 

Jo Jo 

for all tel, where G(t , s) is a Green’s function associated with the differential equation: 


(4) 


(5) 


x"(t) + A x(t) =0, tel, 
x( 0 ) = x(b) , 2 /( 0 ) = x'(b), 


3 Main results 


Now , consider the system of nonlinear differential equations: 


= f(t,x(t) + h(t,y(t)), tel, 

= f{t,y(t) + h(t,x(t)), tel, 

( 6 ) 

x(0) = x(b) , x'(0) = x'{b), 

2 /( 0 ) = 2 /( 6 ) , y'(0) = y'(b). 

Then the hybrid system ( 6 ) can be written as: 

+ A x(t) = F(t, x(t) + h(t, y(t)), t e I, 

+ A y(t) = F(t, y(t) + h(t, x(t)), t e I, 

(7) 

x(0) = x(b) , x'(0) = x’{b), 

y(0) = y(b) , y'(0) = y'(b), 


where F(t,x(t)) = f(t,x(t)) + A x(t). By applying Lemma 11, we have the following Lemma . 
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Lemma 12 Consider the hybrid system of differential equations (7), such that the conditions (PI) and (P2) 
hold. 

Then a function (vi,v 2 ) € (7(7,3?) x (7(7,3?) is a solution of the differential equation the system (7) : 
if and only if (v i,v 2 ) is the solution of the system of nonlinear integral equation: 

x(t) = / 0 b G(t, s)F(s,x(s))ds + Jq G(t,s)h(s,y(s))ds, 

( 8 ) 

y(t) = Jo G(t, s)F(s, y(s))ds + / Q 6 G(t, s)h(s, x(s))ds 
for all t £ I, where G(t , s) is a Green’s function associated with the differential equation: 

x"(t) + Aa ft) = 0, t € 7, 


x(0) = x(b) , a/(0) = x'(b); 


By using the continuity of the integrals, we can define the two mappings: Ti : (7(7,3?) —» (7(7,3?) and 
T 2 : (7(7,3?) -► (7(7,3?) as: 

Tffxff)) = f G(t,s)F(s,x(s))ds, 

Jo 


and 


T 2 (x(t)) = f G(t, s)h(s,x(s))ds. 
Jo 


Then we can define the following : 


T(x(t),y(t)) = Tix{t) + T 2 y(t) 


The coupled fixed point of the operator T is the solution of the system (7). 

With the two conditions (PI) and (P2) consider the following set of assumptions: 
(P3) There exists A > 0 and e > 0 such that: 


0 < [f{t, x) + Ax] - [f(t, y) + Ay] < e(x - y), 

for all f G 7 and x, y € 3? such that: x > y. 

(P4) The function h(t, x) nondecreasing. 

(P5) There exists an element v £ (7 2 (7,3?) such that: 

v"{t) < f(t,v(t)) + h(t,y(t )), 

6 


499 


NABIL 494-504 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


u(0) < v(b) , v'(0) < v'(b), 

for all t G I and y G C(I ,3?). 

Lemma 13 Assume that (PI) and (P3) holds. Let eMb < 1 . Then the operator T) is T— orbitally continuous, 
nondecreasing and a partially nonlinear D— contraction. 

Proof. Let E = The proof will be done in 3 steps. 

Step 1: To prove that Tf is nondecreasing. 

Let x,y G E , such that: x > y Then by (P3), we have that: 

r *6 /»b 

T\x(t) = / G(t,s)F(s,x(s))ds> / G(t,s))F(s,y(s))ds>Tiy(t), 

Jo Jo 

for all t € I. Thus Tf is nondecreasing operator. 

Step 2: To prove that 7\ is T— orbitally continuous. 

Take a sequence {x n } G T(x;Ti) for any x G E with x n —> x* as n —> oo. Since Xi is continues by (PI) 
again, then we have that: 

linin —>cjo (Tix n ) (t) = / 0 b G(t, s ) lim n—> oo F(s,x n (s))ds 

= /q G(t,s)F(s,x*(s))ds (9) 

= CTiz*)(i), 

for all t > 0. Hence , T\ is T— orbitally continuous. 

Step 3: To prove that T\ is partially nonlinear D— contraction. 

For any comparable element x,y G E such that:x > y. For t G I, we have that: 

| (Tix)(t) - (Txy)(t) | = | Jq G(t,s)[F(s,x(s)) - F(s,y(s))]ds \ 

< Jo G(t, s ) | [F(s, x(s)) - F(s, y(s))} \ ds ( 10 ) 

< Meb\\x - y\\, 

Let t = Meb . New define the mapping 0(Z) = rl , for each l G 3? + . Thus 0(Z) < l and 0(0) = 0. Therefore, 

we proved tliat:||T-|X — Tiy\\ < 0(||x — j/||). Hence Tf is partially nonlinear D— contraction. 
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Lemma 14 Assume that (P2) and (Pf) holds. Then the operator T 2 is T— orbitally continuous, nondecreasing 
and a partially compact in E = C(/,3? . 

Proof. The proof is also done in 3 steps. 

Step 1: To prove that: T 2 is T— orbitally continuous. 

Consider for any x € E with x n —> x* as —> 00 . Since T 2 is continues by (P2), then we have that: 

lim n — >00 (T 2 x n )(t) = /q G(t,s) lim n —»oo h(s, x n (s))ds 

= Jq G(t,s)h(s,x*(s))ds (11) 

= (T 2 x*m, 

for all t > 0. Hence , T 2 is T— orbitally continuous. 

Step 2: To prove that: T 2 is nondecreasing. 

Let x,y £ E , such that: x > y Then by (P2), we have that: 

fb rb 

T 2 x(t) = / G(t,s)h(s,x(s))ds > / G(t,s))h(s,y(s))ds >T 2 y(t), 

Jo Jo 

for all t € I. Thus T 2 is nondecreasing operator. 

Step 3: To prove that T 2 is partially compact in E = C(/,3?) . Let C be an arbitrary chain in E. We show 
T 2 {C) is uniformly bounded and equicontinuous set in E. Consider x € C be arbitrary, then we get that: 

| T 2 x(t) | = | /g G(t, s)h(s, x(s))ds \ 

< J^G(t,s) | h(s,x(s)) | ds (12) 

< Mk 2 b , 

Thus , we have that: ||T 2 a:|| < r , where r = Mk 2 b. Hence, T 2 (C) is uniformly bounded subset in E. 

To prove T 2 {C) is an equicontinuous : let t\,t 2 £ I such that: t\—t 2 < 0. We have that: 

| T 2 x(t 2 ) - T 2 x(t 1 ) |=| /o [G(ti, s) - G(t 2 , s)]h(s, x(s))ds | 

< fg | G(ti,s) - G(t 2 ,s) | h(s,x(s))ds (13) 

< Jo | G(ti,s) - G(t 2 , s) | k 2 ds -> 0, 

as t-\ —> t 2 . Hence T 2 {C) is a compact subset of E . Therefore, T 2 is partially compact in E = C(J, 3?) . 
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Theorem 15 Let the hypotheses (PI), (P2), (P3), (Pf) , (P5) and eMb < 1 hold. Then the hybrid system (6) 
has a coupled solution on I. 

Proof. By (P5) There exists an element v £ C 2 (/, 3?) such that: 

v"(t) < f(t,v(t) + h(t,y(t)), 

u(0) < v(b) , t/(0) < v'(b), 

for all t £ I and y £ C(1, 3?). Then , we get that: There exists an element v £ C 2 (1, 3?) such that: 

v"{t) + A v(t) < F(t, v(t)) + h(t, y(t )), 

u(0) < v(b) , v'(0) < v'(b), 

for all f £ I and y £ C(1, 3?). Applying Theorem 6, we get that : the mapping T(x, y) = Tix + T 2 y has a coupled 
fixed point. This coupled fixed point is the solution of the hybrid system (6). 

Corollary 16 Let the hypotheses (PI), (P2), (P3), (Pf) and eMb < 1 hold. Consider there exists an element 
v £ C 2 (/,3?) such that: 

v"(t) > f(t,v(t) + h(t,y(t)), 

u(0) > v(b) , v'(0) > v'(b), 

for all t £ I and y £ C(/,3?). 

Then the hybrid system (6) has a coupled solution on I. 

Example 17 Let I = [0,1]. Suppose we have the following system of differential equations: 

x"(t) = tan~ l x(t ) — x(t) + h(t, y(t)), t £ I, 
y"(t ) = tan~ l y(t) - y(t) + h(t, x(t)), t £ /, 

(14) 

®(0) = x[\) , a:'(0) = a/(l), 

2/(0) = 2/(1) » y , (0) = y , (l), 
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and t £ [0,1]. Consider g : / x 3? —> 3? such that: 


g(t,x) == 


1, if x < 1 


*/*>!• 


( 15 ) 


It is clear that f(t , x) = tan 1 x(i) — x(t) and f and g are continues functions.Define F(t, x) = tan 1 x(t) — x(t). 
Then we get that: \F(t,x)\ < ^ = k\. Therefore , f(t,x ) is satisfied condition (PI) . Also, since we have that: 

0 < tan 1 x — tan 1 y < - -^ (x — y) Vx, y £ 5ft, x > y, x > n > y. 

1 + K z 

Thus f is satisfied condition (P3) with A = 1 .It is also clear that: A > e = . where x > n > y. Also, g(t, x) 

is nondecreasing in x for all t £ I and bounded . Thus g is satisfied the conditions (P2) and (Pf). Finally , the 
function : 

v(t) = — 2 f G(t,s)ds+ f G(t,s))ds , 

Jo Jo 

is satisfied the condition (P5). Then the hybrid system has (If) a coupled solution. 
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Abstract: Co-ordinated convex function of two variables and corresponding in¬ 
equalities have been studied before by many researchers. This paper deals with 
Co-ordinated convex function of three variables. In the present paper the idea of 
co-ordinated convex function of two variables in a rectangle from the plane R 2 is 
extended to that of three variables in a rectangle from space R 3 . Moreover corre¬ 
sponding extended right handed Hermite-Hadamard type inequalities are also in¬ 
corporated. At the end some applications of resulting inequalities to special means 
are also given. 

Key Words: Hermite-Hadamard’s inequality, co-ordinated convex function, 
Holder’s integral inequality, power mean inequality, arithmetic mean, logarithmic 
mean. 


1. Introduction 


It is said that the notion convex was pioneered by Archimedes. While estimating 
value of 7r, he noticed that the perimeter of a convex figure is smaller than that 
of any other convex figure, encompassing it. As per J. L. Jensen, idea of convex 
function is as primeval as an increasing function or a positive function. A docu¬ 
mented result spontaneously identified with convex function is Hermite-Hadamard 
(HH) inequality 


9 


/ ol + /3 


< 


g(u)du < 


9(a)+g{/3) 


( 1 . 1 ) 


where g is a real valued convex function on the real interval I and a, £ I with 
a < /?. The idea of co-ordinated convex (CC) function on a rectangle from the 
plane was coined by Dragomir and Pearce in 2000, see |6 . Co-ordinated convexity 
is more general than convexity. It only requires a function to be convex on each 
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coordinate individually and independently, not simultaneously as in case of con¬ 
vexity. Thereafter Dragomir and many other mathematicians worked in this Held, 
see [ 17ij[8][9|jl 1 13■ 1 T[ |T^{r8|[20] - [22] . The idea of co-ordinated convexity was joined 
with other classes of convex functions like s-convex, m-convex, (a, m)-convex, h- 
convex, log- convex, ((s, m), QC)- convex functions and many interesting results were 
obtained, see [2}j4 10,12,15j[l9) and references there in. 


Dragomir and Pearce |6 defined CC function of two variables as follows. The 
principal outcomes of the present article are actuated by this definition. 


Definition 1 . 1 . A function g : A —> R is called CC on A if the partial functions 
g u : [ 7 ,( 5 ] —* R and g v : [a,/3\ —» R, defined as g u (y) = g(u,y) and g v (x) = g(x,v) 
respectively, are convex. Here A is bi- dimensional interval given by A = [ a , /3] x 
[%<*]• 


2. Main Results 


In this section we mainly establish results on the basis of definition of CC function 
of three variables on a rectangle from the space R 3 . We derive HH type inequality 
for CC functions of three variables and then establish inequalities related to the 
algebraic combination of middle term and right side terms of this inequality, to be 
called right HH type inequalities. Let us first define CC function of three variables. 
Motivated by Definition ED CC function of three variables is defined as: 

Definition 2 . 1 . A function g : A —> R is called CC on A if the partial functions 
9u,v : [C,v] —> R , g u . w : [ 7 , 5] —» R and g VfW : [a, /3\ —> R, defined as g u , v (z) = 
g(u,v, z), g UlW (y) = g{u,y,u>) and g v ,w{x ) = g(x,v,w ) respectively, are convex. 
Here and on wards A is tri-dimensional interval given by A = [a, 0\ x [ 7 , <5] x [£, if\ . 


Lemma 2.2. If a function g : A —> R is CC function on A, then the subsequent 
inequality is induced 

g (Ic + (1 — l)d, me + (1 — m)h, nr + (1 — n)s) 

< lmng(c, e, r ) + lm( 1 — n)g{c, e,s) + l( 1 — m)ng(c, h, r) 

+ Z (1 — m)(l — n)g(c , h , s) + (1 — l)mng(d , e, r) + (1 — l)m( 1 — n)g(d , e, s) 

+ (1 — Z)(l — m)ng(d, h, r) + (1 — l){ 1 — m)(l — n)g(d , h , s), 


for all l,m,n £ [0,1] and (c, e, r), (c, e, s), (c, h , 7 ') e.t.c. are in A. 


Proof. The Ineq. (??) can be proved simply by applying Definition 2.1 to the given 
function g. □ 


Lemma 2.3. Every convex function is CC. The converse in general is not true. 

Proof. It can be proved by using Definition |2.1| of CC function. Moreover the 
function g : [ 0 , l ] 3 —> [ 0 , 00 ) given by g(u,v,w) = uvw, for all ( u,v,w ) £ [ 0 , l ] 3 is 
CC function but is not convex on [0, l] 3 . □ 


Motivated by Dragomir 7 , we extend HH Ineq. (1.1 1 for CC functions of three 
variables as follows: 
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Theorem 2.4. Suppose that g : A C R 3 —> R is CC function on A, then the 
subsequent inequality is induced 


a + ft 7 + <5 ( + 9 


1 

< - 
“ 3 


1 

< - 
“ 3 


1 


P — a 
1 

9 - C 


9 u, 


7 + 6 ( + r\ 
~ 2 ~’ 2 


i: 


a + P 7 + S 
2 ’ 2 ’ 

r 5 rP 


(P~a){6- 7) 


g \u,v, 


< 


s m fa+p 
1 


,v,w ) dvdw 


du - 

diu 

( ±9_ 

2 

1 


5 — 7 


a + p ( + 9 
v 


dv 


( 2 . 1 ) 


dudv 


(<5-7)07-0 


(/?—a)(?7—0 
<5 /*?? 


1/3 ^ , , , 
g I u, , w ) duaw 

'a J c V 2 


(/3 - a )(<5 - 7)(77 - 0 


/*<> nr) 

/ / g(u,v : w)dudvdw 

1 a. J 7 J C 


( 2 . 2 ) 

(2.3) 


1 

< - 
“ 6 


1 


f/3 /■« 


+ 


{P-a){i 5-7) 

1 

(<5-7)07-0 Jc 


{g 0b v, 0 + ffOb v, 0} dudv 

no nr) 

/ / {sOb^, w) + g(P,v, w)} dvdw 

Jy JC 


' Ot J 7 
/»r? 


1 


r/3 ru 


(P - < 00 ? - C) 7 a 7 c 


{g(it, 7, u>) + <7(71, < 5 , id)} dudw 


(2.4) 


1 

< — 
“ 12 


1 


P — a , 

1 / 


+ 


<5 — 7 

0c. 


{dOb 7, 0 + sOb 7, 0 + 5 Oh <5,0 + 5 Ob 5, 77 )} du 


{ff(a, + 0 + g ( a > v > O + d(/0 C) + g(/5, v, 77 )} cfo 


{ff(a, 7, w) + g(a, S, w) + g{P, 7, w) + g(/ 3 , < 5 , w)} dir 


(2.5) 


< g [d(<+ 7i 0 + s(a, 7, 77) + g(a , 5,0 + flOh 5 ,77) + g(/ 3 ,7, 0 + g{P, 7, V) 


+g{P, d ,() + g(P, d ,‘n)]- (2-6) 

Proof. Since g : A —► R is CC function, it follows that the function g u v : [£, 77 ] —> 
R , defined by g u ,v{z) = g(u,v,z) is convex on [£, 77 ]. Then from Inequality (1.1), 
we have 


CJ o+P 'y+S 

9 


C + ?7 
2 


< 


1 


9~( 

a + P 7 + 6 ( + 77 


< 


r 

/ q a +(9 3+s(w)dw, where w £ [£,77] 

JC 2 ’ 2 

a + P 7 + 5 


9~( . 


, w dw. 
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Similar arguments applied to the functions g U}W and g ViW respectively, we get 


'a + /3'y + 6( + r]\ 1 f 6 (a + fi C + v\^ 


and 


g ' a + P 7 + ^ C + V ^ 1 


2 ’ 2 


/3 — a 


. 7 + ^ C + V\ j 

9 l u, — I du ’ 


adding above three inequalities, we get Ineq. (2.1) as follows 

'a + f 3 7 + 5 C + 7 ?' 


9 


2 ’ 2 


< 


1 


1 


, 7 +<5 t + v\j , 1 f f a + p c + ’l'u 

(3-a.U “2“J dU+ S^l S [^-’ V ’^ Uv 


1 


»?-c. 


r ( OL + /3 7 + (5 
/ c ’“2“ 


Now consider the following inequality 


9s+A 


9 


1 


'C + »A 

1 

< 

, 2 ; 

v- C 

C+A 

1 

< 

2 ; 

v~C 

/ a+/3 

C+A 


[ g 3 +i_ v (w)dw , where w e [C,i7]> 

Jc 2 ’ 


9 


’C 


(X + . 


2: ) dw , 




<5-7j 7 v ^ ^ jj j c 

adding all such inequalities, we get Ineq. (|2.2|) as follows 




1 /'V a +^ 7+<5 u / 

/1 _ -,—^-,w\aw < 


V~C 


2 ’ 2 ’ 


1 


(/3-a)(«5-7) 


'a ^7 


/ ( ZI, ] d u d v 


f ( ~t ,v,w] dvdw 


(J- 7 )(? 7 -C) J 7 7 C V 2 

+ (,-oVa) / /” ' (“• ^'■'”) 

Considering 

/^ + r A^ 1 r , s , , 9u, v (m.) + g u , v (n) , ^ r/- 1 

< -7 / 9u,v{w)dw < — -- -, where w € [(,, 77], 


v -C 


'C 


gives 


, C + 1 r , x, ^ 9{u,v,C) + g{u,v,rj) 

9 1 —— J < - J g(u,v,w)dw< ---, (2.7) 
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integrating Ineq. (2.7) w.r.t u and v over the intervals [a,P\ and [7, <5] respectively, 
then multiplying by (/3 _ a) 1 (a _ 7) , we have 


1 


{P - a)(<5 - 7 ) 
1 

< 


r0 f S ( C + 9 

I g[u,v 

f>S nr\ 


' cx J 7 


dudv 
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nO nTj 
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rP r < 5 rP r° 

/ / g(u,v, ()dudv + / / g(u,v,r])dudv 

J cx J 7 J cx J 7 


P r* 


cx J 7 


by the same argument applied on the functions g„ itu and g Uil( ,, we tend to get two 
additional such inequalities. Then by adding these inequalities, we have Ineqs. (2.3) 


and (2.4) as follows 

1 

1 
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./ 

6 J V 9 ^“ + /? 
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f 0 f 5 ( C + ri 
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(P-a)(6- 7 ) 
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/*?7 


(P~a){v~ C) 

By convexity of g ai „, we have 


/< 

/ / g(u,vX)dudw - 

J n J cx 


{P-a){t1-0 


rC rP 

/ / g(u,v,r))dudw 

J n J cx 


1 f' n 

7-^: J g a ,v(w)dw < 


9a, v(C) + 9a,v{v) 


where re £ [£, 17] 


v -C 


g{a,v,w)dw < ---, 


integrating this inequality w.r.t. w over the interval [7,(5], we have 


i-S rri 1 /-o 

J J g{a,v,w)dvdw <j {g(a, v,() + g(a,v, g)}dv, 


(6 — l)(v — C) 4 

similarly by convexity of we have 


/■<5 rv 1 r° 

J J g(P,v,w)dvdw <j {g(P,v,Q + g(P,v,r])}dv, 


(6 7 ) C 7 ? C) J c 
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after further calculation we have six such inequalities, adding these we get Ineq. 
(2.5) as follows 
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rl ? r 5 


(/3-a){5- 7 ) 
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'c 


{s(a, 7 , w) + g(a, S, w) + g(P, 7 , w) + g(p, 6, w )} din 


Now to get last inequality we use the convexity of g a ,j, which implies 
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V~C , 

Ac. 
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^ ^ T ganid) 1 _ r/- 1 

g an (w)dw < ---, where w £ [C,% 

f 1 , \ , ^ 5(a,7,C) +S(a,7, A 

j g{a,'y,w)dw< ---, 


adding such inequalities, we get Ineq. (|2.6|) as follows 

rP 


1 


P—a 

1 


S—j 

1 

7-C 


rP rP rP 

g(u,'y,()du+ / 3(^7. A du + / g(u, d,C)drt+ / g(u,S,rj)du 
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) ru rv rv 

g(a,'y,w)dw+ g(a,5,w)dw+ g(/3,'y,w)dw+ g(/3,5,w)dw 


< 2 [d( a > 7,0 + sA, 7; A + d(/3,7,0 + s(A7, A + sA, <5, C) + 3 A, <5, A 

+ 3 AAO +g(P,s, A] ■ 

Hence proved. 


□ 


Motivated by notion given in 22 , we now present right handed HH type inequal¬ 


ities related to inequality given in Theorem |2.4[ for differentiable CC functions on 
rectangle from the space R 3 . In order to establish further results we need the fol¬ 
lowing lemma. 


Note: From here onwards we use 'A : to represent the following algebraic combi¬ 
nation of middle and the right sided terms of HH type inequality given in Theorem 
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^ b( a > 7 > C)+5(a, 7, v)+g(o‘, 6, 0+g(a, S, rj)+g(/3, 7 ,C)+s(/3, 7 , <3, C) 
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+g(P,S,ri)\ - 
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Lemma 2.5. Lei g : A C R 3 —^ i? &e partial differentiable function on A. If 
gimn £ L(A), i/ie77 i/ie subsequent identity is induced 


A = 


(/3-a)(<5-7)(r7-C) 


m (l-2/)(l-2rn)(l-2n) 


/o .70 -'O 

9imn{l a + (1 — 0/3? + (1 — m)5, ti£ + (1 — n)r])dldmdn. 

Proof. Considering the following triple integral and integrating it by parts w.r.t. 
l,m and n respectively, we get 
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+g(u,5,r))}du+ / {g(a,v,Q+g(a,v,ri)+g(p,v,0+g(p,v,r))}dv 
Jo 

+ J {g{a,j,w)+g{a,6,w) +g(/3,'y,w) +g{/3,6,w)^dw 

+ 4 f f{g(la+(l— l)fi, TO7+(1— m)6, (f)+g(la+(l—1)/3, W7+(l— m)6, rf)}dldm 
Jo Jo 

+ / {g(a, m 7 +(l— m)5, £n-|-(l— n)r))+g(f3, m'y+(l— m)6, £n+(l— n)rj)} dmdn 

Jo Jo 

+[ f {g(la + (1 — 0/3,7, (n +{l — ri)rj) + g(la +(1 — 0/3, 8, C,n +(1 — n)r])} dldn 
Jo Jo 

—8 f 1 f g(la + (1 — 0/3, my + (1 — m)6, n( + (1 — n)r])dldmdn\ , ( 2 . 8 ) 

Jo Jo Jo J 


on multiplying both sides Eq. (2.8) by — a h<^ 7 )(o we get 

^ [g(a, 7 , C) + 9(a, 7, v) + 9(a, S , C) + g{a, <5, rj) + g{/3, 7 , C) + g(P, 7, v) 

1 r f 1 

+g(P,S,0+g{P,fi,v)\- 1 J {g(u,^,0 + g(u,J,V) + g(u,S,Q + g(u,S,ri)} du 

+ / {g(a,v,Q + g{a,v,ri) + g(p,v,0 + g(P,v,ri)} dv 

Jo 

+ / { 9 ( 01 , 7 ) w) + g(ot, 6 , w) + g{/3, 7 , w) + g{j. 3, 5 , w)} dw 
do 

+ — f I{g(la+(l—l)/3,m'y +(l—m)6,()+ g(la+(l—l)/3,m'Y+(l—rri)5,rj)}dldm 
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+/ /{< 7 ( 0 ;, m 7 +(l— ro)<5, nC+(l— C,n)r])+g(P, m r )+{l—m)5, nf+(l—n)r])}dmdn 

Jo Jo 

+ [ [ {g{la+(l — l)/3, r y,n(+(l—n)g) + g(la+(l-l)/3,5,n(+(l — n)r])} dldn 

Jo Jo 

/ / + (1 — l)/3, my + (1 — m)6, n( + (1 — n)rj)dldmdn 

Jo Jo Jo 


JP ~ a)(S - y)(q - C) 
8 


m [(l - 20(1 - 2m)(1 - 2 n) 


/ 0 TO TO 

gimn{lot + (1 — 0/3, TO 7 + (1 — m)S, nC, + (1 — n)if)\dldmdn. (2.9) 


By changing variable on left hand side of Eq. (2.9), we get the required result. □ 

Theorem 2.6. Let g : A C R 3 — > R be partial differentiable function on A. If 
\gimn I Is a CC function on A, then the subsequent inequality is induced 

\-A\ < — - <a ^^ 512 7 ^ ?7 -— [\9lmn(a, 7)01 + \9lmn{an,v) + \gimn(a,6,C ) 

+ 1 gi mn ^5 7)1 + \gimn (/3, 7i 0 I + \gimn (/3, 7) V) I + \9lmn (/?, <3, C) I + ISlmn (0, 0 ??) I] • 
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Proof. From Lemma 2.5 properties of modulus, co-ordinated convexity of | gi r 
and integrating by parts w.r.t. l,m and n respectively, we have 


l-4| 


< 


{/3-a){S-'y)(r]-C) 


f I I l 1 - 2 ^ll 1 -2Hl 1 -2n| [l\gimn(ot, mj+(l-m)6, 
Jo Jo Jo 


JO Jo Jo 

Cn+(l-n)? 7 )| + (1 - l)\gimn{P,m r y + (1 - m)6, nC, + (1 - 77 ) 77 )!] dldmdn 
— Q *g x ^' 1 ~ J o |l-2m||l-2n| [\g mn {a,m'y + (1 - m)S, 
n( + (1 - n)77)| + \gmn(/3,mj + (1 - m)S, n( + (1 - 77 ) 77 )!] dmdn 
(P - a)(S - 7)(7? - C) 


[ |l-27i] [] 5 „(a, 7 ,Cn+(l-n)7?)| 
Jo 


8x4x4 j o 
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512 


[|fl , /mn(a,7.0l + 1 9lmn{ot,7,ri) + \9lmn(a,5, Q 


+ 1 gi mn (^7 ^5 V) I + IgimniP,!, 01 + \gimn(P,7,V)\ + \9lmn(P,$,0\ + Idlmn (P,8, V) |] • 
Hence proved. □ 


Theorem 2.7. Let g : A C R 3 —> R be partial differentiable function on A. If 
\gimn\ q with q > 1 and 4 + 4=1 , is a CC function on A, then the subsequent 
inequality is induced 

I At < [P — a )(^ — 7 ) (77 — C) ( IV 
■ 8{p +i)t w 

[| 9i mn OS 0\ q + \9i mn (*3S T i V)\ 9 + \gimn(ct,S,C)\ q + 1 9l mn (^S ^5 v)\ q 

+ \gimn{PnX)\ q Mgimn{P,l,g)\ q + \gimn{P,SX)\ q +\gimn(P,S,g )\ q '] « . 
Proof. From Lemma |2.5| properties of modulus, Holder’s integral inequality and 


Lemma 2.2 we have 
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( / / / (l™>n\gi mn (a,7,C)l 9 + lm(l-n)\gi mn (a,l,d)\ q 
Jo Jo Jo 

+ l(l-m)n\gi mn (a, 5X)\ q +l(l-m)(l-n)\gi mn (a,8,g)\ q 
+ (l — l)mn\gi mn (P, 7 , f)\ q + (l — l)m(l — n)\gi mn (p, 7 , g)\ q 
+(L-l)(L-m)n\gi mn (P,5, ()\ q + (l-l)(l-m)(l-n)\gim n (/3,5, g)\ q ) dldmdn) q 

_ (P~ a )($ — l)(jl — C) (^) g (\gimn(.Oi, 7, C)\ q J r\ 9 lmn{ot,')■> Tl)\ 9 

+ \gimn(a,SX)\ q + \gimn{a,S,g)\ q + + \9imn(P,l,ri)\ q 

+ \gimn(/3,8X)\ q + \gimn{P,8i’n)\ q )« ■ 

Hence proved. □ 


Theorem 2.8. Let g : A C R 3 —> R be partial differentiable function on A. If 
\gimn\ q , q> 1 is a CC function on A, then the subsequent inequality is induced 

|^| < (/3-oQ(<5- 7 )(^~C) ^1\° 

[\9imn{at,nh0\ q + 1 9i mn (^? 7 5 rf)\ q + I gimn{a,8X)\ q + 1 9i mniS^'i ft 1 g)\ q 
+ |5lmn(/3,7,C)l ? +l5;mn(/3,7,^)| 9 + 1 9lmn(P,8, C) l ? +\9lmn (P, 8, 7]) \ Q ] « . 

Proof. From Lemma [2.5[ properties of modulus, power mean inequality and Lemma 
|2.2[ we have 


\A\ 


[[[ |(1- 20(1 -2m)(l-2n)| 
Jo Jo Jo 


< 


< 


(P - a)(<$ - 7)(?7 - C) 

8 

1 9imn{loi + (1 — l)/3, 7717 + (1 — m)8 , n(f + (1 — n)g)\dldmdn 

(P~a)(8- 7)(?7-C) 


f [ [ |(1 — 2Z)(1 — 2m)(l — 2n)\dldmdn\ 
0 Jo Jo J 


(C 1(1-20(1-2m)(l-2n)| 

Jo Jo Jo 

9i mn (ia+(l — Z)/3, TO7+(1 

(P — a )(3 — 7 ) (77 — C) /i 


< 


10 Jo Jo 

1 

\gimn{lct+(l — l)fd, TO7+(l-ra)<5, n£+(l — n)g)\ q dldmdn) q 

i-i ,1 ,1 ,1 


8 


11 — 2Z111 — 2777 ,111 — 2n| 


/o 4o 4o 

(Z77in|g; m „(a, 7, ()\ q + lm(l-n)\gi mn (a, 7,?7)|‘' , +;(l-77i)7i|5 Zmri (a:, ( 5 , C)l 9 


+ 1(1 - 77l)(l - 7l)|g; mn (a, 5 , 77 ) I 9 + (1 - 0 TOn l5'imn(/3,7)C)| 9 + 
(1 - l)m( 1 - Ti) \gimn (Pi 7i 7?)|^ + (1 - 0(1 - "On|sw(/3,<5. C)| 9 

+ (1 - 0(1 - m)(l - n)|g imri ( / 9,(5,77)| <? )dWTOdn)9 
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= (/3 - a)(S - 7 ){r] - () 

(1 9i 0\ 9 + \gi mn (a,7,v)\ q + | gi ?nn(^) 01® +\gimn{u,6,r))\ q 

+ \gimn(P,l,C)\ q + \giTnn{P,l,ri)\ q + \gimn(P,S, C) |®+ \9lmn(P, V)\ Q ) « , 

after simplification we get the required result. □ 

Remark. Since I < —-—for p > 1, therefore estimation given in Theorem 2.8 

( P +i) P 

with an improved and simplified constant is even better than that of Theorem \2. 7| 
3. Some Applications to special Means 

In Section [2j we established some inequalities based on CC functions of three 
variables. Now we apply these inequalities to get estimates for absolute values of 
different patterns of some special means. For this let us first have a look at follow¬ 
ing special means of positive real numbers e, k (e 7 I s). 


Arithmetic mean 

Harmonic Mean 

Logarithmic mean 

Genralised Log-mean 

Li(e,K ) = 


A(e, k) = 
H(e,K ;) = 

L(e,K) = 


e + k 

2 ' 

2 en 
e + k 


ln(k) — ln(e) 


, i £ Z \ {—1,0}. 


_(* + 1 )(k-c)_ 

Proposition 3.1. Let a,/?, 7 , <5, 77 £ R + suc h that a < /?, 7 < 5, £ < 17 , we have 

AAjAk — (jiAjAk+AilfjAk+AiAjl^j + (j^L^Ak+LfAjlf^+AI^jLlk^ 


< (fjk) -—- Ai-iAj-iAk-i- 


(3-1) 


AAjAk — (^I^AjAk+AlijAk+AAjl\. ^ + (^L^HjAk+L^AjL^-^AL'j^k'j — 
[{/3-a)(5- 7 )(r?-C )] 2 


< (ijk)- 


8 (p + l)p 


(Aq(i-1 ) Aq(j_l ) A q (k _!)) 1 


(3.2) 


AAjAc— (^IfAjAk+AL?jA;+AAjllj^J + {^l\lJjAkAl\AI^AAl^jl^ 

/ (<*- t)(v -C )] 2 /, , , , 0 0 x 

— (*.W ^Mj'-i) • (3-3) 

IF/iere A = A(a i ,P i ),A j = A(y,S j ),A = A(C k ,ri k ),D i = Z|(a,/9), Lj = 

^(7,«), 4 = 4(CA7), Ai_! =A(a i - 1 ,p i ~ 1 ) , = A /3^ -1 )) 

etc. 
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Proof. The assertions in Proposition 


CC function in Theorem |2.6[ Theorem 
u,v,w £ R + and i, j , k £ Z + . 


3.1 


follow by taking g(u, v, w) = u l v^w k as the 
2.7| and Theorem |2.8| respectively. Where 

□ 


Proposition 3.2. Let a, /?, 7 , S, C, V £ R + such that a < /?, 7 < <5, ( < 77 , we have 

H.HjHk - (/.' ,11,1k. ■ II,!: 1 H k + //,//,/.* *.) 






HiL j _„L k _ k ] - IP,If a L[ 




<{ijk) 


P-o)(J- 7 )(r?-C )] 2 

64 


(H t H,H k ) {Hr + \ Hr + \H k - + \)(n_-L k _ k ). 


HiHiHk - (U_ l H 1 H k +H i If.H k + H,H.L k 


+ (i: , /.' ; //;. + E_,H,Lf lr + H,P_„Lt k ) - IL.IL;L k _ h 






L/ — i - LJ — 7 - LJ — k 


<m ^- a){5 - l){ r 0f 

8 (p + l)p 




+i) H qU+i) H q{k+i) 


L»)'(M 


—i-j—k 


H,H :i H k - (p_ i H j H k +H i li_ j H k + 


+ (n_,P_ ; H k + E_.H,L k _ k + h 1 u_^lL 1 .) - ii_.ii_.ii_ 




— i j ±J —k 


-j —k 


—i-j—k 


Wftere H t = H (a*,?) ,Hj=H (y,<P) ,H k = H (f k , 1 f) , L* = T!_i(a, /3), 
iii = L]{l,5),L k L k = 4(C, V ),Hr + \ = H-i (cd +1 ,/3 i+1 ) , 

H 


-1 
«(»+!) 


= tf " 1 (a^ I+ 1 \/3«( i+1 )) etc. 


Proof. The assertions in Proposition 3.2 follow by taking g(u,v,w) = 


u z viw k 


as 


CC function in Theorem 2.6 Theorem 2 7? and Theorem |2.8| respectively. Where 
u,v,w £ R + and i,j,k £ Z + . □ 


4. Conclusion 

In this paper the idea of CC function of two variables in a rectangle from the 
plane R 2 is extended to that of three variables in a rectangle from the space R 3 . 
Then HH type inequality for CC function of three variables is established. Con¬ 
sequently by using this inequality the analogous extended right handed HH type 
inequalities for CC functions of three variables are obtained. Thus obtained right 
handed inequalities are utilized to give bounds for algebraic combinations of some 
special means. 

Motivated by these results one can also find extensions of existing left handed 
HH type inequalities. Furthermore it is asserted that in the same way idea of CC 
function of three variables in a rectangle from the space R 3 can be further extended 
to CC functions of n variables in a rectangle from ?r-dimensional Euclidean space 
R n . 
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Studies on the Higher Order Difference Equation 
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ABSTRACT 

The main objective of this paper is to study the local and the global stability of the solutions, the periodic 
character and the boundedness of the difference equation 

ax n _t 

X n -\-l — PXn—l "b QX n —k 7 \ > ^ — 0? 1) •••) 

bx n -t +c 

where the parameters /3, a, a, b and c are positive real numbers and the initial conditions X- s , £- s +i,..., X-\, 
x 0 are positive real numbers where s = max{l, k, t}. 

Keywords: Difference equations, Stability, Global stability, Boundedness, Periodic solutions. 

Mathematics Subject Classification: 39A10 


1. INTRODUCTION 

The higher-order difference equations are of paramount importance in applications. Such equations also seem 
naturally as discrete analogues and as numerical solutions of differential which model various diverse phenomena 
in biology, ecology, physiology, physics, engineering, economics and so on [1-9]. The theory of difference equations 
gets a central position in applicable analysis. That is, the theory of difference equations will continue to play an 
important role in mathematics as a whole. Hence, it is very interesting to study the behavior of solutions of a 
difference equations and to discuss the local and global asymptotic stability of their equilibrium points [10-15]. 
In recent years, the behavior of solutions of various difference equations has been one of the main topics in the 
theory of difference equations [16-34]. 

Abo-Zeid [35] obtained the global asymptotic stability of all solutions of the difference equation 

~ _ Ax n -2 _ n I 

J/ ”+1 S+C£c„a;„_ ix„_ 2 ’ u , 


where A, B, C are positive real numbers and the initial conditions x_ 2 , X-\, xq are real numbers. 

Abu-Saris et al. [36] studied the globally asymptotically stability of the equilibrium solution of the rational 
difference equation 


^ _ a-\-x n x n 

X n+1 — Xn+Xrl . 


n = 0 , 1 ,..., 


where A: is a nonnegative integer, a > 0, and a..., Xq > 0. 

You-Hui et al. [37] investigated the global attractivity of the nonlinear difference equation 


Un+l — 


_ P+QVn _ 

1 + Vn+ry„-k ’ 


n = 0,1,..., 


where p, q, r € [0, oo), k > 1 is a positive integer and the initial conditions y_fc, ..., y_i are nonnegative real 
numbers and y 0 is a positive real number. 
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Zayed et al. [38] investigated the boundedness character, the periodicity character, the convergence and the 
global stability of positive solutions of the difference equation, 


_ aox„+aix»^i+a 2 in-it 
" + 1 f3 0 Xn+P 1 X rl -l+P 2 Xn-k ’ 


n = 0, 1,..., 


where the coefficients cq, e (0, oo) for * = 0, 1, 2, and l, k are positive integers such that l < k. The 
initial conditions x_fc, , ..., X-i, ..., X- 2 , X-i, Xo are arbitrary positive real numbers. 

El-Dessoky [39] investigated some qualitative behavior of the solutions of the difference equation 

cx n — s 

x n +l — H - bx n -k + 5 Tl — 0, 1, 

CIXyi—s 6 

where the parameters a, b, c, d and e are positive real numbers and the initial conditions x_ t , x_ t .+u ..., x_i, 
x 0 are positive real numbers where t = max{l, k, s}. 

Our goal is to obtain some qualitative behavior of the positive solutions of the difference equation 

T'n+l PXn—l T aX n _ k T ^ 0? L ***5 (f) 

where the parameters /?, a, a, b and c are positive real numbers and the initial conditions X- s , X - s+ \,..., X-\, 
Xq are positive real numbers where s = max{l, k, t}. 


2 . LOCAL STABILITY 

In this section, we study the local stability of the equilibrium point of equation (1). 

The equilibrium points of Eq. (1) are given by 

* = Px + ax + jffj, 

6(1 — a — [3)x 2 + c(l — a — f3)x = ax. 

So, Xo = 0 is forever an equilibrium point of the difference equation (1). If a+(3 < 1, then the positive equilibrium 
point of the Eq. (1) is given by 

7*i = -—- — — 

tL1 ~ b(l-a-(3) b * 

Let / : (0, oo ) 3 —-> (0, oo) be a continuous function defined by 

f(u, v, w) =/3u + av+ ^- c . 


Therefore, it follows that 


df(u, v, w ) 
du 


P, 


df(u, v, w) _ df(u, v, w ) _ 


dv 


= a 


dw 


( bw+c ) 2 * 


( 2 ) 


Theorem 2.1. The zero equilibiium x 0 of the difference equation (1) is locally asymptotically stable if 

c(a + P) + a < c. 


(3) 


Proof: So, we can write Eq. (2) at zero equilibrium point Xo = 0 in the form 

df(x 0, XQ, Tp) _ a __ df(x 0, Tp, x 0 ) _ _ j dfjxp, x 0 , x 0 ) __ a _ 

du ^ 5 dv ^2 q w c 

Then the linearized equation of Eq. (1) about xq is 

Vn +1 PlVn — k P2Vn—l PsVn—s = 0 ? 
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According to Theorem 1.6 page 7 in [1], then Eq. (1) is asymptotically stable if and only if 


Thus, 
and so 

The proof is complete. 


M + \P 2 \ + \P3 1 < 1- 

|/3| + M + If|<l, 

c(a + 0) + a < c. 


Example 1 . Consider l = 2, k = 1, t = 3, /3 = 0.3, a = 0.2, a = 0.5, b = 0.7 and c = 6 and the initial 
conditions x _ 3 = 0.2, x _ 2 = 0.4, x_i = 0.6 and x 0 = 0.1, the zero solution of the difference equation (1) is local 
stability (see Fig. 1). 



Figure 1. Plot the behavior of zero solution of Eq. (1) is local stable. 


Theorem 2.2. 


The positive equilibrium x\ of the difference equation (1) is locally asymptotically stable if 


c{l — a — 0) < a. 


(4) 


Proof: So, we can write Eq. (2) at the positive equilibrium point X\ = — f 

^ =0=Pi, a/( " 1 ’ a ; 1 ' =a=p 2 and gl) = c( 1 ~7 /3)2 = 

Then the linearized equation of Eq. (1) about x\ is 


Vn +1 PlUn — k P2yn—l P^Vn—s 0 ; 

According to Theorem 1.6 page 7 in [1], then Eq. (1) is asymptotically stable if and only if 


Thus, 

and so 

if a + (3 < 1, then 


|Pi| + \p 2 \ + \p 3 \ < 1 . 


\/3\ + \a\ + 


c(l —a —/3) 2 
a 


< 1 , 


c(l —a —/3) 2 
a 


< 1 — a — b, 


c (1 — a — 0) < a. 


520 


El-Dessoky 518-531 













J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


The proof is complete. 

Example 2. Figure (2) shows the solution of the difference equation (1) is local stability if l = 2 . k = 1, 
t = 3, (3 = 0.3, a = 0.2, a — 3, b = 0.7 and c = 0.6 and the initial conditions x _ 3 = 0.2, x _ 2 = 0.4, x_i = 0.6 
and x 0 = 0 . 1 . 


plot of x(n+1)= beta X(n-I)+ alpha X(n-k) + (a X(n-t) / ( b X(n-t) + c)) 



Figure 2. Draw the behavior of the positve solution of Eq. (1) is local stable. 

Example 3. The solution of the difference equation (1) is unstable if l = 2, k = 1, t = 3, /3 = 0.9, a = 0.2, 
a = 3, b = 0.7 and c = 0.6 and the initial conditions a?_ 3 = 0.2, a;_ 2 = 0.4, x_i = 0.6 and x 0 = 0.1. (See Fig. 3). 



Figure 3. Sketch the behavior of the solution of Eq. (1) is unstable. 

3. GLOBAL STABILITY 

In this section, the global asymptotic stability of equation (1) is studied. 

Theorem 3.1. The equilibrium point xq is a global attractor of difference equation (1) if 

oi + /3 H— <1. (5) 

c 


Proof: Suppose that £ and r/ are real numbers and assume that F : [C ,?/] 3 


[£, rj\ is a function defined by 


F{x, y, z) = (3x T ay + 


Then 


dF{x „ z) = p, dF{x „ v ' z) = a and dF(a 7 "’ s) 

ox " 7 oy oz 


ac 

( bz+c) 2 ■ 
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Now, we can see that the function F(x, y, z) increasing in x, y and z. Then 


f3x + ax + 


ax 


— x 


(x - x 0 ) 


< 


bx + c 

ax axi , ^ / 

{l — a — f3)x+- -1-(x — 0) < - ( 

bx c J V 


1 — a ■ 


P- a -) 

c) 


- )x J < 0 


Iia + 0 + ^ < 1, then F(x, y, z) satisfies the negative feedback property 

[F(x, x, x) — x\ (x — xq) < 0, for x 0 = 0. 

According to Theorem 1.10 page 15 in [1], then x\ is a global attractor of Eq. (1). This completes the proof. 


Example 4. Consider l = 2, k = 1, t == 3, 0 = 0.03, a — 0.02, a = 0.5, b = 0.7 and c = 4 and the initial 
conditions x _3 = 0.5, X -2 = 0.7, X-± = 0.6 and Xq = 1.1, the zero solution of the difference equation (1) is 
global stability (see Fig. 4). 


plot of x(n+1)= beta X(n-I)+ alpha X(n-k) + (a X(n-t) / ( b X(n-t) + c )) 



Figure 4. Plot the behavior of the zero solution of Eq. (1) is global stability. 

Theorem 3.2. The equilibrium point x\ is a global attractor of difference equation (1) if 

(3 + a < 1. 


( 6 ) 


Proof: Suppose that f and rj are real numbers and assume that g : [£, 77 ] 3 


[C, 77 ] is a function defined by 


g(u, v, w) 


/3u + av + 


aw 

bw-\-c' 


Then 

dg(u , v, w) _ n dg(u , v, w) _ , dg(u, v, w) _ __ac_ 

du Pi dv dw (bw+c) 2 ’ 

Now, we can see that the function g(u, v, w) increasing in u, v and w. 

Let (m,M) be a solution of the system M = g(M, M, M ) and m = g(m, m, m). Then from Eq. (1), we 
see that 

, r „ , r , r „ 0771 

M = f3M + aM + ——-, m = Bm + am + -. 

bM + c bm + c 

thus 

b(la - /3)M 2 - c(l - a - 0)M = aM, 
b(la — (3)m 2 — c(l — a — j3)m = am. 
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Subtracting we obtain 

b(l — a — /3)(M 2 — to 2 ) — (a + c(l — a — j3)) (M — m) = 0, 

(M — m){b(l — a —/3)(M + m) — a — c(l — a — (3)} = 0 

under the condition 0 / 6(1 — a — 0), we see that 

M = m. 

According to Theorem 1.15 page 18 in [1], then x\ is a global attractor of Eq. (1). This completes the proof. 

Example 5. The solution of the difference equation (1) is global stability when l = 2, k = 1, t = 3, (3 = 0.1, 
a = 0 . 2 , a = 2 , b = 1 and c = 0.01 and the initial conditions a;_ 3 = 0 . 2 , x _ 2 = 0.4, x-\ = 0.6 and xq = 0.1. (See 
Fig. 5). 


plot of x(n+1 )= beta X(n-I)+ alpha X(n-k) + (a X(n-t) / (b X(n-t) + c)) 



Figure 5. Plot the behavior of the solution of Eq. (1) is global stability. 

4. PERIODIC SOLUTIONS 

Theorem 4.1. Let l, k and t are both odd positive integers then for all /3, a, a, b and c are positive real 
numbers, then Eq. (1) has a prime period two solution if 

a + (3 < 1 and c (1 — a — /3) < a. (7) 


Proof: First, suppose that there exists distinct nonnegative solution P and Q, such that 

■P, Q, P, Q, — > 


is a prime period two solution of Eq.(l). 

We see from Eq. (1) when l, k and t are both odd, then x n+ i = x n -i = x n -k = x n - t = P. It follows Eq. (1) 


that 

P = /3P + aP + and Q = f3Q + aQ + 


Therefore, 

b (1 — a — /3) P 2 + (c (1 — a — j3) — a) P = 0, ( 8 ) 

b (1 - a - f3) Q 2 + (c (1 - a - (3) - a) Q = 0, (9) 


Subtracting (9) from ( 8 ) gives 


P + Q 


a— c(l —ol — /3) 
b(l—a—(3) 


( 10 ) 
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Again, adding (8) and (9) yields 

PQ = 0. (11) 

where a > c(l — a — (3) and 1 > a + (3. Let P and Q are the two distinct nonnegative real roots of the 
quadratic 

b (1 - a — P) t 2 - (a — c(l - a — f3))t = 0, (12) 

and so 

a — c (1 — a — p) > Q and 1 — a — /3 > 0, (13) 

from Inequality (13), we obtain Inequality (7). 

Second suppose that Inequality (7) is true. We will show that Eq. (1) has a prime period two solution. 
Therefore P and Q are distinct nonnegative real numbers. 

Set 

x_i = P , x_ k = P, x _ t = P, ,..., ai _3 = P, a;_ 2 = Q, x_i = P, x 0 = Q. 

We would like to show that 

Xi = X_i := P = and X 2 = X o =Q = 0- 

It follows from Eq. (1) that 


Xi — fiP + aP + b p_ irC — {(3 + ol)P + 



(/s+«) ( TgL^f 1 ) 


_ a(a—c(l—a—(3)) _ 

b(a— c(l — a—(3))+cb(l—a—fi) 


V> + °) ( !i gfegf ) + 


( / g+Q!)(a—c(l—cn— /3)) + (l— QI— f3)(a— c(l— a —(3)) (a—c(l—cn— < g))( i g+Qi+l—oi— /3) a—c(l—a— /3) p 

6(1 —a—/3) 6(1—a—6(1—a—/3) 


and 


3^2 — /3Q + + bQ+c ~ d ~ *3) 


Then by induction we get 


x 2 n = Q and a; 2 n+i = P for all n > — 2. 

Thus Eq. (1) has the prime period two solution 

..., P, Q, P, Q, ..., 

where P and Q are the distinct nonnegative roots of the quadratic Eq. (12) and the proof is complete. 

Theorem 4.2. Let l, k and t are both even positive integers then for all (3, a, a, b and c are positive real 
numbers, then Eq. (1) has no positive prime period two solution. 

Proof: Let that there exists distinct positive solution P and Q, such that 

...P, Q, P, Q ,..., 


is a prime period two solution of Eq.(l). 

We see from Eq. (1) when l, k and t are both even, then x n+ i = P and x n -i = x n -k = x n - t 
Eq. (1) that 


P — j3Q + aQ + b Qj rC and Q 


fiP + aP + 


aP 

6P+c' 


= Q. It follows 
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Therefore, 

bPQ + cP 
bPQ + cQ 

Subtracting (15) from (14) gives 
Again, adding (14) and (15) yields 


— 6(/3 + oc)Q~ + (o + c(/3 + oc))Q, 


= b((3 + a)P 2 + (a + c(/3 + a))P, 


P + Q 


a+c(l+j3+a) 

b(0+a) 


pf) _ c(a+c(l+/3+a)) 

~ 6 2 (/3+a)(l+/3+a)’ 


From (16) and (17), we have 

I P 4- D\ PD — c(a+c(l+P+a)+c) 2 n 

&3(/3+a) 2 (l+/3+a) 

This contradicts the hypothesis that both P and Q are positive. Thus, the proof is now completed. 


(14) 

(15) 

(16) 
(17) 


Theorem 4.3. Let l, k are even and t is odd positive integers then for all (3, a, a, b and c are positive real 
numbers, then Eq. (1) has no positive prime period two solution. 

Proof: Let that there exists distinct positive solution P and Q, such that 

...P, Q , P, Q ,..., 


is a prime period two solution of Eq.(l). 

We see from Eq. (1) when l, k are even and t is odd, then x n+1 = x n - t = P and x n -i 
Eq. (1) that 

P = /3Q + aQ + ^r c and Q = 0P + aP+ 

Therefore, 


bP 2 + cP = b(a + f3) PQ + c(a + f3)Q + aP , 
bQ~ T" cQ = b (o + /3) PQ + c (o + /3) P + czQ, 


= x n -k = Q. It follows 


(18) 

(19) 


By subtracting (18) from (19), we deduce 


P + Q = «-c(i+tt+ff) 


Again, by adding (18) and (19), we get 


PQ = 


c(q+/3)(a —c(l+a+/3)) 
b 2 (a+/3 + l) 


)' 


( 20 ) 


( 21 ) 


If a > c (1 + a + ff ), then PQ is negative. But P, Q are both positive, and we have a contradiction. Therefor, 
the proof is completed. 


Theorem 4.4. If l, t are even and k is odd positive integers then Eq. (1) has no positive prime period two 
solution. 

Proof: Let there exists distinct positive solution P and Q, such that 

...P, Q, P, Q ,..., 
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is a prime period two solution of Eq.(l). 

We see from Eq. (1) when l, t are even and k is odd, then x n+ i = x n -k = P and x n -i = x n - t = Q. It follows 
Eq. (1) that 

P = /3Q + aP + b ^_ c and Q = f3P + aQ + b p P irC ■ 

Therefore, 

b (1 - a) PQ + c (1 - a) P = bf3Q 2 + (c/3 + a) Q, (22) 

b (1 — a) PQ + c (1 — a) Q = bf3P 2 + (c/3 + a) P , (23) 

By subtracting (23) from (22), we get 

P + Q = - ( ° +c(1 -°+fl ) (24) 

While, by adding (22) and (23), we deduce 

DO _ c(l—q)(a+c(l —q+/3)) /oc-v 

62 / 3 ( 1 —q +/ 3) • 

If a < 1 and a < 1 + /3 then from (24) and (25), we have 

pq (p+ q)=- c(i 7 3 y 1 c iL+y ))2 < ° 

This contradicts the hypothesis that both P, Q are positive. Thus, the proof is now completed. 


Theorem 4.5. Suppose that k, t are even and l is odd positive integers, then Eq. (1) has no positive prime 
period two solution. 

Proof: Assume that there exists distinct positive solution P and Q, such that 

...P, Q, P, Q,..., 


is a prime period two solution of Eq.(l). 

We see from Eq. (1) when k, t are even and l is odd, then x n+ i = x n -i = P and x n -k = x n - 
Eq. (1) that 


P = /3P + aQ + and Q = f3Q + aP 


aP 

bP+c ' 


t = Q. It follows 


Therefore, 

fe (1 — /3) PQ + c (1 — /3) P = 6oQ 2 + (ca + a) Q, (26) 

b (1 — /3) PQ + c (1 — /3) Q = baP 2 + (ca + a) P, (27) 


By subtracting (27) from (26), we have 


P + 


Q = -( n+c( 1 to a -^ ) 


Again, by adding (26) and (27),we deduce 


DO — c(l-/3)(a+c(l+q-,a)) 
r 6 2 q(l+q-^) 


(28) 


(29) 
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If p < 1 and p <1 + a then from (28) and (29), we have 

P q ( p + q ) = - c(i ~^y^y ))2 < o 

This contradicts the hypothesis that both P, Q are positive. Thus, the proof is now completed. 

Theorem 4.6. Let k is even and l, t are odd positive integers then for all (3, a, a, b and c are positive real 
numbers, then Eq. (1) has no positive prime period two solution. 

Proof: Assume that there exists distinct positive solution P and Q, such that 

...P, Q , P, Q,..., 


is a prime period two solution of Eq.(l). 

We see from Eq. (1) when k is even and l, t are odd, then x n+i = x n -i = x n - t = P and x n -k = Q■ It follows 
Eq. (1) that 

P = PP + aQ + £frj^ and Q = PQ + aP + 

Therefore, 

b (1 — P) P 2 + c (1 — P) P = baPQ + caQ + aP , (30) 

b (1 — P) Q 2 + c (1 — P) Q = baPQ + caP + aQ, (31) 

By subtracting (31) from (30), we get 

P + Q = a ~ c &- a P) P) ( 32 ) 

Again, by adding (30) and (31), we have 

PC l — ca(a-c(l+a-/3)) /oo\ 

b 2 (l-P)(l+oc-P)' 'P'P 

where P < 1, p <1 + a and c (1 + a — p) < a, then PQ is negative. But P, Q are both positive, and we have a 
contradiction. Therefor, the proof is completed. 

Theorem 4.7. If l is even and k , t are odd positive integers, then Eq. (1) has no positive prime period two 
solution. 

Proof: Assume that there exists distinct positive solution P and Q , such that 

...P, Q, P, Q ,..., 


is a prime period two solution of Eq.(l). 

We see from Eq. (1) when l is even and k, t are odd, then x n+1 = x n -u = x n - t 
Eq. (1) that 

P = PQ +aP + kfrfy and Q = pP + aQ+ 

Therefore, 


b (1 — a) P 2 + c (1 — a) P = bpPQ + cpQ + aP, 

b (1 — a) Q 2 + c (1 — a) Q = bpPQ + cpP + aQ, 
Subtracting (32) from (31) gives 


P + Q 


a-c(l-\-/3—ot) 
6(1—a) 


= P and x n -i 


Q. It follows 


(31) 

(32) 

(33) 
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Again, adding (31) and (32) yields 


PQ = - 


c/3(a— c(l+/3—op) 
6 2 (1 — a)(l+/3—a) * 


( 34 ) 


Ifa<l, a<l+/3 and c (1 + p — a) < a, then PQ is negative. But P, Q are both positive, and we have a 
contradiction. Thus, the proof is completed. 

Theorem 4.8. Let t is even and l, k are odd positive integers. If 


c (1 — a — (3) + a ^ 0, 


then Eq. (1) has no prime period two solution. 

Proof: Assume that there exists distinct positive solution P and Q, such that 


...P, Q, P, Q,..., 


is a prime period two solution of Eq.(l). 

We see from Eq. (1) when t is even and l, k are odd, then x n+ i = x n -u = x n -i = P and x n - t = Q. It follows 
Eq. (1) that 

P = PP + aP + b Q+ c and Q = PQ + OiQ + b p P irC ■ 


Therefore, 


b (1 — a — P) PQ + c(l-a- P)P = aQ, 


(35) 


b (1 — a — p) PQ + c(l — a — p)Q = aP , 


(36) 


Subtracting (47) from (46) gives 


(c(l-a-P) + a)(P-Q) = 0 


Since c (1 — a — p) + a ^ 0, then P = Q. This is a contradiction. Thus, the proof is completed. 


Example 6. Figure (6) shows the Eq. (1) has a period two solution when l = 1, k = 
a = 0.5, b = 0.07 and c = 0.05 and the initial conditions x _ 5 = P, x -4 = Q, X -3 
and x 0 = Q where P = and Q = 0. 


3, f = 5, P = 0.1, a = 0.2, 
= P, X-2 = Q, X-1 = P 


plot of x(n+1)= beta X(n-I)+ alpha X(n-k) + (a X(n-t) / ( b X(n-t) + c)) 



Figure 6. Sketch the solution of Eq. (1) has a period two solution. 

Example 7. Consider l = 5, k = 2, t = 4, p = 0.6, a = 0.2, a = 0.4, b = 0.7 and c = 0.5 and the initial 
conditions x _ 5 = 1.2, X -4 = 1.4, X -3 = 0.6, X -2 = 1.1, £-1 = 0.3 and Xq = 0.8 the solution of Eq. (1) has no 
period two solution (See Fig. 7). 
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plot of x(n+1 )= beta X(n-I)+ alpha X(n-k) + (a X(n-t) / (b X(n-t) + c)) 



Figure 7. Draw the solution of Eq. (1) has no periodic. 

5. BOUNDEDNESS OF THE SOLUTIONS 

In this section, we investigate the boundedness nature of the positive solutions of equation (1). 

Theorem 5.1. Evei'y solution of difference equation (1) is bounded if (3 + a < 1. 

Proof: Let {x n }^fL_ s be a solution of Eq. (1). It follows from Eq. (1) that 

2 - 71+1 (dXn—l T CXX n — k T bx n _ t -\-c ’ 

< /3x n _i + ax n -k + = px n -i + ax n -k + f for all n > 1. 

By using a comparison, we can right hand side as follows 

U+l T ^d n — k T • 

and this equation is locally asymptotically stable if /3 + a < 1, and converges to the equilibrium point t = 
6(i4- Q) -Therefore 

Jim sup ^ < b(1 _ a p_ a y 

Thus the solution is bounded. 

Theorem 5.2. Every solution of difference equation (1) is unbounded if /3 > 1 or a > 1. 

Proof: Let {x n }™ = _ s be a solution of Equation (l).Then from Equation (1) we see that 

x n +i = Px n -i + ax n -k + bxlff+c > P x n-i for all n > 1. 

We see that the right hand side can be written as follows 


U+i — fdt 


n—l • 


then 

f ti-^-i T const., i — 0, 1, ..., I , 

and this equation is unstable because /3 > 1, and lim t n = oo.Then by using ratio test {x n }°° = _ is unbounded 
from above. 

Similarly from Equation (1) we see that 

x n +i = (3x n _i + ax n _ k + baffle > ax n _ k for all n> 1. 

We see that the right hand side can be written as follows 

U+l 1 Ott n — k- 
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then 

tkn-\-i — cx t/c+i T const., i — 0,1,..., k, 

and this equation is unstable because a > 1, and lim t n = oo.Then by using ratio test {x n }^L_ s is unbounded 
from above. Thus, the proof is now completed. 

Example 8. We assume l = 2, k = 1, t = 3, /? = 0.4, a = 1.2, a = 3, b = 0.7 and c = 0.6 and the 
initial conditions x_ 3 = 0.2, x _2 = 0.4, x_i = 0.6 and x 0 = 0.1, the solution of the difference equation (1) is 
unbounded (see Fig. 8). 



Figure 8. Plot the behavior of the solution of Eq. (1) is unbounded. 
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Abstract. For the classical Hermite-Hadamard inequality of harmonically convex functions, i.e., 


/ 


2 ab 


< 


ab 

b — a 




an upper bound is proved in the framework of the Sugeno integral. 
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1. Introduction 


One of the most important integral inequalities which is related to harmonically convex functions is classical 
Hermite-Hadamard integral inequality. Double inequality 

2 ab \ . ab 

x z 


f 


< 


M dx < na) + m . 

r-2 2 


K a + b J ~ b — a t _ 

is known as Hermite-Hadamard integral inequality for harmonically convex functions, where / £ L([a,b \) [7, 5]. 
When we are trying to obtain these inequalities in the spirit of monotone measures and non-additive integrals, 
we get different results than the classic form. 

The concept of the fuzzy integral was introduced and initially examined by Sugeno [17]. Further theoretical 
investigations of the integral and its generalizations have been pursued by many researchers [14, 15, 12, 2, 8, 1]. 
The study of inequalities for the Sugeno integral was initiated by Roman-Flores and Chalco-Cano [13]. In this 
article, at the first we prove some Hermite-Hadamard type inequalities for harmonically convex functions in the 
case of non-additive integrals. Consequently, upper bound for these functions are established. In fact, the main 
purpose of this article is to obtain an approximation for non-solvable integral of this type. 

This paper is organized as follows. Some necessary preliminaries are presented in Section 2. We address 
the essential problems in Sections 3 and upper bound for the Sugeno integral based on a harmonically convex 
function is presented. Finally, a conclusion is drawn and a problem for further investigations is given in Section 
4. 
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2 


2. Preliminaries 


In this section, we are going to review some well known results from the theory of non-additive measures. 

Definition 2.1. [ 8 , 18] Let E be a E-algebra of subsets of X and let g : E —>• [0, oo) be a non-negative, extended 
real-valued set function, we say that g is a monotone measure (or fuzzy measure) iff: 


(FM1) 

(FM2) 

(FM3) 


M0) = 0; 

E, F £ E and E C F imply g{E) < g(F) (monotonicity); 

OO 

{E n ) C E, Ei C E 2 C ... imply lim „_ ) ._|_ 00 g(E n ) = g( (J Ei) (continuity from below); 


L 


(FM4): (E n ) C E, E± D E 2 O ...,g(Ei) < 00 imply \im n ^. +oc g(E n ) = g( f) Ei) (continuity from 

i=1 

above). 

Let (X, E, g) be a monotone measure space and / is a non-negative real-valued function on X. We denote the 
set of all non-negative measurable functions / by F + and F a denote the set {x £ X \ f(x) > a}, the a-level of /, 
for a > 0. Fo = {x £ X \ f(x) > 0} = supp(f) is the support of /. We know that: a < /3 => {/ > /?} C {/ > a}. 

Definition 2.2. [17, 8 , 18] Let /x be a monotone measure (or fuzzy measure) on (X, E). If / € F + and deE, 
then the Sugeno integral (or fuzzy integral) of / on A , with respect to the monotone measure /x is defined by 

fd/-i := \f (a A /x(A D F a )), 

a>0 

where V, A denotes the operation sup and inf on [0,oo) respectively. In particular if A = X, then 

/ fd/J, := / fd/j, = y (aA v(F a )). 
d a > 0 

The following properties of the Sugeno integral are well known and can be found in [18, 19]. 

Proposition 2.3. Let (X", E,/x) be a fuzzy measure space, with A, B £ E and f,g £ F + . We have 
1 - f A fdn < n{A); 

2. -f A kdfj, < k A n(A), for k non-negative constant; 

3. if / < g on A, then j- A fdg, < j- A gdg: 

4. if Ac B, then fdg, < fd/i: 

5. if n(A) < 00 , then -f A fdg, > a n(A n {/ > a}) > a; 

6 . n{A n {/ > a}) < a => f A fdg, < a; 

7. f A fdg < a there exists 7 < a such that /x(^4 D {/ > 7 }) < a; 

8 . fdg > a <t7 there exists 7 > a such that /x(A n {/ > 7 }) > a. 

Remark 2.4. Consider the distribution function F associated to / on A , that is, F(a) = g(A D F a ). Then, 
due to (5) and ( 6 ) of Proposition 2.3, we have that 


F(a) = a => j- fdg = a. 
J A 
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Thus, from a numerical point of view, the Sugeno integral can be calculated by solving the equation F(a) = a. 

The following proposition shows how to transform a Sugeno integral j~ A f dy, which is defined on a mono¬ 
tone measure space (X, E,/z), into another Sugeno integral j-gdrn defined on the Lebesgue measure space 
([0, oo),S+,m), where B + is the class of all Borel sets in [0, oo) and m is the Lebesgue measure. 

Proposition 2.5. [ 8] For any A £ E 

j- fdy = J- y(A D F a )dm, 

where F a = {x £ X \ f(x) > a} and m is the Lebesgue measure. 

Definition 2.6. [16] A f-norm is a function T : [0,1] x [0,1] — » [0,1] satisfying the following conditions: 

(Tf): T(x, 1) = T(l, x) = x for any x £ [0,1]; 

(T 2 ): For any xi,x 2 l y 1 ,y 2 € [0,1] with aq < x 2 and y 1 < y 2 , T{x ll yi) < X(x 2 ,y 2 ); 

(T 3 ): T(x,y) = T(y,x) for any x,y £ [0,1]; 

(T 4 ): T(T{x, y), z) = T(x,T(y,z )) for any x,y,z£ [0,1]. 

A function S : [0,1] x [0,1] — ► [0,1] is called a f-conorm [9] if there is a f-norm T such that S{x,y) = 


Example 2.7. The following functions are f-norms: 

1: T m (x, y) = x A y. 

2: T P (x,y) = x.y. 

3: T l (x, y) = {x + y- 1) V 0. 

Hereafter, we assume that (X, E, y) is a monotone measure space. To simplify the calculation of the Sugeno 
integral, for a given / £ F + (X) and A £ E, we write 

T = {a : a > 0, y(A fl F a ) > y(A fl Fp) fen' any f3 > a}. 

It is easy to see that 

fdy = \J (a A y(A n F a )). 

agr 

Remark 2.8. A binary operator T on [0,1] is called a t-seminorm[16] if it satisfies the above condition (Ti) 
and (T 2 ). Notice that if T is a t-seminorm, for any x,y £ [0,1], we have T(x,y) < T{x 1 1) = x and T(x,y) < 
T(l,y) = y , and consequently, T(x,y) < T M {x, y). 

By using the concept of t-seminorm, Garcia and Alvarez [16] proposed the following family of fuzzy integral. 

Definition 2.9. Let T be a t-senrinorm. Then the seminormed Sugeno’s fuzzy integral of a function / £ F+ 
over A £ E with respect to T and the fuzzy measure y is defined by 

/ fdy= \/ T(a,y(AnF a )). 

Jt ’ A ae[0,l] 
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Notice that the Sugeno integral of / £ T+ over A G E is the seminormed Sugeno’s fuzzy integral of / over 
A G E with respect to the t-seminorm Tm- 

Proposition 2.10. (Garcia and Alvarez [16])Let (X, E, /x) be a monotone measure space and T be a t-seminorm. 
Then, 


1 : For any A € S and f,g£ with f < g, we have 


/ d/x < 


pd/x. 


/ T.A 


/ T,A 


2: For A, B £ E with A C B and any / G J r + , 

/ /d/x < 


/d/t- 


IT, A 


IT,B 


Definition 2.11. [7] Let I C R. — {0} is a real interval. A function / : / —> R is said to be harmonically convex 
on I if the inequality 

ab 


f 


< tf{b) + (1 - t)f(a) 


( 2 . 1 ) 


K ta + (1 — t)b / 

holds, for all a,b G I and t G [0,1]. If the inequality (2.1) is reversed, then / is said to be harmonically concave. 
We note that for t = i, we have the definition of Jensen type of harmonic convex functions, that is 


/ 


2 ab 
a + b 


< M±M, Vo,66/. 


Proposition 2.12. [7] Let let - {0} be a real interval and /:/—>■ R is function, then: 

1: if I C (0, Too) and / is convex and nondecreasing, then / is harmonically convex. 

2: if I C (0, Too) and / is harmonically convex and nonincreasing, then / is convex. 

3: if / C (—oo, 0) and / is harmonically convex and nondecreasing, then / is convex. 

4: if I C (—oo, 0) and / is convex and nonincreasing, then / is harmonically convex. 

Proposition 2.13. [ ] If [a, b] C I C (0, oo) and we consider the function g : [^, L] —» R defined by g(t) = f(j), 
then / is harmonically convex on [a, b] if and only if g is convex in the usual sense on 


. b ’ a J 


Proposition 2.14. [6] A function / : (0,oo) —>■ R is harmonically convex if and only if xf(x) is convex. 
Theorem 2.15. Let / : [a, b] C (0, oo) —> [0, Too) be a convex function with /(a) A /(6).Then 


/ 


where T = [/(a),/(6)) for f(b) > f(a) and F = [/(£>), /(a)) for /(a) > f(b). 


Proof. As / is convex function, for x G [a, b] we have, 


f(x) = /((!- 


x — a 
b — a 


)a T 


x ~ a. 


6 - 


*> <(!- 


x — a 
b — a 


)/(a) 


x — a 
b — a 


m 


535 


Ebadian 532-543 










J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.3, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


the Hermite-Hadamard inequality for the Sugeno integral based on harmonically convex functions 5 
and so by (3) of Proposition 2.3 


/ fdn < -f ( (1 - y ~)f(a) + dn = / g(x) d/z. 

Ja Ja \ o-a b-a J J a 


In order to calculate the integral in the right hard part of the last inequality, we consider the distribution 
function F(a) given by 

F(a) = n([a, b]n{g> a}) = n ^[a, b\ n j ^yy-^/(a) + - a 

If /(a) < f(b), then 

{, ur, a(b-a)+af{b)-bf(a)\\ f t a(b - a) + af(b) - bf(a) tl 
F(a) = M ([a, 6 ] n -j j = , ([ - J{ -, 6 ] 

Thus T = [/(a),/( 6 )) and we only consider a £ [/(a),/(&)). 

If /(a) > f(b), then 

( f a(b-a) + af(b)-bf(a)\\ f f a(b - a) + af(b) - bf(a) 

F(a) = P (K‘] n h< - TT^-TTT, -j ) = " (J 0 ’- /(fc) - J(„) - 1 


/0) - /(a) 

Thus T = [/(&),/(a)) and only need a £ [/(&),/(a)). 

This completes the proof. 

Remark 2.16. In the case /(a) = f{b) in Theorem 2.15, we have g(x) = f(x) and so 


□ 


nb nb nb 

j fd/J,< -j gdg = 4 f{a)&n = f(a) A/x([a, 6 ]). 

J a J a J a 


Corollary 2.17. Let / : [a, b] C (0, oo) —> (0, oo) be a convex function and £ be the Borel field and g be the 
Lebesgue measure on X = M, then 

' v„ 6 [/w ., w ,(«A(»-./w</<f) 

rb 


f 

J a 


f d/x < < 


/(a) A (b — a) 


,/ 0 ) = /(&) 


v„ £[ , TO .,,.» (« a - «>) , /w > /w 


So 


/ 


fdn < < 


/(SFThd+ltcd A (b ~ a) ,f(a) < f(b) 
f (a) A {b-a) J{a) = f(b) 

f ( a )-m+(b- a ) A ( 6 ~ a ) >/(«)>/( 6 )- 


Proof. In the case where /(a) < /(&), we have 


V 

«£[/(«),/(b)) 


a{b-a)+af{b)-bf{a) 

aA(b -IFl- 1 


{b-a)f{b) 


f(b)~ f(a) + (b-a)' 
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In: 


fact, a = is as the solution of the equation F(a) = a , where F is the distribution function. 

So taking into account (1) of Proposition 2.3 fdg < /z([a, 6]) = b — a) and Remark 2.4 we have 


£ 


f(b) - /(a) + (6- a) 


Proofs the other cases is analogous. 

Note that Corollary 2.17 is the same as the Sadarangani Theorem [3]. 


□ 


3. Main Results 

Let / Cl - {0} be a harmonically convex function and a,b € I with a < b and / £ L([a , 6]). The following 
inequalities 


I 2 ab ^ ^ ab 


rb m dx < f{a)+m 


(3.1) 


holds. This double inequality is known in the literature as Hermite-Hadamard integral inequality for harmoni¬ 
cally convex functions. 

Unfortunately, as we will see in the following example, in general, the Hermite-Hadamard inequality is not 
valid in the fuzzy context. 

Example 3.1. Let g be the usual Lebesgue measure on R and the function f{x) = |a; 2 on X = 
Obviously, this function is convex and nondecreasing as a result f is harmonically convex function on [|,1], 
With the above inequality we have 

rl /(*) 




on the other hand, = i| ~ 0.26. 


This proves that the right-hand side of inequality (3.1) is not satisfied for the Sugeno integrals. 

The aim of this work is to show a the Hermite-Hadamard type inequality for the Sugeno integral in the case 
where / is a harmonically convex function. 


/ 
J a 


Lemma 3.2. Let / : [a, b] C (0, oo) —> (0, oo) be a harmonically convex function which is not concave, then 

V„ 6 | /W ., (i ), (<* A y r(»-<. f HyW-‘/M , t ]) , m < /((,) 

/(a) A/x([a,6]) ,f(a) = f{b ) 

V c 


/ dn < < 


'«[,<»,/(.)> (« A /.[«, ,/(«)> m- 


Proof. Since / : [a, b] C (0, oo) —► (0, oo) is harmonically convex function on the interval [a, 6], then by Proposi¬ 
tion 2.13 the function g : [^, i] —>• R, g(s) = /(j) is convex on [^, ^]. Obviously for any x £ [a, b], f(x ) = g(y), 
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the Hermite-Hadamard inequality for the Sugeno integral based on harmonically convex functions 7 
and therefor applying Theorem 2.15 to g , we have 


/ /0)dp = -l g (-)dp < 

Jo Ja x 


Vae[g(i),g(i)) ( 


<9(l) 

9(1) Ap([a,6]) 


>s(£) = sQ 

Vae[g(i),g(i)) ( 


>&(£) > 9(1) 


' v a6[ /(.),/(6)) (aAM a( ^tr^y /(B) » 6 0 

/(a)Ap([a,6]) ,f(a) = f(b) 

Va €[/(6),/(a)) (« A ^ ]) - /(«) > /( 6 )' 


□ 


Corollary 3.3. Let / : [a, 6] C (0, oo) —► (0, oo) be a harmonically convex function which is not concave, £ be 
the Borel field and /i be the Lebesgue measure on X = R, then 


/dp < < 


A (6 - a) ,/(<*)</(&) 

/(a) A (6 — a) ,/(a) = /(6) 

/(^(iy+l-a A (fr - a ) ,/(o) >/(&)■ 


Remark 3.4. If [a, 6] C (0, oo) and / is harmonically convex and nonincreasing, then taking into account (2) 
of Proposition 2.12 the function / is convex and hance the upper bound for the Sugeno integral of / mentioned 
in article ’’Hermite-Hadamard inequality for fuzzy integral”, were written by K. sadarangani is established. 


Remark 3.5. If [a, 5] C (—oo,0) and / is harmonically convex and nondecreasing, then taking into account 
(3) of Proposition 2.12 the function / is convex and hance the upper bound for the Sugeno integral of / is 
established. 
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Example 3.6. Let n be a Lebesgue measure and consider function f(x) = e ® on [|,|], Obviously, this 
function is non-negative and harmonically convex but neither convex, nor concave, we have, 

/ / d M = V ( a 7] n { e ”“ - “})) 

J 3 a>0 ' ' ' ' 

= V \ a f[|’ n { _1 - xlna n ) 

a>0 ' ' ' ' 



As result with the solution of the equation 

1 3 

h^ + 4- a 

we conclude that a ~ 0/175. Then f-* /d/r ~ 0/175. 

3 

On the other hand, since /(§) = and f(^) = By Corollary 3.3, we have 

4 e3 J e 



/(!)(!-§) 

/(|) - /(g) + (3 



1 

3 


) 


that is a logical inequality. 


~ 0/234 A 


5 

12 


0/234 A 0/416 = 0/234 


Example 3.7. The function f(x) = x — ln(a; + 1) is nondecreasing and harmonic convex function on [A, 1]. 
/(1) = 1 — In2 and /(|) = \ — ln(|). As /(l) > /(|), Corollary 3.3 gives us, 

/ /d/r< ~ A ( 1 ) ~ 0.718 A 1 = -. 

Jx M ~ /(l) - /(i) + \ V 2 2 

Thus, we find an upper bound for the Sugeno integral of this function on [d, 1], 


Example 3.8. The function f(x) — e x2+x is nondecreasing and harmonic convex function on [1, 2] and /(1) = e 2 
and /( 2 ) = e 5 . As follows we find an upper bound for the Sugeno integral of this function, 


£ 


x -\-x 


d /i < 


1 


A (1) ~ 1.0449 A 1 = 1. 


Remark 3.9. f(x) = log(x ) is a harmonically convex function but not convex, that is why in the Corollary 
3.3, does not apply because it is concave. For concave function, we use the Sadarangani paper. 
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Corollary 3.10. Let / : [a, b] C (0,oo) -> 1 be a harmonically convex function which is not concave and 
g : R —> R is a linear function, then / o g is harmonically convex[10] and so, 

v« £ ,/<„(.»,,(»(.»> («a■ 6 0 ./(9<«)) < /(«((.» 


/ 
J a 


(fog) d^< < 


,f(g ( a )) = f(g{b)) 


f(g(a)) A n([a,b]) 

k Vae[/( 5 (6)),/( 9 (a))) (« A A*[a, a(6 7/\tw ( )-6/(g(% ( ) g(a)) 0 > ^^( a )) > 

Corollary 3.11. Let / : [a, 6] C (0, oo) -> 1 be a harmonically convex function which is not concave and 
g : R —► R is a linear function, E be the Borel field and fi be the Lebesgue measure on X = R, then / o g is 
harmonic convex function[ 10 ] and so, 

/(9(ib/(?&-a A (b - a) J(g(a)) < f(g(b)) 
f(g(a.))A(b-a) , f(g(a)) = f(g(b)) 


j 


if ° g) d/x < < 


. f(g($)-/wb)llb-a A ( b - Q ) > f(g( a )) > f(g(b))- 

Remark 3.12. In the case g be harmonic convex function and / be relative convex function, we know that 
/ o g is harmonically convex function [1 ]. Thus similar results of Corollary 3.10 and Corollary 3.11 hold. 

Corollary 3.13. Let / : [a, b] C (0, oo) —► (0, oo) be a harmonically convex function which is not concave 
function, E be the Borel field and g be the Lebesgue measure on X = R, then 

J(a)<m 


lT P ,[a,b\ 


f dfl < < 


m 

(■ b-a)f(a ) ,f(a) = f(b) 

,/(«)>/(&)■ 


Proof. For harmonically convex function / : [a, b] C (0, oo) —> (0, oo) with /(a) ^ f(b ) according to Proposition 
2.10 and Corollary 3.3 with t-norrn T p , we have 


( -/(a)S-a -( b ~ ffl ) ,f(a) < f(b) 


>T P ,[a,b\ 


/d/i < < 


/(*>) 
f(a)-(b — a) 
{b-a)f(a) 


J(a) = f(b) 

f (a)-m+b-A b ~ a ) >/(“)> f( b ) 


= 


nS-ftnL ,m<m 

(b — off (a) ,f(a) = f(b) 


f £-m+b-a J(a)>f(b)- 
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10 


□ 


Example 3.14. Let /r be the Lebesgue measure on R. Consider the function f{x) = \ on X = [1,3]. 
Obviously, this function is harmonically convex and positive on X = [1,3]. As /(1) = 1 and /(3) = using 
Corollary 3.13, we can get the following estimate: 

/ l d „ <_cyyy/o)_ = is 

Now, let’s introduce the most important theorem of this article. With the help of it, an upper bound in the 
framework of the Sugeno integral for Hermite-Hadamard inequality of harmonically convex functions can be 
established. 

Theorem 3.15. Let / : [a, b] C (0, oo) — > (0, oo) be a harmonically convex function which is not concave, then 

,m = m 


Ja X 2 - J a 


V 


ae[f(b),f(a)) 


(a A n[a 


a(b-a)+af(b)-bf(a) 

f(b)-f(a) 


]) ,f(a)>f{b) 


where mg = min{a 2 , b 2 }. 


Proof. Let / be a harmonically convex function which is not concave and m 0 = mm{a 2 ,6 2 }. By Proposition 
2.5 we have, 


f b fix ) f b 

4 rriQ- — ^-d/j, = 4 b\ fl F a )dr, 

J a % J a 


(3.2) 


where m is the Lebesgue measure and 


F a = {x £ X : > a}. 

x 2 


Obviously, 


By monotonicity ji. we deduce 


[a, 6] O { f[x) > —a ) C ([a, b] D {f{x) > a}). 


li ( [a, b ] 0 f{x) > —a ]■ ) < A* ([a, b\ n {fix) > a}). 


Now, by Proposition 2.3 and Proposition 2.5, we obtain 


4 M ([a, b\ 0 {/ > —a}) dm <4 M ([a, b] O {/ > a}) d?n = -/ fd/j,. 

J a \ / J a J a 

Combining ( 3.2 , 3.3), we have 


(3.3) 


f fix). < f b 

f a m 0 ^d»<J a 


m 0 dfj, < 4 f d/i- 


The last inequality follows from Lemma 3.2. 


□ 
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Corollary 3.16. If / : [a, 6] C (0, oo) —> (0, oo) be a harmonically convex function which is not concave then, 


xf(x)d/-i < < 


Vae[a/(a), &/(&)) ( 

'n A ,,1 a(f>-a)+ab/(b)-fta/(a) ,i\ 
a/\/T[ b f(b)-af(a) ’ 

, a/(a) < 5/(6) 

a/(a) A n([a,b]) 


, af(a) = bfib) 

Vae [&/(&), a/(a)) ( 

n A n\n a ( b ~ a )+ ab f( b )- ba f( a ) l\ 
bf(b) — af(a) 1J 

, af(a) > bfib) 


Proof, f is harmonically convex function.Therefore, according to the Proposition 2.14 xf(x ) is convex. Finally, 
the proof is complete by using Theorem 2.15. □ 

Corollary 3.17. If / : [a, b] C (0, oo) —> (0, oo) be a harmonically convex function which is not concave, £ be 
Borel field and n be a Lebesgue measure on X = R, then 

b f(b)-af b ( f a)+b-a A (& ~ «) , a/(d) < 6/(6) 


/ 


xf(x)dfi < < 


af{a)A(b-a) ,af{a)=bf(b) 

af(a)-lmib-a A ( b ~ °) ,<*/(<*)> &/(&)■ 


Example 3.18. Let p, be the usual Lebesgue measure on X and the function f{x) = |a; 2 on X = [1,2]. 
Obviously, this function is convex and nondecreasing. So by (1) of Proposition 2.12 f is harmonically convex on 
[1, 2], With use the Corollary 3.17 we have 

(2-l)2/(2) 


l XmdX ~ V(2) -/d, + (2-D 


A (2- 1) ~ 0.923. 


On the other hand, Jj xf(x)dx ~ 0.87. This show that the Corollary 3.17 is valid. 


4. Conclusion 

In this paper, we have researched the Hermite-Hadamard inequality for the Sugeno integral based on har¬ 
monically convex functions. For further investigations we propose to consider the Hermite-Hadamard inequality 
for the Clioquet integral, and also for some other non-additive integrals. In the future research, we will continue 
to explore other integral inequalities for non-additive measures and integrals based on harmonically convex 
function. 
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Abstract 

In this paper, the authors investigate the [p, g]-order and [p, g]-type of /i + / 2 , / 1 / 2 , / 1 // 2 , 
where /i ,/2 are meromorphic functions or analytic functions with the same [p, g]-order and 
different [p, g]-type in the unit disc, and the authors also study the [p, qj-order and [p, q]-type 
of f and its derivative. At the end, the authors investigate the relationship between two 
different [p, q \-convergence exponents of /. The obtained results are the improvements and 
supplements to many previous results. 

Key wordsmreromorphic function; analytic function; unit disc; [p, g]-order; [p, gj-type 
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1. Notations and Results 

We use C to denote the complex plane and A = {z:| 2 i|<l}to denote the unit disc. By a 
meromorphic function /, we mean a meromorphic function in the complex plane or a meromorphic 
function in the unit disc. We shall assume that readers are familiar with the fundamental results 
and the standard notations of the Nevanlinna value distribution theory in the complex plane or 
in the unit disc (see [4,10,14 — 17,19,20]). Firstly for r 6 (0, + 00 ), we define exp : r = e r and 
exp, :+1 r = exp(exp, r),i £ N, for all r sufficiently large in (0, + 00 ), we define log! r = logr and 
log i+1 r = log (log* ?’),*£ N, we also denote exp 0 r = r = log 0 r and exp_ x r = log! r. Moreover, 
we denote the logarithmic measure of a set E C [0,1) by miE = j E Throughout this paper, 
we use p. q to denote positive integers satisfying 1 < q < p. Secondly, we recall some notations 
about meromorphic functions and analytic functions. 


Definition 1.1 (see [4,17,19, 20]). The order a(f ) and lower order p(f) of a meromorphic func¬ 
tion / in the complex plane are respectively defined by 


cr(/) = lim 
r—>00 


logr(r,/) 

logr 


p(f) =| lim 

r—>00 


log T(r,f) 
log r 


1 
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where T(r, f ) is the characteristic function of a meromorphic function / in the complex plane or 
in the unit disc. 

Definition 1.2 (see [4,19,20]). Let / be a meromorphic function in the complex plane or an 
entire function satisfying 0 < a (/) < oo, then the type of / is respectively defined by 


r(f) = lim 


T(r,f) 


m T —log M(r,f) 

m(f) = lim 


r—¥oo i" a \J) r —>oo f a \J) 

Definition 1.3 (see [8,9,11,13]). The [p, g]-order of a meromorphic function / in the complex 
plane is defined by 

-log p T(r,f) 


0ii>,</](/) = lim 1 

r—»oo fogg r 

If / is a transcendental entire function, the [p, g]-order of / is defined by (see [11,13]) 


<W/) = 


log p T(r,f) 


= lim 


log p+i M(r, f ) 


r-> oo log^ r r- 5>oo log g r 

If / is a polynomial, then <T[p,g](/) = 0 for any p > q > 1. From Definition 1.3, if g = 1, we 
denote ctm^] = <ti(/) = <r(/), and = <r p (/). Similar with Definition 1.2, we can also give 
the definitions of r p (f) and tm, p (/) when p > 1. In order to keep accordance with Definition 1.1, 
we give Definition 1.3 by making a small change to the original definition of entire functions of 
[p, g]-order (see [8,9]). 

Definition 1.4 (see [3, 7]). The iterated p-order of a meromorphic function / in A is defined by 


0 P (f) = lim 


log p T( r , f ) 


(p e N). 


r—n- — log(l — r) 

For an analytic function / in A, we also define 

^ ——logp+i M(r, f) 

= - og(1 _ r) ■ 

Remark 1.1. If p = 1, then we denote a \(/) = <r(/) and = tm(/) 5 and we have 

t(/) < cr M (f) < cr(f) + 1 (see [6,12,16,17]) and o M #(f) = cr p (f) (p > 2) (see [3,7]). 

Definition 1.5 (see [2]). Let / be a meromorphic function in A, then the [p,g]-order and lower 
[p, g]-order of / are respectively defined by 


-log p T(r,f) 


a M (f )= 

lo g?(T=F 


,„(/) = jta 

r ^ 1_ l°Sg ( 
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Definition 1.6 (see [2]). Let / be an analytic function in A, then the [p, gj-order and lower 
[p, g]-order about maximum modulus of / are respectively defined by 


<TM,\p,q](f) = lim 

r ^ 1 log, 


logp+i M(rJ) 


MM,[p, g ](/) = lim 


log p+i M(r, f ) 


\l-r J r_5>1 (l-r 

Definition 1.7 (see [2]). The \p,q \-type of a meromorphic function / of [p, g]-order in A with 
0 < a [p,q](f) = <Ti < oo is defined by 

logp-t T(r, /) 


T \p,q](f)= lim 
r —>-l — 


(71 * 


[l°S?-i (l^F, 

For an analytic function / in A, and the \p, g]-type about maximum modulus of / of \p , gj-order 
with 0 < &M,[p,q] (/) = 02 < °° is defined by 

log p M(r,f) 


r M ,\p,q](f)= lim 

Ml (rh 

Definition 1.8 The lower [p, g]-type of a meromorphic function / of lower [p, gj-order in A with 
0 < P[p,?](/) = Pi < oo is defined by 

logp-i T(r, /) 


r 


log?-! (l=F 


Ml 


Similarly for an analytic function / in A, and the lower [p, (/]-type about maximum modulus of 
/ of lower [p, r/]-order with 0 < Pm,[p,?](/) = P 2 < oo is defined by 

log p M ( r , /) 




1 ° S ?-1 ( l^F 


M 2 • 


Remark 1.2. From Definitions 1.7 and 1.8, it is easy to see that T[ p(? ](/) < rjfuj(/) and 

T[p,g](/) — TM,[p,?](/)' 

Definition 1.9. For any a G CU {oo}, we use n (V, to denote the unintegrated counting 
function for the sequence of a-point of a meromorphic function / in A. Then the [p, c/]-exponents 
of convergence of a-point of / about n yzy j is defined by 

.log p n(r,j^j 


A b, 5 ](/>°)= lim 


r—ll- 


lo §? (t^F 
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Definition 1.10. Let N [yr. be the integrated counting function for the sequence of a-point 
of a meromorphic function / in A. Then the [p, q ]-exponents of convergence of a-point of / about 


N (yr, jzp'j is defined by 


X [p,q](f' a ^ = Um 

r—>1~ 


log p N(r,j^ 
lo S(j C iTT 


Remark 1.3. Similar with Definitions 1.9 and 1.10, we can also give the definitions of the \p,q\- 
exponents of convergence of distinct a-point of / about n (yr, and N (yr, , he., A^ g ](/, a ) 

and A ^ q ](f, a). 


The order and type are two important indicators in revealing the growth of the entire functions 
or meromorphic functions, many authors have investigated the growth of entire functions or 
meromorphic functions in the complex plane or in the unit disc (■ e.g ., see[4, 8 — 10,14 — 20]) since 
the first half of the twentieth century. In the following, we list some classic results in the complex 
plane. 

Theorem A(see [4,10,19,20]). If f± and f 2 are meromorphic functions of finite order with 
ct(/i) = 0-3 and a(f 2 ) = <J 4 , then a(f 1 + f 2 ) < max{cr 3 , cr 4 }, u(/i/ 2 ) < max{cr 3 , 04 }, cr(/i// 2 ) 

< max{fj 3 , U 4 }; if cr 3 < a 4 , then a(f 1 + / 2 ) = ct(/i/ 2 ) = a(f 1 /f 2 ) = cr 4 . 

Theorem B (see [20]). If f\ and f 2 are meromorphic functions of finite order, then p(f\ + f 2 ) £ 
min{max{(r(/i), p(f 2 )}, max{g(/i), cr(/ 2 )}}, p(fih) < min{max{u(/i), n(f 2 )}, max{g(/i), cr(/ 2 )}}. 
Furthermore, if a(f L ) < p(f 2 ), then n(f 4 + f 2 ) = n(fif 2 ) = p(f 2 )-, or if a(f 2 ) < n(fi), then 
M(/i + h ) = fJ>(fih) = m(/i)- 

Theorem C ( see [10]). If f\ and f 2 are entire functions of finite order satisfying cr(fi) = <r(/ 2 ) = 
CT 5 , then the following two statements hold: 

(*) If r M (/i) = 0 and 0 < t m (/ 2 ) < 00 , then a(fif 2 ) = cr 5 , tm(/ 1 / 2 ) = Tm(/ 2 )- 
(ii) If r M (/i) < 00 and t m (/ 2 ) = 00 , then cr(/i/ 2 ) = u 5 ,tm(/i/ 2 ) = 00 . 

Theorem D (see [18]). Let fi(z) and / 2 (z) be entire functions satisfying 0 < cr p (fi) = <r p (f 2 ) = 
cjg < 00 , 0 < T M . p (f\ ) < tm, p (/ 2 ) < 00 . Then the following statements hold: 

(*) If P > 1, then a p (fi + f 2 ) = erg, r M ,p(/i + f2) = T M , P (f2)\ 

(ii) If p > 1, then a p (fif 2 ) = cr 6 , t m , p (/i/ 2 ) = r M , v (h)- 

Theorem E (see [18]). Let p > 1, f(z ) be an entire function or a meromorphic function in the 
complex plane satisfying 0 < <r p (/) < 00 . If p > 1, then a p (/) = (J p (f),T M , P (f) = r M , P (f ); if 
p > 1, then cr p (/) = cr p (/ / ),T p (/ / ) = r p (/). 

From Theorems A-E, we can easily obtain the following similar propositions in the unit disc. 
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Propositions (i) If f\ and f 2 are meromorphic functions satisfying <T|p, 9 ](/i) = o^ and crfa q ](f 2 ) = 
a 7 in A, then (Tfa q ](f 1 ±/ 2 ) < max{cr 6 , cr 7 },a [m] (fif 2 ) < max{o 6 ,cr 7 } and a^ q] (/1//2) < 
max{a6, o 7}. 

(**) If ^6 + °7 in Proposition (i), then <T\p >q ](fi ± f-2) = v\p, q ](f 1/2) = 0 fa q ]{h/h) = 
max{<T6, cr 7 }. 

(in) If f\ and f 2 are meromorphic functions in A, then At[p, g ](/i + f 2 ) < max{<Tr P) g](/i), 
V\p,q](f 2 )} °r ^\p,q] (/1+/2) < max{/X[ Pj? ](/ 1 ),o-[ P) q](/ 2 )} and (/1/2) < max{ff M (/i), M[p, g ](/ 2 )} 
or M[p,q](/i/2) < max{/t [p? ](/ 1 ), <t [ p?] (/ 2 )}. 

(iu) If /1 and / 2 are meromorphic functions in A satisfying ov^i (,/'i) < /i^j (/ 2 ) < 00, then 
M[p.g](/l + / 2 ) = (A/2) = M[p,q](/l//2) = M[p,q](/2)- 

(u) If /1 and / 2 are analytic functions in A satisfying 0 M,[p,g](/i) = and o‘M,[p,q](/ 2 ) = 09, 
then cr M; [p )(? ](/i ± / 2 ) < max{cr 8 ,cr 9 } and cr Mi[Pi(? ](/i/ 2 ) < max{cr 8 , <79}. If o 8 / 09, then 
± /2) = max{a 8 ,fj 9 }. 

(ui) If fi and f 2 are analytic functions in A, then max{/t M)M (/i ± / 2 ), Mm,[p, ? ](/i/2)} < 
mux { ti^ f,\p.q\ (/1) j f^M,\p,q] ( / 2 j } or max{ //■ a/. U>.u] (/ii/2) ) <),] (/1/2)} i max{/i M ^ 9 j (/1) j o"iw,[p,g] (/ 2 )} • 

(vn) If /1 and / 2 are analytic functions of [p, g]-order in A, for any r G [0,1), by the inequal¬ 
ity T(r, /) < log + M(r, /) < y/yT (i^, /) (see [4,17]), we easily obtain that if p = q > 2 and 
a [ P ,q]{f) > 1) or P > q > 1, then cr^/) = c7AY,[p,g](/) and r^/) = t M j[m ](/). Similarly, we 
have H]p, q \(f) = HM,\p,q\(f) and Z\p, q ](f) = ZM,]p,q](f) if p = q > 2 and H\p, q ](f) > 1, or p > q > 1. 

Combining Theorems D and E, a natural question is: Can we get the similar results with 
Theorems D, E for meromorphic functions or analytic functions of [p, q] order in A? In fact, we 
obtain the following results: 

Theorem 1.1. Let f\ and f 2 be meromorphic functions in A satisfying 0 < Tp,<?](/i) = 
a \ P ,q]{h) = cr w < 00 and 0 < n = t m (/i) < r M (/ 2 ) = r 2 < 00. Then cr\p, q ](fi + / 2 ) = 

<j [p qi (/1/2) = o[p g] (/17/2) = o’ 10; and the following two statements hold: 

(*) If V > 1 and p > q > 1, then t [m] (/i + f 2 ) = r M (/i/ 2 ) = r M (/i// 2 ) = t [ m] (/ 2 ). 

(**) If p = g = 1, then r 2 - n < max{r(/i + f 2 ),r(f 1/2), t(/i// 2 )} < t 2 + n. 

Theorem 1.2. Let /1 and / 2 be meromorphic functions in A satisfying 0 < (/] ) = 

^b, g ](/2) < 00 andO < r M (/i) < r M (/ 2 ) < 00, thenp M (/i+/ 2 ) = p M (/i/ 2 ) = ^,,](/i//2) = 
^b><?](/ 2 )- And if V > 1 and p > q > 1 , we have Z\p, q ](fi + /2) = r M (/i/ 2 ) = T [pg ](/i// 2 ) = 

-bi«](/ 2 )’ 

In the following, when f\ and f 2 are analytic functions of [p, gj-order in the unit disc we have 
the similar results. 
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Theorem 1.3. Let f\ and f 2 be analytic functions in A satisfying 0 < 0M,\p, q ](fi) = a M.\p,q](f'l) = 
o-ii < 00 and 0 < T M ,\p, q ](fi) < < 00 , then cr M ,\ p , q \(fi+f 2 ) = a u and r M)M (/ 1 + / 2 ) = 

T M,\p,q\ (/2)- 


Remark 1.4. By Proposition (vii), we know that Theorem 1.3 is of the same with Theorem 1.1 
for p > q > 1 and p = q > 2, 0 Vb(/) > 1. For the case p = q = 1, the result of Theorem 1.3 is 
better than that of Theorem 1.1. 

Corollary 1.1. Let f\ and f 2 be analytic functions in A satisfying 0 < <TM,b,gl(/i) = P-M,\p,q]{f 2 ) < 
00 and 0 < t M)[j , )9 ](/i) < t M iM (/ 2 ) < 00 , then p M ,\p, q ](h + f 2 ) = PM,\p, q ](f 2 ) and ZM,\p, q ](f 1 + 

/2) = l Mi [p i? ](/2). 

Theorem 1.4. Let / be an analytic function of [p, (/]-order in A, then (JM,\p, q ](f ) = a M,Wi. q \ if 1 )- 
MM,[p,g](/) = ^M,\p,q\(f)- If 0 < < OC or 0 < Mm,[ p,<?](/) < 00 j then T M,\p,q](f ) = 

(«/* )’ — M,\p,q](f) — M,\p,q](f )* 

Theorem 1.5. Let / be a meromorphic function of [p, (/]-order in A, then 

(0 If p > q > 2 and p > q = 1, then cr^ q] (f) = cr^ q] (f'),p^ q] (f) = H\p, q ](f) and r M (f) = 

T \p, q ](f ')> L[p, g ](/) = L[p,,](/') for 0 < a M (/) < oo or 0 < P\p, q ](f) < oo. 

(u) Ifp = q = 1, then cr(/) = a(f),p(f) = p(f’) and T [ltl] (f) < 2r [ltl] (f), Z[i,i](f) < 2r [u] (/). 


Theorem 1.6. Let / be a meromorphic function of [p, (/]-order in A, a € C U {oo}. Then the 
following statements hold: 

(*) If p > q > 1, then A ^ q] (f, a) = A ^ q] (f, a). 

(ii) If p = q = 1, then A N (f, a) < A n (f, a) < X N {f, a) + 1 (see [12]). 

(m) If p = q > 2 , then A^ p] (/, a) < A^ p] (/,a) < max a), l|. Furthermore, we have 

A£p](/ ,a ) = A b, P ](/’ a ) if A b, P ](/’ a ) - and if A b,pM’ a ) < 1 then A M^’ a ) - A b,p](/’ a ) - L 


-t- N 


Remark 1.4. The conclusions of Theorem 1.6 also hold between A ^ p ^(f,a) and Aj p ^(f,a). 


2. Preliminary Lemmas 

Lemma 2.1 (see [4,19, 20]). Let f\, f 2 , • • •, f m (z ) be meromorphic functions in A, where m > 2 
is a positive integer. Then 

m 

(i) T{r, fif 2 ■ ■ ■ fm) < E T ( r > /*); 

i=l 

m 

(ii) T(r, fi + f 2 -\ -h f m ) < E t ('L fi) + log m. 

i =1 

Lemma 2.2 (see [6,17]). Let / be a meromorphic function in A, and let k > 1 be an integer. 
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Then 

j =S(r,f), 

where S(r, /) = O jlog + T{r , /) + log (lip) }> possibly outside a set E\ c [0,1) with f Ei < 
oo. 

Lemma 2.3 (see [1]). Let g : (0,1) —> R and h : (0,1) —>• R be monotone increasing functions 
such that g(r) < h(r) holds outside of an exceptional set E 2 C [0,1) for which J E A <»■ 
Then there exisits a constant d € (0,1) such that if s(r) = 1 — d( 1 — r), then g{r) < h(s(r)) for 
all r G [ 0 , 1 ). 

Lemma 2.4 (see [5,15]) Suppose that / is meromorphic in A with /(0) = 0. Then 

m(r, /) < [l + ¥>(^)] T(R, /') + N(R, /'), (3.13) 

where 0 < r < R < 1 , ip{t) = ^ log • 

3. Proofs of Theorems 1.1 -1.6 

Proof of Theorem 1.1. Assume that 0 < T\ = (/ 2 ) = r 2 < 00 , by Definition 

1.7, it is easy to see that for any given e > 0 and r —> 1~, we have 

T(r, / 1 ) < exp p _ 1 |(n + e) log^ (^ 37 ) } > l 3 - 1 ) 

T(r, f 2 ) < exp p _! |(r 2 + e) log,_i (^^ 7 ) } ' ( 3 - 2 ) 

By using (3.1)-(3.2) and Lemma 2.1, we have 

T(r, h + h) < T(r, / 1 ) + T(r, / 2 ) + log 2 

< expp.! |(n + e) log^j ( 737 ) } + ex P P -i j ( r 2 + e) log,_i ( 737 ) | + log2 

< 2 expp.! | (t 2 + e) log,.]. ( 737 ) } ■ 

Hence 077 (/1 + / 2 ) < ai 0 . In addition, if p = q = 1, we can get 177 (/1 + /h) < n + r 2 , if p > 1 , 
then 777 (/1 + / 2 ) < t 2 for any p > q > 1 . On the other hand, for any given e > 0 , there exists a 
sequence {r n }^ =1 -> 1“ satisfying 

T(r n , / 1 ) < ex Pp _ 1 |(n + e) log^ ( - 'J | , (3.3) 
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T(r n , / 2 ) > exp p _ 1 |(r 2 - e) log g _i ( - 'j J . (3.4) 

By (3.3)-(3.4) and Lemma 2.1, we obtain 

T(r n , h + f 2 ) > T(r n , f 2 ) - T(r n , h) - log 2 

> exp p _ j | (r 2 - e) log 9 _i ^ | - exp^ | (n + e) log,_i “ lo S 2 - 

(3.5) 

By (3.5) we have cr\p, q ](fi + / 2 ) > (?i o- Furthermore, if p = q = 1, then r^),/) + / 2 ) > r 2 - n 
and T[p j? ] (/i + / 2 ) > r 2 for p > 1 and p > q > 1. 

Therefore, we have cr\p, q \{fi + / 2 ) = o"io, and if p > 1, then r^^/i + / 2 ) = 7jp i? ](/ 2 ), if 
P = Q = 1, then r 2 — n < t [m] (/i + / 2 ) < r 2 + n. Since T(r,fif 2 ) < T(r,fi) + T(r,/ 2 ), 

T(r,f 1 f 2 ) > T(r,f 2 ) - T(r,fi) - 0(1) and T (r,= T(r,f 2 ) + 0(1), by the above proof, 

0 >,q](/i/ 2 ) = CT[p,q](/ 1 // 2 ) = <tio, t^](/ i/ 2 ) = t m (/i// 2 ) = r M (/ 2 ) for p > 1 and r 2 - n < 
max{r(/i/ 2 ), r(/i// 2 )} < r 2 + ri if p = q = 1 also can hold. Moreover, Theorem 1.1 also holds 
for t m (/ 2 ) = r 2 = 00. 

Proof of Theorem 1.2. Without loss of generality, we suppose that 0 < 73 = (/)) < 

T[p >g ](/ 2 ) = T4 < 00 . Assume that <T[p, 9 ](/i) = A t [p,g](/2) = P 3 , and by Definition 1.8, it is easy to 

see that for any given e > 0, there exists a sequence {r n }^ =1 —> 1“ satisfying 

T(r n , fi) < exp p _ 4 |(r 3 + e) log g _i j 7 ( 3 - 6 ) 

F(r n , / 2 ) < ex Pp _ 1 j(r 4 + e) log g _i } • ( 3 - 7 ) 

By (3.6)-(3.7) and Lemma 2.1, we have 

T{r n ,f 1 + / 2 ) < T(r n ,/i) +T(r n ,/ 2 ) + log2 

< ex Pp _ 1 |(r 3 + e) logq—r } + ex Pp-i |( r 4 + e ) lo g 9 -i ^ 1 r ) | + lo g 2 

< 2 exp p _ 1 | ( 7-4 + e) logq_i (^3^) } ' 

Hence M[p,g](/i + h) < /r 3 . In addition, if p > 1, then r^ M/i + / 2 ) < r 4 for p > g > 1. On the 
other hand, for any given e > 0 and r —> 1~, we have 

F(r, / 1 ) < expp.! |(r 3 + e) log 9 _ 4 } > ( 3 - 8 ) 

T(r, f 2 ) > exp p _ 1 |(r 4 - e) log,_ 4 (| . (3.9) 
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By (3.8)-(3.9) and Lemma 2.1, we obtain 

T(r, h + f 2 ) > T(r., f 2 ) - T(r , /i) - log 2 

> exp p _j |(r 4 - e) logq_! exp p _! |(r 3 + e) log,_! (^ 3 ^) }~ lo g 2 - ( 3 - 10 ) 

By (3.10) we have P\p, q ](fi + / 2 ) > M 3 and (f\ + / 2 ) > r 4 for p > 1 and p > q > 1. 

Thus we have M[ P ,g](/i + h) = M/ 2 ) and if p > 1 and p > q > 1, then (/1 + / 2 ) = 
H[p,q](/ 2 )- Since T(r,f 1 f 2 ) < T(r,/i) + T(r,/ 2 ), T(r,/i/ 2 ) > T(r,f 2 ) - Mr,/ 1 ) “ M 1 ) and 

T (j’i jz) = t (l/ 2 ) + 0 ( 1 ), by the above proof, M[p,M/ 1 / 2 ) = (/ 1 // 2 ) = M[p, g ](/ 2 ) and 

T[ Pi g](/i/ 2 ) = Z[p, g ](/i// 2 ) = r M (/ 2 ) also hold if p > 1 and p > q > 1 . 

The conclusions of Theorem 1.2 also hold for r 3 = T [p, f/ ] (/ 1 ) < TbM/ 2 ) = T 4 = 00 . 

Proof of Theorem 1.3. Set 0 < T 5 = TM : \p, q ](fi) < T M,\p.q]if 2 ) = tq < 00 , by Definition 1.7, 
for any given £ (0 < 2 e < tq — 75 ), there exists a sequence {r n }^ =1 -» 1 “ satisfying 

< exp p j (75 + e) logqr —1 ^ ^ J |, (3.11) 

M(r n ,f 2 ) > exp p |(r 6 - e) logg.! 1 ? J | . (3.12) 

We can choose a sequence {z n }^ =1 satisfying \z n \ = r n (n = 1, 2, • • •) and \ f 2 (z n )\ = M(r n , / 2 ), by 
(3.11)-(3.12) we have 

M(r n ,f 1 + / 2 ) > \fi(z n ) + f 2 (z n )| > |/ 2 (z n )l - l/iOMI > M(r n , f 2 ) - M(r n ,fi) 

> ex Pp | (r 6 - e) logg_! “ ex Pr {(+> + £ ) lo Sg-i (f^r) } 

> \ expp |(r 6 - e) logg .4 ^ t 1 r ^ | (r n -> 1~). 

Hence cr Mi \p tq \{fi + fz) > on and + / 2 ) > r 6 . On the other hand, we have 

M (r, fi + f 2 ) < M (r, / 1 ) + M (r, f 2 ) 

< ex Pp | (75 + e) logg.! (} + ex Pp {( r 6 + £ ) lo Sg-i } 

< 2 expp | (r 6 + e) logg^ (^ 7 ) } ’ 

therefore a M ,\p, q ](fi + $ 2 ) < cm and T M ,\p, q }(fi + f 2 ) < t 6 . Thus we can get cr M ^ q ](fi + / 2 ) = 
P ’11 and r M) [p ; g](/i + / 2 ) = r Mi [p ) g](/ 2 ). Moreover, Theorem 1.3 also holds for t m ^ ,g](/i) < 
r M,[p,g](/2) = T 6 = OO. 
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Proof of Theorem 1.4. Since / is an analytic function in the unit disc, from the formula 

f(z ) = /( 0) + f /'(CR {\z\ = r < 1) 

Jo 

where the integral route is a line from 0 to z in the unit disc. We obtain that 


M(r,f) < |/(0)| + | f/'(CRI < |/(0)| +rM(r,f) < |/(0)| + M(r, /'), 
Jo 


i.e. 


By (3.13), we have 


M(r, f) > M(r, f) — |/(0)|. 


(3.13) 


^M,\p,q] (/ ) — &M,\p,q] (/)> f^M,\p,q] (/ ) — f^M,[p,q] (/) • 


On the other hand, in the circle \z\ = r £ (0,1), we take a point zq satisfying \f'(zo)\ = M(r, /'). 
By the Cauchy inequality 


where C = {£ : |£ — zq 


s(r) 


f'(zo) 


1 

27 ri 


— r} and s(r) = 


[ /(C) 

Jc (C — z o ) 

1 — d(l — r 


2 R 

), d £ (0,1). We deduce that 




l/Ro)| < 



/(C) 

(C - R 2 


(s(r) 


r) 


< 


M(s(r), f) 
s(r) — r 


i.e. 


M(r, /') < 


M(s(r)J) 


(l-d)(l-r)‘ 

By (3.14), then om^R/') < <r M ,\p, q ](f): VM,\p,q](f) < Mm,[p, <?](/)• Hence 


(3.14) 


&M, \p.q] (/) ^"M,[p,g](/ ) 7 /^M,[p,q](/ ) f^M,[p,q]{f) • (3.15) 

If 0 < a M ,\p,q](f) < OO and by (3.13), (3.15), we can get t M iM (/') > Then by 

(3.14)-(3.15), if p > (/ = 1 we can obtain 


logp M (r, f) 

^ \ G M,[P yl] H ) 

l=f ) 


< max < 


1 YV(T 

1 

1Q gp 

L(l-r)(l-d)J 


l 

1 —r 


®M, [p,l] («/0 


logp M(s(r), f) 

/ 1 \7M,|p, 1] (/) 


< max < 


!ogp 


l 

(i-rKl-d) 


logp M(s(r), f) 


( X \°M,[ P ,1](/) ’ 

1 

&M,[p,l] (/) 


1— s(r) 



/ ]\ a M,[p, 1] (/) 

\d) 
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let d -> 1, therefore T M) ^ q] (f) < t M jM (/), then t M jM (/) = t M)M (/'). If p > <? > 2, then 
log p M(r, /') 


lo g q-1 (l=F 


^M^p^q] if 0 


< max < 



fogp 

r 1 





_ 

|_(1—r)(l—4) J 


log p M{s{r),f) ^ 


fogq-l1 

'M 

a M,[p,q] if) 

fogg-l (t=f)_ 

&M,[p,q]{f ) J 


thus we have < r M)M (/) and = T Mjbv?] (/')• If 0 < p M ,]p, q ](f) < °o, we can 

similarly obtain (/')• 

Proof of Theorem 1.5. By Lemma 2.2, we have 

T(r, f) = m(r, /') + N(r, /') < m(r, /) + m fr, y ^ + 2N(r, f ) 


< 2T(r, /) + m (V, y) < (2 + e)T(r, /) + O jlog^j (r 0 Fd). (3.16) 

From (3.16) and Lemma 2.3, we have <J\p >q ](f) < v\p, q ](f), P\p, q ](f) < M[p,<?](/) for p > q > 1, 
T\p, q }(f) < r b,g](/)> %](/') < H[p,q](/), for p > 1 and t [ 1;1] (/') < 2r [1;1] (/), t [ 1;1] (/ / ) < 2r [11] (/) 
for p = q = 1. On the other hand, set i? = s(r) = 1 — d(l -r),d£ (0,1) in Lemma 2.4, we have 

T (r , /, < (2 + l log (1 _ d) 3 (1 _ r) ) r(.(r), /')• (3.17) 

By (3.17) and by the similar proof in Theorem 1.4, we have &\p,q]{f) < ( J [p,g](/ / )i M[p,ql(/) — 
/%,</](/') for p > q > 1, r M (/) < t m (/'), t [P j(?] (/) < r M (/') for p > q > 2 and r M (/) < 
(iy[p,q](/) r . .(y') for p > q = 1, letting d —> 1, therefore the following statements hold: 

If P > q > 2 and p > q = 1, then <r M (/) = cr[ P , q ](f),P[ P , q ](f) = V[ P , q ](f) and r [pg] (/) = 
T \p,q](f) for 0 < a M (f) < OO, r M (/) = T bg] (/') for 0 < /Z|p, 9] (/) < 00 . 

If p = q = 1, then a(f) = a(f),p(f) = p(f') and t [ m] (/') < 2 r [1)1] (/), t [1)1] (/ / ) < 2r [ia] (/). 


Proof of Theorem 1.6. Without loss of generality, assume that /(a) 7 ^ 0, by 

1 \ r n (t, jh)~ n ( 0 , jh) 


N r. 


f -a 


t 


-dt (0 < r < 1 ), 


we have 


n r 


r r+K^ n t 


< 


f~a 


f-aj log(l + V) 


dt < 


-N 


1 + r 1 


where 0 < r < l,log(l + Vr) ~ 4>-f,r —> 1 . By (3.18), we have 


2r > 2r 

Jog v n[r,j^ 


lim 

fogqfrr 


< max < lim 

r ^ 1_ fog^WF 


log (1 + V 2 ' f — a 

we have 

log p N(^f,j^) —logp (j^f) 


lim 

r " >1_1 °g? (l=F 


(3.18) 


(3.19) 
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By (3.19), we can obtain 

(®) if p > q > 1, then A^(/,a) < A J ?] (/,a); 

(ii) if p = q = 1, then A"(/, a) < A N (f, a) + 1; 

(in) if p = q > 2, then X^ p] (/, a) < max | Aj^ p] (/, a), 11. 

On the other hand, by 

" ('■ yb)= £ " £" yb) 5 " £ yb) log (y) + 0(1) ’ (3 ' 20) 

where 0 < ?’o < r < 1. By (3.20), we can get 

(i) ifp > q > 1, then Aj£ g] (/,a) < A^ ?] (/,o); 

(ii) if p = q = 1, then A ^(f, a) < A n (f, a); 

(Hi) ifp = q>2, then Aj£ p] (/, a) < A^ p] (/, a). 

Therefore, the conclusions of Theorem 1.6 hold. 
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Abstract 

In this paper, we consider a control system for semilinear integrodifferential 
equations in Hilbert spaces with Lipschitz continuous nonlinear term. Our 
method is to find the equivalence of approximate controllability for the given 
semilinear system and the linear system excluded the nonlinear term, which is 
based on results on regularity for the mild solution. Finally, we give a simple 
example to which our main result can be applied. 

Keywords: approximate controllability, semilinear control system, lipschtiz 
continuity, approximate controllability, reachable set 

AMS Classification Primary 35B37; Secondary 93C20 


1 Introduction 

Let H and V be real Hilbert spaces such that U is a dense subspace in H. In this 
paper, we are concerned with the control results for the following retarded semilinear 
control system in Hilbert space H : 

f x {t) = Ax(t) + g(t,x(t), f* k(t,s,x(s))ds)) + Bu(t), t > 0, 

\ x(0) = Xq, 

This research was supported by Basic Science Research Program through the National re¬ 
search Foundation of Korea(NRF) funded by the Ministry of Education, Science and Technol- 
ogy(2019RlFlA1048077) 
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where t > 0, B is a bounded linear controller, and u(t) is an appropriate control 
functions. Let A be the operator associated with a bounded sesquilinear form defined 
in V x V satisfying Garding inequality. Then it is well known that S(t) generated 
by A is an analytic semigroup in both H and V*, where V* is the dual space of V, 
and so the system (1.1) may be considered as an system in both H and V*. g is is 
a nonlinear mapping as detailed in Section 2. 

Whether the reachable set associated with control space in dense subset of H. 
This is called an approximate controllability problem. As for linear evolution sys¬ 
tems in general Banach, there are many papers and monographs, see [1, 2], Triggiani 
[3], Curtain and Zwart [4] and references and therein. 

The controllability for nonlinear control systems has been studied by many au¬ 
thors, for example, control of nonlinear infinite dimensional systems in [5], control¬ 
lability for parabolic equations with uniformly bounded nonlinear terms in [6], local 
controllability of neutral functional differential systems in [7]. 

Recently, the approximate controllability for semilinear control systems can be 
founded in [8, 9, 10], their results give sufficient condition on strict assumptions on 
the control action operator B. Similar considerations of semilinear systems have 
been dealt with in many references [11, 12, 13, 14]. 

We investigate the equivalence of approximate controllability for (1.1) such that 
excluded the nonlinear term and the controller. The solution mapping from the 
initial space to the solution space is Lipschitz continuous in [0, T\. We no longer 
require the strict range condition on B , and the uniform boundedness in [6] but 
instead we need the regularity and a variation of solutions of the given equations. 
For the basis of our study we construct the fundamental solution and establish 
variations of constant formula of solutions for the linear systems, see [15, 16]. 

Based on L 2 -regularity properties of semilinear integrodifferential equations in 
Hilbert space and the regularity of solutions discussed in Section 2. We will obtain 
the relations between the reachable set of the semilinear system and that of its 
corresponding linear system in Section 3. Finally, a simple example to which our 
main result can be applied is given. 


2 Regularity for retarded semilinear equations 

If H is identified with its dual space we may write V C H C V* densely and the 
corresponding injections are continuous. The norms on V, H and V* will be denoted 
by || • ||, | • | and || • ||*, respectively. The duality pairing between the element V\ 
of V* and the element rq of V is denoted by ( 111 , 112 ), which is the ordinary inner 
product in H if ui,u 2 G H. 
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For / G V* we denote (l,v) by the value l(v) of 
element of V* is given by 


= sup 

vev 


IMI 


at v E V. The norm of l as 


Therefore, we assume that V has a stronger topology than H and, for brevity, we 
may regard that 

IM|* < |w| < ||w||, Vm G V. (2.1) 


Let o(-, •) be a bounded sesquilinear form defined in V x V 
Garding’s inequality 


Re a(u,u) > u)i\\u\\ 2 — u> 2 \u 


2 


and satisfying 


( 2 . 2 ) 


where u\ > 0 and co 2 is a real number. Let A be the operator associated with this 
sesquilinear form: 

(Au,v) = —a(u,v), u, v G V. (2.3) 

Then A is a bounded linear operator from V to V* by the Lax-Milgram Theorem. 
The realization of A in H which is the restriction of A to 


D(A) = {u E V : Au G H} 

is also denoted by A. ft is well known that A generates an analytic semigroup in 
both of H and R*(see [17]). 

From the following inequalities 

kh|M| J < Rea(M,«) +o; 2 |m| 2 < \Au\ |u| u: 2 \u\ 2 < max{l,ca 2 }||'u||£ ) (A)M, 

where 

||w||d(A) = {\Au\ 2 + M 2 ) 1/2 

is the graph norm of D(A), it follows that there exists a constant C > 0 such that 

Ml < c \\u\\d( A )\u\ 1/2 - (2-4) 

Thus we have the following sequence 

D(A) cVcHcV*C D(A)*, (2.5) 

where each space is dense in the next one, which is continuous injection. 

Lemma 2.1. With the notations (2.1), (2.4), and (2.5), we have 

(v,ni /2 ,2 = R, 

(D(A), H) 1/2 ,2 = V, 

where (V, V*)i/ 2,2 denotes the real interpolation space between V and V* (Section 
1.3.3 of [18]). 
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Assumption (K). Let k : M + x [ — h,0] x V — >■ H be a nonlinear mapping 
satisfying the following: 

(Kl) For any x G V the mapping k(-, -,x) is measurable; 

(K2) There exist positive constants K 0 , K\ such that 

I k{t,s,x) - k{t,s,y) | < K-i\\x - y ||, 

\k(t, s, 0)| < Kq 

for all (t, s ) G M + x [—h, 0] and x, y G V. 


Assumption (G). Let g : M + xVxH—^H be a nonlinear mapping satisfying the 
following: 

(Gl) For any x G V, y G H the mapping g(-,x,y ) is measurable; 

(G2) There exist positive constants L 0 ,Li,L 2 such that 

I g(t,x,y) — g(t, x, y)\ < Li||a;-x|| + L 2 \y - y\, 

\g(t, 0 , 0 )| < L 0 

for all t G M + , x, x G V, and y,y G H. 

For x G L 2 (—h,T] V), T > 0 we set 


G(t,x) — g(t,x(t), / k(t,s,x(s))ds). 

Jo 

The above operator g is the semilinear case of the nonlinear part of quasilinear 
equations considered by Yong and Pan [19]. The mild solution of (1.1) is represented 

by ^ 

x(t) = S(t)x o+ f {G(s, x(s)0 + Bu(s)}ds, t > 0. 


Lemma 2.2. Let iGf 2 (0,T; b), T > 0. Then G (•, x) G L 2 (0, T ; H ) and 


||G(-,x)||i2 ( 0 ,T;iT) < (Lo + ToL2)Vr + + L 2 K]T)\\x\ |z,2( 0) T;V)- 

Moreover if x i, X 2 G L 2 (0,T; V), then 


||G(-,xi) — G( - , xf) | \l 2 (o,t-,h) < (^i + £ 2 iGT)||zi — a; 2 ||l 2 (o,t ; v)- (2.6) 
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Proof. Hence, from (K2), (G2) and the above inequality it is easily seen that 


\\G(-,x)\\ L 2( 0)T . H ) < ||G'(q.O) | + ||G(-, x) - G(-,0)|j 
< L 0 VT + Li\ |x| |l 2 (0,T;V) + L 2 \ | f k(-, S, x(s))ds\ |L 2 ( 0 ,T;iT) 


.70 

< L 0 Vf + Li\ |x| |l 2 (o,t ; v) + L2K\T\ |x| \l 2 (o,T\V) + KqL 2 Vt 

< (Lq + KqL 2 )\/T + ( L\ + L 2 KiT)\\x\\l 2^^ t . v ^ 

Similarly, we can prove (2.6). 


□ 


In view of Lemma 2.2, we can apply the regularity results of Theorem 3.1 of [10] 
to (1.1), and so we obtain the following results. 

Proposition 2.1. 1) Let x 0 G H and k G L 2 (0,T; V*), T > 0. Then there exists a 
unique solution x of (2.7) belonging to 

L 2 (0, T; V) n W 1>2 (0, T; V*) C C([0, T]; H) 

arid satisfying 

ll a; l|L 2 (o,r;V)nm 1 ’2(o,r;V*) < (l^oI + 1 \k\ |l 2 (o,t ; v*)); (2-7) 

where C\ is a constant depending on T. 

2) If xq G H and k G L 2 (0,T; V*), then the mapping 

H x L 2 (0, T; V*) 3 (x 0 , k) ^3 x E L 2 { 0, T; V ) D W 1)2 (0, T; V*) 
is Lipschitz continuous. 

Here, we note that by using interpolation theory, we have that for z G L 2 (0, T; P)fl 
bF 1,2 (0, T; V*), there exists a constant C 2 > 0 such that 

|M|c([0,T];.ff) < C , 2 ||^||L2(0,T;V)nVP 1 '2(0,T;V*)- (2.8) 


3 Approximately reachable sets 

Let U be a Banach space and the controller operator B is bounded linear operator 
from another Banach space U to X. 
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Let S(t) be an analytic semigroup generation by A. Then we may assume that there 
exists a positive constant Co such that 

\\S(t)\\< C 0 , HASWH <C 0 /t(t>0). (3.1) 

The solution x(t) = x(t] Xq, G, u ) of initial value problem (1,1) is the following form: 

x(t; x 0 , G, u) — S(t)x 0 + f S(t — s){G(t,x(s)) + Bu(s)}ds, t > 0, 

Jo 

For T > 0, Xq G H and u G L 2 (0,T; U) we define reachable sets as follows. 

L t (x o) = {x(T-,x Ol 0,u) : u G L 2 (0,T;f/)}, 

Rt(x o) = {x(T-x 0 ,G,u) : u G L 2 (0,T;f/)}, 

L(x o) = (J L t (x o), R(x 0 ) = (J R t (x o). 

T>0 T>0 

Definition 3.1. (1) System (1.1) is said to be H-approximately controllable for 
initial value xq (resp. in time T) if R{x o) = H ( resp. Rt(xq) = H). 

(2) The linear system corresponding (1.1) is said to be H-approximately controllable 
for initial value x 0 (resp. in time T) if L(x 0 ) = H ( resp. L T (x 0 ) = H). 

Remark 3.1. Since A generate an analytic semigroup, the following (l)-(4) are 
equivalent for the linear system (see [2, Theorem 3.10]). 

(1) L(x 0 ) = H \/xo G H . 

(2) W)=H. 

(3) L t (x o) = H \/xo G H. 

(4) MO ) = H. 

Theorem 3.1. For any T > 0 we have 

Rt{ 0) C L'p(O). 

Proof. Let f Lt( 0). Since Lt( 0) is a balanced closed convex subspace, we have 
azo £ Lt{ 0) for every aGR, and 

inf{||^o — z\\ : z G Lt{ 0)} = d. 

By the formula (2.7) we have 

I ^(d 0, G, u)\ |l 2 ( 0 ,T;V) ^ C\\\B\ 11 \u\ |l 2 ( 0 ,T;C/), (3-2) 
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where C\ is the constant in Proposition 2.1. For every u G L 2 (0, T; U), we choose a 
constant a > 0 such that 


C 0 {{L 0 + K 0 L 2 )Vt+ (L, + L 2 K 1 T)C 1 \\B\\\\u\\ L 2 i0 , T ; U )} < <*d. (3.3) 

Hence form (3.2), (3.3) and by using Holder inequality, it follows that 
| x(T\ 0, G , u) — az 0 \ 

S(T — s)Bu(s)ds — az 0 \ — \ f S(T — s)G(s, x(s))ds\ 

Jo 

> ad — Cq{(L 0 + K 0 L 2 )Vt + (Li + L2-^i^)||^||l 2 (o,T;V)} 

> ad-C 0 {(L 0 + K 0 L 2 )Vf + (Li + L 2 K 1 T)C 1 \\B\\\\u\\ L 2 {0tT . u) } > 0 . 



Thus, we have az 0 ^ Rt( 0). □ 

Lemma 3.1. Suppose that k G L 2 (0,T]H ) and x(t) = S(t — s)k(s)ds for 0 < 
t < T. Then there exists a constant C 3 such that 

\\ x \\l 2 (o,t-d(A)) < Ci\\k\\ L 2^ T .H), (3.4) 

11*^1 \l 2 (0,T;H) < C 3 J ||/c| \l 2 (0,T;H), (3.5) 

and 

IM|l 2 (0,T;V) < C 3 \JT\ \k\\ l 2 (0,T;H)- (3.6) 

Proof. The assertion (3.4) is immediately obtained by (2.7). Since 


x \\l*{o, t-h) = fo I Jo S(t - s)k(s)ds\ 2 dt < C 0 f 0 T (f*\k(s)\ds) 2 dt 
< C 0 f 0 T t f*\k(s)\ 2 dsdt < / Q T \k(s)\ 2 ds 


it follows that 

I \ x \\l 2 (o,t-,h) < 

From (2.4), (3.4), and (3.5) it holds that 


^1 |l 2 (o,t ; v) < C\J C'iT(M/2) 1 // 4 ||A;| \l 2 (o,t ; h)- 


So, if we take a constant C 3 > 0 such that 

C3 = ma X {yCV2,C' v / Cd(C'o/2) 1 / 4 }, 


the proof is complete. 


□ 
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Theorem 3.2. Under Assumptions (K) and (G), for any x 0 G H we have 


Lt(x o) C Rt(x o). 


Proof. Let u G L 2 (0, T; U ) be arbitrary fixed. Then by (2.7) we have 

I \ x u\ |l 2 (0,T;V) < C'ld^ol + I |-S| 11 M |l 2 (0,T;[/)); 

where x u is the solution of (1.1) corresponding to the control u. For any e > 0, we 
can choose a constant <5 > 0 satisfying 


nun 


in{\/<5, 5} < min[{7C 3 (L 1 + L 2 K 1 T))) , 

e{C 3 (L 0 + K 0 L 2 Vf)}-\ 


(3.7) 


t{Cz(Li + L 2 K 1 T)(C 1 C 2 \\x u \\ L 2 {0tT .v)nw^(o,T-,v*) + e )} , 
ejC^Col \x u \ |L 2 (o,r ; v) n wi> 2 (o + e )(Li + L 2 K{T)^ , 

e{(Cf (L 0 + A^L 2 )Vt + e)(Li + L 2 K\T)}~ 1 ]/6. 


Set 


x\ := x(T — 5 ; xq, G, m) = S'(T — <5)a;o+ 


rT-8 


cT—8 


+ 


S(T — S — s)G(s, x u (s))ds + / S(T — 8 — s)Bu(s)ds, 


where a; u (t) = x(t) Xq, G , tt) for 0 < t < T. Consider the following problem: 

y'(t) = Ay(t ) + Bu(t), 8 < t <T, 
y(T — 8) = x\, y(s ) = 0 — h < s < 0. 


(3.8) 


The solution of (3.8) with respect to the control w G L 2 (T — 8,T;U) is denoted by 


y w (T) — S(8)x i+ / S(T — s)Bw(s)ds 


(3.9) 


' T—<5 


cT—5 


= S(T)x o + 5(5) 


S'(T — <5 — s)G(s, x u (s))ds 


cT—8 


S(8) 


S(T — 8 — s)Bu(s)ds + / S(T — s)Bw(s)ds. 


its 
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Then since z G L T (x 0 ), and L T (x 0 ) = L(0) is independent of the time T and initial 
data xo(see Remark 2.1), there exists w\ G L 2 (T — 8,T;U) such that 


sup \y Wl (t) -z\ <-, 

T—S<t<T D 


and hence, by (3.9), 


JT—5 

Now, we set 


V(s = 


u if 0 < s < T — 8, 

Wi(s) if T — 6 < s < T. 


Then v G L 2 (0, T; U). Observing that 


x v (t;G,v) — S(t)x 0 + J S(t - r){G(r,x v (r)) + Bv(r)}dr, 


(3.10) 


S(T— s)Bwi(s)ds\ < C 0 \\x u \\ L 2 ^ t _ s . V ) + -, t — 5 < t < T. (3.11) 


from (3.9) and (3.10) we obtain that 

\x(T-,x 0 ,G,v) - z\ < \y Wl (T) -z\ + \x(T-,x 0 ,G,v) — y Wl (T)\ (3.12) 

< I y wl i. T ) - z \ 

pT pT—S 

+ |/ S(T — s)G(s,x v (s))ds — S(8) / S(T - 5 - s)G(s,x u (s))ds\ 

J 0 Jo 

pT pT—6 

+ I / S(T — s)Bv(s)ds - S(8 ) / S(T — 8 — s)Bu(s)ds 

Jo Jo 

— f S(T — s)Biui(s)ds\ 

J T—8 

f S(T — s)G(s,x wl (s))ds\ 

Jt-S 


< - 
- 6 


<- + n. 

Here, we remind that the x Wl is represented by 
x Wl (t) —S(t)x(T — 8; xq, G, u ) 


+ f S(T — s)G(s, x Wl (s))ds + f S(T — s)Bwi(s))ds 
Jt—5 Jt—5 
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for T — 5 < t < T. Here, by (2.7) we have 

||S'(-)a:(r - 5;x 0 ,G,u)\\ L 2 {0jT . v) < Ci\x(T - 8;x 0 ,G,u)\ (3.13) 

< CiC 2 \ Fu| \l 2 (0,T-,V)C\W 1 ’ 2 (0,T-,V*)- 

Put t 

p(t) = [ S(t — s)G(s,x wl (s))ds, T — 5 < t < T, 

Jt-s 

and 

q(t) I S(t — s)Bwi(s)ds T — 5<t<T. 

Jt-s 

Then with aid of (3.6) of Lemma 3.1 and Lemma 2.2, we have 

I \p\ \l 2 (T—S,T;V) < C 3 Vfi\\G(-, X Wi )\\l2(T —S,T;V) (3-14) 

< C 3 V5{(L Q + K 0 L 2 )Vr + (Li + L 2 K\T) | \x Wl | \l 2 (T- 5 ,T-,V)}i 

and by (3.11), 

11*?! \l 2 (T—5,T\V) < V / ^(C'o||^«||l 2 (0,T- < 5;V) + g)- (3.15) 

Since C 3 V8(Li + L 2 K{T)) < 1 by virtue of (3.7), by (3.13)-(3.15), we get 

ll^wil \l 2 (T-8,T;V) <{C\C 2 \\x u \ |L 2 ( 0 ,T;V)nW 1 . 2 ( 0 ,T;V*) (3.16) 

+ VS(Cq\\ x u \ |l 2 (0,T—5;V) + g) 

+ C 3 V5T(L 0 + K 0 L 2 )}{1 - C 3 V5(L 1 + l 2 k 3 t))}-\ 
Hence, with aid of (3.6), (3.7), (3.16), and by using the Holder inequality, we have 

//=| [ S{T - s)G(s,x wl {s))ds\ (3.17) 

Jt-s 

< C 3 V5T{(L 0 + K 0 L 2 ) + (7i + L 2 K\T) | \x Wl ||l 2 ( t-( 5 ,t ; v ) } 

< C 3 \/~8T{Lq + KqL 2 ) + C 3 V5(Li + L 2 K 1 T){C 1 C 2 \\x u \\ L 2 {0tT . v)rw i, 2 (0 ,T;V*) 

+ v^(Co| \ x u\ |l 2 (o,t —S;V) + g) 

+ C 3 V5T(L 0 + K 0 L 2 )}{l-C 3 V8(L 1 + L 2 K 1 T))y 1 < 

Therefore, by (3.12) and (3.17), we have 

\\x(T;x 0 ,G,v) - z\\ H < e, 

that is, z € Rt(xq) and the proof is complete. □ 
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Remark 3.2. Noting that H([0,T];U) is dense in L 2 (0,T-,U), we can obtain the 
same results of Theorem 3.2 corresponding to (1.1) with control space 

H([0,T)-,U) = {w : [0,T] ->■ U : \w(t) - w(s)\ < H 0 \t - s\ e , 0 < 9 < 1, H 0 > 0} 

instead o/L 2 (0,T; U) 

From Theorems 3.1-2, we obtain the following control results of (1.1). 
Corollary 3.1. Under Assumptions (K) and (G), for T > 0 we have 

L t (x 0 ) = H R t (x o) = H. 

Therefore, the approximate controllability of linear system (1.1) with g = 0 is equiv¬ 
alent to the condition for the approximate controllability of the nonlinear system 
(i.i). 
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On modified degenerate poly-tangent numbers and 

polynomials 
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Abstract : In this paper we introduce the modified degenerate degenerate poly-tangent polynomials 
and numbers. We also give some properties, explicit formulas, several identities, a connection with 
modified degenerate poly-tangent numbers and polynomials, and some integral formulas. Finally, 
we investigate the zeros of the modified degenerate poly-tangent polynomials by using computer. 

Key words : Tangent numbers and polynomials, degenerate poly-tangent numbers and polynomi¬ 
als, Cauchy numbers, Stirling numbers, modified degenerate poly-tangent polynomials. 

AMS Mathematics Subject Classification : 11B68, 11S40, 11S80. 

1. Introduction 

Many mathematicians have studied in the area of the Bernoulli numbers and polynomials, Euler 
numbers and polynomials, Genocchi numbers and polynomials, tangent numbers and polynomials, 
poly-Bernoulli numbers and polynomials, poly-Euler numbers and polynomials (see [1-11]). In this 
paper, we define modified degenerate poly-tangent polynomials and numbers and study some prop¬ 
erties of the modified degenerate poly-tangent polynomials and numbers. Throughout this paper, we 
always make use of the following notations: N denotes the set of natural numbers and Z + = NU{0}. 

Carlitz [1] has defined the degenerate Stirling numbers of the first kind and second kind, 
Si(n, k, A) and £ 2 ( 71 , k, A) by means of 

( 1-(1 A ~ * )A ) =fc!f>(n,fc,A)^, (1-1) 

' ' n—k 

/ \ k °° f n 

((l + A t) 1/x -l) =k\^S 2 (n,k,\)-. (1.2) 

n=k 

Howard [12] has defined the degenerate weighted Stirling numbers of the first kind and second 
kind, Sj(n, k, x, A) and £ 2 ( 71 , k, x, A) by means of 

/1 _ (1 _ f) A \ k 00 y in 

(l-t)W—= p ( L3 ) 

' ' n—k 

/ \k °° f n 

(1 + Atf/ A ((l + At) 1 ^- 1J =k\J2s 2 {n,k,x, A)-. (1.4) 

n=k 

The generalized falling factorial (a;|A) n with increment A is defined by 

n—1 

(x\\) n = - A k). 

k—0 

The generalized raising factorial < x\X > n with increment A is defined by 

n—1 

< Lc|A >n= If ( x + Afc). 
k -0 
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for positive integer n, with the convention (x|A)o = 1. We also need the binomial theorem: for a 
variable x, 

t r 


(l + Atf/ A = 5>|A) n -. 

^' 77, 


n —0 


The degenerate poly-Bernoulli numbers Bn'\X) were introduced by Kaneko [5] by using the following 
generating function 

x 7 n =0 


(1.5) 


where 


Li k{t) = J2 




( 1 . 6 ) 


is the fcth polylogarithnr function. 

The degenerate poly-Euler polynomials £„ k \x,X) are defined by generating function 

(i L + f ^»+ ) i (1 + At) ’’ /A = £^ >(3, ’ A) a’ {kez) - 

v 7 n —0 


(1.7) 


The familiar degenerate tangent polynomials T n (x, A) are defined by the generating func¬ 
tion [7]): 

/ o \ 00 +n 

( 1 . 8 ) 


(i + At) 2 / A + 1 ) (1+A ^ A = E ^ • (i 2 *i < *)■ 

v 7 7 n—0 

When x = 0, T„(0, A) = T„(A) are called the degenerate tangent numbers. The degenerate tangent 
polynomials T„ (x, A) of order r are defined by 


(1 + At) 2 / A + l ) (l + A<)^ = £T<r>(z,A)-, (|2(| < n). 

v 7 7 n=0 


(1.9) 


It is clear that r = lwe recover the degenerate tangent polynomials T„(i, A). 

The degenerate Bernoulli polynomials Bi r ^(a;,A) of order r are defined by the following gener¬ 
ating function 


(1 + A tf/ x = £ A)-,, (|t| < 2 tt). 

z ' n! 


n —0 


_ (1 + At)!/ A — 1 

The degenerate Frobenius-Euler polynomials of order r, denoted by (u, x, A), are defined as 


( 1 . 10 ) 


v 7 7 71=0 


( 1 . 11 ) 


The values at x = 0 are called degenerate Frobenius-Euler numbers of order r; when r = 1, the 
polynomials or numbers are called ordinary degenerate Frobenius-Euler polynomials or numbers. 
The degenerate poly-tangent polynomials Tn k \x, A) are defined by the generating function: 


(f+£)W + i + A« ),A = E A)^. (*ez) 


( 1 . 12 ) 


When x = 0, T^\ 0, A) = T^\x, A) are called the degenerate poly-tangent numbers. Many kinds 
of of generalizations of these polynomials and numbers have been presented in the literature(see 
[1-12]). In the following section, we introduce the modified degenerate poly-tangent polynomials 
and numbers. After that we will investigate some their properties. We also give some relationships 
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both between these polynomials and modified degenerate poly-tangent polynomials and between 
these polynomials and cauchy numbers. Finally, we investigate the zeros of the modified degenerate 
poly-tangent polynomials by using computer. 


2. Modified degenerate poly-tangent polynomials 


In this section, we define modified degenerate poly-tangent numbers and polynomials and pro¬ 
vide some of their relevant properties. 

The modified degenerate poly-tangent polynomials Tn k \x, A) are defined by the generating 
function: 

{1+Xtr ' x = 

v ' n —0 


( 2 . 1 ) 


When x = 0, Tn k \o,X) = Tn k \x,X) are called the degenerate poly-tangent numbers. Upon setting 
k = 1 in (2.1), we have 

TJl 1) (x,X)=^(^jX n - 1 S 1 (l,l)T n _ l (x,X) for n > 1. 


By (2.1), we get 


±T^,X^J 2Lh[1 - {1 + Xtyl,Xy 


n =0 


^ (1 + At) 2 A + l 




(1 + Xt) x/X 


n—0 

oo / n 


n—0 


n\ 


( 2 . 2 ) 


= E E 


t n 


n\ 


l' 


n= 0 \l =0 

By comparing the coefficients on both sides of (2.2), we have the following theorem. 

Theorem 2.1. For n G Z + , we have 

T™(x,X) = £ 7^ (fc) (A)(x|A)„_j. 

The following elementary properties of the degenerate poly-tangent numbers Tn k \ A) and poly¬ 
nomials Tn k \x,X ) are readily derived form (2.1). We, therefore, choose to omit details involved. 

Theorem 2.2. For k G Z, we have 

( 1 ) T^ k \x + y,X) = ^I^T l {k \x,X)(y\X)n-i. 

(2) 7£(2-*, A) = ±(-l) l (^)Tl\(2,X) < x\X) >* . 


Theorem 2.3 For any positive integer n, we have 


( 1 ) T^ k) (mx,X) = £ (^) 7 < (fc) ( a: ’ A )(( m_ Ox\X) n -i. 

n— 1 / \ 

(2) T^\x + 1,X)-T^\x,X) = J2( ?)7T (fc) (a7,A)(l|A)„_ I . 

/—n ^ ' 


(2.3) 
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From (1.6), (1.8), and (2.1), we get 




n=0 


(1 + At) 2 / A + 1 


= £ 

1=0 


(1-(1 + At)- 1 / A ) /+1 2(1 +Af+ A 


(i + iy 


(1 + Af) 2 / A + 1 


f' 1 yi (l + + ( v 2(l + \tr^(l + Xt)- i/X 
++ + + +£ 1 ) (i + a^a + i 

—■■— E + < 


= £ <+y £ (++>*££ (")t(«. »,(-!)-' < <|A ><„■,) £ 

1=0 v ; 2 =0 v 7 n—0 \j= 0 XJ 7 

- E (eEE ++10C) T<( *- A> ' i|A >( ”-« J s- 

n=0 y;=0 i=0 j=0 v 2 v 7 v “ ,/ / 

By comparing the coefficients on both sides of (2.4), we have the following theorem. 
Theorem 2.4 For n € Z + , we have 

T<‘+, A) = ± ‘t t ++ (' + ') (+,(*, A) < i|A >,„ 


1=0 i—0 j—0 
oo Z+l 


i-j) 


H) 1 (1 + l\ m , 

_ ££ o, iAfc ( „■ ) T «( x *>+ 


1 =0 i—0 


(Z + l) fc V i 


By (2.1), we note that 

£ -d‘+. + = 2E(-1)'(1 + (1 - (1 ,: A r r e + A, >' ,A 


n—0 


Z=0 Z=0 

\ i+1 




= 2 EE (1 {1 r+nP' ( ~ 1) '~ ,(1 + V) <2 ‘“” l/A (i + V) I/X 

1=0 i=0 + ' 

OO Z 2+1 Of_1 AZ+J — 2 f*+l\ 

^-(1 + xt) (2l ~ 2i+x)/A (1 + At)“ j/A 


i=o i =o ,=o + 17 

£ (e£££ 2(—l) i+J_ *( i ^ 1 )(^)(2/ — 2i + a:|A) m < j|A > (n _ m) ^ f 
n—0 V 1=0 2=0 j=0 m=0 


(i + l) k 


n\ 


Comparing the coefficients on both sides, we have the following theorem. 
Theorem 2.5 For n £ Z+, we have 


7++ A) ££££ 2 ( - l7+J '- i (T)( ^) (2/ - 2i + a;| A ) ^ < JlA > (n- TO ) 

Z=0 2=0 j=0 m=0 


(i + 1)* 


_ g ^ g. 2 (-l) i +J~ » C+ 1 ) (2J - 2i - j + x\X) r 

1=0 2=0 j =0 


(i + 1)* 


(2.4) 
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3. Some identities involving degenerate poly-tangent numbers and polynomials 

In this section, we give several combinatorics identities involving degenerate poly-tangent num¬ 
bers and polynomials in terms of degenerate Stirling numbers, generalized falling factorial functions, 
generalized raising factorial functions, Beta functions, degenerate Bernoulli polynomials of higher 
order, and degenerate Frobenius-Euler functions of higher order. 

By (2.1) and by using Cauchy product, we get 

t n 


L ' n 


n —0 


/2Li fc (l-(l + At)- 1/A )' 

^ (1 + At) 2 / A + 1 

2Li fc (1 - (1 + Af)- 1 / A ) ^ (x + l - 1 


(1 + At) 2 A + 1 


£ 

1 =0 


(l (1 (1 + At) _1 / A )^ 

(1 - (1 + Xt)~ 1/x ) 1 


= £ < * 


((1 + At)V A - 1)' ( 2Lifc (1 - (1 + At)-V A ) 


(3.1) 


;=o 


l\ 


(1 + A f) 2 A + 1 


(1 + A t)~ l/x 


w w j.n w j.n 

= £ < * >* £ &(n, l, A) - £ T^(-l, A)- 

l —0 n —0 ’ n =0 


00/00 n 


n—0 \ 1—0 i=l 


= £££#«2(U, AA) < * >, - 


where < x >i= x{x + 1) • • • (x + l — 1)(Z > 1) with < x >o= 1- 

By comparing the coefficients on both sides of (3.1), we have the following theorem. 

Theorem 3.1 For n £ Z + , we have 

oo n / \ 

rt k \x, A) = £ £ (” ) S 2 (i, l, a )T*L\(-l, X) < x >i . 
i=o i=i AV 

By (2.1) and by using Cauchy product, we get 




n—0 


/2Li fc (1 - (1 + At)-V A )' 
^ (1 + At)2A + i 


(l (1 (1 + At) _1 / A )) 


2Lifc (1 - (1 + At)“ 1 / A ) 
(1 + At) 2 A + 1 


£ 

1=0 


x + l — 1 


(1- (1 + At) _1/A )' 


= £ < * >* 


(1 + At)-*/ A ((l + Af) 1 ^ - 1)* f 2Li fe (1 - (1 + At)- 1/A )' 


1=0 


l\ 


\ (1 + Af) 2 A + 1 


OO OO , n OO , n 

= £ < * >* £ ^(n, *> A)-y£ Ti fc) (A)- 


l —0 n=0 

oo / oo n 


n—0 


n—0 \ 1=0 i=l 


= £ £ £ L- &(*, l, A)r£(A) < a: >i 


n\ 


(3.2) 


where < x >i= x(x + 1) • • • (x + l — 1)(Z > 1) with < x >o= 1- 

By comparing the coefficients on both sides of (3.2), we have the following theorem. 
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Theorem 3.2 For n £ Z+, we have 


oo n / \ 

T^{x,X) = 53 E ( ") <52 (i,l,-l, A)r n ( ^(A) < a: >, . 

Z=0 i=l ' 7 


By (2.1) and by using Cauchy product, we get 


E T n (fe) (*, A) 2Llfe ( f + x ^ ] (((1 + A£) 1/a — 1) + l) 


2Li fc (1 - (1 + At)” 1 /*) ~ 


(1 + At) 2 /* + 1 


= E(*)' 


E I (a+At) 1 /*- 1 ) 

i=o v 7 

((1 + At) 1 /* - 1)' ( 2Li fe (1 - (1 + At)" 1 /*)' 


1=0 

oo oo 


= E(^E‘W’ A ) r bE' r E 


(1 + At) 2 /* + 1 
t n 


1=0 n=0 

oo / oo n 


n: z —' 71! 

71 = 0 


= £(££(")ww.wS)£. 


n=0 \i=0 i=J 

By comparing the coefficients on both sides of (3.3), we have the following theorem. 
Theorem 3.3 For n £ Z+, we have 


OO 71 ✓ \ 

7i k) (x, A)=yy " (*),5 2 (*, i, 

l —n o — 7 \ / 


Z=0 i=l 

By (1.2), (1.10), (2.1), and by using Cauchy product, we get 
t" 


E^^-A)- 

z ' 77, 


71=0 


/2Li fc (l — (1 + At) -1 /*) 
( (1 + At) 2 /* + 1 

((1 + At) 1 /* - l) r r\ 
r\ t r 

((1 + At) 1 /* - l) r / 


(1 + At)®/* 
t 


(TTVTatt) + 

* 7 7 71=0 






^71=0 


00/71 


71 — Z 


= £(£tE«'+''.'',a)E ,w 

7i=0 \l=0 \ r J 


i=0 


,71 = 0 

(r) 


Br^,A)ryy i (A) i 


By comparing the coefficients on both sides, we have the following theorem. 
Theorem 3.4 For n £ Z + and r £ N, we have 


n n—l (n\ !n—l\ 


Tjt k \x, A) = EE ^ B i r) ^ A )' 

i=0 i=0 V r / 


(3-3) 
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By (1.2), (1.11), (2.1), and by using Cauchy product, we get 




71=0 


2Lifc (l — (1 + At) -1 / A ) 
(1 + Af) 2 / A + 1 
((1 + At) 1 / A — u ) 


(i-uY 


(1 + A t) x/x 

l-« Vn I w/A 2Li fc (i-(i + Ar 1/A ) 

) [ ’ (1 + Af) 2 / A + 1 


(1 + At) 1 / A — u / 




n —0 


i =0 


7=0 


l 




n=0 


71=0 


71 = 0 


- £ (CKW,A)eiM) ] b- 


1=0 


By comparing the coefficients on both sides, we have the following theorem. 
Theorem 3.5 For n £ Z + and r £ N, we have 


Tj fc) 0r,A) = 


1 


(i - uy 


EE , , (-«rHr ) (n,x,A)7:!}(i,A). 


i =0 1=0 

By (1.2), (1.11), (2.1), and by using Cauchy product, we get 
t r 




71=0 


2Li fc (l (1 + A t) 1 / A ) / x (1 + A t) 1 ^ + 1 

(1 + At) 2 / A + 1 1 + > (i + At)iA + l 

2Li fc (1 - (1 + A1)- 1 / a ) 

(1 + At)VA + 1 


Cl | \ t \x!X ( (! + Xt ) 1/X 

{1 + Xt) V (1 + At)2/ A + 1 


+ 


(1 + At)2/ A + 1 


= ^4 fe >0r,A)- £-(T„(l,A) + T„(A)) 


\71=0 
oo 


^71=0 


= E ( |E (?) (T„(l,A) + T„(A))C ) i ( a; ,A)) t ~. 


t n 


, _ A 

n =0 \ 1=0 N 

By comparing the coefficients on both sides, we have the following theorem. 
Theorem 3.6 For n £ Z + and r £ N, we have 


7l k) (x, A) = (") (T„(1,A) + T„(A))^ fc _ ) I ( a: ,A). 


By (1.2), (1.11), (2.1), and by using Cauchy product, we get 

yT^ k \x,X)- = 2Lifc ii~ (1 + ElE) n + x*W Al “( 1 + At )" 1M 

2-—' n n! 


71=0 


(1 + At)2/ A + 1 ( 1 + A £ a 1 — (1 + At) _1 / A 

Li fc (1 - (1 + At)- 1 ^) ( 2(1 + A t) x / x 2(1 + At)(^- 1 )/ A 


1 — (1 + Af) -1 / A \ (1 + At) 2 / A + 1 (1 + A<)2/ A + 1 

/ 00 f n\ ( 00 j.n\ 

= (E^W^J ( E^ (T„(ai, A) — T n (x — 1, A)) — \ 


\71=0 
OO / 71 


71 = 0 \Z = 0 


= E E / (T„(*,A) -T n (*- l,A))B^ I ( a: ,A) -j. 
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By comparing the coefficients on both sides, we have the following theorem. 
Theorem 3.7 For n € Z + and r £ N, we have 

r„ (fc) (x, A) = £ (”) (T n(x, A) - T n (x - 1, A)) A). 

By Theorem 3.6 and Theorem 3.7, we have the following corollary. 
Corollary 3.8 For n £ Z + and r £ N, we have 

E (/) (T^ 1 ’ A ) + T nW) A ) 

= 2 E (/) (T-(^A) - T„(*- 1,A))B^,(A). 


3. Distribution of zeros of the degenerate poly-tangent polynomials 

This section aims to demonstrate the benefit of using numerical investigation to support theo¬ 
retical prediction and to discover new interesting pattern of the zeros of the degenerate poly-tangent 
polynomials Tn k \x, A). The degenerate poly-tangent polynomials Tn k \x, A) can be determined 
explicitly. A few of them are 

T o (fe) (a;,A)=0, 

Ti k \x, A) = 1, 

r 2 (k) (x, A) = -3 + 2 1 - fc - A + 2x 

r 3 (k \x, A) = 4 - 3 • 2 2 ~ k + 2 • 3 1-fe + 9A - 3 • 2 1 " fc A + 2A 2 - 9x 
+ 3 • 2 1 ~ k x — 6Ax + 3x 2 , 

rj k) (x, A) = 3 + 3 3-2fc + 7 • 2 l ~ k + 3 • 2 3 ~ k - 8 • 3^ - 4 • 3 2 " fc - 24A 
+ 3 • 2 3 ~ k X + 3 • 2 4_fc A - 4 • 3 2_fc A - 33A 2 + 11 • 2 1 ” fe A 2 - 6A 3 
+ 16x - 3 • 2‘ i ~ k x + 8 • 3 1 ~ k x + 54Ax - 3 • 2 2 ~ k \x - 3 ■ 2 3 ~ k \x 
+ 22\ 2 x - 18cc 2 + 3 • 2 2 ~ k x 2 - 18Ax 2 + 4x 3 . 

We investigate the beautiful zeros of thedegenerate poly-tangent polynomials Tr k) (x, A) by 
using a computer. We plot the zeros of the poly-tangent polynomials Tn k \x, A) for n = 30, k = 
—5, —1,1, 5, A = 1/2, and x £ C(Figure 1). In Figure 1 (top-left), we choose n = 30 and k = —5. In 
Figure 1 (top-right), we choose n = 30 and k = — 1. In Figure 1 (bottom-left), we choose n = 30 and 
k = 1. In Figure 1 (bottom-right), we choose n = 30 and k = 5. Stacks of zeros of Tn k \x,X) for 
1 < n < 30 from a 3-D structure are presented(Figure 2). In Figure 2(left), we choose k = —5. In 
Figure 2(middle), we choose k = 1. In Figure 2(right), we choose k = 5. Our numerical results for 
approximate solutions of real zeros of Tn k \x, A), A = 1/2 are displayed (Tables 1,2). 
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-10 0 10 20 




-10 0 10 20 


Re(x) 


Re(x) 


Figure 1: Zeros of Tn k \x, A) 


Table 1. Numbers of real and complex zeros of Tn k \x, A) 



k = -10 

k = 1 

k = 10 

degree n 

real 

complex zeros 

real 

complex zeros 

real 

complex zeros 

2 

1 

0 

1 

0 

1 

0 

3 

2 

0 

2 

0 

2 

0 

4 

3 

0 

3 

0 

3 

0 

5 

4 

0 

4 

0 

4 

0 

6 

5 

0 

5 

0 

5 

0 

7 

6 

0 

2 

4 

2 

4 

8 

5 

2 

3 

4 

3 

4 

9 

6 

2 

4 

4 

4 

4 

10 

5 

4 

5 

4 

5 

4 

11 

6 

4 

6 

4 

6 

4 

12 

7 

4 

7 

4 

5 

6 


The plot of real zeros of Tn. k \x,X) for 1 < n < 30 structure are presented(Figure 3). In Figure 
3(left), we choose k = —5 and A = 1/2. In Figure 3(middle),we choose k = 1 and A = 1/2. In Figure 
3(right), we choose k = 5 and A = 1/2. 

We observe a remarkable regular structure of the complex roots of the degenerate poly-tangent 
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Figure 2: Stacks of zeros of Tn k \x , A) for 1 < n < 30 



m 






Figure 3: Real zeros of Tn^ (x, A) for 1 < n < 30 


polynomials Tn k \x, A). We also hope to verify a remarkable regular structure of the complex roots 
of the degenerate poly-tangent polynomials Tn k \x, A)(Table 1). 

Next, we calculated an approximate solution satisfying poly-tangent polynomials Tn k \x, A) = 0 
for x £ R. The results are given in Table 2 and Table 3. 


Table 2. Approximate solutions of Tn k \x , A) = 0, A = 1/2, k = — 5 


degree n 

X 

2 

30.250 

3 

-53.896, -6.1044 

4 

-77.421, -8.8591, -2.9699 

5 

-100.91, -11.489, -3.9628, -1.6365 

6 

-124.39, -14.080, -4.7720, -2.3421, -0.66874 

7 

-147.85, -16.655, -5.4611, -3.0181, -1.0879, 0.076439 
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Table 3. Approximate solutions of Tn k \x, A) = 0, A = 1/2, k = 5 


degree n 

X 

2 

1.7188 

3 

0.95682, 2.9807 

4 

0.44597, 2.2234, 3.9869 

5 

0.13979, 1.4750, 3.4758, 4.7844 

6 

0.090663, 0.71964, 2.7246, 4.7571, 5.3017 

7 

1.9752, 3.9751 


By numerical computations, we will make a series of the following conjectures: 

Conjecture 4.1. Prove that Tn k \x, X),x € C, has Im{x, A) = 0 reflection symmetry analytic 
complex functions. However, T^\x, A), k ^ 1, has not Re{x, A) = a reflection symmetry for a € R. 


Using computers, many more values of n have been checked. It still remains unknown if the 
conjecture fails or holds for any value n(see Figures 1, 2, 3). We are able to decide if Tn k \x, A)) = 0 
has n—1 distinct solutions(see Tables 1, 2, 3). 


Conjecture 4.2. Prove that Tn k \x, A)) = 0 has n—1 distinct solutions. 

Since n—1 is the degree of the polynomial Tn ' ' 1 (x, A), the number of real zeros R^k)^ ^ lying on 
the real plane Im{x, A) = 0 is then R^k)^ x ^ = n — 1 — C^k)^ x y where C^k), x denotes complex 
zeros. See Table 1 for tabulated values of R,.- r (k), .. and Ch-o), ... The author has no doubt that 
investigations along these lines will lead to a new approach employing numerical method in the 
research field of the degenerate poly-tangent polynomials Tn k \x, A) which appear in mathematics 
and physics. 
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On the Carlitz’s type twisted (p, g)-Euler polynomials and 
twisted (p, g)-Euler zeta function 

C. S. RYOO 

Department of Mathematics, Hannam University, Daejeon 34430, Korea 


Abstract : In this paper we construct Carlitz’s type twisted (p, g)-Euler zeta function. In order 
to define Carlitz’s type twisted (p, g)-Euler zeta function, we introduce the Carlitz’s type twisted 
(p, g)-Euler numbers and polynomials by generalizing the Euler numbers and polynomials, Carlitz’s 
type g-Euler numbers and polynomials. We also give some interesting properties, explicit formulas, a 
connection with Carlitz’s type twisted (p, g)-Euler numbers and polynomials. Finally, we investigate 
the zeros of the Carlitz’s type twisted (p, g)-Euler polynomials by using computer. 

Key words : Euler numbers and polynomials, g-Euler numbers and polynomials, (h, g)-Euler 
numbers and polynomials, Carlitz’s type twisted (p, g)-Euler numbers and polynomials, (p, g)-Euler 
zeta function, twisted (p, g)-Euler zeta function. 

AMS Mathematics Subject Classification : 11B68, 11S40, 11S80. 

1. Introduction 


Many mathematicians have studied in the area of the Bernoulli numbers and polynomials, 
Euler numbers and polynomials, Genocchi numbers and polynomials, tangent numbers and polyno- 
mials(see [1-10]). In this paper, we define Carlitz’s type twisted (p, g)-Euler numbers and polynomials 
and study some properties of the Carlitz’s type twisted (p, g)-Euler numbers and polynomials. 

Throughout this paper, we always make use of the following notations: N denotes the set of 
natural numbers, Z + = Nil {0} denotes the set of nonnegative integers, Zq = {0, —1, —2, —3,...} 
denotes the set of nonpositive integers, Z denotes the set of integers, R. denotes the set of real 
numbers, and C denotes the set of complex numbers. 

We remember that the classical Euler numbers E n and Euler polynomials E n (x) are defined 
by the following generating functions(see [1, 2, 3, 4, 5]) 


2 

e* +1 


J-*-* j-n 

^ E n— V (1*1 < 7r)- 
' n\ 

n=0 


(i.i) 


and 

/ O \ °° j-n 

(—! = < L2 > 

' ' n =0 

respectively. 

The (p, g)-number is defined as 

[n] p q = 1 - 4 — = p"- 1 + p n ~ 2 q + p n - 3 q 2 + ■ ■ ■ + p 2 q n ~ 3 + pq n ~ 2 + q n ~ X . 

p — q 

It is clear that (p, ^-number contains symmetric property, and this number is q- number when p = 1. 
In particular, we can see lim g ^.i [n\ p , q = n with p = 1. 

By using (p, g)-number, we define the (p, g)-analogue of Euler polynomials and numbers, which 
generalized the previously known numbers and polynomials, including the Carlitz’s type g-Euler 
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numbers and polynomials. We begin by recalling here the Carlitz’s type g-Euler numbers and 
polynomials (see 1, 2, 3, 4, 5]). 

Definition 1. The Carlitz’s type q-Euler polynomials E nq (x) are defined by means of the 
generating function 

oo , n oo 

Fq(t, x) = 5>n, a (*)-j = [2], £(-l rre [m +X ] q t (1 . 3) 

n=0 m— 0 

and their values at x = 0 are called the Carlitz’s type g-Euler numbers and denoted E nq . 

Many kinds of of generalizations of these polynomials and numbers have been presented in 
the literature (see [1-10]). Based on this idea, we generalize the Carlitz’s type q- Euler number E nq 
and g-Euler polynomials E n , q (x). It follows that we define the following (p, g)-analogues of the the 
Carlitz’s type q- Euler number E n , q and g-Euler polynomials E nA (x) (see [6, 7, 9, 10]). 

Definition 2. For 0 < q < p < 1, the Carlitz’s type (p, g)-Euler numbers E n>Ptq and polyno¬ 
mials E„ iPi9 ( x) are defined by means of the generating functions 

OO n OO 

Fp, q (t) = E E n , p , q (x)- = [2] q Y, (-1 )Te W -'. (1-4) 

n— 0 m=0 

and 

00 4.n 00 

F p , q (t, x) = YE n , P , q (x)~ = [^^(-lrre^!- 1 , (1.5) 

n—0 m= 0 

respectively. 

In the following section, we define Carlitz’s type twisted (p, g)-Euler zeta function. We introduce 
the Carlitz’s type twisted (p, g)-Euler polynomials and numbers. After that we will investigate 
some their properties. Finally, we investigate the zeros of the Carlitz’s type twisted (p, g)-Euler 
polynomials by using computer. 

2. Twisted (p, g)-Euler numbers and polynomials 

In this section, we define twisted (p, g)-Euler numbers and polynomials and provide some of 
their relevant properties. Let r be a positive integer, and let u> be rth root of 1. 

Definition 2. For 0 < q < p < 1, the Carlitz’s type twisted (p, g)-Euler numbers E„ tPtqtU and 
polynomials E npqu] {x) are defined by means of the generating functions 

OO | OO 

F P , q , u (t) = E E n, v , q Ax)^ = E (-1 r«Ve [m]M ‘. (2-1) 

n= 0 m= 0 

and 

OO . OO 

F P , q ,^x) = e^,«,»(*)^ = ( 2 - 2 ) 

n—0 m—0 

respectively. 

Setting p = 1 in (2.1) and (2.2), we can obtain the corresponding definitions for the Carlitz’s 
type twisted (/-Euler number E n qul and g-Euler polynomials E nqu] {x) respectively. Obviously, if 
we put u> = 1, then we have 

Fn,p,q,u> (*^) F n ^ pq {E)i F npqu) E npq . 

Putting p = 1, we have 

lim E niPi g ?a; (x) — E/ n;aj (x), lim E n ^ p q ^ u E n ^ ul . 
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By using above equation (2.1), we have 


n=0 


^ E mu - = [2] q (-1 rqVeW™* 


m=0 


- E [ 2 ]« 


n —0 


p-q 


i=o 


£ ? <-» 


, 1 \ t n 

1 + ioq l+1 p n ~ l ) n\ 


By comparing the coefficients in the above equation, we have the following theorem. 
Theorem 3. For n £ Z+, we have 


En^p^q.u — [2] q 


1 


p-q 


KE'W 


u>q l+l p n ~ l 


1 -Q 


If we put p = 1 in the above theorem we obtain 

En,p,q,u: — [2]q 

By (2.2), we obtain 

+i,p,g,w(+ = [2]g 

By using (2.2) and (2.4), we obtain 


E +>£ 
1=0 v 7 




7+1 • 


p-q 


1=0 ' ' 


+ Loq l+1 p n ~ l 


E En,p,q,u{%) , — E ( 


n—0 


n—0 


p-q 


1=0 


E +- 1 )'* 


(n—l)x 


l 




1 + ujq l+1 p n ~ l I n\ 


= I 2 ] 9 E ( 1| '/”- ' 


m m m [m+x] P! qt 


m—0 


Since [x + j/] p , g = T+a+g + we see that 

= pi.E (")w.i‘^E Q(-‘)‘ (+ 


1 


p — q J 1 + u><r+V 


fc+l^n—fc’ 


(2.3) 


(2.4) 


(2.5) 


( 2 . 6 ) 


1=0 x 7 /c—0 

Next, we introduce Carlitz’s type twisted (h,p,q )-Euler polynomials En,p,q,u(x). 

Definition 4. The Carlitz’s type twisted (h,p,q )-Euler polynomials E^, >qtU {x) are defined by 


Ei h l q (x) = [2] q J2 (-1 )Y/V[ m + x] 




(2.7) 


m=0 


By using (2.7) and (p, g)-number, we have the following theorem. 
Theorem 5. For n £ Z+, we have 


E S„,» = Pi, (+)" £ (") (-DVV 

By (2.6) and Theorem 2.4, we have 


(n—l)x 


l 


1 + (j jq l + 1 p n ~ l + h ' 


1=0 


^, MlU (*) = E(?)K'^S-!i 
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The following elementary properties of the (p, g)-analogue of Euler numbers E ntPtqtU and poly¬ 
nomials E n ^ p ^ w (x) are readily derived form (2.1) and (2.2). We, therefore, choose to omit details 
involved. 


Theorem 6. (Distribution relation) For any positive integer m(=odd), we have 


m ~ 1 / 4- ' 

E nm {x) = tst-Hm E(- 1 ) 0 « 0 w 0 S„ J ,m,,™ iW m — ) ,n € Z+. 

i z \q m o=0 V m 


[2], 


Theorem 7. (Property of complement) For n £ Z+, we have 


En,p— 1 ,q~ (1 * t ) 


(-1 ) n ojp n q n E n ^^{x). 


[2]„ if n = 0, 
0, if n ^ 0. 


Theorem 8. For n £ Z + , we have 

^QE n ^p q U (1) E n p q UJ = 

By (2.1) and (2.2), we get 

OO OO 71—1 

- [2], ^(-1 y+n q l+nj+n e [l+n] p , q t + [ 2 ], ^(-1 = [2], ^(-l)'^^^^. 


/=o 

Hence we have 


OO 


( 1 ) n+1 q n u n ^ E mtPtqtU (ri) + ^ E mtPt q tU — ^2 ( [2] 9 J^( 1) ( 


OO 


1=0 1=0 


t m ^ w t lr _ \ t 


ml 


ml 


q uj 


771=0 771=0 771=0 \ 1=0 

t n 


By comparing the coefficients on both sides of (2.9), we have the following theorem. 
Theorem 9. For n £ Z+, we have 


( 2 . 8 ) 


-T- (2-9) 


5>l)'Mi]™ 


1=0 


(-1 ) n+1 q n UJ n E mtPt q^(n) + Em^pqoj 

[ 2 ] 9 


We investigate the zeros of the twisted (p, g)-Euler polynomials E ntPt q tUI (x) by using a computer. 
We plot the zeros of the twisted (p, g r )-Euler polynomials E n ^ p ^ tU1 (x) for x £ C(Figure 1). In Figure 
l(top-left), we choose n = 20, p = 1/2, q = 1/10 and u = e^. In Figure l(top-right), we choose 
n = 40, p = 1/2, q = 1/10 and w = e 2 ?. In Figure 1 (bottom-left), we choose n = 20, p = 1/2, q = 
1/10 and u> = . In Figure 1 (bottom-right), we choose n = 40, p = 1/2, q = 1/10 and w = e^’. 


3. Twisted (p, < 7 )-Euler zeta function 


By using twisted (p, c^-Euler numbers and polynomials, (p, < 7 )-Euler zeta function and Hurwitz 
(p, g)-Euler zeta function is defined. These functions interpolate the twisted ( p , g)-Euler numbers 
En,p,q,u, and polynomials E ntP qtU] (x), respectively. From (2.1), we note that 


d k 

~^ F V,qA0 


= [2],y(-l)" 9 V[m]‘, 


0 771=0 

= E ktP ^ UJ ,(k£N). 


By using the above equation, we are now ready to define twisted (p, g)-Euler zeta function. 
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Re(x) Re(x) 




Re(x) 


Re(x) 


Figure 1: Zeros of E n ^ p ^ q ^{x) 


Definition 10. Let s £ C with Re(s) > 0. 


C p,q,uj( s ) — [2] g 


(-1 )”g"w" 


n=1 




(3.1) 


Note that ( P:q:UJ (s) is a meromorphic function on C. Note that, if p = 1, q —> 1, then Cp,g,w(s) = (e{s) 
which is the Euler zeta functions(see [4]). Relation between C P , q , u (s) and Ek tPt q yU is given by the 
following theorem. 


Theorem 11. For k £ N, we have 


Cp,<7,w( ^0 — E k: p,q,aj* 

Observe that Cp,q,ui(s) function interpolates E k , p ,q t ui numbers at non-negative integers. By using 
(2.2), we note that 


d k 


t=o 


= [2 } q J2(-irru m [m + x} k Ptq 


(3.2) 


m—0 


and 


k / oo 


dt ) ( 


Vn—0 


= E k ^ Piq (x), for k £ N. 


(3.3) 


i=0 


By (3.2) and (3.3), we are now ready to define the Hurwitz (p, ( 7 )-Euler zeta function. 
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Definition 12. Let s £ C with Re(s) > 0 and x Z 0 . 


Cp,q,ui ( s > x ) 


oo 


P1«E 

n=0 


(-1 ) n q n u n 
[n + x\p q ' 


(3.4) 


Note that £ Pt q tU ,(s,x) is a meromorphic function on C. Obverse that, if p = 1 and q —> 1, then 
(p,q,uj( s > x ) = Ce(s,x) which is the Hurwitz Euler zeta functions(see [1, 3, 6]). Relation between 
(p,q,u>{s,x) and Ek tPt q^(x) is given by the following theorem. 

Theorem 13. For k £ N, we have 


Cp,q,oj(. k,x} — E} i pq lJ j{x'). 

Observe that Cp,?, u{—k,x) function interpolates E^ pqu (x) numbers at non-negative integers. 
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STABILITY OF SET-VALUED PEXIDER FUNCTIONAL EQUATIONS 

ZIYING LU, GANG LU*, YUANFENG JIN*, DONG YUN SHIN*, AND CHOONKIL PARK 


Abstract. In this paper, we investigate a set-valued solution of the following Pexider func¬ 
tional equation 

F(ax + by) = aG(x) + fiH(y) 

with three unknown functions F, G and H, where a, b , a, ft are positive real scalars. 


1. Introduction and preliminaries 

Assume that Y is a topological vector space satisfying the T$ separation axiom. For real 
numbers s,t and sets A, B C Y we put sA + tB := {y G Y\y = sa + tb, a G A, b G B}. 
Suppose that the space 2 y of all subsets of Y is endowed with the Hausdorff topology (see [4]). 
A set-valued function F : X —> 2^ is said to be additive if it satisfies the Cauchy functional 
equation F(x i + X 2 ) = F{x 1 ) + F(x 2 ), £ 1 , 2:2 £ A. The family of all closed and convex subsets 
of Y will be denoted by CC(Y), and the sets of all real, rational and positive integer numbers 
are denoted by M, Q, N, respectively. 

Lemma 1.1. [1] Let A and fi be real numbers. If A and B are nonempty subsets of a real vector 
space X , then 

A (A + B) = XA + XB, 

(A + pt)A C A A + iuB. 

Moreover, if A is a convex set and A, n > 0, then we have 

(A -)- n)A — XA -)- pA. 

Lemma 1.2. [3] Let A, B be subsets of Y and assume that B is closed and convex. If there 
exists a bounded and nonempty set C C Y such that A + C C B + C, then A C B. 

Lemma 1.3. If (A n ) n& n and (B n )neN are decreasing sequences of compact subsets ofY, then 

rineN^" + Bn) = PlneN + PlnSN Bn- 

Lemma 1.4. If (A n ) ne f>j is a decreasing sequence of compact subsets ofY, then A n —> HneN An- 

Lemma 1.5. If A is a bounded subset ofY and (s n )neN is a real sequence converging to an 
s£l, then s n A —> sA. 

Lemma 1.6. If A n —> A and B n —> B, then A n + B n —>• A + B. 

2010 Mathematics Subject Classification. Primary 54C60, 39B52, 47H04, 49J54. 

Key words and phrases. Hyers-Ulam stability, additive set-valued functional equation, closed and convex 
subset, cone. 
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Lemma 1.7. If A n -A A and A n —> B, then cl A = clB. 

Lemma 1.3—1.7 are rather known and can be easily verified. The proofs of them can be found 
in [1, 2], 


2. Set-valued solution of the Pexider functional equation 
I n the section, we give the solution of the Pexider functional equation. 

Theorem 2.1. Assume that (X, +) is a vector space and Y is a To topological vector space. 
If set-valued functions F : X -A CC(Y),G : X —> CCfY) and H : X —» CCfY) satisfy the 
functional equation 

F(ax + by) = aG(x) + f3H{y) (2.1) 

for all x, y £ X, where a, b, a and /3 are positive real numbers, then there exist an additive 
set-valued function To : X —> CCfY) and sets A, B £ CCfY) such that 

F(x) = aTo(x) + a A + (IB , G(x) = To (ax) + A and Hfx) = To(6x) + B 

for all x £ X. 

Proof. First, assume that 0 £ G(0) and 0 £ H(0). Then, for all x,y £ X, we have 

F(x + y) - F{a l + „l)- a o(l) +l SH(f) 

C aG Q + (3H( 0) + aG'(O) + (3H 
= F(x) + Ffy). 

Letting x = y in the above equation, we get F(2x) C 2 Ffx), which implies that the sequence 
(2~ n F(2 n x)) n€N is decreasing. Put Fq(x) := P| ngN 2 _n F(2 n x), x £ X. It is clear that Fq(x) £ 
CCfY ) for all x £ X. Similarly, we get 

aG(2x) + /3H({ 1) = F[2ax) = F (ax + b 

= aG(x) + (3H (—^ c aG(x) + aG( 0) + (3H ^^ 

= aG(x) + F(ax) = aG(x) + aG(x) + (IH( 0) = 2 aGfx) + /3H(0). 

In view of Lemma 1.2, we obtain that G(2x) C 2G(x), and consequently the sequence 
(2 -n G(2 n x)) ne N is decreasing. Applying Lemmal.3 and this equality F(a2 n x) = aG(2 n x) + 

/ 3H(0),n £ N, we obtain 

To (ax) = p| 2~ n F(a2 n x) = af] 2“ n G(2 n x) + (3 p| 2~ n H{0). 

nG IN nG N nGN 

But Hn.eiN 2~ n i7(0) = {0}, since the set H{ 0) is bounded. Therefore To (ax) = a f) ngN 2~ n G(2 n x ) 
for all x £ X. In an analogous way we show that the sequence (2~ n H(2 n x)) n& ^ is decreasing 
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and Fffbx) = /SflneN^ n H(2 n x) for all x G X. Hence,using once more Lemma 1.3, we get 
Fo(x 1 +x 2 ) = f| 2~ n F(2 n xi + 2 n x 2 ) = f| 2~ n 

nGN nGN 

= n 2 -”“G (^) + n 2 ' n ^ (^p) 

neN V 7 neN V 7 

= F 0 (.xi) + F 0 (x 2 ),x i , x 2 g x, 



which means that the set-valued function To is additive. 
Now observe that 


F(nbx) + (n - l)/377(0) = F(bx) + (n - l)/?77(x) (2.2) 


for all x G X and ti£l. Indeed, for n = 1 the equality is trivial. Assume that it holds for a 
natural number k. Then, in virtue of (2.1), we obtain 


F((k + 1 )bx) + k/3H( 0) = 



+ 0H(x) + kfiH{ 0) = F(kbx) + /377(x) + (k/3 - /1)77(0) 


= F(bx) + (k — l)/3H(x) + (3H{x) = F(x) + k(3H(x). 


which proves that (2.2) holds for n = k + 1. Thus, by induction, it holds for all n E IN. In 
particular, we have 

F(2 n x) + (2 n - l)if(0) = F(x) + (2 n - l)iL (|) , 

and so 

2~ n F(2 n x) + (1 - 2 -n )iL(0) = 2~ n F(x) + (1 - 2“ n )F 

for all i£l, By Lemma 1.4, 2- n F(2 n x) -> flnew 2 ~ n ^( 2n z) = F 0 (x). 

On the other hand, by Lemma 1.5, 1—2~ n lL(0) -A- H( 0), 2 ~ n F(x) —>• {0} and (1— 2~ n )F[ (|) — 
H (|). Thus, using Lemmas 1.6 and 1.7, we get d [F 0 (x) + Lf(0)] = dH (|), whence 17 (|) = 
To(x) + 17(0) for all x G X. Similarly, we can obtain G (|) = Fo(x) + G(0),x G X. Let 
A := G( 0) and B := 71(0). Then G(x) = F 0 (ax) + A and T7(x) = Fo(bx) + B for all x G X. 
Moreover F(x) = aFo(x) + aA + f3B , x G X. This finishes our proof in the case that 0 G G(0) 
and 0 G 17(0). 

In the opposite case, fix arbitrarily points a G G(0) and b G 77(0), and consider the set-valued 
functions T\, G — 1, Hi : X —»• CC{Y) defined by T\(x) := F(x) — era — /3b, G\(x) := G(x) — a 
and Hi := 77(x) — 6, x G X. These set-valued functions satisfy the equation (2.1) and moreover 
0 G G*i(0) and 0 G Therefore, by what we have discussed previously, we can get the 

same result. This completes the proof. □ 


In [2], Nikodem proved that a set-valued function Fq : [0,oo) —> CC(Y ), where Y is a locally 
convex Hausdorff space, is additive if and only if there exists an additive function / : [0, oo) —> Y 
and a set K G CC(Y) such that Tq(x) = f(x) + xK, x G [0, oo). Thus we can get the following. 


Theorem 2.2. Let Y be a locally convex Hausdorff space. The set-valued functions F : [0, oo) — > 
CC(Y),G : [0, oo) — > CC(Y) and 77 : [0, oo) — > CC(Y) satisfy the functional equation (2.1) if 
and only if there exist an additive function f : [0, oo) — > Y and sets K, A, B G CC(Y) such that 

F{x) = af(x) + aKx + aA + (3B, G(x) = f(ax ) + akx + A and 77(x) = f{bx) + bkx + B 
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for all x e [0, oo). 
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On symmetries and solutions of certain sixth order difference 

equations 


D. Nyirenda 1, and M. Folly-Gbetoula 1, 


1 School of Mathematics, University of the Witwatersrand, Johannesburg, 

South Africa. 

Abstract 

We use the Lie group analysis method to investigate the invariance prop¬ 
erties and the solutions of 

Xn—5Xn—3 

Xn + 1 — , j r \ ■ 

Xn — l\Ctn T 0 n Xn — 5Xn — 3) 

We show that this equation has a two-dimensional Lie algebra and that 
its solutions can be presented in a unified manner. Besides presenting 
solutions of the recursive sequence above where a n and b„ are sequences 
of real numbers, some specific cases are emphasized. 

Key words: Difference equation; symmetry; reduction; group invariant solu¬ 
tions, periodicity 

MSC 2010: 39A05, 39A23, 70G65 


1 Introduction 

Difference equations are important in mathematical modelling, especially where 
discrete time evolving variables are concerned. They also occur when studying 
discretization methods for differential equations. Countless results in the subject 
of difference equations have been recorded. For rational difference equations 
of order greater than 1, the study can be quite challenging at the same time 
rewarding. Rewarding in the sense that such a study lays ground for the theory 
of global properties of difference equations (not necessarily rational) of higher 
order. 

In [4], the author developed an effective symmetry based algorithm to deal with 
the obtention of solutions of difference equations of any order. However, the 
calculation one deals with in this application to difference equations of order 
greater than one can become cumbersome but with great recompense often 
times. The method consists of finding a group of transformations that maps 
solutions onto themselves. Symmetry method is a valuable tool and it has been 
used to solve several difference equations [1-3, 7, 8]. 

In this paper, our objective is to obtain the symmetry operators of 

Xn—bXn— 3 , _. , 

x n +1 = ~ 7 —j “ “ 7 ( 1 ) 

Xn—lyQ'n T VnXn— 5^n —3 ) 
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where a n and b n are real sequences and to find its solutions by way of symme¬ 
tries. Without loss of generality, we equivalently study the forward difference 
equation 


1^71+6 


Vn'Un- f-2 

V"n+4(A n T B n U n U n -\-2) 


( 2 ) 


We refer the interested reader to [4, 9] for a deeper knowledge of Lie analysis. 


2 Definitions and Notation 

In this section, we briefly present some definitions and notation (largely from 
Hydon in [4]) indispensable for the understanding of Lie symmetry analysis of 
difference equations. 

Definition 2.1 Let G be a local group of transformations acting on a manifold 
M. A subset S C M is called G-invariant, and G is called symmetry group of 
S, if whenever x € S, and g £ G is such that g ■ x is defined, then g ■ x £ S. 

Definition 2.2 Let G be a connected group of transformations acting on a man¬ 
ifold M. A smooth real-valued function V : M —► R. is an invariant function for 
G if and only if 

X(V) = 0 for all x G M, 
and every infinitesimal generator X of G. 

Definition 2.3 A parameterized set of point transformations, 

F e : x H > x{x\ £■), (3) 

where x = Xi, i = 1,... ,p are continuous variables, is a one-parameter local Lie 
group of transformations if the following conditions are satisfied: 

1. r 0 is the identity map if x = x when e = 0 

2. r a r 6 = r a+fc for every a and b sufficiently close to 0 

3. Each Xi can be represented as a Taylor series (in a neighborhood of £ = 0 
that is determined by x), and therefore 

xfx : e) = Xi + e£i(x) + 0(s 2 ), i = 1, (4) 

Assuming that the sixth-order difference equation has the form 

u n+6 =^(n,u n ,. .. ,tt n+5 ), n € £> (5) 

for some smooth function Q and a regular domain D C Z. To deduce the 
symmetry group of (5), we search for a one parameter Lie group of point trans¬ 
formations 

r e : (n,u n ) ha- (n,u n +eQ(n,u n ))j (6) 
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in which e is the parameter and Q a continuous function, referred to as charac¬ 
teristic. Let 

d d d 

Af — Q(n, u n ) 77 -|- Q(n -P1, u n +- i) -7- -I- • • Q(yi 5, u n +- 5) 77 (T) 

OUn du n+ 1 du n+ 5 

be the corresponding ‘prolonged’ infinitesimal generator and S : n 1 —> n + 1 the 
shift operator. The linearized symmetry condition is given by 

S 6 Q - = 0. (8a) 


Upon knowledge of the characteristic Q, it is important to introduce the canon¬ 
ical coordinate 


S n = 


du n 


Qi.fl-! ^n) 


(9) 


a useful tool which allows one to obtain the invariant V. 


3 Main results 


As earlier emphasized, our equation under study is 

'^n'^n+2 


U n +6 = d' = 


^n+4:(A n -p B n U n U n -\- 2 ) 

Appliying the criterion of invariance (8) to (10), we get 

Q(n + 6, u n+6 ) + -2- - M " Ura + 2 - Q (n + 4, u n+A ) 

^n+4 \-™-n H - -^n^n^n+ 2 ) 


( 10 ) 


-^nV-n 

Un +4 ii-A-n T B n U n U nA - 2) 


;Q in + 2 ,u n+2 ) 


Ay,U n -)- 2 


1+4 (A n -P B n u n u nA . 2) 


rQ (n, Un) = 0. 


( 11 ) 


In order to eliminate u n +3, we invoke implicit differentiation with respect to u n 
(regarding u n +4 as a function of u n , u n +2 and u n + 3) via the operator 


L = 


d 


'ip,. a 


du n ^Un + 4 d)Vj n +4 

With some simplification, one gets 


(A ra + B n u n u n+2 ) Q' (n + 4, it„ +4 ) - + B n u n u n+2 ) q ^ + 4; Un+4 ) 

^n+4 

+ “1“ 2, tt n _|_2) (-^n H“ -^n^n^n+ 2 ) Q (^5 ^n) 

+ ( 2B n u n+2 + — ) Q(n,u n ) = 0. (12) 

V U n 
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Note that the symbol ' stands for the derivative with respect to the continuous 
variable. After twice differentiating (12) with respect to u n , keeping u n +2 and 
u n +4 fixed, we are led to the equation 


A 2 A 

Bn'U'n'U'n+zQ (lb U n ) A n Q ( Tl , U n ) A Q (jl, U n ) yQ (^b U n ) 


2 A 

A (n,u n ) = 0 


(13) 


Note that the characteristic in (13) is not a function of u n +2 and so we split 
(13) up with respect to u n+ 2 to get the system 

12 2 

1 : Q'"(n, u n ) - Q" (n, u n ) -\ - -Q' (n, u n )- -Q (n, u n ) = 0 (14a) 

u n u n A 


u n+2 : Q"'(n,u n ) = 0. (14b) 

We find that the solution to (14) is 

Q (n,u n ) = a n u n 2 A /3 n u n (15) 

for some arbitrary functions a n and f3 n that depend on n. Substituting (16) 
and its first, second and third shifts in (11), and then replacing the expression 
of u „.+3 given in (10) in the resulting equation yields 

Un +2 U n +4 OC n +4 A 33 n U n U n +2 U n +4 (/fn-f-4 A (3 n + 3 ) 

A n U n U n +2Un+4^n -A n U n U n +2 U n +4.(X n +2 A A n U n Un+2Un+4 ^n+4 
A U n U n + 2 &n+ 2 c4 n (f3 n A fin+2 (3n +4 fin+s) ~ 0- (16) 

Equating all coefficients of all powers of shifts of u n to zero and simplifying the 
resulting system, we get its reduced form 

a n = 0, (17) 

Pn + Pn+2 = 0. (18) 


The two independent solutions of the linear second-order difference equation 
above are given by 


p n = r and /?„ = r, (19) 

where (3 = exp{*7r/2} and /3 = — exp{*7r/2} is its complex conjugate. The 
characteristic functions are given by 


<3i(n,u„) — [3 u n and u n ) — {3 Uni 

and so the Lie algebra of (10) is generated by 

Xl =(3 n U nl ^ + t3 n+2 U n+ 2T^ + r +4 Un+4^ 


U n +4 


( 20 ) 

( 21 ) 


*2 =/3 n u v 


A f3 n+ 2 u n+2 


a r + 4 u n+4 


l»n +2 


U „.+4 


( 22 ) 
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Using the canonical coordinate 

q _ f dUr, 


du n 1 , | 

= —— in \Un 


Qi(n,u n ) J f3 n u n ft 
and (17), we derive the invariant function V n as follows: 

Vu = s n (3 n + s n+2 p n+2 - 

Actually, 

*i(V n ) = /3 n + /3 n+2 = 0 

and 

X 2 (V n )=p n +r +2 = 0. 

For the sake of convenience, we use 

|V„| = exp{—V„} 


(23) 

(24) 

(25) 

(26) 

(27) 


instead/ In other words, V n = ±.\/(u n u n+2 ). Using (10) and (27), one can prove 
that 

V „+4 = A n V„ ± B n . (28) 

Utilizing the plus sign, the solution of (28) can be written as 

( n— 1 \ n—1 / n— 1 \ 

H Aik 1+ j j + ( B±i + j A±k 2 +j j > (29) 

fci=0 / 1=0 V fe 2 =1+l / 

where j = 0,1, 2, 3. From here, obtaining the solution of (10) is straightforward. 
We first employ (23) to get 


\u n \ = exp (finSn) ■ 
Secondly, we employ (24) to obtain 


(30) 


/ _ i n ~ 1 i "- 1 _ \ 

= exp fi n ci + fc 2 - - Y, ^ n P kl V kl --J2 P n P k2 V k2 . (31) 

V A fci=0 1 fc 2 =0 / 


Lastly, we use (27) to get 


/ i n ~ 1 i n ~ 1 \ 

= exp (3 n Cl + p n c 2 + - £ P n P kl In |V fcl I + x E ^ ln I'I 
V 1 ki=0 z fc 2 =0 / 


(32a) 


in which V k is given in (28) with 7 (n,k) = P n /3 k . Note that the constants ci 
and c 2 satisfy 


ci + c 2 = ln |ito| and /3(ci — c 2 ) = ln |ui |. (32b) 
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Note. Equations in (32) give the solutions of (2) in a unified manner. 

On a further note, 7 (n, k) = p n p k satisfies 

7 ( 0 , 1) = p, 7 ( 0 , 2 ) = -1, 7 (1, 0 ) = p, 7 (1, 2 ) = -p, 7 (1, 3) = -1, 

7(n, n) = 1 ,7(71 + 2,k) = —j(n, k), ( 33 ) 

7 (n, k + 2) = —7 (n, fc), 7 ( 4 n, /c) = 7 ( 0 , k), 7 (n, 4/c) = 7(71,0). 

From given in (32a) and equation (33), observe that 

/ 4n+j-l \ 

\u 4n+j | = exp I Hj + ^ Re( 7 ( 0 , £q)) In \V kl | I (34) 

V fci=0 / 

in which 

Hj = pi c\ + p j c 2 - 

For j = 0, we have, 


|«4n| =exp(i ? 0 + In |V 0 1 — In |V 2 | + ... + In |V 4n _ 4 | -ln|V 4 „_ 2 |) 

n— 1 1 


= exp{H 0 ) Jj 


s=0 


V 4s 


v 4 . 


s+2 


(35) 


It can be shown that there is no need for the absolute values via the utilization 
of the fact that 


Vi = 


1 


(36) 


UiUi + 2 

In order to deduce exp(if 0 ), we set n = 0 in (35) and note that |«o| = exp(if 0 ). 
Thus 


u 4n = u 0 


n—1 

n 

s=0 


V 4s 


V 4 


s+2 


Similarly, replacing n with 4n + j for j = 0,1,2,3, we obtain 


n— 1 


U 4n +j — Uj 


V 4s4 -j 


s=0 V4s + j+ 2 

Nevertheless, from (28), using the plus sign we are led to 

/ n— 1 \ n—1 / n—1 


(37) 


V, 


4n+j 




4k 2 +j I 5 


(38) 


\k i =0 


Z=0 


fc2=/ + l 
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for j = 0,1,2,3, where Vo = —. Thus, using (37) with j = 0, we get 


U in = u 0 J"[ 


s=0 


V 4s 

v, 


4s+2 


= U o 


/ s— 1 \ s-1 / s-1 

_i n ^4*1 +1] [ Bu n A±k 2 

\*i=0 ) 1=0 \ k 2 =l +1 


n 

s—0 


s-1 


s-1 


s-1 


V 2 n ^4fci+2 + B±i +2 n ^4/c 2 +2 


i A:i—O 


Z=0 


fc 2 —Z + l 


= U 0 


n— 1 

n 

s—0 


li4 


s-1 \ s-1 / s-1 

n ^4fci 1 + U0U2 x B41 a^ 2 

, *1=0 / 1=0 \ fc 2 =Z+l , 


Mo / s-1 


n ^4fei+2 +M2M4X] -841+2 n ^4 l- 2 +2 


1 *1=0 


1=0 


fc 2 =z+1 


n—1 


=«*-«? n 


r s—1 \ s—1 / s—1 

n ^4fci I + ^0^2 B 4 I n ^4/c 2 
xfci=0 / Z=0 V Zc 2 =Z+l 


s—0 


s-1 


s-1 


s-1 


n ^4fci+2 + U2U4 yi b^i+2 n ^4fc 2 +2 


,/ci=0 


1=0 


fc 2 =Z+1 


For j = 1, we have 


^4n+l — ^1 | | 


^4s+l 


s=0 


V 4 . 


s+3 


n—1 


f S— 1 \ s—1 / s—1 

n ^fci+i 1 + H1W3 s (-841+1 n 7i4fc 2+1 

— „!-»»„»» TT v fcl=0 / 1=0 V *2=1+1 , 

- U 1 “ 5 l_l/ 8 -l \ s-l/ s-1 > 

n ^i4fe 1+ 3 ] + M3M5 x -841+3 n A ik2 + 3 


, *1=0 


1=0 


Zc 2 —Z+l 


For j = 2, we have 


^4n+2 — w 2 PJ 


s—0 


^4s+2 

^4s+4 


s-1 


s-1 


s-1 


2 _1 I n ^ 4 fci +2 H - U2U4 ^2 I B4.1+2 n ^ 4 / c 2 +2 


ex -4 


n 

s—0 


A: i=0 


Z=0 


Zc 2 —Z+l 


n ^4*i 1 + uo u 2 x -841 n ^ 4*2 

.*1=0 / 1=0 \ * 2 =i+l 
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For j = 3, we get 


Ui n +3 = u 3 I~[ 


/ s-l \ s-1 / s-1 

„_1 n ^4fei+3 +U 3 U 5 E -®41+3 n ^4fc 2 +3 

- v n ir n n TT V fcl=0 / _ 1=0 V fc 2 =m _ 

u \ u 5 “3 11 ) \ / 

S_0 ( II ^4fc! + l I +U 1 U 3 E I Bii + i fl ^4fc 2 + l 

\fci=0 / 1=0 \ 1c 2 =1+1 


Hence, our solution in terms of x n (n > 0) is given by 


/ s-1 \ s-1 / s-1 \ 

n _i n «4fex + X- 5 X -3 e ( b 4 i n °4fc 2 

_ 1 -n n TT V fcl =° / _ *=° \ fc 2 =1+l J 

,_ 5 - *- 6 11 , x s _! / s _! 

S n a 4fei+2 I + 2-32-1 E ^41+2 II a 4fe 2 +2 

\fci=0 / 1=0 V 1c 2 =1+l 


/ s-1 \ s-1 / s-1 \ 

n _l n a 4fci + l + 2 _ 4 2 _ 2 E fe 41 + l n a 4fc 2 + l 

-=n%—(— r} tr <40) 

n a 4fci+3 + 2_22 0 E ^41+3 n a 4fc 2 +3 
\fci=0 / 1=0 \ fc 2 =1+l / 


1-3 = a;” 5 a;_la;_3 J] 


n a 4fci+2 + X- 3 X -1 E ^41+2 n a 4fc 2 +2 


=0 \ fe 2 =1+l 


n a 4fc! + 2 _ 5 2 _ 3 ELo & 4 1 n a 4fc, 

fcl=0 / \ ^2=^ + 1 


x 4n -2 = 2 " 4 2 0 n 2 _ 2 


/ s-1 \ s-1 / s-1 

_1 n a 4fei+3 + 21-2210 E ktl+3 n «4fc 2 +3 

—r V All —0 J l —0 y A)2 —/ +1 


n a 4fci + l + 2 _ 42_2 E ^41+1 n a 4fc 2 + l 

fci=0 / 1=0 V fe 2 =1+l 


In the following sections, we specifically look at some special cases. 


4 The case a n , b n are 1-periodic 


Let a n = a and b n = b , where a and b are non-zero constants. 
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4.1 Case: a ^ 1 

We have 


X4n-5 = Z-5 n X- 1 


X 4 n- 


Xin-2 = x” 4 a: 0 n X_2 


n— 1 

TT 

a s + bx_ 5 x_ 3 \_ a a 

11 

s=0 

a s + bx^ 3 x- 1 \_ a a 

n— 1 

TT 

a s + bx- 4 X -2 \_° a 

11 

s=0 

a s + bx- 2 x 0 \_ a a 

n— 1 

IT 

a s + bx- 3 x-i \_ a a 

11 

s=0 

a s+1 + bx- 5 x- 3 1 ,“ (1 

n— 1 

TT 

a s + 6x_ 2 xo \_° 0 

11 

s=0 

a s+i _|_ bx- 4 X -2 


as long as any of the denominators does not vanish. 

Case: a = — 1 
We have 


X4n —5 — 


X4n—4 — 


%4n-3 = 


and 



— l+bX-5X-3 \ 

— l+bx-3X-i J 

[*-5 n ^l ( 

— l+bX-5X-3 \ 

— l+bx- 3 X-i J 

[*i«( 

— l+bX-^X-2 \ 

-l+bx- 2 XQ J 

( 

— l+bX-^X-2 \ 

— l+bx- 2 Xo J 

^-3 

( —l+bX-3X-l 

— l+ba:-5a:-3 

\ — l+ 6 a:_ 5 a :_3 


/ — l+bX- 3 X-l 
\ —l+bX- 5 X-3 

x" 4 Xg"x-2 

( — l + bX-2Xo 

-l-\-bX — 4X — 2 

l —l + bX-4X-2 


+ 1 


LVJ 


if n is odd; 

if n is even; 

if n is even; 

, if n is odd; 

+ 1 

, if n is odd; 




if n is even; 


L Z V^J+ 1 


X4n-2 = 


r n -n ( — l+bx— 2%0 \ L W 
X _ 4 X 0 X_ 2 ^_i_| -bx- 4 X-2 


, if n is odd; 


if n is even; 
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where bx-iX 2 -i ^ 1 for i = 2, 3,4, 5. 


4.2 Case: a = 1 

The solution is given by 


n— 1 

%4n-5 = X 1 S 5 n X V : 1 

s—0 


1 + bX-5X-3S 
1 + bx_3X_iS 


n— 1 

£ 4n -4 = #-4^0 II 
s—0 


1 + bX-4X-2S 
1 + bx_2XoS 


X4n—3 


X_ 5 X_ 1 X - 3 


n 

s=0 


1 + bX-3X-iS 

1 + bx_ 5 x_ 3 (s + 1) ! 


X4n—2 


n— 1 

X™ 4 XQ n X_2 

s=0 


1 + bx_2Xo s 

1 + bX- 4 X- 2 (s + 1) 


5 The case a n , b n are 2-periodic 

In this case, we have {a„}^T 0 = ao, ai, ao, ai,..., and similarly {6„}^L 0 = 
bo,bi,bo,bi,... where oo ^ ai, and &o ^b\. Then the solution is given by 

S— 1 

n -1 ag + b 0 X- 5 X -3 Y a 0 

x 4n-5 = .T 1 .'?, T S-’ 

s=0 a s 0 + b 0 X- 3 X-! Y a o 
1=0 


s— 1 

7i—l of + hX- 4 X-2 Y a l 
x 4n-4 = X i _ 4 n Xg —- 

s=0 af + hx- 2 X 0 J2 a i 
1=0 


and 


X4n—3 


n n. 


X_ b X_ x X-3 


n 

s—0 


s —1 

af, + b 0 x- 3 x-i Y a o 
1=0 


a s 0 +1 + b 0 x- 5 X- 3 Y a l o 
1=0 


X4n—2 


n— 1 

X%Xq n X- 2 H 
s—0 


s—1 

af + bix- 2 x 0 Y a i 

1=0 


af +1 + bix_ 4 x _2 Y a i 

1=0 


as long as any of the denominators does not vanish. 
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6 The case a n , b n are 4-periodic 


We assume that {a„} = a o, a\, 02, <23, a 0, a 1, <22, <23, ... and {&„} = bo, b\, b 2 , b 3 , 
bo, bi, 62 , ^ 3 , • • • • The solution is given by 


S— 1 

n _i ag + b 0 X- 5 X- 3 E a o 
X4„-5 = n -s— 

s=0 ag + b 2 x_ 3 X _1 X] <4 
1=0 


and 


n-1 af + b!X- 4 X-2 E a i 
X4n-4 = X 1 _ 4 n XQ — j- 

s=0 a| + & 3 t;-22;o E «3 
1=0 


%4n—3 




*^— 5*^—1 X—2, 


n 

s=0 


s —1 

a| + b-2X- 3 X-i E a 2 
1=0 


<2o +1 + b 0 X- 5 X-3 E «0 
1=0 


^4n—2 


n—1 

^ 4^0 n ^-2 H 

s—0 


s — 1 

a| + b 3 X- 2 xo E 4 
1=0 


ai +1 + &iZ-4£-2 E a i 

1=0 


as long as any of the denominators does not vanish. 


(43) 


(44) 


(45) 


(46) 


7 Conclusion 

In this paper, non-trivial symmetries for difference equations of the form (1) were 
found. Consequently, the results were used to find formulas for the solutions of 
the equations. Specific cases of the solutions were also discussed. 
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Abstract 

Variable coefficients and Wick-type stochastic (2+l)-dimensional coupled KdV equa¬ 
tions are investigated. By using the F-expansion method , Hermite transform and 
white noise theory, the white noise functional solutions for Wick-type stochastic (2+1)- 
dimensional coupled KdV equations are obtained. The exact travelling wave solutions 
are expressed in terms of Jacobi elliptic (JEF), trigonometric and hyperbolic functions. 

Keywords: KdV equations; F-expansion method; Hermite transform; Wick product. 

PACS No. : 05.40. ± a, 02.30.Jr. 


1 Introduction 


In this paper, we shall explore exact solutions for the following variable coefficients (2+1)- 
dimensional coupled KdV equations. 


ut + (t)uv x + (f> 2 (t)vu x + 0 3 (f) ^XXX 05 

'U'X "b Vy 0, 


( 1 . 1 ) 


where (t, i) 6 K + x R and 0i(£) , 02 (t) and 0 3 (t) are bounded measurable or integrable 
functions on M + . Random wave is an important subject of stochastic partial differential 
equations (PDEs). Many authors have studied this subject. Wadati first introduced and 
studied the stochastic KdV equations and gave the diffusion of soliton of the KdV equation 
under Gaussian noise in [30, 32] and others [3, 4, 5, 25] also researched stochastic KdV-type 
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equations. Xie first introduced Wick-type stochastic KdV equations on white noise space 
and showed the auto- Backlund transformation and the exact white noise functional solutions 
in [37]. Furthermore, Xie [38, 39, 40, 41], Ghany et al. [11, 12, 13, 15, 16, 17, 18, 19, 20] 
researched some Wick-type stochastic wave equations using white noise analysis. 

In this paper we use F-expansion method for Ending new periodic wave solutions of 
nonlinear evolution equations in mathematical physics, and we obtain some new periodic 
wave solutions for (2+l)-dimensional coupled KdV equations. This method is more powerful 
and will be used in further works to establish more entirely new solutions for other kinds 
of nonlinear partial differential equations arising in mathematical physics. The effort in 
finding exact solutions to nonlinear equations is important for the understanding of most 
nonlinear physical phenomena. For instance, the nonlinear wave phenomena observed in fluid 
dynamics, plasma, and optical fibers [24], Many effective methods have been presented, such 
as tanh-function method [34, 42, 8 ], variational iteration method [ 6 , 7], exp-function method 
[22, 23, 36, 43, 44] , homotopy perturbation method [10, 29, 35], homotopy analysis method 
[1], tanh-coth method [33, 34, 31], Jacobi elliptic function expansion method [27, 28, 9, 26] 
and F-expansion method [45, 46, 47, 48]. The main objective of this paper is using the 
F-expansion method to construct white noise functional solutions for wick-type stochastic 
(2+l)-dimensional coupled KdV equations via hermite transform, wick-type product and 
white noise analysis. If equation (1.1) is considered in a random environment, we can get 
stochastic (2+l)-dimensional coupled KdV equations. In order to give the exact solutions of 
stochastic (2+l)-dimensional coupled KdV equations, we only consider this problem in white 
noise environment. We shall study the following Wick-type stochastic (2+1)-dimensional 
coupled KdV equations. 

j Ut + d>i(t) o U o V x + $ 2 (t) o Vo U x + $3 (t) o U xxx = 0, , . 

I U x + Vy = 0, ^ ' ’ 

where “o” is the Wick product on the Kondratiev distribution space («S)_i which was 
defined in [ 21 ] and $i(f), $ 2 (t) and <b 3 (t) are (S )_i -valued functions. 

2 Description of the F-expansion Method 

In order to at the same time obtain more periodic wave solutions expressed by various Jacobi 
elliptic functions to nonlinear wave equations, we introduce an F-expansion method which 
can be thought of as a succinctly over-all generalization of Jacobi elliptic function expansion. 
We briefly show what is F-expansion method and how to use it to obtain various periodic 
wave solutions to nonlinear wave equations. Suppose a nonlinear wave equation for u(t, x) 
is given by 

61 (u, iq, u x , Uy, u xx , u X xx > • ••) o, (2.1) 
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where u = u(t, x ) is an unknown function, 6i is a polynomial in u and its various partial 
derivatives in which the highest order derivatives and nonlinear terms are involved. In the 
following we give the main steps of a deformation F-expansion method. 

Step 1. Look for traveling wave solution of Eq.(2.1) by taking 

u(t,x,y) = u(0 ,£(t,x,y) = kx + ly + /jt / ix(r)dr + c, (2.2) 

Jo 

Hence, under the transformation (2.2). Eq.(2.1) can be transformed into the following ordi¬ 
nary differential equation (ODE) as following 

9 2 (u, fjuxiu', kv !, Iv!, k 2 u ", k 3 u '",...) = 0, (2.3) 

Step 2. Suppose that u(£) can be expressed by a finite power series of F(£) of the form 

N 

u (t,x,y) =u(f) =5^Oi* n (0» ( 2 - 4 ) 

2—1 

where a 0 , ai,..., ajv are constants to be determined later, while F '(£) in(2.4) satisfy 

|F'K)] 2 = PF 4 K) + QF 2 (ti) + R, 

and hence holds for F(£) 

F'F" = 2 PF 3 F' + QFF', 

F " = 2PF 3 + QF , 

F"' = 6 PF 2 F' + QF', 


(2.5) 


( 2 . 6 ) 


where P, Q, and R are constants. 

Step 3. The positive integer N can be determined by considering the homogeneous balance 
between the highest derivative term and the nonlinear terms appearing in (2.3). Therefore, 
we can get the value of N in (2.4). 

Step 4. Substituting (2.4) into (2.3) with the condition (2.5), we obtain polynomial in 
F n (£)[F'(£)p , (i — 0 ± 1, ±2,..., j = 0,1) . Setting each coefficient of this polynomial to be 
zero yields a set of algebraic equations for a 0 , ai,..., a/v, y and u . 

Step 5. Solving the algebraic equations with the aid of Maple we have a 0 , Oi,..., a^, y and 
iv can be expressed by (P, Q, R) . Substituting these results into F-expansion (2.4), then a 
general form of traveling wave solution of Eq. (2.1) can be obtained. 

Step 6. Since the general solutions of (2.4) have been well known for us Choose properly 
( P, Q and R .) in ODE (2.5) such that the corresponding solution P(£) of it is one of 
Jacobi elliptic functions. (See Appendices A, B and C .) [45, 46, 47] 
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3 New Exact Wave Solutions of Eq. (1.2) 


Taking the Hermite transform, white noise theory, and F-expansion method to explore new 
exact wave solutions for Eq.(1.2). Applying Hermite transform to Eq.(1.2), we get the 
deterministic equation. 


U t (t,x,y,z) + $i(t,z)U(t,x,y,z)V x (t,x,y,z) + $ 2 (t,z)V(t,x,y,z)U x (t,x,y,z) 

< +$ 3 (t, z)U xxx (t, x, y, z) — 0, ^3 -q 

U x (t,x,y,z) + V y (t,x,y,z) = 0, 

where z = (zi, ,z 2 ,...) G (C N ) is a vector parameter. To look for the travelling wave so¬ 
lution of Eq.(3.1), we make the transformations $1 (t,z) := 4>i(t,z) , <F 2 {t,z) := 0 2 (t, z) , 
$3 (t,z) := 03 (t,z) , U(t,x,y,z) := u(t,x,y,z ) = u(£(t,x,y,z)) and V(t,x,y,z ) := v(t,x,y,z 
v(£{t,x,y,z)) with 


€(t, x, y, z) = kx + ly + y 


u(t, z)dr + c, 


Jo 

where k,fi and c are arbitrary constants which satisfy ky^ 0 , u(t,z) is a nonzero func¬ 
tion of the indicated variables to be determined later. Hence, Eq.(3.1) can be transformed 
into the following (ODE). 


J yum' + k(f)iuv + kcj) 2 vu + k 3 (j) 3 u" = 0, 
( ku + Iv = 0, 


where the prime denote to the differential with respect to £ . In view of F-expansion method, 
the solution of Eq. (3.1), can be expressed in the form. 

/ u(t,x,y,z) = u(£) = 'EfL 1 a i F t (g), , , 

I v(t,x,y,z) = v(0 = ^ =1 b t F'(0, [ ’ 

where a* and b t are constants to be determined later, considering homogeneous balance 
between the highest order nonlinear terms and the highest order partial derivative of u in 
(3.2), then we can obtain N = M = 2 so (3.3) can be rewritten as following 


/ u(t,x,y,z) = a 0 + aiF(0 + a 2 F 2 (£), 
\ v(t,x,y,z) = b 0 + biF(£) + 6 2 F 2 (£), 


where Oo, Oi, a 2 , bo, b\ and 6 2 are constants to be determined later. Substituting (3.4) 
with the conditions (2.5),(2.6) into (3.2) and collecting all terms with the same power of 
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Fi (,0l F '(0] j , (i = 0±1, ± 2 ,..., j = 0,1) . as following 
\nwai + /ca o &i0i + kaib 0 (f )2 + k 3 ai<j> 3 Q]F' 

+ [2pu;a 2 + 2fcao^20i + ka,ibi(f>i + 2/ca 2 &o02 + kdibifa + 8k 3 d2(f) 3 Q\FF 
< +k[2a 1 b 2 (j)i + a 2 6i0i + 2a 2 &i0 2 + «ifri02 + 6/c 2 ai0 3 P]F 2 F' (3.5) 

+2fca 2 [b 2 <pi + 5 2 0 2 + 12/c 2 03.P].F ,2 .F' = 0, 

(kd i + lbi)F' + 2[fca 2 + /6 2 ]FF / = 0. 

Setting each coefficients of F*(£)[F , (£)p" to be zero, we get a system of algebraic equations 
which can be expressed by. 

f nuoai + ka 0 b 1 (p 1 + kdib 0 cj )2 + k 3 di<f) 3 Q = 0, 


2pu;a 2 + 2fcaofe20i + kdib\4>i + 2/ca 2 &o02 + kaibifo + 8fc 3 a 2 03<3 = 0, 

/c[2ai& 2 0i + a 2 &i0i + 2a 2 6i0 2 + oq6i0 2 + 6fc 2 ai0 3 P] = 0, 

< (3.6) 

2fca 2 [5 2 </ > i + & 2 0 2 + m 2 0 3 P] = 0, 

fcoi H- Z6i = 0, 

2 [kd2 + ^& 2 ] = 0. 

with solving by Maple to get the following coefficients 


( 


< 


a 2 = b 2 = 0, ao , &o = arbitrary constant, 

_ 6lkcf)s(t,z)P 

121 ~ <t> 2 {t,z) ’ 

7 _ 6 k 2 (j>z{t,z)P 

1 02 (t,z) ’ 

_ fc 2 ap0i (t,z)—/fc[bo</>2(t,2:)+fc 2 03(t,2:)Q] 


(3.7) 


Substituting by coefficient (3.7) into (3.4) yields general form solutions of Eq. (1.2). 


u (t,x,y, z) 


do + 


6lk<j) 3 (t, z)P 
02 (t,z) 


F{t), 


(3.8) 


v(t,x,y,z) 


b 0 - 


6fc 2 0 3 (f, z)P 

<hit,z) 


Fit), 


(3.9) 


with 


t(t,x,y,z) = kx + ly + 


fc 2 a o 0i(r, z) - Zfc[6 o 0 2 (r, z) + /c 2 0 3 (t, z)Q] 
l 


dr. 
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From Appendix A, we give the special cases as following. 


Case I: 

If we take P=\,Q = ^ and R = ^ , we have F{£) -> ns(£) ± ds(£) , 


u i(t, x, y, z) = a 0 + 


3lk(j) 3 (t, z) 
2 <h{t,z) 


ns (6 (t, x, y , z)) ± ds (6 (t, x, y, z)) 


(3.10) 


vi(t,x,y,z) = b 0 


3 k 2 cf) 3 (t,z) 
2 <h{t,z) 


ns (6(t, x, y, z)) ± ds (&(*, x, y, z)) 


(3.11) 


with 


i l (t,x,y,z) = kx + ly + J‘{ 2Pa °^ l(T ' Z) - WhMll z > + k 2Mh - 2 >1 l. dT , 


21 


In the limit case when m —)■ o , we have ns(£)±ds(£) —> 2csc(£) , thus (3.10),(3.11) become. 

(3.12) 


u \ , 3 lk<f> 3 (t,z) t u u 

u 2 {t, x, y, z) = a 0 + ^ u - esc (f 2 (t, x, y, z)), 


<h(t,z) 


V 2 (t, x, y, z) — b 0 — 3k ,^ 3 } t \^ CSC (6(£, X, y, z)), 


with 


6 (t,x,y,z) = kx + ly 


<h(t,z] 

1 ( fc 2 a o 0i(r, z) - lk[bp(f) 2 (T , z) - k 2 4> 3 (r, z)\ 

l 


(3.13) 


dr. 


In the limit case when m —> 1 we have ns(£) ± ds(£ —* coth(£) ± (£) , thus (3.10).(3.11) 
become. 


u 3 (t,x,y,z ) = a 0 + 


3lk(j) 3 (t, z) 
2(/) 2 (t,z) 


coth £ 3 (t, x, y, z) ± (f 3 (t, x, y, z)) 


(3.14) 


3 k 2 d>i(t z' 

va (t, x, y, z) = bp — — '* J <J [coth £ 3 (t, x, y, z) ± (&(*, x, y, z)) 

Z( P 2ft, z) 


(3.15) 


with 


Ut,x, y. z) = kx + ly + J‘ 1 ^ 


2Z 
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Case II: 

If we take P — 1, Q — — (1 + m 2 ) and R = m 2 , then Ffa) —> nsfa) , 


u 4 (t,x,y,z ) 


a o + 


6lkcf) 3 (t, z) 
0 2 (t,z) 


ns fa 4 (t,x,y,z)), 


(3.16) 


v 4 (t,x,y,z) 


_ 6k 2 fa(t,z) 
fa(t,z) 


ns fa 4 (t,x,y,z)), 


(3.17) 


with 


Ci(t,x,y,z ) = kx + ly + 


2 fc 2 a o 0i(r, z) - lk[2b 0 fa(r, z) + k 2 cf) 3 (T, z)(m 2 - 2)] 

l 


dr. 


In the limit case when m —» o we have nsfa) ±ds (£) —* csc(£) , thus (3.10),(3.11) become. 

(3.18) 


u 5 (t, x, y , 2 ) = a 0 + csc (&(*> ^ 2b ^))i 


fa (t, z) 


v 5 (t, x, y, z) = b 0 - esc (£>(*, V, fa)- (3.19) 

fa yt,z) 

In the limit case when m —> 1 we have ns fa) —> coth(£) , thus (3.10). (3.11) become. 

u & {t,x,y,z ) = a 0 + ’ f^ coth(f 5 (*,a;,y,z)), (3.20) 


ve(t,x,y,z) 


6 k 2 fa(t,z) 
2fa(t,z) 


coth fa 5 (t,x,y,z)), 


(3.21) 


with 


&(t,x,y,z) 


kx + ly + 



7’ 2 a o 0i(r, z) - Zfc[6 o 0 2 ('r, z) - 2fc 2 0 3 (r, z)] ) 

l J 


dr. 


Case III: 

If we take P 


i,Q 


= (2 — m 2 ) and P 


u 7 (t,x,y,z ) = a 0 + 


= 1 — m 2 

6 Ikfafa, z) 
fa (t,z) 


, then P(0 ->• csfa) , 
cs fae(t,x,y,z)), 


(3.22) 
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v 7 (t,x,y,z) = b 0 - 


6 k 2 (J) 3 (t,z) 


cs (Z(i(t,x,y,z)), 


(3.23) 


with 


Ce(t,x,y,z) = kx + ly + 


fc 2 a o 0i(T,z) - lk[2b 0 (j) 2 {T, z) + k 2 (j) 3 (r,z)(2 - m 2 )] 

l 


dr. 


In the limit case when m —X o we have cs(£) —X cot(£) , thus (3.10),(3.11) become. 

6 lk(j) 3 (t, z) 


u&(t,x,y,z ) = a 0 + 


<h(t,z) 


cot (b(t,x,y,z)), 


(3.24) 


u ^ i, 6k 2 (f> 3 (t, z) 

v 8 {t, x, y, z) = b 0 - cot (f 7 (t, x, y, z)), 

(p 2 lb Z) 


(3.25) 


b(t,x,y,z) = kx + ly + 


t ( L-2 


k 2 a 0 (f)i(r, z) - lk[b 0 (j) 2 {T , z) + 2fc 2 ^ 3 (r, z)] 

l 


dr. 


In the limit case when m —X 1 we have cs(£) —X (£) , thus (3.10).(3.11) become. 

u 9 (t,x,y,z ) = a 0 + 

v 9 (t,x,y,z ) = b 0 


6 lk<f) 3 (t, z) 
<t >2 (t,z) 

(& (t,x,y,z)), 

(3.26) 

6k 2 (j) 3 (t,z) 

(6 (t,x,y,z)), 

(3.27) 



with 


£s (t,x,y,z) 


kx + ly + 



k 2 a 0 (j)i(r, z) - lk[b 0 (j) 2 (T, z) + fc 2 0 3 (B 2 )] ] 

l J 


dr. 


Obviously, there are another solutions for Eq.(1.2). These solutions come from setting dif¬ 
ferent values for the coefficients P,Q and R . (see Appendix A, B and C.)[46, 47]. The 
above mentioned cases are just to clarify how far our technique is applicable. 


4 White Noise Functional Solutions of Eq.(1.2) 

In this section, we employ the results of the Section 3 by using Hermite transform to 
obtain exact white noise functional solutions for Wick-type stochastic (2+l)-dimensional 
coupled KdV equations (1.2). The properties of exponential and trigonometric functions 
yield that there exists a bounded open set G C M+ xK 2 , p < oo, A>0 such that the so- 
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lution u(t,x,y,z ) of Eq. (3.1) and all its partial derivatives which are involved in Eq. (3.1) 
are uniformly bounded for (t, x, y, z) G G x K p ( A) , continuous with respect to (f, x, y) G G 
for all z G K p ( A) and analytic with respect to z G K p ( A) , for all (t,x,y) G G . From 
Theorem 4.1.1 in [21], there exists U(t,x,y, z) G (<S)_i such that u(t,x,y,z) — U(t,x,y)(z) 
for all (t, x, y, z) G G x K P (X) and U(t,x,y ) solves Eq.( 1.2) in («S)_i. Hence, by applying 
the inverse Hermite transform to the results of Section 3, we get exact white noise functional 
solutions of Eq. (1.2) as follows. 


White noise functional solutions of JEF type: 


TT u \ . 3 lk$ 3 (t) 

U l (t,x,y) = av+^-^-o 


ns ° (Si (t,x,y)) ± ds 0 (S 3 (t,x,y)) 


(4.1) 


\ l 3fc 2 $ 3 (t) 


(Si (t, x, y)) ± ds” (Si (t, x, y)) 


(4.2) 


TT / \ 6 lk$ 3 (t) o /, I / .. 

U 2 {t,x,y) = a 0 + ons (z, 2 [t,x,y)), 


(4.3) 


T , , . , 6 fc 2 $ 3 (t) . 

V 2 (t,x,y) = b Q - —- ons (^ 2 (t,x,y)), 


(4.4) 


. . 6ZM> 3 (£) . 

U 3 (t,x,y) = a 0 + ^ ocg (s 3 (t, x, y)), 


(4.5) 


T . , , , 6& 2< b 3 (t) . .. 

V 3 (t,x,y) = b 0 - y ocg (a 3 (t,x,j/)), 


(4.6) 


with 


li(t,x,y) = fcx + ly + 


t r oa2 


2 /c 2 a 0 d’i(r) - /A)[ 26 0 $ 2 ('t) + k 2 <^ 3 {r){m 2 - 2 )] 

2Z 


dr, 


* 2 (t,x,y) = k X + ly + f{2 ^.(r)^lt|2^ 2 (r) + V4» 3 (r)K-2)] ^ ^ 
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■3(t,x,y) = fa + ly + ± ^3(r)(2 - | ^ 


White noise functional solutions of trigonometric type: 


3 Ik^zit) . , 

U4{t,x,y) = a 0 + o esc (s 4 (t,x,j/)), 


V4(t,x,y) = b 0 - o csc°(S 4 (t, x,y)), 


\ 6 lk& 3 (t) 0 /r _ . .. 

U 5 {t,x,y) = a 0 + o esc (s 4 (t,x, j/)), 


7,2 ^ /fa\ 

Vs(t,x,y) = k> - # „ o csc^(S 4 ((, x,y)), 


( 4 . 10 ) 


6 /fc$ 3 (t) . .. 

Ue{t,x,y) = a 0 + o cot (^ 5 (t,x,?/)), 


( 4 . 11 ) 


, , 6 fc 2 $ 3 (t) . _ , 

V 6 (t,x,y) = bo - $ 2 (t) ° cot (-5(t, x ,p)), 


( 4 . 12 ) 


: 4 (t,x,y) = fa + Zj, + | dT _ 


: s (t,x,y) = fa + ly + jf { + | dT 


White noise functional solutions of hyperbolic type: 


£M«, ») = “o + 3 2tt(tf * coth°(=e(<, x, y)) ±° (Set*, x, y)) 


( 4 . 13 ) 


v 7 (t,x,y) = to - o coth°(S 8 ((,x,y)) ±° (S 8 (t,x,y)) , 


( 4 . 14 ) 
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tt / n 6 lk$ 3 (t) 0 , .. 

U%{t,x,y) = a 0 + , O coth (^ 7 (t,x,y)), 


(4.15) 


c 7 r 2 < =f ) 

v 8 (t, x, y) = b 0 - 2 $ 2 {t) ° Cotll ° X ’ 


(4.16) 


rr / \ 6 lk$ 3 (t) o , r _, , . 

u 9 {t,x,y) = a 0 + ^ o (^ 8 (t,x,y)), 


(4.17) 


with 


, . , 6 /c 2 $ 3 (t) . .. 

Vg(t, a, y) = 6 0 -° (“8^’ x ’ ^))> 


led, x,») = fa + «V + l ‘( ^♦■W-<M2M 3 (r)-^,(r)] > ^ 


(4.18) 


: 7 (t,x,j) = fa + ij, + f ( * 1 ^.M-^l^(il-a ; «,(r)| rfTj 


= s (t, x, J,) = fa + (!/ + /'{ * 2ao$l(T) - 2(T) + fc2 * 3(T)1 } dr. 

We observe that, for different forms of $i ,$2 and $3 , we can get different exact white 
noise functional solutions of Eq. (1.2) from Eqs. (4.1)-(4.18). 


5 Example 

It is well known that Wick version of function is usually difficult to evaluate. So, in this 
section, we give non-Wick version of solutions of Eq. (1.2). Let W t = B t be the Gaussian 
white noise, where B t is the Brownian motion. We have the Hermite transform W t (z) = 
Yj7=i z i foVi( s )ds [21]. Since exp °(B t ) = exp (B t - y), we have cot°(5 t ) = cot (B t - y) , 
esc °(B t ) = esc (B t — y) , coth°(.B t ) = coth(£> t — y) and °(B t ) = (B t — y). Suppose 
that. $1 (t) = and <f> 3 (t) = F(t) + ip 3 W t where ipi,^ and ip 3 

are arbitrary constants and T(t) is integrable or bounded measurable function on M + . 
Therefore, for $ 1 (f)$ 2 (^)^ > 3 (^) 7 ^ 0 . thus exact white noise functional solutions of Eq. (1.2) 
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are as follows. 


31k 

U 10 (t,x,y ) = a 0 + — 
V2 

CSC (Qi(f,x,y)), 

(5.1) 

3 k 2 

V 10 (t,x,y) = b 0 -— 

V2 

esc (fii(f,x,y)), 

(5.2) 

folk 

Uu(t,x,y) = a 0 + — 

Y2 

esc Oi(f, x, y), 

(5.3) 

Qk 2 

Vu(t,x,y) = b 0 -— 

y2 

esc (Oi(f,x,y)), 

(5.4) 

f\]k 

U 12 {t,x,y) = a 0 + — 
V 2 

cot (Q 2 (£, £,?/)), 

(5.5) 

6 k 2 

V 12 (t,x,y) = b 0 -— 

V2 

cot (fi 2 (f,x,?/)), 

(5.6) 


with 


tti(t,x,y) = kx + ly+ ( k a °^ 1 — lk ^ b °^ 2 — ^J)| j r(r)dr + i/> 3 [B t - t^\ 


^2 (t,x,y) = kx + ly+ (^2^1 — + 2k 1 ) J f r(r)dr + fo[B t - ^-] }>, 


and 


U 13 (t,x,y ) = a 0 + 


3 Ik 

W2 L 


coth (fi 3 (£, x, y)) ± (fi 3 (t,x,j/)) 


(5.7) 


V 13 (t,x,y) = b 0 


3k 2 
2^2 


coth 2/)) ± (f2 3 (f, x, y)) 


(5.8) 


Qlk 

U 14 (t,x,y) = a 0 + — coth (Q 4 (f, x, ?/)), 
Zip 2 


(5.9) 
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Vu(t,x,y)-bo coth(0 4 (f, a;,?/)), 

(5.10) 

6 ik 

Ui 5 {t,x,y) = a 0 + — (fl 5 (t,x,y)), 

W2 

(5.11) 

6 k 2 

Vis (t,x,y) = b 0 -— (n 5 (t,x,y)), 

(5.12) 


with 


£l 3 (t,x,y) = kx + ly + ( 


2k 2 a 0 ^>i — lk[2b 0 ijj2 — k 
21 


21 ( rt 


t 2 


-)<j ^ T{r)dr+ ^ 3 [B t - -\ 


0 4 (f, x, y) — kx + ly + ( 


/c 2 a O '0i _ lk[b^ 2 — 2k 2 } 


)<j / r(r)rfr + 4> ?J [B t - f -] j> , 


0 5 (t, x, y) = kx + ly + ( 


Paoi/’i - + & 2 ] 


)i / r(r)o?r + ips[B t - -] 


6 Conclusion 

We have discussed the solutions of (SPDEs) driven by Gaussian white noise. There is a 
unitary mapping between the Gaussian white noise space and the Poisson white noise space. 
This connection was given by Benth and Gjerde [2], By the aid of this connection, we can 
derive some stochastic exact soliton solutionsfor our problem. In this paper, using Hermite 
transformation, white noise theory and F-expansion method, we study the white noise func¬ 
tional solutions of the Wick-type stochastic (2+l)-dimensional coupled KdV equations. This 
paper shows that the F-expansion method is sufficient to solve many stochastic nonlinear 
equations in mathematical physics. The method which we have proposed in this paper is 
standard, direct and computerized method, which allows us to do complicated and tedious 
algebraic calculation. It is shown that the algorithm can be also applied to other nonlin¬ 
ear (PDEs) in mathematical physics such as modified Hirota-Satsuma coupled KdV, KdV- 
Burgers, modified KdV Burgers, Sawada-Kotera, Zhiber-Shabat equations and Benjamin- 
Bona-Mahony equations. Since the equation (1.2) has other solutions if select other values 
of P, Q and R (see Appendices A, B, C), and there are many other of exact solutions for 
wick-type stochastic (2+l)-dimensional coupled KdV equations. 
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Appendix A. The ODE and Jacobi Elliptic Functions 

Relation between values of ( P , Q , R ) and corresponding F(£) in ODE. 


(F') 2 «) = PF l (0 + QF 2 (() + R, 


p 

Q 

R 

^(0 

o 

m 

— 1 — m 2 

1 

“i? = 1 

2 

—m 

2m 2 — 1 

1 — m 2 

c< 

-i 

2 — m 2 

m 2 — 1 

dn£ 

i 

— 1 — m 2 

2 

m 

ns £ = sng> = enf 

1 — m 2 

2m 2 — 1 

2 

—m 

nc £ = ch| 

m 2 — 1 

2 — m 2 

-i 

nd « = dh 

1 — m 2 

2 — m 2 

i 


—m 2 (l — m 2 ) 

2 m 2 — 1 

i 


1 

2 — m 2 

1 — TO 2 

cs£ — — 
sng 

1 

2 m 2 — 1 

—m 2 (l — m 2 ) 

dsf - M 

Ub< * sng 

m 4 

m z —2 

i 

sng eng 

4 

2 

4 

i±dng’ Vi-m 2 ±dng 

m 2 

m 2 —2 

m 2 

dng m sng 

4 

2 

4 

b ^ iVi-m 2 sng±cng’ i±dng 

1 

1—2m 2 

1 

eng sng 

4 

2 

4 

? A=^sng±dng’ i±cng’ 

m 2 —1 

m 2 -|-l 

m 2 —1 

dng 

4 

2 

4 

libmSng 

1—m 2 

m 2 +l 

1—m 2 

np(^ —(— nr<(->C 

4 

2 

4 


-1 

4 

m 2 +l 

2 

— (1—m 2 ) 2 

4 

mcn(± dn£ 

1 

m 2 +l 

(1-m 2 ) 2 

sng 

4 

2 

4 

engidng 

1 

4 

m z —2 

2 

m z 

4 

ns£ ± ds£ 


Appendix B. 

the jacobi elliptic functions degenerate into trigonometric functions when m —> 0. 

sn £ —> sin£, cn£ —» cos£,dn£ — > l,sc£ —>• tan£,sd£ —* sin£, cd£ —* cos£, 

ns£ —> esc nc£ —>• sec nd£ —> 1, cs£ —>• cot ds£ —> esc £, dc£ —> sec £. 
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Appendix C. 

the jacobi elliptic functions degenerate into hyperbolic functions when m —>• 1. 

snf —>• tan£, cn £ —> £, dnt; —)■ £, sc£ —> sinh£, sdt; —* sinh£, cd£ —* 1, 
nsf —* coth£, nc£ —* cosh£, ndf —* cosh, cs£ —* £, dc^ —> 1. 
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Abstract 

This paper is devoted to give exact solutions of the variable coefficient fractional Zhiber -Shabat 
equation with space-time-fractional derivatives. Moreover, by using the Hermite transform and the 
homogeneous balance principle, the white noise functional solutions for the Wick-type stochastic 
fractional Zhiber-Shabat equation are explicitly shown. Detailed computations and implemented 
examples are explicitly provided. 

Keywords: Fractional Zhiber-Shabat equations; White noise; Stochastic; Hermite transform. 
MSC: 60H30; 60H15; 35R60 

1 Introduction 

The main task of this paper is to explore exact solutions for the following fractional Zhiber-Shabat 
equation with variable coefficients: 

d x <*id t <*2U + p(t)e u + q{t)e~ u + r{t)e~ 2u = 0 (1.1) 

where <U*i, 8^2 (0 < oq, «2 < 0) are the modified Riemann-Liouville fractional derivatives defined 
by Jumarie [6] and q(t),p(t ) and r(t) are bounded measurable or integrable functions on M + . 
Random waves is an important subject of random fractional partial differential equations. Recently, 
both mathematicians and physicists have devoted considerable effort to the study of explicit solu¬ 
tions to nonlinear integer-order differential equation. In the past decades, an important progress 
has been made in the research of the exact solutions of nonlinear partial differential equations 
(PDEs). To seek various exact solutions of multifarious physical models described by nonlinear 
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PDEs, various methods have been proposed. There are many authers studied this subject. Wadati 
first introduced and studied the stochastic KdV equation and gave the diffusion of soliton of the 
KdV equation under Gaussian noise in ([10]-[12]). Xie firstly researched Wick-type stochastic KdV 
equation on white noise space and showed the auto-Bachlund transformation and the exact white 
noise functional solutions in [14], furthermore, Chen and Xie ([1]-[3]) and Xie ([15]-[17]) researched 
some Wick-type stochastic wave equations using white noise analysis method. Recently, Ugurlu 
and Kaya[9] gave the tanh function method, Wazzan [13] showed the modified tanh-coth method, 
these methods have been applied to derive nonlinear transformations and exact solutions of non¬ 
linear PDEs in mathematical physics. If Eqn.(l.l) is considered in random environment, we can 
get random fractional Zhiber-Shabat equation with space-fractional derivatives. In order to give 
the exact solutions of random fractional Zhiber-Shabat equation with space-fractional derivatives, 
we only consider this problem in white noise environment. Wick-type stochastic generalized frac¬ 
tional Zhiber-Shabat equations with space-fractional derivatives is the perturbation of Eqn.(l.l) 
by random force W(t) o R°(U, JJ x t) , which represented by: 

d xai d^U + P{t) o + Q{t) o e^~ u ^ + R{t)e^~ 2U) = W{t) o R°(U,U x a lt « 2 ) (1.2) 

where W(t) is Gaussian white noise, i.e., W(t) = B'(t) and B(t) is a Brownian motion, R(u,u x o u<* 2 ) 
= -fiid^idt^u - p 2 e u - Pse~ u - /? 4 e _2 “ is a functional of u, d^idt^u := q^q^ 2 = u x <*ix a 2 
for some constants Pi,P a and is the Wick version of the functional R. ” o ” is the Wick 
product on the Kondratiev distribution space (5)_i and P(t),Q(t) and R(t) are white noise 
functionals. Eqn.(1.2) can be seen as the perturbation of the coefficients pit), q(t) and r(t ) of 
Eqn.(l.l) by white noise functionals. 


This paper is devoted to give white noise functional solution for Wick-type stochastic general¬ 
ized fractional Zhiber-Shabat equations with space-fractional derivatives. Moreover, the Hermite 
transform and the homogenous balance principle are employed to find the exact solution for stochas¬ 
tic fractional Zhiber-Shabat equation with variable coefficient. Finally, implemented examples are 
explicitly shown. 


2 Preliminaries 


There are different definitions for fractional derivatives, for more details (see [5, 6]). In our paper 
we use the modified Riemann-Liouville derivative defined by Jumarie [6]: 

P(1 ]_ Q ) fo( x ~ lf(v) ~ /( 0 )]dy, a < 0, 

r(i \ a ) ^ fo ( x ~ y)~ a if(y) - f(o)]dy, o<a<i, t 2 - 1 ) 

[/(“—”) (a:)] ^ , n<a<n+ 1, neN 

which has merits over the original one, for example, the a-order derivative of a constant is zero. 
Some properties of the modified Riemann-Liouville derivative were summarized in [5] , three useful 


D a x f(x) = l 
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formulas of them are 


P > o, 


y ~ c 

r(i + p — op 

D^(u(x)v(x)) = u(x)D^v(x) + v(x)D^u(x), 
D°[f(u(x)] = ^D«u(x) = (|)“^/(«). 


( 2 . 2 ) 


Now, we outline the main idea of the modified fractional sub-equation method. Many authors 
considered nonlinear FPDE, say, in two variables 


F(u, u x , ut, D^u, D^u ,...) = 0, 0 < a < 1 


(2.3) 


where F is a nonlinear function with respect to the indicated variables. To determine the solution 
u = u(x,t ) explicitly, we first introduce the following transformation 

« = «(£)> £ = £0M) ( 2 - 4 ) 

which converts Eq.(2.3) into a fractional ordinary differential equation 

G(u, u', u ", D^u, T>f“u,...) = 0. (2.5) 

Next we introduce a new variable Y = Y (£) which is a solution of the fractional Riccati equation 

DfY = ho + hiY + h 2 Y 2 , 0 < a < 1, (2.6) 

where h-o, h± and h -2 are arbitrary constants. Eq.(2.6) is the fractional Riccati differential equation, 
where a is a parameter describing the order of the fractional derivative. In the case of a = 1 Eq.(2.6) 
is reduced to the classical Riccati differential equation. The importance of this equation usually 
arises in the optimal control problems. The feed back gain of the linear quadratic optimal control 
depends on a solution of a Riccati differential equation which has to be found for the whole time 
horizon of the control process [18, 19]. Then we propose the following series expansion as a solution 
of Eq.(2.3) 

n n 

u(x, t ) = u(£) = ^2 a k (x, t)Y k ( f b k( x , t)Y~ k (£), (2.7) 

fc=0 k =1 

where a k {k = 0, 1,..., n), b k (k = 1 ,...,ra) are functions to be determined later and n is a positive 
integer which can be determined via the balancing of the highest derivative term with the nonlinear 
term in equation Eq.(2.5). Inserting Eq.(2.7) into Eq.(2.5) and using Eq.(2.6) will give an algebraic 
equation in powers of Y . Since all coefficients of Y k must vanish, this will give a system of algebraic 
equations with respect to a k and b k . With the aid of Mathematica, we can determine a k and b k ■ 
According to the recent paper by Zhang et al. [19], we can deduce the following set of solutions of 
Eq.(2.6). 

Ti(0 = E a (£) — 1, h 0 = h\ = 1, h 2 = 0, 

( T 2 (£) = coth a (£) ± csch a (£), Y 3 (£) = tanh Q (^) ± i sech Q (^), h 0 = -h 2 = h x = 0, (2.8) 

k Kt(0 = l tan a (2^), y 5 (0 = \ c °ta(20, h o = \h 2 = 1, h x = 0, 
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with the generalized hyperbolic and trigonometric functions 


, , . sinh a (x) cosh Q (cc) . 1 , , . 1 

tanh Q (x) = —————coth a (:r;J = , csch a (x) = ———, sech a (x) = 


cosh a (a;)' 


sinh a (x) 


sinh a ( x)' 


E a (x a ) - E a (-x a ) E a (x a ) + E a (-x a ) 

smh Q (xJ = ---, cosh a (x) =---, tan a (x) = 


cosh Q (x)’ 
sin a (x) 


cos a (cc) . E a (ix a ) - E a (-ix a ) 

cot a (x) = -— rT , sin a [x) = -—-, cos a (x) = 

sin a (x) 2 1 2 


cos a (x)’ 
E a (ix a ) + E a (—ix a ) 


y J 


defined by the Mittag-Leffler function E a (y) = TT 7 -T 

J r(l + 3 a) 

alized exponential, hyperbolic and trigonometric functions see [8]. 


:—For more details about the gener- 


3 Exact Solutions of Eqn. (1.2). 

Many authors considered nonlinear equations of the form 

P(u, Ttt, Uxi ^xti 'U’xxt 'U’xxxi •••) — 0 (3.1) 

where P is a nonlinear function with respect to the indicated variables. Introducing the one wave 
variable £ = x — ct carry out the two independent partial differential equation (3.1) into an ODE 

N(u,u',u",u"',...) = 0 (3.2) 

Equation (3.2) is then integrated as long as all terms contain derivatives. The tanh technique is 
based on the priori assumption that the travelling wave solutions can be expressed in terms of the 
tanh function [7]. We therefor introduce a new independent variable 

Y = tanh(y,C) 


that leads to the change of derivatives: 

d( W’ 

d 2 o 0 N , d , 9 d? .. 

dC =ti{1 ~ Y ^~ 2Y dY + ^~ Y 

The solution can be proposed by the tanh method as a finite power series in Y in the form: 

M 

l (vC) = S(Y) = Y / a k Y k , (3.3) 


u 


k =0 


limiting them to solitary and shock wave profiles. However, the extended tanh method admits the 
use of the finite expansion 


M 


M 


u(K) = S(Y) = a k Y k + a k Y~ k , 


(3.4) 


k =0 


k =1 
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where M is a positive integer, in most cases, that will be determined. Expansion (3.4) reduces to 
the standard tanh method [7] for a*, = 0,1 k M . Substituting (3.3) or (3.4) into the ODE 
(3.2) results in an algebraic equation in powers of Y. In this section, we will give exact solutions of 
Eqn(3.2). Taking the Hermite transform of Eqn.(3.2), we get 

d xai d t « 2 U(x,t,z) + X 2 (t,z)e U ^ + \ 2 {t,z)e~ U ^ + X 3 (t, z)e~ 2U ^ = 0 (3.5) 

where z = (z\,z 2 ,...) €E is a parameter. Using the transformation 

HX ai vt a2 

C = T(l + ai) + r(l + a 2 )’ 


that will carry out Eqn.(3.5) into 


\iU a + A 2 (t, z)e u ^ ,z ' > + A 3 (f, z)e 


where, Ai = fiu, 

A 4 =: A 4 (t, z) = 
(3.6) is the form 


A 2 =: A 2 (t,z) = j^{P(t,z)+/3 2 }, 
z) + ^ 4 } . Denote u((,z) 


u((,z) 


d 2 F^(C,z)) 

d ( 2 


+ A 4 (M)e~ 2C/(c ’ z) = 0. (3.6) 

A 3 =: A 3 (t,z) = Y^{Q(t,z)+P 3 } and 
- U((,z) and assume that the solutions of 

+ V((,z) 


Let v((,z) = e u ^ ,z ^ , then Eqn.(3.6) becomes 


\\{vv" — v' 2 } + A 2 u 3 + X 3 V + A 4 = 0; 


(3.7) 


Considering the homogeneous balance between vv" and v 3 in (3.7), gives M=2, hence we set the 
tanh-coth assumption by 


v(x,t,z) = S(Y) = a 0 (t,z) + ai(t,z)Y(() + a 2 (t,z)Y 2 (() + bi(t,z)Y 1 (() + b 2 (t,z)Y 2 (C) (3.8) 


where Y(£) satisfies the Riccati equation 

Y' = ci + c 2 Y + c 3 Y 2 , 


(3.9) 


and ci,c 2 ,c 3 are constant to be prescribed later. By virtue of (3.8) and (3.9) with observation of 
the linear independence of Y n (n = — 6 , —5,..., 6 ) , Eqn.(3.7) implies the following system of linear 
equations 
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A 4 + A3<2o + A 2 [a 0 (a§ + 2a 4 6 4 + 2 a 2 6 2 ) + o 4 (2ao6i + 20762) + o 2 (6 2 + 2oo6 2 )+ 

6 i( 2 aoai + 2 a 2 6 i) + 6 2 (ai + 2 aoo 2 )] + Ai[.Dooo + + £>702 + D\b\ + £) 2 6 2 — (aici — 6 iC3) 2 + 

(aic 2 + 2a 2 ci)(6ic 2 + 26203) + (aiC3 + 2a 2 c 2 )(6ici + 2 6 2 c 2 ) + 4a 2 C36 2 ci] = 0; 

A3Q.1 + A 2 [ao(2ao<2i + 2a 2 6i) + 07 (og + 20767 + 2 a 2 6 2 ) + a 2 (2oo6i + 2ai6 2 )+ 

67 (o 2 + 2aoo 2 ) + 2aia 2 6 2 ] + Ai[Z?o a i + £h a o + D 3 a>2 + £*261 + £>362 
-(aici - hc 3 )(aiC2 + 2a 2 ci) + (aic 3 + 2 o 2 c 2 )(6ic 2 + 26 2 c 3 )] = 0; 

A3a 2 + A 2 [ao(af + 2 aoa 2 ) + oi(2ooai + 2a 2 6i) + o 2 (og + 20767 + 2 a 2 6 2 ) + 2aia 2 6i + 0^62] + 

Ai[£> 2 a 0 + +£>107 + £>361 + £> 4 6 2 - (01C1 - 6ic 3 )(aic 3 + 2a 2 c 2 ) 

-(oic 2 + 2a 2 ci) 2 + 2a 2 c 3 (6ic 2 + 26 2 c 3 )] = 0; 

A 2 [2a 0 aia2 + 07 (a| + 2a 0 a 2 ) + a 2 (2a 0 ai + 2a 2 6i) + 6703] + 

Ai[Z?3ao + D2CL1 + D\a,2 + D^bi — 2a 2 C3(aici — b\c 3 ) — (aic 2 + 2a 2 ci)(aiC3 + 2a 2 c 2 )] = 0; 

A 2 [o 0 a 2 + 2 a 2 a 2 + o 2 (af + 2 a 0 a 2 )] + Ai[£> 4 a 0 + £>301 + -D 2 a 2 - 2a 2 c 3 (oic 2 + 2a 2 c 4 ) 

-(a 4 c 3 + 2a 2 c 2 ) 2 ] = 0; 

< A 2 [o 4 a 2 + 2 a 4 a|] + Ai[£> 4 ai + D 3 a 2 - 2 a 2 c 3 (aic 3 + 2 a 2 c 2 )] = 0 ; 

A2[a 2 ] + A 4 [D 4 a 2 — 4 a|c§] = 0 ; 

A362 + A 2 [ao(6 2 + 2 oo 6 2 ) + 67(20067 + 2 a 4 6 2 ) + 62(00 20767 + 2a 2 6 2 )+ 

2076762 + 0262] + Ai[L>o6 2 + D 7 ao + D^a± + D5CL2 + £*861 — (61 c 2 + 26 2 C3) 2 + 

26 2 c 4 (aic 2 + 2a 2 c 4 ) + (a 4 ci - 67c 3 )(6707 + 26 2 c 2 )] = 0; 

A361 + A 2 [ao( 2 ao 6 i + 2 a 4 6 2 ) + 61(09 + 2 ai&i + 2 a 2 6 2 ) + 6 2 ( 2 ao a i + 2a 2 6 4 )+ 
o 4 (6 2 + 2 ao 6 2 ) + 2 a 2 6 2 6 4 ] + Ai[Z?o6i + D$a 0 + D 7 a\ + Z)ga 2 + 

D\b 2 + (o 4 ci - 6 1 c 3 )(6 1 c 2 + 26 2 c 3 ) + (a 4 c 2 + 2a 2 c 1 )(6 1 c 1 + 26 2 c 2 )] = 0; 

A 2 [ 2 ao 6 i 6 2 + 67 (6 2 + 2 ao 6 2 ) + 6 2 ( 2 ao 6 i + 2 a 4 6 2 ) + o 4 6|] + Xi[D^ao + D^a\ + D 7 b\ + -Ds6 2 
+ 26 2 c 4 (aici - &1C3) - (6 4 c 2 + 26 2 C 3 )( 6 4 ci + 26 2 c 2 )] = 0 ; 

A 2 [a 0 6| + 2 ao 6 2 6 2 + 6 2 (6 2 + 2 ao 6 2 )] + Ai[Z?5ao + D§b\ + £>762 — 26 2 ci( 6 ic 2 + 26 2 C 3 ) 

-(61C1 + 26 2 c 2 ) 2 ] = 0; 

A 2 [616| + 2006762] + X\[D^bi + D$b2 — 26 2 ci( 6 4 ci + 26 2 c 2 )] = 0; 

A 2 [6|]+Ai[ j D 5 62 - 46 2 c 2 ] = 0 . 

where, D 0 = c 4 (aic 2 + 2a 2 c 4 ) + c 3 (6ic 2 + 26 2 c 3 ) , D 1 = c 2 (aic 2 + 2a 2 c 4 ) + 2c 4 (aic 3 + 2a 2 c 2 ) , 
D 2 = c 3 (aic 2 +2a 2 ci)+2c 2 (aic3+2a 2 c 2 )+6a 2 c3ci , D 3 = 2c3(aic 3 +2a 2 c 2 )+6a 2 c3c 2 , £> 4 = 6a 2 c§ , 
£>5 = 6a 2 6 2 c 2 , £>6 = 2 ci( 6 ici+ 26 2 c 2 )+ 66 2 cic 2 , D 7 = ci(6ic 2 +26 2 c 3 )+2c 2 (6ici+262c 2 )+66 2 c3ci , 
and D$ = c 2 (6 4 c 2 + 26203) + 2 c3(6 4 ci + 262C 2 ) . In the remaining part of this section we will discuss 
and solve our problem for some special cases for the Riccati equation as follows: 

A. ci = c 2 = l,c 3 = 0 . 

This choice for the constants implies that 

Yi (0 = exp(C) ~ 1 (3.10) 
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By the aid of Maple 12, the above system of equations can be solve for the following cases: 

Case A 4 = ai = a 2 = 0 , Ai / 0 , A 2 / 0 , A 3 / 0 ; ao = ± i\f^b\ = 3 

2A] 

A 2 


62 = - jr 1 - ■ By virtue of Eqn.(3.8), then Eqn.(3.5) have the solution 


X 2 ±iVX^ 


u\ = ln{±i \[^ + 


1 


A 2 A 2 ± iy/X 2 A 3 exp( 


/IT 


+ 


i/i “2 


r(i+«i) ^ r(i+a 2 ) 
2Ai 


- 1 


;} 


(3-11) 


Mexp(^ + r^y) - l) s 

Case 2? For A 4 = ai = a 2 = 61 = 0,Ai 7 I 0, A 2 7 ^ 0, A 3 7 ^ 0 ; ao = ; 62 = — 7^)7 . 

Eqn.(3.5) have the solution 


u 2 = ln{±i\l ^ - 


2Ai 


a 2 x 2 (ex P ( T ^_ + ^) - iy 

B. ci = —C 3 = 0.5, C 2 — 0 . 

This choice for the constants implies that 


0 


(3.12) 


12 (C) = coth(Q ± csch( C) 

(3.13) 

13 (C) = tanh(Q ± isech(() 

(3.14) 


By the aid of Maple 12, the above system of equations can be solve for the following cases: 


Case 31 A4 = ao = ai = a2 = b\ = 0, Ai 7! 0,A2 7^ 0,A3 7^ 0 ; 62 = — ^ . 
of Eqn.(3.8), then Eqn.(3.5) have the solution 


1 x 3 = ln{ 


Xi 


2\2(coth( 


flX a l 

r(l+ai) 


+ 


Vt a 2 

r(l+a 2 ) 


) ± csch( 


^LX a 1 

r(l+ai) 


+ 


ut a 2 ,N 2 

r(i+a 2 )B 


} 


or 


= ln{ 


2A 2 {tanh{ T ^L r) 


Xi 


+ 


ut a 2 

r(l+a 2 ) 


)± isech( 


flX a l 

r(l+ai) 


+ 


vt a 2 ,\ 2 ^ 

r(l+c* 2 )U 


By virtue 


(3.15) 


(3.16) 


Case 4 I For A 4 = ao = ai = 64 = &2 = 0 , Ai / 0 , A 2 / 0 , A 3 / 0 ; 02 = — ^ . Eqn.(3.5) have 
the solution 


, r Ai gs Q1 at " 2 , 

“ 5 = ln{ -2xJ mtht fiTT^) + T(TTq 2 ) * cscH 


fiX 


+ 


ut z 


T(1 + aq) r(l + 0:2) 


)) S 


(3.17) 


or 


it Ai ax " 1 at " 2 

" 6 = ,n{ -2Ai (t “"'‘ ( T(rTTo + rTmTo * ,sech{ 


fix 


+ 


lit 1 * 2 


r(i + a\) r(i + 012) 


-)) 2 } (3.18) 
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4 White noise functional solutions of (1.2) 


In this section, we will use Theorem 2.1 of Xie [17] for d = 1 to obtain white noise functional 
solutions of Eqs.(1.2). The properties of hyperbolic functions yield that there exists a bounded 
open set ScM+xM, m>0 and n>0 such that u(x,t,z),u x t(x,t,z) are uniformally bounded 
for all (t,x,z) € S X K m (ra) , continuous with respect to (t,x) € S for all z € K m (n) and 
analytic with respect to z € K m (n) for all (t,x) € S . Using Theorem 2.1 of Xie [17], there 
exists a stochastic process U(t,x ) such that the Hermite transformation of U(t,x ) is u(t,x,z ) 
for all S x K m (n) , and U(t,x) is the solution of (1.2). This implies that U(t,x ) is the inverse 
Hermite transformation of u(t, x, z) . Hence, for A 1 A 2 A 3 7 ^ 0 the white noise functional solutions 
of Eqn.(1.2) as follows: 


Ui(x,t) = ln°{±iJ^- 
2 /xz/ 

M*) 


+ 


3 {exp 0 


fix 


+ 


ut a 1 


r(l+ai) r(l+a 2 ) 


- 1 } 


-1 


A 2 (t) ± i\J A 2 (f)A 3 (f) 


{exp 0 ( 


fix 


Oi 


+ 


i/f " 2 


r(i + «i) r(i + a.2) 


- I}" 2 } 


(4.1) 


U 2 (x,t) = ln°{±ij^§- - ^-{exp°( MX 


Q i i4" 2 

+ 


- I}" 2 } 


A 2 (t) A 2 (i) T (1 + ai) T(l + a 2 ) 


(4.2) 




U±(x, t) = in°{— 




2 A 2 (t) 




/xx 


«i 


+ 


z/f “ 2 


T(1 + ai) T(l + a 2 ) 


-)± isech°( 


/xx 


ai 


+ 


i/t " 2 


)}- 2 }(4.4) 


T(1 + ai) T(1 + a 2 ) 


t/ 5 (x, t) = ln°{— 


fils' 


2A 2 (t) 


(coUA( 


/XX 


ai 


+ 


vt a2 


r(i + cci) r(i + 0:2) 


± csc/i° 


/XX 


ai 


+ 


I/f " 2 


T(1 + ai) T(1 + a 2 ) 


r)} 2 } (4-5) 


U e (x,t) = ln°{--^—-{tanh°{ ^ 


2 A 2 {t) 


+ 


vt° 2 


r(i + a 1) r(i + 0:2) 


-) ± isech°( 


fix 


+ 


1 /f“ 2 


T(l + ai) T(l + a 2 ) 


-)} 2 } (4.6) 


We observe that for different form of A 2 (t) and A 3 (i) , we can get different solutions of (1.2) from 
(3.1)-(3.6). 


5 Example and Concluding Remarks 

Let be the Gaussian white noise, where Bt is Brown motion. We have the Hermite trans¬ 
form B'(t,z) = ^2kLi z k fl ) r lk{s)ds . Science exp°(l? t ) = exp (B t — t 2 / 2 ) , we have tanh°(B t ) = 
tanh(B t — t 2 / 2 ) , coth°{B t ) = cot(B t — t 2 / 2 ) , sech°(B t ) = sech{B t — t 2 / 2 ) and csch°(B t ) = 
csch(Bt — t 2 / 2 ) . Suppose A 3 (t) = aA 2 (t) and A 2 (t) = A 2 (t) + (3B t , where a,(3 are arbitrary 
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constants and A 2 (t) is integrable or bounded measurable function on M + . The white noise func¬ 
tional solutions of (1.2) are as follows: If Ai(t)A 2 (i)A 3 (i) 7 ^ 0 


3{e*!>(rfSb + -'‘""rlCf 1 * 2 ) - 1} 


U?(x, t ) = ln{±iy/a + 


-1 


2 uv ax' 

-{ exp{ 


A 2 (i)(l + ±iy/a) 

011 v(t - pB t + 0.5/ft 2 )" 2 . 


A 2 (t) 


T(1 + a 1 ) 


+ 


r(l + a 2 ) 


- I}- 2 } 


(5.1) 


r 2 pv fix 011 u(t - PB t + 0.5/ft 2 )" 2 2 

f/ 8 (x,f) = ln{±iy/a - ——{ eX p( ; - x +- F71 , ~ t -) — !/ } 


A 2 (t) 


r(l + aq) 


T (1 + a 2 ) 


(5.2) 


Ug(x, t ) = ln{— 


pv 

2 A 2 (t) 


{coth{ 


fiX 


ai 


r(l + Ctq) 


csch{ 


fix 


oil 


r(l + aq) 


+ 


v(t - PB t + 0.5/ft 2 )" 2 

r(i + a 2 ) j 

z/(t-/?£* +0.5/ft 2 )" 2 _ 


T(1 + a 2 ) 


)}- 2 } 


(5.3) 


, px ai a(t — PBt + 0.5/ft 

+ -r(i + a 2 ) 


v(t - PB t + 0.5,3t 2 )" 2 

+ r(l + a 2 ) 

.2\a 2 


± i 




(5.4) 


Un(x, t ) = ln {— 


fiU 


2 A 2 (t) 


{cof/i( 


csch( 


fiX 


«i 


T (1 -)- aq) 
fiX a ~ 


ii{t-PB t + 0.5pt 2 )^ 

r(i + a 2 ) J 
i/(i - PBt + 0.5/ft 2 )" 2 


r(l + ai) 


+ 


r(l + a 2 ) 


)} 2 } 


(5.5) 


Ui 2 (x,t) = ln{— 


fiU 


2 A 2 (t) 


{tanh( 


fiX 


ai 


r(i + oi\) 


± i 


sech{ 


fiX 


ai 


T(1 + Oil) 


+ 


vjt - PBt + 0.5/ft 2 )" 2 
r(l + a 2 ) 

v(t - PB t + 0.5/ft 2 )" 2 2 


r(l + a 2 ) 


)} 2 } 


(5.6) 


Finally, we remark that for a 1 = ol 2 = 0, p{t) =1 and q(t) = r(t) = 0 , Eqn.(l.l) reduces 
to the Liouville equation. For ai = a 2 = 0, r(t) =0 and q(i) = p{t) = 1 , Eqn.(l.l) reduces to 
the Sinh-Gordon equation. For 0 : 1=02 = 0, p(t) = r(t) =1 and q(t) = 0 , Eqn.(l.l) reduces 
to the the well known Dodd-Bullough-Mikhailov equation. Moreover, for 01=02 = 0, p(t) =0 
, q(t) = —1 and r(t) = 1 , gives Tzitzeica-Dodd-Bullough equation. Hence, our results in this 
work can be considered as a continuation of our results in our previous papers [4,5], this work gives 
directly exact solutions for wick-type stochastic form to each one of the above equations. Also, we 
remark that, since the Riccati equation has other solution if select other values of ci,C 2 and C 3 , 
there are many other exact solutions of variable coefficient and wick-type stochastic Zhiber-Shabat 
equations 
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Invariance, solutions, periodicity and asymptotic behavior of a class 
of fourth order difference equations 
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Abstract 

We construct Lie symmetry generators of some fourth order difference 
equations. We use these generators to derive similarity variables that 
make it possible to obtain exact solutions. In some cases, we study peri¬ 
odicity and asymptotic behavior of the solutions. 
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1 Introduction 

Several years back, Sophus Lie studied the invariance property of equations un¬ 
der a group of transformations. The approach used was later known as Lie 
symmetry method. This method has been used to solve differential equations, 
and recently it has been applied to difference equations. Although Maeda stud¬ 
ied difference equations via Lie symmetry analysis in twentieth century [ 9 , 10 ], 
it is Hydon who really rekindled the interest for solving difference equations via 
symmetry. For Hydon’s work, refer to [ 8 ]. 

Most often, difference equations arise as a result of discretizing differential equa¬ 
tions, especially in phenomena that depend on time. There are many ways in 
which a differential equation can be discretized (see [ 4 ]). Difference equations 
have numerous applications. For example, biological systems, population dy¬ 
namics, economics, physics (see [ 1 , 2 ]). Although difference equations appear 
simple, finding their solutions can be incredibly difficult. The symmetry ap¬ 
proach to finding solutions of difference equations is recent and the reader can 
refer to [ 8 ] and some recent articles [ 5 - 7 , 11 , 12 ] for further knowledge on this 
method. 

In this paper, we consider the system of difference equations 

Xn+4 = ~ -7- , T „ „ -C (1) 

%n+ 3 \Q’n T Un%n%n+l) 

where (a ra )„ 6 N 0 and ( 6 n ) n gN 0 are non-zero sequences of real numbers. For equa¬ 
tion ( 1 ), we derive all Lie point symmetries and give formulas for solutions in 
closed form. We also discuss periodicity and asymptotic behavior of solutions 
in some cases. 

* Mensah. Folly-Gbetoula@wits.ac.za 


1 


645 


Folly-Gbetoula 645-657 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


1.1 Preliminaries 

In this section, we give a background on symmetry methods for difference equa¬ 
tions. Our definitions and notation come from [ 3 , 8 , 13 ]. 

Consider the difference equations 


■Tn+4 —, X n _{-3), (2) 

where n denotes the independent variable; x n the dependent variable. In this 
case u n +i denotes the H-th shift’ of u n . 

Consider the group of transformations 

(n, x n ) (n, x n = x n + eQi(n, x n ) + 0(s 2 )), ( 3 ) 

where Q is the characteristic of the group of point transformations. Let 

X = Q(n,x n )J^- ( 4 ) 

be the corresponding infinitesimal generator. The group of transformations ( 3 ) 
is a symmetry group if and only if 

Q(n + 4 ,fi)-A’(fi) = 0 , ( 5 ) 


whenever ( 2 ) holds. Here, 


X — n , Xji j 



Q(n, £ n -j_i) 


d 

dx n+ i 


+ Q(n + 3 , Xfi-\-3 ) 


d 

dx n+3 


denotes the prolongation of X to all shifts of x n appearing in the right hand sides 
of equations in ( 2 ). Equation ( 5 ), known as the linearized symmetry condition, 
can be solved for Q by applying the appropriate differential operators. The 
characteristic, together with the canonical coordinate 


s = 


dx n 

Q{n,x n y 


( 6 ) 


are necessary in the reduction of order of ( 2 ). The following definition can be 
used to check if a given function is invariant under a given group of transforma¬ 
tions. 


Definition 1 [ 13 ] Let G be a connected group of transformations acting on a 
manifold M. A smooth real-valued function £ : M —> R is an invariant function 
for G if and only if 

X(£) =0 for all x € M. 
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2 Main results 


2.1 Symmetry and difference invariant 

To obtain the the criterion which gives the Lie point symmetries of ( 1 ), we force 
( 5 ) on 


^n+4 


^n^n+1 

^n+3 (®n + ^n^n^n+l) 


(7) 


This leads to 

Q(n + 4 , a; n+4 ) 


*Tn*Tn+l (®n T b n X n Xn-\-l )Q{xi T 3 ; *£71+3) 


Tn+3 2 («n + ^n^n^n+l) 2 

[:Tn ^?(?7 T f 5 *Tn+l) T *Tn+l T*n)] 


*Tn+3(^n T ^ n X n X n -\-l^ 


= 0. 


( 8 ) 


The methodology of solving these functional equations is given as follows: 

• Firstly, apply the differential operator —h gx d - on equation (8). 

This leads (after simplification) to 


•Pn+lQ (u T 11 *Tn+l) 


%n-\-lQ (j^i %n) Q(n T I5 ^n+l) "b 


— Q(n, x n ) = 0 . 


• Secondly, differentiate with respect to x n , separate by powers of x n +± and 
solve the resulting system of over determining equations for Q. This gives 

Q(n, x n ) = a{n)x n + / 3 (n) 
for some functions a and /? of n. 

• Lastly, substitute the latter in (8) to eliminate any dependency among the 
arbitrary functions that appear in Q. This leads to the constraints 

a(n) + a{n + 1 ) = 0 and / 3 (n) = 0 . ( 9 ) 


We have omitted the details in the computation. The constraints in ( 9 ) are 
readily solved (a(n) = (—1)”) and we have 

Q = (—l(10) 


Consequently, Equation ( 1 ) admits a one dimensional Lie algebra: 

d 


X = (- 1 )"®* 


8 x r 


The canonical coordinate is given by 

[ dx n 


Sn — 


{-l) n x r 


= (—l) n In \x n 


( 11 ) 


( 12 ) 
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and the difference invariant which is inspired by the form of the final constraints 
(9) is given by 


u n = (-l)" Sn + (-l)" +1 s n+1 . (13) 

It is not difficult to verify, using Definition 1 together with (11), that (13) is 
indeed invariant under the group of transformations of (1). For simplicity, we 
prefer using the compatible variable 

|«n| = exp(-u n ) (14) 

which is also invariant. This gives a convenient choice of the change variables 

which does not require lucky guesses. With this variable u n , it follows that 

u n + 3 = a n u n + b n (15) 


whose solution is given by 

( 71-1 \ 71—1 / 71-1 \ 

a 3ki+j j + 'y ' I ^3 l+j a 3k 2 +j j > j = 0,1,2. (16) 

fci=0 / 1=0 V k 2 =l+l / 

To obtain the solutions of (1), we go up the hierarchy created by the changes 
of variables. By evaluating (13) as a telescoping series, we have 

n— 1 

(-l)"s n = (-l)"^ 1 ^2 (~ 1 ) klu ki + (- 1 ) n ' s o (= In \x n \ from (12)), (17) 

/ci —0 

i.e. 


x n = exp 


n— 1 


(-l)"" 1 ^-!)* 1 "*.+(-!)>> 

ki — 0 > 


n— 1 

= exp{ ^2 (-l) n+fcl lnu fel + lna: 0 }, 
A: i—0 


(18) 

(19) 


where all the u ^’s are obtained using (16). 

Note. Equation (19) gives the closed form solution of (1) in a unified manner. 
Looking at the form of ui in (16), we rephrase (19) as follows: 


x 6n+ j =exp 


f6n+j- 1 'j 

J £ (—l) 6 "+^+fc 1 inuji-j + lnxo > 

l fei=0 J 


—X 


n n 


^6i+j+2r 




2—0 \r 


L =o 7 i 6 i +i + 2r *+ 1 / 


( 20 ) 

( 21 ) 
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j = 0,1,..., 5. More clearly, 


n— 1 

XQn —%0 

2—0 
n —1 

*^ 6 n +1 — X\ 

2—0 
n —1 

XQn -\-2 —%2 

2—0 
n—1 

XQn -\-3 = ^3 

2—0 
n—1 

XQn -\-4 —*^4 | 
2—0 
n—1 

*^6n+5 —*^5 | 
2—0 


u 3(2i) U3(2i)+2 U3(2i+1) + 1 

u 3(2i)+l M 3 ( 2 j+ 1 ) M3(2i+i)+2 ’ 

( 22 a) 

M3(2z) + 1 w 3(2i+l) M3(2i+l)+2 

M3(2i)+2 u 3(2i+l)+l M3(2i+2) 

( 22 b) 

M3(2z)+2 M 3 ( 2 j+ 1)+1 M3(2i+2) 

u 3(2i+l) M 3 ( 2 j+i )+2 M 3 ( 2 i+ 2 ) + l ’ 

( 22 c) 

u 3(2i+l) w 3(2i+l)+2 M3(2i+2) + l 

u 3(2i+l)+l M 3 ( 2 i+ 2 ) M 3 (2i+2)+2 ’ 

( 22 d) 

M3(2i+1) + 1 M 3 ( 2 j + 2) M 3 (2i+2)+2 

M3(2i+l)+2 M 3 (2j + 2) + l M 3 ( 2 i + 3 ) 

u 3(2i+l)+2 M 3 (2j + 2) + l M 3 ( 2 i +3 ) 

( 22 e) 

( 22 f) 

u 3(2i+2) M 3 (2i + 2)+2 M 3 ( 2 i + 3 ) + i 


We then substitute the expressions given in (16) in (22) to get 


n — 1 

%6n —%0 j 
2=0 


2i — 1 2i — 1 2i — 1 2i—1 2i —1 2i —1 

Mo n °3ii + X ^3j n «3! 2 M 2 n a 3(+2 + 53 &3j+2 II a kl 2 +2 
ll=0 3=0 l 2 =3+ 1 1=0 2=0 i 2 =i + l 


2i — l 2i —1 2i —1 

^1 n a 3Z+l + E &3j+l n a 3Z 2 + l 
Z=0 j =0 Z 2 =? + l 


2i 2i 22 

Mo n a 3! + 53 ^3j n a fci 2 

1=0 3=0 h=3 +1 


2i 2i 2i 

n a 3z+i+x] ^3j+i n a fcz 2 +i 

z =0 j =0 l 2 =j + 1 

2i 2 i 2i 

M2 n «3I+2 + 53 &3j+2 n Mfc! 2 +2 
z =0 j =0 l 2 =j+l 


(23a) 


n—1 

*£ 6 n +1 =^1 

2=0 


2i —1 2i —1 2i —1 

n a 3Zi+i+ e ^3j+i n a 3z 2 +i 

*1=0 i=0 Z 2 =j + 1 


2i 2i 2i 

Mo n a 3i + 53 &3j n a 3 1 2 

1=0 3=0 l 2 =j +1 


2i —1 2i —1 2i —1 2£ 2i 2i 

U2 11 a 3Z+2 + X] &3j+2 El a 3Z 2 +2 ^1 II a 3Z+l + E &3j+l II a 3Z 2 + l 
z—o j=o z 2 =j+i i=o j =o z 2 =j+i 


2 i 2i 2i 

M2 n «3I+2 + 53 b3j+2 n a 3( 2 +2 
z =0 j =0 l 2 =j+l 

2i+l 22+1 22+1 

^0 n«3Z+E ^3 j n a 3Z 2 
1=0 j =0 Z 2 =i+1 


(23b) 
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%6n+2 


Xen+3 


XQn+4 


XQn+5 


2 i — 1 2i —1 2 i— 1 2 i 2 i 2 i 

-1 M 2 n a 3h+2 + E &3j+2 n ffl 3i 2 +2 Ml «3i+l + E b 3j+l II ®31 2 + 1 
*1=0 3=0 l 2 =3 + 1 1=0 3=0 h=3 +1 

2i 2i 2i 


X2 IT 2i 2i 2i 

Mo El a 3! + E ^3j II a 3l 

3=0 l 2 =j +1 


i=0 


i=0 


M2 El «3*+2 + J] &3j+2 J”! ®3( 2 +2 
*=0 3=0 h=3 +1 


21+1 21+1 21+1 

Mo n a 3* + E b 33 n a 3i 2 

1=0 j=0 12=3 +1 

2i+l 2i+l 21+1 

Ml ft a 3i + l + E & 3j + l II a 3* 2 + l 

(=0 1=0 ( 2 =l + l 


(23c) 


n— 1 


*»n 


2i 2i 2i 

Mo n a 3ii + E b3j n a 3 1 2 

h=0 3=0 12=3 +1 


2i 2 i 2 i 

M2 n 0,31+2 + E b3j+2 n a 3I 2 +2 
1=0 3=0 i 2 =l + l 


2 i 2 i 2 i 

U 1 n a 3Z+l + E &3j+l n a 3Z 2 + l 

z=o i=o i 2 =j+ 1 


2i+l 2i+l 2i+l 

^0 na3Z+E ^3 j n &3Z 2 
Z=0 j=0 Z 2 =j + 1 


2i+l 2i+l 2i+l 

^1 n a 3Z+l + E &3j + l n &3Z 2 + 1 
1=0 j=0 12=j+l 

2 i+l 2 i+l 2 i+l 

U2 n Z^3Z+2 + E ^3j+2 n a 3Z 2 +2 
1=0 j=0 l 2 =j+l 


(23d) 


-n 


i=0 


2 i 2 i 2 i 

Ml n a 31i+l + E b3j+l n a 3i 2 + l 
*1=0 3=0 h=3 + 1 


21+1 2i+l 2i+l 

Mo n«3* + E b 3j n 0312 

1=0 j=0 12=3 + 1 


2 i 2 i 2 i 2 i+l 2i+l 2i+l 

M 2 n 031 + 2 +e b 3 j +2 n a 3 i 2 +2 mi n 031 + 3 +e b 3 j+i n ®fci 2 +i 

(=0 j=0 h=3 +1 1=0 3=0 h=3 +1 


21+1 21+1 21+1 

M2 II «31+2 + E b3j+2 II a 3* 2 +2 
1=0 3=0 12 = 3 + 1 

2 i +2 2 i +2 2 i +2 

Mo n«3*+E b3j n a 3h 

1=0 3=0 h=3 +1 


(23e) 


n— 1 


x5 n 


2i 2i 2i 2i+l 2i+l 2i+l 

M2 n 03*1+2 + E b3j+2 n a 3l 2 +2 Ml «3i+l + E &3i+l TI a 3! 2 + l 
*1=0 3=0 h=3 + 1 *=0 1=0 I 2 =l + 1 

21+1 21 + 1 21 + 1 21 + 1 21 + 1 21 + 1 

Mo n a 3* + E b 3 j n a 3 1 2 M 2 n 031+2 + E b 3 j +2 ]1 a 3* 2 +2 

*=0 j=0 l 2 =3 +1 1=0 3=0 12=3 +1 


2i+2 21+2 21+2 

Mo n«3*+E b 3 j n 0312 

1=0 3=0 12=3 +1 

21+2 21+2 21+2 
Ml n «3i + l + E & 3j + l n a 3* 2 + l 

1=0 3=0 l 2 =l +1 


(23f) 
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We rewrite (23) in terms of initial conditions only as follows: 

2i — 1 2i— 1 2i— 1 2i — 1 2i — 1 2i — 1 

n-l n « 3«1 + * 0*1 1103.2 n« 3 i+ 2 +X 2 X 3 E& 3 ,+ 2 n«^ 2+ 2 


= x(i n.r 


j=0 i 2 =i+l 
2i —1 2i — 1 


i=o Z 2 =j+1 


*-° n a 3 i+i+X1X2 e & 3j+i n a 3i 2 +i n «3 1+x 0 xi e &3i n ^2 


1=0 3=0 i 2 =j'+i 

2i 2i 2 i 

n &3Z+1 + X1X2 ^2 ^>3j + l n a kl 2 +1 
2=0 j—0 Z 2 =J + 1 

2i 2i 2i 5 

El a 32+2 + X2X3 S &3j+2 El a kl 2 +2 
1=0 j=0 l 2 =j + l 

2i— 1 2i —1 2i—1 


3=0 l 2 =3+i 


-1 n a 3ii+i+£10:2 e 633+1 n ct3i 2 +i n 031+*0*1 e 633 n 03i 2 


n ll=U 3=0 1 2 =3 + 1 ( = 0 3 = U 1 2 =3 + 1 

21-1 2i-l 21-1 21 2 i 2i 

8=0 11 a 3!+2 + *2*3 E ^3i+2 11 a 3I 2 +2 II a 3I+l + *1*2 E b 3j+l II a 3( 2 + l 
1=0 3 =0 l 2 =j+l 1=0 j=0 1-2=3 + 1 


3=0 h=3 +1 


2i 2i 2i 

El 031+2 + *2*3 E 633+2 11 a 31 2 +2 

1=0 3=0 1-2=3 + 1 

21+1 21+1 21+1 

I! a 3i + * 0*1 E b 3j II a 3l-2 

1=0 3=0 l 2 =j +1 


(24b) 


XQn-\-2 —%2 


2i— 1 2i —1 2i— 1 2 i 2 i 2 i 

n-l n «3ii+2 + *2*3 E 633+2 II «3( 2 +2 bl a 3I + l + *1*2 E 633+1 b[ a 3( 2 + l 

n !l=0 j =0 l 2 =j + 1 1=0 3=0 1 2 =3 + 1 

2i 2 i 2 i 2 i 2 i 2 i 

8=0 n a 3l + *0*1 E b 3j n a 31 2 n a 3I+2 + *2*3 E ^3j+2 n a 3i 2 +2 


3=0 l 2 =j +1 


3=0 l 2 =j +1 


21+1 21+1 21+1 

n 03 1 + *0*1 E b 3 j n 031-2 

1=0 3=0 l 2 =j +1 

21+1 21+1 21+1 

n ^ 31+1 + *1*2 E b 3 j+l n a 31 2 + l 
1=0 j =0 h=j +1 


-1 n a 3Zi + XoXl ^2 ^3 j n a 3Z 2 n a 3Z+2 + X2X3 5 2 ^Oj+2 Yl a 3l 2 +2 


=** II 


3=0 1 2 =3 4“ 1 


i=o z 2 =j+i 

2i+l 2i+l 


~° n a 3z+i+^1^2 x] ^3j+i n a 3z 2 +i n a 3 ^+xoxi ^2 ^3j n 


1=0 j =0 Z 2 =i + 1 2=0 j=0 Z 2 =j+1 

2i+l 2i+l 2i+l 

n a 3z+i+#1X2 s ^3j+i n a 3z 2 +i 

1=0 j= 0 2 2 =?'+l (9Ar\\ 

2i+l 2i+l 2i+l ’ \ / 

n a 32+2 + X2X3 Y 2 &3j+2 n a 32 2 +2 
1=0 j= 0 Z 2 =j+1 

2i 2 i 2 i 2i+l 2i+l 2i+l 

„_i n 03ii+i+*1*2 e b 3 j+i n 0312+1 n « 3 1+*0*1 e 6 3 j n « 3 i 2 

n ll=0 3=0 l 2 =j + 1 1=0 3=0 l 2 =j' + l 

21 21 21 21+1 21+1 21+1 

8=0 n 031+2+*2*3 e ^33+2 n o 3 i 2 +2 n «3i+i+*1*2 e 633+1 no fc i 2 +i 

1 = 0 3=0 1 2 =3 + 1 1=0 3=0 1 2 =3 + 1 

21+1 21+1 21+1 
n 031+2 + *2*3 E 633+2 n a 31 2 +2 

1=0 3=0 i 2 =3+1 ( 24 p 

21+2 21+2 21+2 ’ ' 

n « 3 1+*0*1 e 63 3 n «3i 2 

1=0 3=01 2 =3+1 
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XQn-\-5 — X5 | | 


AL 2i 2 i 2i+l 2i+l 2£+l 

-1 n a 3Zi+2 + X2X3 E 63.7+2 n a 3 i 2 +2 n a 3Z+l + X1X2 E b3j+l n a 3 Z 2 + l 
— ll=0 j= 0 h=j +1 i=0 J=0 z 2 =j + l 


2i+l 2i+l 2i+l 

n a 3 i +x 0 xi e b 3 j n a 3z 2 

Z=0 j=0 l 2 =j + l 


2i+l 2i+l 2i+l 

El a 3 Z +2 + X2X3 E b3j+2 El a 3l 2 +2 
1=0 j =0 h=j +1 


2i+2 2i+2 2i+2 

n a 3 *+^0^1 e ^3 i n a 3 « 2 

z=o i=o / 2 =i+i 

2i+2 2i+2 2i+2 

n a 3 i+i + X1X2 e b 3 j +1 n a 3z 2 +i 

1=0 j =0 h = 3 +1 


(24f) 


where 014 = x 0 xi/(x 3 (a 0 + b 0 x 0 xi)) and x 5 = x 2 x 3 (a 0 + b 0 x 0 xi)/(x 0 (ai + 
biXiX 2 )). In the following subsections, we study some special cases. 


2.2 The case where (a n ) and (b n ) are 3 periodic sequences 

Let a„ = {ao,a 1 ,a 2 ,ao,a 1 ,a 2 ,. ■ and b n = { 6 0 , bi, b 2 , b 0 , b lt b 2 ,... }. Equa¬ 
tions in (23) reduce to 


2i— 1 2i— 1 . 2i 

ao' + boxoxi J2 a o + 62X2X3 J2 a i ai* +1 + 61X1X2 J2 a l 


XQn =X 0 ]^J 


2=0 

2=0 


2=0 


2i—1 

2i 


2i ’ 

i=0 

a? 

+ 61X1X2 I] a\ a 5 * + + 60X0X1 J 2 a o a 2 + 62X2X3 J 2 a 2 



3=0 

3=0 


i=o 



2i—l 

2 i 


2i 

n — 1 

a? 

+ 61X1X2 J 2 a l a 0 + 60X0X1 a 0 a 2 + 62X2X3 J 2 a 2 

XQn -\-1 ~—X\ J 


2=0 

2=0 


2=0 


2i—1 

2i 


2i+l ’ 

i=0 

a? 

+ 62X2X3 I] h) «i + 61X1X2 I] fflj aS 1 ' + + 60X0X1 J] ai 



3=0 

2=0 


2=0 



2i — l 

2i 

2i+2 

a 0 

2i + l 

n — 1 

O2 1 + 62X2*3 a 2 

aj' +1 + 61X1X2 J] aj 

+ 6 0 x 0 xi J] aj( 

3 ^ 6 n +2 = X2 j 


2=0 

2=0 


2=0 


2 i 

2i 

a 2i + 2 

2i+l 

i=0 

fflj + boxoxi J2 a o 

a^" 1 " 1 + 62X2X3 J] a{ 

+ 61X1X2 5 D a( 



J=0 

2=0 


2=0 



2i 

2i 

a 2i + 2 

2i+l 

n — 1 

Oq + + boxoxi J2 a o 

M2^ l+1 + 62 X) a^ 

+ 61x1x2 J2 a \ 

XQn -\-3 —X3 | j 


2=0 

2=0 


2=0 


2i 

2i+l • 

«r +2 

2i+l 

i=0 

af + + 61X1X2 X] a i 

do 2 + 60X0X1 J] (ig 

+ 62X2X3 J] aj 



3=0 

2=0 


2=0 



2 i 

2j+l , 

«r +2 

2i + l 

n — 1 

af + + 61X1X2 E a i 

ao + + 60X0X1 J] ag 

+ 62X2X3 J] aj 

XQn -\-4 —X4 j 


2=0 

2=0 


2=0 


2i 

„ 2i+l , 

a o' +3 

2i+2 

i=0 

a2 + + 62X2X3 E a 2 

a 2»+2 ij lXlX2 a\ 

+ 6 0 x 0 xi J] ai 



2=0 

2=0 

2=0 


n — 1 

2i 

a^" 1 " 1 + 62X2X3 X) a^ 

2i+l 

a 2 8 +2 _j_ fj lXlX2 a { 

2i+2 

ao' +3 + 6 0 x 0 xi J] aj) 

^ 6 n +5 = ^5 | j 

2=0 

2=0 

2=0 

2i+1 • 

2i+1 • 

„ 2i+2 , 

i=0 

ao + “ + 6 0 x 0 xi J] a J 0 

a.2 + + 62X2X3 J] a ] 2 

a 2 ' +3 + 61X1X2 X) a( 


2=0 

2=0 

2=0 
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2.3 The case where (a n ) and (b n ) are real constants 

Let a n = a and b n = b. Equations in (23) give rise to 


„_ 1 fl 2, + ko*iE a '' a 2 * + 6*2*3 E cd a 2i+1 + 6*1*2 E a 2 

=» n- Sr - - Sr- - - S -. ( 25 a) 

1-0 a 2 i _|_ b XlX2 <p a 2l+1 + bx 0*1 E « 2 o 2l+1 + bx2X3 E a 2 
3 = 0 i=0 j =0 

2 i — l 2i 2 i 

„_ a a 21 + 6x1*2 E a 2 a 2l+1 + 6*0*1 E a 2 a 2l+1 + 6*2X3 X) a 2 

*6n+i =*1 n “-S-—-( 25 b) 

*-° a 2 * + 62*2*3 X) 02 a 2l+1 + 6*1*2 E a2 a 2l+2 + 6*0*1 X) ° 2 
3=0 3=0 j= 0 

2z — 1 2 i 2i+l 

„_i a 2 * + 6*2*3 X) a 2 a 2l+1 + 61*1*2 X) fl 2 a2l+2 + 6*0*1 X) a2 

*6n+2 =*2 I] - - JJ ST~ — -( 25C ) 

i=0 a 2i+l _|_ a i a 2i+l _|_ bx 2 X3 E A 2 a 2i + 2 + 6*1*2 E a2 

1=0 j=0 3=0 

„_i a 2 * +1 + 6o*o*i E « 2 a 2l+1 + 62*2*3 E ffl2 a 2l+2 + 6*1*2 E « 2 

* 6 n +3 =*3 n- sr -;- - -( 25d ) 

’-0 a 2i+1 + 61*1*2 E a2 « 2i+2 + 6*0*1 E a2 a 2i+2 + 6*2*3 E a2 


*6n+2 —*2 


2i , , 2i+l . . 2i+l 

a 2 * +1 + 6*1*2 E ° 2 a 2l+2 + 6*0*1 E fl2 o? l+2 + 6*2*3 E « 2 

n j=0 j =0 j=0 

2i " 2i+TE ; 2TL2 -: 

i=o a 2i+i _|_ bx 2 x 2 E fl2 a 2i+2 + 6*1*2 E a2 a 2i+3 + 6*0*1 E ® 2 

j=o j=o j=o 

2i . . 2i+l . . 2i+2 

a 2 * +1 + 6*2*3 E aJ « 2l+2 + 6*1*2 E fl2 a 2 '" 1 " 3 + 6*0*1 E « 2 

n i=o j=o i=o 

2i+l 2i+l 2i+2 ' 

i=o a 2i+2 _|_ bxoxi E « 2 a 2i+2 + 6*2*3 E a2 a 2i+3 + 6*1*2 E a2 

1=0 1=0 1=0 


2.3.1 The case where a = 1 

Equations in (25) simplify to 


n l + 2i6*o*i 1 + 216*2*3 1 + (2 i + l ) bxix 2 
__ o 1 + 2i6*i*2 1 + ( 2 i + l)6*o*i 1 + ( 2 i + 1)6*2*3 ’ 


*£6n+l —3^1 


1 + 2i6*i*2 1 + ( 2 i + l)6*o*i 1 + ( 2 i + 1)6*2*3 
1 + 216*2*3 1 + (2* + l)6*i*2 1 + (2* + 2)6*o*i ’ 


(26b) 


n l + 2i6*2*3 1 + (2* + 1)6 *i* 2 1 + (2i + 2)6*o*i 

1 + (2i + l)6* 0 *i 1 + (2* + 1)6*2*3 1 + ( 2 i + 2)6 *i* 2 ’ 
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n l + (2 i -T l)fero£i 1 + (2 i + l)bx2X3 1 + {2i + 2)bxiX2 ibbr!! 

1 + (2 i + l)bxiX 2 1 + (2* + 2)bxoXi 1 + (2 i + 2)bx2X3 ’ 


^^ 

n l + (2 i + l)bxiX2 1 + (2 i + 2)bxoXi 1 + (2i + 2)bx2X3 
1 + (2 i+ l)bx 2 X 3 1 + (2 i + 2)bxiX2 1 + (2i + 3)bxoXi ’ 


( 26 e) 


_2 

n l + (2 i+ l)bx 2 X 3 1 + (2i + 2)bxiX2 1 + (2 i + 3)bxoXi 
1 + (2 i + 2)bxgxi 1 + (2 i + 2 )bx 2 X 3 1 + (2 i + 3)bxiX2 


( 26 f) 


2.3.2 The case where a = — 1 

Let a n = — 1 and b n = b. Equations in (23) result in 

_ Xo(xiX2b — 1)" _ Xl(X0Xlb — l) n (x2X3b — l) n 

X6n (xoxib — l) n (x 2 X 3 b — l) n ’ X6n+1 (xiX 2 b — l) n 


3 ' 6 n-\- 2 


X2(X1X2 b — l) n 
(xoXlb - l) n (X2X3b — l) n 


% 6 n +3 


X3(xoXl b— l) n (X2X3 b— l) n 
(X 1 X 2 b — l) n 


_ XoXl(xiX2b — l) n _ X2X3(xoXlb — l) n+ 1 (x 2 X 3 b — l) n 

X6n+4, X3 ( XoXl l, _ l)"+l(a; 2 a; 3 fe — 1)" ’ * 6ri + 5 Xo(xiX 2 b — l) n+1 

2.4 Existence of six periodic solutions 

From (26), if a = 1 and 6 = 0, then the solution of (1) is periodic with period 
six as long as uq ^ x-i or X\ ^ X3. It should also be noted that the solutions are 
periodic with period two when xq = X2 and X\ = X3. 

The graphs below are cases where the solutions are six periodic. 




Figure 1: a = 1,6 = 0 , 2:0 = 0.1, *1 = Figure 2: a — 1,6 = 0,£o = 0.7, xi = 
0.2, X 2 = 0.3, X 3 = 0.44. —0.2, X 2 = 0.33, X 3 = —0.8. 
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2.5 Existence of 12-periodic solutions 

Using (27), we have that if a = — 1 and b = 0, then the solution of (1) is periodic 
with period twelve. 

The graphs below are cases where the solutions are twelve periodic. 




Figure 3: a = — 1 , b = 0 , xo = 2 . 2 , xi = Figure 4: a = — 1 , b = 0 , xo = 0 . 2 , xi = 
1.1, *2 = 0.9, X 3 = 0.3. 1.1, *2 = —0.9, X 3 = 0.3. 


3 Asymptotic behavior of the solutions for con¬ 
stant coefficients 

Theorem 1 Let {i„} n gN be the solution to the sequence in (1) where a n = 1 
for all n > 0 and b n = b ^ 0. Then 

lim x n — 0. 

n—>oo 

Proof 1 Using (26), we have that 

_J 

n l + 2ibxoXi 1 + 2ibx2X3 1 + (2i + l)bxiX2 
__ g 1 + 2ibxiX2 1 + (2 i + l)bxoXi 1 + (2i + l)bx 2 X 3 

n 1 1 + 2ibxoX\ 1 + 2ibx2X3 1 + (2 i + l)bxiX2 

_ u 1 + (2i + l)bxoXi 1 + (2 i+ l)bx 2 X 3 1 + ( 2i)bx\X2 

n n_1 U bxpxi \ _1 / bx 2 x 3 \ _1 ( bxix 2 \ 

! _ (j V 1 + 2ibxoXi J \ 1 + 2ibx-2X3 J \ 1 + 2ibxiX2 J 

We know that 1 + 2iXkXk+i —> oo as i —> oo. Hence, there is a sufficiently 
large integer t such that for i > t, we have 


1 T 2iXkXk+i ^ 2 ix^x^-^-i. 
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Thus 


X6 n =X 0 r(t) ]^[ ( 1 + ^7 

i=t +1 ' 
n — 1 

= xoT ( t ) ]^[ exp 
i=t +1 


2 i 


1 - . • 1 + 7 ^ 


2 i 


In 1 + 


2 i 


2 i 


+ In 1 + — + In 1+ — 


where 




2 i 


bx 1*2 


1 + 2*60:1*2 


Utilizing the expansion ln(l + *) = * + 0(x 2 ), (1+*) 1 = 1 — x + 0(x 2 ), for 
x —> 0, we obtain 


Therefore, 


n — 1 

*6n =*c>r(i) ]^[ exp 

i=t +1 



=*oF(6) exp 



n — 1 

n ex p 

<=t+l 


o 



lim Xe n =0 as n —> 00 . 

n—to o 


Similarly, 


for j = 1,2,3,4, 5. 


lim *6n+? =0 as n —► 00 , 

n—>o o 
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GENERALIZED ZWEIER I-CONVERGENT SEQUENCE SPACES OF 

FUZZY NUMBERS 

KAVITA SAINI AND KULDIP RAJ 


Abstract. In the present paper we introduce Zweier ideal convergent sequences spaces 
of fuzzy numbers by using lacunary sequence, infinite matrix and generalized differ¬ 
ence matrix operator A?. We study some topological and algebraic properties of these 
sequence spaces. Some inclusion relations related to these spaces are also establish. 


1. Introduction and Preliminaries 

Initially the idea of X-convergence was introduced by Kostyrko et al. [10]. Gurdal [7] studied 
the ideal convergence sequences in 2-normed spaces. Later on, it was further studied by 
Savas [21], Savas and Hazarika [ 8 ], Tripathy and Dutta [25], Tripathy and Hazarika [26], 
Raj et al.[17]. Let A be a non-empty set, then a family of sets X C 2 A is called an ideal iff 
for each X\, £ X, we have X\ U X 2 £ X and for each X\ £ X and each X 2 C Xi, we have 

X 2 £ X. A non-empty family of sets U C 2 X is a filter on X iff <j> ^ U, for each Xi , X 2 £ U, 
we have X\ n X 2 £ U and each Xi £ U and each Xi C X 2 , we have X 2 £ U. An ideal X 
is said to be non-trivial ideal if X ^ (f> and X (j X. Clearly, X C 2 A is a non-trivial ideal iff 
U = U{I) = {X — Xi : Xi £ X} is a filter on X. A non-trivial ideal X C 2 A is said to be 
admissible iff {x : x £ X} C X. A non-trivial ideal is called maximal if there cannot exists 
any non-trivial ideal J ^ X containing X as a subset. 

A sequence x = (Xk ) of points in M. is said to be X-convergent to a real number xq if 

{k £ N : | x k - Xq\ > e} £ X, 
for every e > 0 (see [10]). We denote it by X — lim r x k = x 0 . 

Kizmaz [9] introduced the notion of difference sequence spaces and studied /^(A), c(A) 
and Co (A). Further this notion generalized by Et and Qolak [5] by introducing the spaces 
^(A 4 ), c(A 4 ) and co(A*). The new type of generalization of the difference sequence spaces 
was introduced by Tripathy and Esi [27] who studied the spaces i cx) (A®), c(A*) and co(A[,). 
Let i, v be non-negative integers, then for Z = l x , c, Co we have sequence spaces 

Z(A l v ) = {x= (x k ) £ w : (A l v x k ) £ Z}, 

where A l v x = (A l v Xk) = (A' L ~ 1 x k — A[, _1 a;fc + i) and A®Xk = x k for all k £ N, which is 
equivalent to the following binomial representation 

A> fe = ;£(-ir ( i ) x k+vn . 

n—0 ^ ' 

Ba§ar and Atlay [2] introduced and studied the generalized difference matrix A(m,n) = 


2010 Mathematics Subject Classification. 40A05, 40A30. 

Key words and phrases. Musielak-Orlicz function, ideal convergence, generalized difference matrix 
operator, fuzzy real number. 
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( a rs (m,n )) which is a generalization of Aj^-difference operator as follows: 

{ m, (s = r); 
n, (s = r — 1); 

0 , 0 < s < /— 1 or s > r. 

for all r, s G N and m, n G K. — {0}. 

Ba§arir and Kayikgi [3] introduced the generalized difference matrix A p of order p and the 
binomial representation of this operator is 

A p (x k ) = ^2 ( pS ]rn p ~ v n v x k - v , 

w=0 ' ' 

where m, n G K. — {0} and r G N. 

Recently, Ba§arir et al. [4] studied the following generalized difference sequence spaces 

Z(A P ) ={x= (x k ) G w : ( A p x k ) G Z}, 

for Z = ?oo, c, cb, where c, c"o are the sets of statistically convergent and statistically null 
convergent respectively and the binomial representation of operator A p is as follows: 

A P i{x k ) = ^2 ( P \ri p ~ v n v x k - iv . 

v-0 ' ' 

§eng 6 niil [22] defined the sequence y = (y k ) which is frequently used as the Z —transformation 
of the sequence x = ( x k ) that is, 

Vk = /3x k + (1 - /3)x k - 1 , 

where x_i =0, k ^ 0, 1 < k < oo and Z denotes the matrix Z = ( Zi k ) defined by 

f P, {i = fc); 

Zi k = < 1 -/ 9 , (i - 1 = k)(i, k G N); 

[ 0 , otherwise. 

§engoniil [22] introduced the Zweier sequence spaces Z and Z 0 as follows: 


and 


Z = {x = ( x k ) G w : Z(x) G c} 
Z 0 = {x = (x k ) G w : Z(x) G c 0 }. 


An Orlicz function M : [0, oo) —> [0, oo) is convex, continuous and non-decreasing function 
which also satisfy M(0) = 0, M{x) > 0 for x > 0 and M(x) —> oo as x —> oo. Linden- 
strauss and Tzafriri [11] used the idea of Orlicz function to define the following sequence 
space: 


(■m = 


x G w : ^2 M 
k—1 


f W\ 
V p 


< oo, for some p > 0 


which is called as an Orlicz sequence space. An Orlicz function is said to satisfy A 2 —condition 
if for a constant i?, M(Qx) < RQM(x ) for all values of x > 0 and for Q > 1 . A sequence 
A4 = ( M k ) of Orlicz functions is called as Musielak-Orlicz function.To know more about 
sequence spaces see ([1], [15], [16], [24], [18], [19] and [28]) and references therein. 

An increasing non-negative integer sequence 8 = (Ay) with ko = 0 and Ay — Ay_i —> 00 
as r —> 00 is known as lacunary sequence. The intervals determined by 8 will be denoted 
by I r = (Ay_i, Ay]. We write h r = k r — fc r _i and q r denotes the ratio - . The space of 
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3 


lacunary strongly convergent sequence was defined by Freedman et al. [6] as follows: 


Ng = [x = (xk) : Inn — \xk — L = 0, for some l\. 
L i —ioo n r z —' J 

k£l r 


The space Ng is a BK— space with the 


norm 


INI = sup 


1 


\ ' 


I.TiJ 


Let A = (A n k) be an infinite matrix of real or complex numbers A n .k, where n, k £ 


N. Then a 

OO 


matrix transformation of x = ( Xk ) is denoted as Xx and Xx = X n (x)) if X n (x) 


y ' A nkXk 
fc =1 


converges for each n £ N. 

The concept of fuzzy numbers and arithmetic operations with these numbers were first 
introduced and investigated by Zadeh [29] in 1965. Subsequently many authors have dis¬ 
cussed various aspects of the theory and applications of fuzzy sets such as fuzzy topological 
spaces, similarity relations and fuzzy orderings, fuzzy measures of fuzzy events and fuzzy 
mathematical programming. The theory of sequences of fuzzy numbers was first studied 
by Matloka [12]. He studied some of their properties and showed that every convergent 
sequences of fuzzy numbers is bounded. Later on Nanda [13] introduced sequences of fuzzy 
numbers and studied that the set of all convergent sequences of fuzzy numbers forms a 
complete metric space. Further, the theory of sequences of fuzzy numbers have been dis¬ 
cussed by Savas and Mursaleen [20], Tripathy and Nanda [23], Hazarika and Savas [8] and 
many more. 


Let B denote the set of all closed bounded intervals U = [iq, 112 ] on the real line R. 
For U,V € B, we define U < V iff U\ < V\ and u 2 < v 2 and we define 

d(U,V) = max{|ui - m|, \u 2 ,v 2 \}. 

It is well known that d defines a metric on B and (B,d) is a complete metric space (see 
[14]) - 

A fuzzy number is a function U : R —» [0,1], which satisfy the following conditions: 

(i) U is normal i.e there exits an Xq such that U(x 0 ) = 1, 

(ii) U is convex i.e for 1 , 1 /eR and 0 < r < 1, 

U(tx + (1 - r)y) > mm{U(x),U{y)}, 

(iii) U is upper semi-continuous, 

(iv) the closure of the set supp(H) is compact, where supp(U) = {x G R : U(x) > 0} and 
it is denoted by [U]°. 

The set of all fuzzy numbers are denoted by Rp. Let [?7] 0 = x € R : u(x) > 0 and the 
r-level set is \U\ r = {ieR: u{x) > r}, (0 < r < 1). The set [U] r is a closed and bounded 
interval of R. For any U,V £ Rp and A £ R, it is positive to define uniquely the sum U © V 
and the product U © V as follows: 

[U © F] r = [ U] r + [H] r and [A © U] r = X[U] r . 

Now, denote the interval [ U] r by where and ,u^ £ R, for 

r£[0,l]. 

Now, define d : Rp x Rp —»• R by 

d(u,v)= sup d{[uY,\y] r ). 

re[ 0,1] 


660 


SAIN I 658-667 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


KAVITA SAINI AND KULDIP RAJ 


Definition 1.1. A sequence x = (x k ) of fuzzy numbers is said to be convergent to a fuzzy 
number xo if for every e > 0 there exist a positive integer no such that 

d(xk,x o) < e, for k > no- 

Definition 1.2. A sequence x = (xk) of fuzzy numbers is said to be X- convergent to a 
fuzzy number Xq if for every e > 0 such that 

{k G N : d(xk, Xo) > e} G X. 

Throughout the article, we denote Zweier fuzzy number sequence Z(x) by x' for x G uj f . 

Let X be an admissible ideal of N, At = (M/ c ) be a Musielak-Orlicz function, q = ( qk ) 
be a bounded sequence of positive real numbers, A = (A nk ) be an infinite matrix, 9 be 
a lacunary sequence and oj f is the set of all sequences of fuzzy real numbers. In the 
present paper we define lacunary Zweier X—convergent, lacunary Zweier X—null and lacu¬ 
nary Zweier X—bounded sequence spaces of fuzzy numbers as follows: 


Z x ^[A F ,e,X,M,q) = 
x = (Xk) G w F : 


1 


G N : lim — A 

r—)-oo fir- ' 


M k 


kei r 

for some p > 0 and Xq G 


d(Afx' k ,x 0 ) 


>£ GX 


Z F(F) [Af,9,X,M,q] = 
x = (xk) G lo f : 


G N : lim V' \ nk 

r—±ao h z —j 


i—>oo h 


M k 


kei r 
for some p > 0 




Qk 


>£ GX 


and 

zS F) [Af,0,A,M,g] = 


= (xk) G w F : 3K > 0 s.t. I n G N : ^ A nk 


h r 

kei, 

for some p > 0 ^, 


Mk 


d( A iX' k ,0) 


1 Qk 


> K> el 


m = 


where, 

1, if t = 0; 

0, otherwise. 

If 0 < q k < sup^fc = D,C = max(l, 2 F_1 ). Then 

(1.1) \c k + d k \ qk < C(\c k \ qk + \d k \ qk ), 

for all Cfc, d k G R and for all k G N. 

The main purpose of this paper is to study some classes of lacunary Zweier sequences of 
fuzzy numbers defined by means of generalized difference matrix operator, Musielak-Orlicz 
function and infinite matrix. We shall make an effort to study some interesting algebraic 
and topological properties of concerning sequence spaces. Also, we examine some interre¬ 
lations between these sequence spaces. 
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2. Main Results 

Theorem 2.1. Let M. = (M k ) be a Musielak-Orlicz function, q = ( q k ) be a bounded 
sequence of positive real numbers and 9 be a lacunary sequence. Then the sequence spaces 
Z I( ' F '> [Af , 9, X, A4,q], Z[Af, 9, A, A4, q] and zff F " > [Af , 9, A, A4, q\ are closed under ad¬ 
dition and scalar multiplication. 

Proof. Consider x = (x k ),y = (y k ) G [Af , 9, A, M, q] and a,/3 are scalars. Then 

there exist positive numbers p\ > 0 and p -2 > 0 such that 

1 Y-x _\^fd(A^' k ,x 0 )\f* el 


G N : lim — V' \ nk M; 

r—>-oo tl L ' 


^2 GX 


G N : lim — ^ X nk M } 

r—>-oo /i, z ' 


d(A^y' k ,y 0 ) 


^2 eJ ' 


Since T? is linear and by using the continuity of Musielak-Orlicz function A1, we have the 
following inequality: 


lim — V X nk M k 

r—±na h z ' 


d(A^{a(x' k ) + /3{y’ k ))) 
\ a \Pl + \P\P2 




< D lim — 

i—>-oo h. ^' 


D lim — V A r 

i —voo n z —j 


\ot\p\ + \P\p2 J 


Hpi + l/3|P2 J 


d{A?x' k ,x 0 ) 


d(A F y' k ,y 0 ) 


< DI< lim — S'' X nk Mi 

r—>oo tl z ' 


DK lim — A„ fc M k 

r-¥ oo fir- z ' 


d(A F x' k ,x 0 ) 


d(A^y' k ,y 0 ) 


where = max /1, , , —, , . —1. 

1 ’ MPi+|/3|p 2 ’ |a|pi + |/3|p 2 J 

Thus, we have 

jncN: lim f Y, > e | 

l ~~ K ^ L V \ot\P\ + mp2 J \ J 

c In G N : DI\ lim -J- ^ A„ fc [m* (1 ^ 
l r ^ 00 A f-t L V Pi / J 


^vn«(4)+w fe ))) \i 9fc 

„ |a|pi + l/?|p2 y. 


U (hGN: lAlv lim 1 A„ fc M fc ( 

l r -»°° A A? L V 


d{A p y' k ,y 0 ) 


Since the sets on right hand side of above relation belong to T. Thus, the sequence space 
(F) [Af , 0, A, M, q] is closed under addition and scalar multiplication . Similarly, we can 
prove others. □ 

Theorem 2.2. Let M. = ( M k ) be a Musielak-Orlicz function, q = ( q k ) and v = (ffc) 6e 
two bounded sequences of positive real numbers with 0 < q k < v k for each k and (^-) be 
bounded. Then 
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□ 


(i) Z 0 I(F) [Af, 0,X,M,v], C Z 0 I(F) [A ?, 6 , X, M, q), 

(ii) Z^[Ar, 0 ,X,M,v]^ 2 I(F) [Ar,O,X,M,q], 

(in)Z^ F) [Af, 0, A, AI, u], C Z F(F) [A? , 0, X, M , q]. 

Proof. The proof of the theorem is straightforward, so we omit it. 

Theorem 2.3. Let Ai = {M k ) be a Musielak-Orlicz function and q = (q k ) be a bounded se¬ 
quence of positive numbers. Then Z FI ' F ' > [Af, 0, A, Ai , g], C Z I( D [Af, 9, A, Ai, q] C Z^ F ^ 
[Af,9,X,Ai,q). 

Proof. We know that the first inclusion is obvious. Next, we show that Z [Af, 9,X,Ai,q\ C 
Zoo F \Af ,0, A, M.,q\. Let ( x k ) € Z-^^Af, 0, A, Af, g]. Then we have 


h r X/ A Uk 


heir 


M k 


d(Af4,0) 


1 Qk 


< 


c 


'y ^ ^nk 


kelr 


h n Xnk 


kelr 


< 


h 


M, 

M fe 

M fe 


^(Afx' fc ,x 0 ) 


p 

7 

d(x o ,0)\ 

- Qk 

P ) 

- 

d( AP x' k ,x 0 ) N 


kei, 

C max ^ 1, sup ( X nk 


Ah 


( d(x o ,0) 
V P 


D 


where supq k = D and C = max(l,2' D 1 ). Therefore, ( x k ) G Z^ F f Af, 0, A, AI, g]. This 
completes the proof of the theorem. □ 

Theorem 2.4. Let Ai = ( M k ) and Ai' = (M£) be two Musielak-Orlicz functions. Then 
the folowing inclusions holds: 

(i) Z 0 I(F) [Af, 9,X,A4,q]f] Z 0 I(F) [Af, 0, A, AT, g] C zf (F) [Af, 0, A, AI + Af', g], 

(H) Z X{F) [A F , 0,X,M,q\ f[ Z x ^) [Af, 9, A, AT, g] C Z x ^ [Af, 9, X,Ai+ Ai', g], 
fmj Z F(F) [Af, 0, A, Af, g] f| [^f, 0, A, Ai', q] C Z F(F) [Af, 0, A, AI + Ai', g]. 


Proof. Suppose (#*,) € zf ^ [Af, 0, A, At, g] f[ Z XI ' F ~ > [Af, 0, A, Af', g]. Then, we have 


^nk 


(M k + M’ k ) 


{ d(A?x’ k , 0) 


V 


< c 


^nk 


M k 


d(Afxf,0) 


1 Qk 


+ c 


^nk 


Mi 


/ f d(A?x' k ,0) 


which consequently implies that 


h r X/ A ” fe 


fce/ r 


(M fc + M k ) ( d( ^ J,fc ’ 0) 


1 


< 


c 




fc<E/ r 


rE» 


nk 


kel r 


Mi 


Mi 


^(Afx' fc ,0) 

/ f d{AP x ' k ,0) 
V 0 


1 < 7 fc 




1 
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This implies (x k ) G [A p , 0, A, Ad + AT, q]. We can prove the other cases in the same 
way. □ 

Theorem 2.5. Let M = ( M k ) and AT = (M£) be two Musielak-Orlicz functions. Then 
the folowing inclusion holds: 


„I(F) 




CZ F{F) [AlO,\,M.M\q}. 


Proof. For given e > 0 and choose eo such that sup 

n 

0 < < 1 such that A I k (t) < eo, for all k € N. Let x 

for some p > 0, we have 


( ^2 ^ nk ) lnax { e o; e o } < £• Choose 
= (x k ) G Z^ F) [AP,9, \,M',q\. Then 


Bi = \ n G N : lim — A. 


i—yoo h r 


kei r 


M| 


/ (d{A p iX ' k ,0) 


\ 


> <p D }> G X. 


If n Bi, then we have 


lim — V' \ nk 

r —¥oo fi, zJ 


kelr 


Ml 


/ (d(A p iX ' k ,0) 


< V 


D 


This implies 


Hence, 


Therefore, 


Thus, we get 
lim — V' A„ 

r—>oo h r z ' 
kelr 

Now, we have 


Mi 


1 Qk 


, ( d{A p x' k , 0) 

V P 

,fd(A p x' k ,0)^ k 


M| 


aUm'/M'AO) 


M k (M' k 


/ ( d(A p x' k , 0) 


lim , V A nk 

■—vrxi h A —/ 


This implies 


r—y oo h 


G N : lim / V A 

r—Voo h f ^ 


kelr 


< ip D for all k G N. 

< for all fc G N. 

< eo for all k € N. 

< sup ( A„ fe I max{eo,e^} < e. 

" V kel r ' 


r —>oo h 


kelr 


Aik [M' k 

\ P J J 
,(d(A p x' k , 


M' 


Y 


P 


P. e / G Bi (E T. 


This completes the proof. □ 

Theorem 2.6. //limg fc > 0 and x = (x k ) —► XqIZ 1 ^ [A?, 0, A, Ad, <?]), f/ien £ 0 is unique. 

Proof. Let lim q k = uq. Consider that (. x k ) -A Xo{Z I< - F ' ) [A p , 9, X, M, q]) and (x k ) -> 
0, A, AI,g]). So, there exist pi,p 2 > 0, such that 

(2.1) X, = {n G N : lim Y X nk \ M J * o) 


r—^oo h r 


kelr 


H '^k'! 
pi 
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and 


(2.2) X 2 = l n G N : lim ^ X nk 


i—>oo h r 


kelr 


M k 


d{A p x' k ,y 0 ) 

P‘2 


“ 2 ^ 


Define p = max{2pi. 2p 2 }. Then we have 
'd(x 0 , j/o) x 1 qk 


'y' x nk 


kei r 




< D ^2 A nfc 


feelr 


M k 


d(A p x' k ,x 0 ) 




L> E ^nk 


kel r 


M k 


d{A p x' k ,y 0 ) 


Qk 


Then from (2.1) and (2.2), we have 


G N : J2 Xn k 


kei r 


M k 


d(xo, yo) 


1 Qk 


> € 


C InGNT X nk 


kelr 

U j n G N : D ^ A„ fe 
fee/, 

c X\ U X 2 G X. 


Mi 


( d(A p x' k ,x q) 
V Pi 


> 


V 02 


9fc 


e 

> - 
“ 2 


Also, 


Then, we have 


M k 


d(xp, yp) 
P 


M k 


d{xp, yp) 
P 


as k —> oo. 


lim 

k—Voo 


M k 


d(x 0 ,yo) 


1 Qk 


M k 


d(x 0 ,y 0 ) 


= 0. 


Thus, x 0 = yo- 


□ 


Theorem 2.7. Let Ad = ( M k ) be a Musielak-Orlicz function and q = ( q k ) be a bounded 
sequence of positive real numbers, 

(a) If 0 < infg fc < q k < 1 for all k, then Z^ (i=A [A p , 9, A, Ad, q] C Zj^ F ^ [A?, 0, A, Ad] and 
Z x ^[A p i ,e,X,M,q]CZ x ^[A p t ,e,X,M}. 

(b) If 1 < % < sup q k = D < oo for all k , t/ien Z^ F ^ [Af, 9, A, Ad] C Zq^ [A p , 6, A, Ad, g] 
and [Af, 6», A,Ad] C [Af, 0, A, Ad, g]. 


Proof, (a) Suppose (xfc) G Z 1 ^ [Af, 0, A, Ad, g]. Since 0 < inf g^ < q k < 1, then we have 


,1™L E A " 


r—>oo h 


kelr 


M k 


d{A p x' k ,x q) 
P 


< lim — V X nk 

r —Voo h z—J 


r —>oo h 


kel r 


M h 


^ d{A p x' k ,x q) 


9fc 


665 


SAINI 658-667 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


GENERALIZED ZWEIER I-CONVERGENT SEQUENCE 


9 


Thus, 


G N : lim f- V' X nk 

r —¥oo h z ' 


kel r 


Mi. 


d(A p iX ' k ,x 0 ) 


1 


c neN: lim — Y] X nk 

I r—>oo h r Z —' 




Mi 




>ekl 


The other part can be proved in the same way. 

(ii) Suppose (x k ) € Z I ^ F ">[A^,6, A, M\. Since 1 < q k < sup q k = D < oo. Then for 
each 0 < e < 1, there exists a positive integer toq such that 


lim — ^ X nk 


r —>oo /?,, 

for all n > mo. This implies 


kelr 


Mi 


^ d(A p x' k ,x q) 


< e < 1, 


L™ Z A ” 


r—>-oo h 


kelr 


M k 


d{A p x' k , x q) 

P 


< lim V' A„ fe 

r —Voo h a .—^ 




M fc 


d(A p x' k ,x 0 ) 


Thus, 


1 


G N : lim — V' X nk 

r—)-oo h^ z ' 


fce/r 


M k 


d(A p x' k ,x 0 ) 


> e 


1 


C < n G N : lim — A. 

I r—too h r ^' 




■ Mh ( d{A^x 0 ) 


>e Gl 


The other part can be proved in the same way. 


□ 
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Some convergence results using K* iteration 
process in CAT(0) spaces 

Kifayat Ullah, Dong Yun Shin, Choonkil Park and Bakhat Ayaz 
Khan 


Abstract. In this paper, some strong and A-convergence results for 
Suzuki generalized nonexpansive mappings in the setting of complete 
CAT( 0) spaces are proved. We are using newly introduced K* iteration 
process for approximation of fixed point. We also give an example to 
show the efficiency of the K* iteration process. Our results are exten¬ 
sion, improvement and generalization of many well known results in the 
literature of fixed point theory in CAT( 0) spaces. 

Mathematics Subject Classification (2010). Primary 47H09, 47H10. 
Keywords. Suzuki generalized nonexpansive mapping; CAT( 0) space; 
K * iterative process; A-convergence; strong convergence. 


1. Introduction 

It is well-known that several mathematics problems are naturally formulated 
as fixed point problem Tx = x, where T is some suitable mapping, may 
be nonlinear. For example, for given functions ( : [a, 6] C ffi. —► R. and £ : 
[a, b] x [a, b] x R. —> R, the solution of following nonlinear integral equation 

b 

x(c) = C(c) + J £{c,r,x(r))dr, 

a 

where x £ C[a, b\ (the set of all continuous real-valued functions defined on 
[a, b 1 Cl), is equivalently to fixed point problems for the following mapping 
T : C[a, b\ -A C[a, b} defined by 

0 * Corresponding author: Dong Yun Shin (email: dyshin@uos.ac.kr). 

This work was supported by Basic Science Research Program through the National Re¬ 
search Foundation of Korea funded by the Ministry of Education, Science and Technology 
(NRF-2017R1D1A1B04032937). We would like to thank Prof. Balwant Singh Thakur for 
technical assistance. 
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b 

(Tx)(c) = C(c) + J £(c, r,x(r))dr 

a 

for all x € C[a, b]. 

The well-known Banach contraction theorem uses the Picard iteration 
process for approximation of fixed point. Many iterative processes have been 
developed to approximate fixed points of contraction type of mapping in 
CAT( 0) type spaces of ground spaces. Some of the other well-known iter¬ 
ative processes are those of Mann [17], Ishikawa [10], Noor [8], Abbas [1], 
Agarwal [2], Phuengrattana and Suantai [19], Karahan and Ozdemir [11], 
Chugh, Kumar and Kumar [6], Sahu and Petrusel [20], Khan [14], Gursoy 
and Karakaya [9], Thakur, Thakur and Postolache [22] and so on. See also 
[13, 23, 25] for more information on CAT{ 0) spaces and applications. Re¬ 
cently, Ullah and Arshad [24] introduced a new three steps iteration process 
as the K* iteration process and proved that it is strong and converges fast 
as compared to all above mentioned iteration processes. They use uniformly 
convex Banach space as a ground space. 

Motivated by above, in this paper, first we develop an example of Suzuki 
generalized nonexpansive mappings is given which is not nonexpansive. We 
compare the speed of convergence of the K* iteration process with the lead¬ 
ing two steps S-iteration process and leading three steps Picard-S-iteration 
process for Suzuki generalized nonexpansive mappings, and graphic represen¬ 
tation is also given. 

Finally, we prove some strong and A-convergence theorems for Suzuki 
generalized nonexpansive mappings in the setting of CAT( 0) spaces. 


2. Preliminaries 

Let (A, d) be a metric space. A geodesic from x to y in A is a mapping 
c from closed interval [0, /] C ffi. to A such that c(0) = x, c(l) = y, and 
d(c(t),c(t )) = \t — t | for all t,t £ [0, Z]. In particular, c is an isometry and 
d(x,y) = l. The image of c is called a geodesic (or metric) segment joining 
x and y. The space (A, d) is said to be a geodesic space if every two points 
of A is joined by a geodesic and X is said to be uniquely geodesic if there is 
exactly one geodesic joining x and y for each x, y £ X, which we denote by 
[x,y], called the segment joining x to y. 

A geodesic triangle A(£i,£ 2 ,£3) in a geodesic metric space (A, d) con¬ 
sists of three points £1, £2, £3 in A (the vertices of A) and a geodesic segment 
between each pair of vertices (the edges of A). A comparison triangle for the 
triangle A(£i,£ 2,£3) in (A, d) is a triangle A(£i,£ 2,£3 ) := A(£i,£ 2,£3) in R 2 
such that dypixuXj) = d(Xi,Xj) for i,j £ {1,2,3}. 

A geodesic space is said be a CAT( 0) space if all geodesic triangles of 
appropriate size satisfy the following comparison axiom. 
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CAT(0): Let A be a geodesic triangle in X and A be a comparison 
triangle for A. Then A is said to satisfy the CAT( 0) inequality if for x,y £ 
A and all comparison points x, y £ A, 

d(x, y) < d E 2 (x,y). 

If x,y\\) 2 are points in Cb4T(0) space and if j/o is the midpoint of the 
segment [yi,yi], then the CAT( 0) inequality implies 

d{x, y 0 ) 2 < 1d(x, j/i) 2 + * d(x, y 2 ) 2 - ^d(y 1 ,y 2 ) 2 . (CN) 

This is the ( CN ) inequality of Burhat and Tits [5]. 

We recall the following result from Dhompongsa and Panyanak [8]. 

Lemma 2.1. ([8]) For x, y £ X and a £ [0,1], there exists a unique point z 
€ [x, y\ such that 

d(x, z) = ad(x,y) and d(y, z) = (1 — a)d(x,y). (2.1) 

The notation ((1 — a)x ® ay) is used for the unique point z satisfying 

(2.1). 

CAT( 0) space may be regarded as a metric version of Hilbert space. 
For example, in CAT( 0) space we have the following extended version of 
parallelogram law: 

d(z, ax ® (1 — a)y ) 2 = ad{x , z ) 2 + (1 — a)d(z, y) 2 — a(l — a)d{x, y) 2 (2.2) 
for any a £ [0,1], x,y £ X. 

If a = \, then the inequality (2.2) becomes the ( CN ) inequality. 

In fact, a geodesic space is a CAT{0) space if and only if it satisfies the 
(CN) inequality (cf. [5]). Complete CAT( 0) spaces are often called Hadmard 
spaces. For more on these spaces, please refer to [3, 4]. 

Lemma 2.2. ([14, Lemma 2.4]) For x,y,z £ X and a £ [0,1], we have 

d(z, ax ® (1 — a)y) < ad(z, x) + (1 — a)d(z, y). 

Let C be a nonempty closed convex subset of a CAT( 0) space X let 
{x n } be a bounded sequence in X. For x £ X, we set 

r(x,{x n }) = lim sup d(x n ,x). 

n—> oo 

The asymptotic radius of {x n } relative to C is given by 

r(C, {x n }) = inf{r(x, {x„}) : x £ C} 
and the asymptotic center of {x„} relative to C is the set 

A(C, {x n }) = {x £ C : r(x, {x„}) = r(C, {x n })}. 

It is well known that, in a complete Ch4T(0) space, A(C, {x n }) consists 
of exactly one point. 

We now recall the definition of A-convergence in CAT( 0) space. 
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Definition 2.3. A sequence {x n } in a CAT( 0) space X is said to be A- 
convergent to x £ X if x is the unique asymptotic center of {u x } for every 
subsequence {u^} of {x n }. 

In this case, we write A-lim n x n = x and call x the A-lim of {x n }. 
Recall that a bounded sequence {x n } in X is said to be regular if 
r({x n }) = r{u x } for every subsequence {u x } of {x n }. 

Since in a CAT( 0) space every regular sequence A-converges, we see 
that every bounded sequence in X has a A-convergent subsequence. 

A CAT( 0) space X is said to satisfy the Opial's property [17] if for each 
sequence {x n } in X, A-converges to x £ X, we have 

lirnsup d(x n ,x) < limsup d(x n ,y) 

n—>o o n—>o o 

for all y G X such that y ^ x. 

Definition 2.4. A point p is called a fixed point of a mapping T if T(p) = p 
and F(T) represents the set of all fixed points of the mapping T. 

Definition 2.5. Let C be a nonempty subset of a CAT( 0) space X. 

(i) A mapping T : C — > C is called a contraction if there exists a € (0,1) 
such that 

d(Tx,Ty) < ad(x,y) 

for all x,y € C. 

(■ ii ) A mapping T : C —► C is called nonexpansive if 
d(Tx,Ty) < d(x, y) 

for all x,y € C. 

(Hi) A mapping is a quasi-nonexpansive if for all x £ C and p £ F(T), 
we have 

d(Tx,p) < d(x,p). 

In 2008, Suzuki [21] introduced the concept of generalized nonexpansive 
mappings which is a condition on mappings called condition ( C ). A mapping 
T : C —> C is said to satisfy condition (C) if for all x,y £ C, we have 

-d(x,Tx) < d(x,y) implies d(Tx,Ty) < d(x,y). 

Suzuki [21] showed that the mapping satisfying condition (C) is weaker 
than nonexpansiveness. The mapping satisfying condition (C) is called a 
Suzuki generalized nonexpansive mapping. 

Suzuki [21] obtained fixed point theorems and convergence theorems 
for Suzuki generalized nonexpansive mapping. In 2011, Phuengrattana [18] 
proved convergence theorems for Suzuki generalized nonexpansive mappings 
using the Ishikawa iteration in uniformly convex Banach spaces and CAT( 0) 
spaces. Recently, fixed point theorems for Suzuki generalized nonexpansive 
mapping have been studied by a number of authors, see, e.g., [22] and refer¬ 
ences therein. 
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The following are some basic properties of Suzuki generalized nonexpan- 
sive mappings whose proofs in the setup of CAT {A) spaces follow the same 
lines as those of [12, Propostions 11, 14, 19] and therefore we omit them. 

Proposition 2.6. Let C be a nonempty subset of a CAT(0) space X and 
T : C —» C be any mapping. 

(i) [21, Proposition 1] IfT is nonexpansive, then T is a Suzuki general¬ 
ized nonexpansive mapping. 

(ii) [21, Proposition 2] IfT is a Suzuki generalized nonexpansive map¬ 
ping and has a fixed point, then T is a quasi-nonexpansive mapping. 

(Hi) [21, Lemma 7] IfT is a Suzuki generalized nonexpansive mapping, 

then 

d(x , Ty) < 3d(Tx, x) + d(x, y) 

for all x,y £ C. 

Lemma 2.7. [21, Theorem 5] Let C be a weakly compact convex subset of 
a CAT(0) space X. Let T be a mapping on C. Assume that T is a Suzuki 
generalized nonexpansive mapping. Then T has a fixed point. 

Lemma 2.8. [16, Lemma 2.9] Suppose that X is a complete CAT{ 0) space 
and x & X. If {t n } is a sequence in [6, c] for some b,c £ (0,1) and {x n }, {y n } 
are sequences in X such that for some r > 0, we have 

lim sup d(x n ,x) < r, 

n—too 

linr sup d(y n , x) < r, 

n—too 

lim sup d(t„x n + (1 - t n )y n , x) = r, 

n—> oo 

then 

lim d(x n ,y n ) = 0. 

n—>oo 

Lemma 2.9. [7, Proposition 2.1] If C is a closed comvex subset of a complete 
CAT(0) space X and if {x n } is a bounded sequence in C, then the asymptotic 
center of {x n } is in C. 

Lemma 2.10. [15] Every bounded sequence in a complete CAT(0) space always 
has a A-convergent subsequence. 

Lemma 2.11. [15, Proposition 3.7] Let C is a closed comvex subset of a com¬ 
plete CAT(0) space X and T : C -r X be a Suzuki generalized nonexpansive 
mapping. Then the conditions {x„} A -converges to x and d(Tx n ,x n ) —» 0 
imply x £ C and Tx = x. 

The following is an example of Suzuki generalized nonexpansive map¬ 
ping which is not nonexpansive. 

Example 1. Define a mapping T : [0,1] [0,1] by 
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We need to prove that T is a Suzuki generalized nonexpansive but not 
nonexpansive. 

If x = || and y = g, then we have 

d(Tx, Ty) = \Tx — Ty\ 

{ 15 31 

_ 96 ~~ 36 
5 

288 

1 

96 

= d(x,y). 

Hence T is not a nonexpansive mapping. 

To verify that T is a Suzuki generalized nonexpansive mapping, consider 
the following cases: 

Case I: Let x € [0, g). Then |d( x, Tx) = € (|, |] . For \d{x, Tx) < 

d(x, y), we have < y — x, i.e., \ < y and hence y £ [|, l] . We have 

\y + 5 


> XX 


d(Tx, Ty) = 


6 


-(!-*) 



y + 6x — 1 


6 


1 

< 6 


and 


d(x, y) = \x -y | > 


Hence \d(x,Tx) < d(x,y) => d(Tx,Ty) < d(x,y). 


Case II: Let x G [§,l] . Then \d{ x,Tx) = \ |^-x| = G 


[0, ||] . For 1 d(x,Tx ) < d(x,y), we have < \y — x\ , which gives two 
possibilities: 

(a) Let x < y. Then < y — x 
[g 5 1] • So 


v > =► y G [f|, 1] C 


d(Tx, Ty) = 


y + 5 


= xd(a;,y) < d(a;,2/). 
6 


6 6 

Hence \d(x,Tx ) < d(x,y) => d(Tx,Ty) < d(x,y). 

(b) Let a: > y. Then 5 T,^ <x-y=>y<x - 5 ~ bx 


17 x —5 


12 12 T 
a: G [^, l] . So the case is 


2/ G [—y§, l] • Since y G [0,1], y < 
x G [^, l] and y G [0,1] . 

Now the case that x G [j$, l] and y G [g, l] is the same case as that of 
(a). So let x G [y|, l] and y G [0, g). Then 

I x + 5 


d(Tx,Ty) = 


- (i - y) 


6 

x + 6y — 1 


6 


For convenience, first we consider x G [^, |] 

Y2 and d{x,y) > Hence d(Tx,Ty) < d(x,y). 


and y G [0, g) . Then d(Tx,Ty ) < 
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Table 1. Some values produced by S, Picard-S" and K* IP 



K* 

Picard-S 1 

S 

x 0 

0.9 

0.9 

0.9 

Xi 

0.99809713998382 

0.99722222222222 

0.98333333333333 

X2 

0.99997729192914 

0.99993300629392 

0.99758822658104 

Xq 

0.99999985210113 

0.99999849779947 

0.99967552468466 

X4 

0.99999999971662 

0.99999996779523 

0.99995826261755 

X 5 

1 

0.99999999933035 

0.99999479283092 

X 6 

1 

0.99999999998638 

0.99999936458953 

x 7 

1 

0.99999999999973 

0.99999992375668 

x 8 

1 

0.99999999999999 

0.99999999097156 

Xg 

1 

1 

0.99999999894221 

Xio 

1 

1 

0.99999999987715 


Table 2 . Some values produced by S, Picard-S" and K* IP 



K* 

Picard-S* 

S 

Xg 

0.5 

0.5 

0.5 

Xl 

0.99048569991909 

0.99722222222222 

0.98333333333333 

x 2 

0.99988645964572 

0.99993300629392 

0.99758822658104 

XQ 

0.99999926050565 

0.99999926050566 

0.99967552468466 

Xi 

0.99999999858311 

0.99999996779523 

0.99995826261755 

Xg 

1 

0.99999999933035 

0.99999479283092 

Xg 

1 

0.99999999998638 

0.99999936458953 

x 7 

1 

0.99999999999973 

0.99999992375668 

X 8 

1 

0.99999999999999 

0.99999999097156 

Xg 

1 

1 

0.99999999894221 

X\o 

1 

1 

0.99999999987715 


Next consider x G [|,l] and y € [0, |) . Then d(Tx,Ty) < | and 
d(x,y) > |. Hence d(Tx,Ty) < d(x,y). So 

^d(x,Tx) < d(x, y) => d(Tx,Ty ) < d(x,y). 

Hence T is a Suzuki generalized nonexpansive mapping. 

In order to show the efficiency of K* iteration process, we use Exam¬ 
ple 1 with xo = 0.9, Xq = 0.5 and get the above Tables 1 and 2. Graphic 
representation is given in Figure 1. 

Let n > 0 and {a n } and {/3 n } be real sequences in [0,1]. Ullah and 
Arshad [24] introduced a new iteration process known as the K* iteration 
process 

f Xq € C 

J %n = (1 Pn)'En T finTx n 

j dn = P((l OCn)z n a n Tz n ) 

%n +1 ~ Ty n , • 
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Figure 1. Convergence of iterative sequences generated by 
K* (red line), Picard-S' (blue line) and S (green line) itera¬ 
tion process to the fixed point 1 of the mapping T defined 
in Example 1. 


They also proved that the K* iteration process is faster than the Picard- 
S iteration and S-iteration processes with the help of a numerical example. 


3. Convergence results for Suzuki generalized nonexpansive 
mappings 

In this section, we prove some strong and A-convergence theorems of a se¬ 
quence generated by a K* iteration process for Suzuki generalized nonexpan¬ 
sive mappings in the setting of CAT(0) space. The I\* iteration process in 
the language of CAT{ 0) space is given by 

Xq £ C 

Zn — (1 fin)%n © ^nFx n /o i \ 

Vn = T((l - a n )z n ® a n Tz n ) ' ' 

Xn +1 = Ty n 


Lemma 3.1. Let C be a nonempty closed convex subset of a CAT(fi) space X 
and T : C — >• C be a Suzuki generalized nonexpansive mapping with F(T ) ^ 0 . 
For arbitrarily chosen Xq £ C , let the sequence {a’ n } be generated by (3.1). 
Then lim d(x n ,p) exists for any p £ F(T). 

n—>• oo 

Proof. Let p £ F(T) and z £ C. Since T is a Suzuki generalized nonexpansive 
mapping, 

- d(p,Tp ) = 0 < d(p,z) implies that d(Tp,Tz) < d(p,z). 

By Proposition 2.6 (ii), we have 
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d{z n ,p) = d(((l - /3 n )x n © f3 n Tx n ),p) 

— (1 Pn)d{xniP) T f3 n d(Tx n ,p) 

< (1-Pn)d(x n ,p) + p n d(x n ,p) 

= d(x n ,p). (3.2) 

Using (3.2), we get 

d{y n ,P ) = d((T(l - a n )z n © a n Tz n ),p) 

< d(((l - a n )z n © a n Tz n ),p) 

< (1 - a n )d(z n ,p) + a n d(Tz n ,p) 

< (1 - a n )d(x n ,p) + a n d(z n ,p) 

< (1 - a n )d(x n ,p)+ a n d(x n ,p) 

= d(x n ,p). (3.3) 

Similarly by using (3.3), we have 

d(x n+ i,p) = d(Ty ni p) 

< d(y n ,p ) 

< d(x n ,p). 

This implies that {d(x n ,p)} is bounded and nonincreasing for all p £ 

F(T). Hence lim d(x n ,p) exists, as required. □ 


Theorem 3.2. Let C be a nonempty closed convex subset of a CAT{ 0) space X 
and T : C —»• C be a Suzuki generalized nonexpansive mapping. For arbitrary 
chosen Xq € C, let the sequence {ay,} be generated by (3.1) for all n > 1, 
where {a n } and {fi n } sequences of real numbers in [a,b] for some a,b 
with 0 < a < b < 1. Then F(T) ^ 0 if and only if {x n } is bounded and 
lim d(Tx n ,x n ) = 0. 

n—Poo 

Proof. Suppose F(T) ^ 0 and let p G F(T). Then, by Theorem 3.2, lim d(x n ,p) 

n—Poo 

exists and {x n } is bounded. Put 

lim d(x n ,p ) = r. (3.4) 

n—Poo 

From (3.2) and (3.4), we have 

limsupd( 2 ; rl ,p) < limsupc?(a: rl ,p) = r. (3.5) 

n— Poo n— Poo 

By Proposition 2.6 (ii) we have 

limsup d(y n ,p) < limsupd(a: Jl ,p) = r. (3.6) 

n—>oo n —>oo 
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On the other hand, by using (3.2), we have 
d(x n+1 ,p) = d(Ty n ,p) 

< d(y n ,p) 

= d((T(l-a n )z n ®a n Tz n ),p) 

— ^(((1 C^n)-^n © (Xn-TZ n ) ,p) 

< (1 - a n )d{z n ,p) + a n d{Tz n ,p) 

< (1 - a n )d(x n ,p) + a n d(z n ,p) 

= d{x n ,p) - a n d(x n ,p) + a n d(z n ,p). 


This implies that 

d(x n+1 ,p) - d(x n ,p) 




< d(z n ,p) - d(x n ,p). 


So 

,/ x ,, ,^d(x n+1 ,p)-d(x n ,p) 

d(x n+1 ,p) - d(x n ,p) < - < d(z n ,p) - d(x n ,p), 


which implies that 
Therefore, 


d(x n+ i,p) < d(z n ,p). 


r < liminfd( 2 ; rl ,p). 


(3.7) 


By (3.5) and (3.7), we get 

r = lim d(z n ,p) 

n—> oo 


= lim d(((l — /3 n )x n + /3 n Tx n ),p) 

n—>oo 

= lim d(/3 n (Tx n ,p) + (1 - /3 n )(x n ,p)). 

n—t oo 


(3.8) 


0 . 


From (3.4), (3.6), (3.8) and Lemma 2.8, we have that lim d(Tx n ,x n ) = 

n—t oo 


Conversely, suppose that {£„} is bounded and lim d(Tx n ,x n ) = 0. Let 

n—>• oo 

p € A(C, {x n }). By Proposition 2.6 (in), we have 


r(Tp,{x n }) = limsupd(a; n ,Tp) 

n—> oo 


< limsup(3d(Tx„, x n ) + d(x n ,p)) 

n—> oo 

< limsupd(a: n ,p) 

n—> oo 

= r(p,{x n }). 

This implies that Tp € A(C, {x n }). Since X is uniformly convex, A(C, {i n }) 
is a singleton and hence we have Tp = p. So F(T) ^ 0. □ 


Now we are in the position to prove A-convergence theorem. 
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Theorem 3.3. Let C be a nonempty closed convex subset of a complete CATifi) 
space X and T : C —»• C be a Suzuki generalized nonexpansive mapping with 
F(T) 0. Let {f„} and {s„} be sequences in [0,1] such that {t n } € [a, b] and 
Kl £ [0, b] or {t„} £ [a, 1] and {s n } £ [a, b for some a , b with 0 < a < b < 1. 
For an arbitrary element aq £ C, {x„} A -converges to a fixed point of T. 


Proof. Since F(T) ^ 0, by Theorem 3.3, we have that {x n } is bounded and 
lim d(Tx n ,x n ) = 0. We now let w w {x n } := (J-A({u n }) where the union is 

n—to o 

taken over all subsequences {u n } of {x n }. We claim that w w {x n } C F(T). 
Let u £ w w {x n }. Then there exists a subsequence {u n } of {x n } such that 
A({u n }) = {it}. By Lemmas 2.9 and 2.10, there exists a subsequence {v n } of 
{u n } such that A-lim„ {v n } = v £ C. Since lim d(v n ,Tv n ) = 0, v £ F(T) 

n—t oo 

by Lemma 2.11. We claim that u = v. Suppose not. Since T is a Suzuki 
generalized nonexpansive mapping and v £ F(T), lim n d(x n ,v) exists by 
Theorem 3.2. Then by uniqueness of asymptotic centers, 


lim supd(v n ,v) < 

n—> oo 

< 

< 


lim supd(v n ,u) 

n—t oo 

lim supd(u n , u ) 

n—>■ oo 

lim supd(u n ,v) 

n—>oo 

lim supd(x n ,v)) 

n—too 

lim supd(v n ,v), 

n—> oo 


which is a contradiction and hence u = v £ F(T). To show that {x n } A- 
converges to a fixed point of T, it is sufices to show that w w {x n } consists of 
exactly one point. Let { u n } be a subsequence of {x n }. By Lemmas 2.9 and 
2.10, there exists a subsequence {v n } of {u n } such that A-lim„ {v n = v £ C. 
Let A({u n }) = {u} and A({x n }) = {x}. We have seen that c £ F(T). We 
can complete the proof by showing that x = v. Suppose not. Since {d(x n , u)} 
is convergent, by the uniqueness of asymptotic centers, 


lim supd(v n ,v) < 

i —»oo 

< 

< 


lim supd(v n ,x) 

n—to o 

lim supd(x n ,x) 

n—t oo 

lim supd(x n ,v) 

n—t oo 

lim supd(v n ,v), 

n—too 


which is a contradiction and hence the conclusion follows. 


□ 


Next we prove the strong convergence theorem. 

Theorem 3.4. Let C be a nonempty compact convex subset of a CAT(ff) 
space X and T : C —> C be a Suzuki generalized nonexpansive mapping. For 
arbitrary chosen Xq £ C, let the sequence {x n } be generated by (3.1) for all 
n> 1, where {a n } and {/3 n } are sequences of real numbers in [a, 6] for some 
a, b with 0 < a < b < 1. Then {x n } converges strongly to a fixed point ofT. 
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Proof. By Lemma 2.7, we have that F(T) 0 and so by Theorem 3.2 we 
have lim d(Tx n ,x n ) = 0. Since C is compact, there exists a subsequence 

n—>oo 

{x Uk } of {x n } such that converges strongly to p for some p £ C. By 

Proposition 2.6 (Hi), we have 

d(x nk ,Tp) < 3 d(Tx nk ,x nk ) + d(x nk ,p ), for all n> 1. 

Letting k —> oo, we get Tp = p, i.e., p £ F(T). By Theorem 3.2, 
lim d(x n ,p) exists for every p £ F(T) and so {x n } converges strongly to 

n—too 

p. □ 

Senter and Dotson [22] introduced the notion of a mappings satisfying 
condition (I) as follows. 

A mapping T : C —> C is said to satisfy condition (I) if there exists a 
nondecreasing function / : [0, oo) —> [0, oo) with /(0) = 0 and f(r) > 0 for all 
r > 0 such that d(x,Tx) > f(d(x,F(T))) for all x € C, where d(x,F(T )) = 
infpeF(T) d(x,p). 

Now we prove the strong convergence theorem using condition (I). 

Theorem 3.5. Let C be a nonempty closed convex subset of a CAT( 0) space X 
and T : C —» C be a Suzuki generalized nonexpansive mapping. For arbitrary 
chosen Xo £ C, let the sequence {x„} be generated by (3.1) for all n > 1, 
where {a n } and {/?„} are sequences of real numbers in [a, 6] for some a,b 
with 0 < a < b < 1 such that F(T) ^0. If T satisfies condition (I), then 
{x n } converges strongly to a fixed point ofT. 

Proof. By Lemma 3.1, we see that lim d(x n ,p) exists for all p £ F(T) and 

n—>o o 

so lim d(x n ,F(T)) exists. Assume that lim d(x n ,p) = r for some r > 0. If 

n—too n—to o 

r = 0, then the result follows. Suppose r > 0. Then from the hypothesis and 
condition (/), 

f(d(x n ,F(T)))<d(Tx n ,x n ). (3.9) 

Since F(T) ^ 0, by Theorem 3.3, we have lim d(Tx n ,x n ) = 0. So (3.9) 

n—too 

implies that 

lim f(d(x n ,F(T))) = 0. (3.10) 

n—>o o 

Since / is a nondecreasing function, from (3.10), we have lim d(x n , F(T )) = 

n—>o o 

0. Thus we have a subsequence {x nk } of {x n } and a sequence {y^}, Vk G F(T), 
such that 

d(x nk ,y k ) < for all k £ N. 

So using (3.4), we get 

d(x nk+1 ,y k ) < d(x nk ,y k ) < 
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Hence 

d(yk+i,Vk) < d(y k +i,x k +i) + d{x k +i,yk) 

1 1 

— 2 k+1 ^ 2 k 

< } , —> 0, as k —» oo. 

2 k ~ 1 

This shows that {tjk} is a Cauchy sequence in F(T) and so it converges 

to a point p. Since F(T) is closed, p G F(T) and then {x nk } converges 

strongly to p. Since linr d{x n ,p) exists, we have that x n —> p G F(T). Hence 

n—>■ oo 

the proof is complete. □ 
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Abstract 

In this paper, first we derive some nonlinear discrete inequalities, and then as 
an application, we study the Ulam stability of the first order nonlinear difference 
equation 

Aj/(n) = f{n,y{n)), n > n 0 , 

where / is a given function. The obtained result on Ulam stability is new to the 
literature in the sense that our approach does not require the explicit form of solu¬ 
tions of the investigated equations. 

2010 Mathematics Subject Classification: 39A30,39B82 

Keywords and Phrases: Ulam stability, discrete inequality, nonlinear difference 
equation. 


1. Introduction 

In the passed years, the Ulam stability of functional equations received a great 
attention.In general, we say that an equation is stable in the sense of Ulam if for 
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2 

every approximate solution of that equation there exists an exact solution of the 
equation near it. For more details on Ulam stability, one can refer to [13]. 

The problem of the Ulam stability of difference equations is related to the notion 
of the perturbation of discrete dynamical systems. In [2-5, 7-9, 11, 12, 14, 17], the 
authors studied Ulam stability of linear difference equations and in [16], the authors 
obtained some results on Ulam stability for some second order linear difference 
equations. In all these papers, the authors studied the Ulam stability of first and 
second order linear difference equations and it seems that no results dealing with 
Ulam stability for the nonlinear difference equations are available in the literature. 

Therefore the purpose of this paper is to study that Ulam stability of the following 
first order nonlinear difference equation 

Ay(n) = f(n,y(n)), n > N, (1.1) 

where / € C(N, M) and N denotes the set of all non-negative integers, without using 
the explicit form of the solutions. 

Next, we present the definition of the Ulam stability for difference equations. 


Definition 1.1. The equation (1.1) is called stable in Ulam sense if there exists a 
constant L > 0 such that for every e > 0 and every {y{n)} in M satisfying 



1 Ay(n) - f(n,y(n))\ < e, n > 0 

(1.2) 

there exists 

a sequence (x(n)} in M with the properties 



A x(n) = f(n,x(n)), n > 0 

(1.3) 

and 

\y(n) — x(n)\ < Le, n > 0. 

(1.4) 


A sequence {y(n)} which satisfies (1.2) for some e > 0 is called an approximate 
solution of the nonlinear difference equation (1.1), and we reformulate the above 
definition as: the equation (1.1) is called Ulam stable if for every approximate 
solution of it there exists an exact solutions close to it. If in Definition 1.1, the 
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number e is replaced by a sequence of positive numbers (e(n)} and Le from (1.4)by 
a sequence of positive numbers {77(71)} the equation (1.1) is called genelized stable 
in the Ulam sense. 

In this paper first we derive some nonlinear discrete inequalities, and as an appli¬ 
cation we investigate the Ulam stability of equations (1.1). 

2 . Nonlinear Discrete Inequalities 

In this section, we present some nonlinear discrete inequalities which provide us a 
powerful tool for investigating the Ulam stability of a nonlinear first order difference 
equations. 

We begin with the following results which can be found in: [[6], Theorem 41, 
pp.39]. 

Lemma 2.1. If a > 0 and 0 < a < 1, then 

a° < aa + (1 — a) 

arid the equality holds if a = 1. 

Theorem 2.2. Let {77(77,)}, {f(n)}, {g(n)} and {h(n)} be nonnegative real se¬ 
quences defined for all n G N, and 

n— 1 

u(n) < f(n) + g(n) Y h(s)77 a (s), (2.1) 

s=0 

where 0 < a < 1. Then 

n —1 / n —1 \ 

71(77) < f(n) + 77(77) h( s )( a f( s ) + (1 - a)) exp I Y I • (2.2) 

s=0 \t=s+l / 

Proof. Dehning a sequence R(n) by 

n— 1 

R{n) = Y h ( s ) ua ( s )’ 

s=0 

then i?(0) = 0 and 77 ( 77 ) < f(n) + g(n)R(n). Now using Lemma 2.1, one can obtain 
AR(n) = h(n)u a (n) < h(n)(f(n) + g(n)R(n)) a 

< ( ah(n)f(n ) + (a — a)h(n )) + ah(;n)g(n)R(n) 


684 


Dhanasekaran 682-690 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


or 


R{n + 1) — (1 + ah(n)g(n))R(n) < h(n)(af(n) + (1 — a)). (2.3) 

Multiplying (2.3) by H" =0 (l + ah(s)g(s)) _1 , we have 

( n \ n 

R (n) na + a M s )0( s )) _1 ) ^ h(n)(af(n ) + (1 - ct)) JJ(1 + ah(s)g(s))~ 1 . 

8 =0 / s = 0 

Summing up the last inequality from 0 to n — 1, we obtain 

71—1 71—1 

R(n) < ^2h{s){af{s) + (1 ^;a)) JJ (1 +ah(t)g(t)) 


s =0 
71—1 


t=s -\-1 


71—1 


< 


+ (!-“)) exp ^2 ah(t)g(t) . 


(2.4) 


Using (2.4) in u(n) < f(n) + g(n)R(n), we have the desired inequality (2.2). This 
completes the proof. ■ 


Corollary 2.3. Let u(n) and p(n) be non-negative real sequences defined for all 
n e N such that 

n— 1 

u(n) < c + 'y^ p(s)u a (s) 
where c > 0 and 0 < a < 1. Then 


s =0 


a 


f n— 1 


. . , CCK + (1 — Q() \ / ^ / 

u[n) < ( - ) exp | y ap(i 


v s=0 


Proof. Let f(n) = c > 0, g(n) = 1 and h(n) = p(n) in (2.2), we have 


71—1 


71—1 


uin) 


^ c T ^ ^ p(s) (ac +1 — ck) n (1 + ap(t)) 


s =0 


t=s +1 
71—1 71—1 


= C + (ttC+(1 ~ a)) X ap(s) n (1 + rtt)) 

s=0 t=s+l 


a 


f n— 1 


(oC+(l — G() ) / t r . . 

= c+^---- ( IJ(l + ap(s)) -1 

V s=0 


a 


a 


’ n— 1 


CKC T (1 — Q() \ / v— 

< I --- - I exp ( 2_J cep(s) 


, s=0 


The proof is now complete. 


(2.5) 


( 2 . 6 ) 
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Theorem 2.4. Let u(n),p(n) and h(n ) be non-negative real sequences for all n € N 
and 

7i—l n—1 

■u(n) < c + y^p(g)n(g) + ^ h(s)u a (s) f (2.7) 

5=0 5=0 

where c > 0 and 0 < a < 1. Then 

n —1 \ / n —1 \ 

c +(i-«)E /z( a)) ex p ( + ) • ( 2 - 8 ) 

s=0 J \s=0 J 

Proof. Let R(n ) be the right hand side of (2.7). Then -R(O) = c and u(n) < R{n) 
and 

A Rfn) = p(n)u(n ) + h{n)u a {n) 

< p(n)R{n) + hfn)R a {n ) 

< p(n)R(n ) + h(n)(aR(n ) + (1 — a)) 

= (p(n) + ah(n))R{n) + (1 — a)h(n) (2.9) 

where we have used Lemma 2.1. Now from (2.9), we have 

i?(n + 1) — (1 + p(n) + ah(n))R(n) < (1 — a)h{n). 

Arguing as in the proof of Theorem 2.2, one can easily obtain the desired result and 
hence the details are omitted. ■ 

Remark 2.1. (a) If o = l in Theorem 2.2, then it reduced to the well-known 
Pachpatte inequality [10], in 2002. For 0 < a < 1 the estimate (2.2) of Theorem 
2.2 is new to the literature. 

(b) If a = 1 and g(n) = 1, then Theorem 2.2 reduced to a well-known result due to 
Sugiyama [15], in 1969. 

Remark 2.2. If a = 1 in Corollary 2.3, then it reduced to the discrete analogue of 
the well-known Gronwall-Bellman inequality [lj. 

Remark 2.3. The result obtained in Theorem 2.f is different from that one by 
Willet and Wong [18] for the case 0 < a < 1. 
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3. Ulam Stability 

As an application of the discrete inequalities established in Section 2, we investi¬ 
gate the Ulam stability of equation (1.1). 

Theorem 3.1. Let p(n ) be a positive real sequence for all n G N such that 


where 0 < a < 1, and 


\f(n,u) - f(n,v )| <p{n)\u-v\ 


^2p(n) < oo. 

n =0 


If for a positive real sequence <f>(n) such that Y^=o ( t > ( n ) < °°> an d 

I Ay(n) - f(n,y(n))\ < <f>(n) 

then there exists a real sequence xfn ) and a constant k > 0 satisfying 

A x(n) = f(n, x(n )) 

swc/i that | y(n) — x(n)\ < k] that is, equation (1.1) has the Ulam stability. 
Proof. From the inequality (3.3), we have 

71—1 71—1 

y(n) < y{ o) + ^ 

s= 0 s=0 

and from the equation (3.4), we obtain 

71—1 

x(n) = x(0) + ^2 /( s > x ( s ))- 
Combining (3.5) and (3.6) yields 

I yin) -x(n) I < |j/(0) -®(0)| + ^2\f(s,y(s)) - f(s,x(s))\ + ^</>(s). 

s=0 s=0 

Using the condition (3.1) in the above inequality, we have 

71—1 

| y(n) - x(n) \ < M 1 + y^p(s)\y(s) - x(s)| a + M 2 


s=0 


71—1 


71—1 


(3.1) 


(3,2) 


(3.3) 


(3.4) 


(3.5) 


(3,6) 


(3.7) 


s =0 
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where Mi = |y(0) — x(0)| and Y^=o^{ n ) — -^2 by hypothesis. Now applying 
Corollary 2.3 in (3.7), we obtain 

i ( \ / \\ ^ ((-^! + M 2 )a + (1 — a)) ( ^ ( N 

| y(n) — x{n)\ < - exp y j ap(s) 

a \ s=0 

It follows from (3.2) that there is a constant M 3 > 0 such that Y^=oP( n ) — -^3> 
and using this in (3.8), one obtains 

| y(n) — x(n)\ < k 

where k = h^i+M 2 )a+(i-a)) eX p( a j\,f :i y completes the proof. ■ 

4. Conclusion 

In this paper, first we have obtained some new nonlinear discrete inequalities and 
then as an application we investigate the Ulam stability of a nonlinear first order 
difference equation. In this approach, we do not need to require the explicit form of 
the solution of the studied equation, where as in [3,4,7-9,11,12,14] the authors used 
the explicit form of the solutions to prove their established results. 
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Abstract. In this paper we introduce the notion of a BQ-algebra and show that is is equivalent to an abelian 
group. For deep investigations of several algebraic structures, we introduce the notions of a Smarandache V- 
algebra-type [/-algebra and a Smarandache P-algebra-trans-type [/-algebra, and apply the notions to several 
algebras. 


1. Introduction 

W. B. Vasantha Kandasamy ([8]) studied the concept of Smarandache groupoids, ideals of 
groupoids, Smarandache Bol groupoids and strong Bol groupoids, and obtained many interesting 
results about them. Smarandace semigroups are very important for the study of congruences, 
and it was studied by R. Padilla ([18]). It will be very interesting to study the Smarandache 
structure in general algebraic structures. Kim et al. ([11]) defined the concept of a Smarndache 
d-algebra and investigated some related properties of it. Seo et al. ([19]) introduced the concept 
of a Smarndache fuzzy BCI- algebra and investigated some related properties of it. Neggers et 
al. ([17]) defined the notion of a R-algebra and investigated some related properties of it. Some 
properties of R-algebra are studied in ([3, 12, 13]). 

In this paper, we introduce the notion of a RQ-algebras and show that it is equivalent to an 
abelian group. Moreover, we introduce the notions of a Smarandache K-algebra-type U- algebra 
and a Smarandache K-algebra-trans-type U- algebra, and apply the notions to several algebras. 

2. Preliminaries 

A B-algebra ([17]) is a non-empty set X with a selected point 0 and a binary operation 
satisfying the following axioms: (i) x*x = 0, (ii) £*0 = x, (iii) (x*y)*z = x*(z* (0 *y)) for any 
x,y,z G X. A R-algebra (X, *, 0) is said to be 0-commutative ([2]) if x * (0 * y) = y * (0 * x) for 
any x, y G X. Let (A", *, 0) be a A-algebra and let g G X. We define := 0, g^ := r/°l * (0*g) = 
0 * (0 * g) = g and g^ := * (0 * g) where n > 1. 
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Theorem 2.1. Let (X, *,0) be a B-algebra and let g G X. Then 


g [ml * g M = 


g[m n] -f m > 

0 * otherwise. 


Theorem 2.2. ([10]) Every O-commutative B-algebra is a BCI-algebra. 

Theorem 2.3. ([10]) The following are equivalent: 

(i) X is an abelian group, 

(ii) X is a p-semisimple BCI-algebra, 

(iii) X is a 0-commutative B-algebra. 

Let (X, *, 0) be a H-algebra. Given x,y E X, we define x *0> y ■= x * y,x y := (x * y) * 
y, x y := (x *( n- 0 y) *y where n > 3. For general references for BCK/BCI- algebras, we refer 
to [5, 6, 14]. 


3. Several algebras 

Let (X", *) be a groupoid (or a binary system, an algebra), i.e., X is a set and is a binary 
operation on X. If we take an element p in X which plays an important role in (X, *), then we 
say that p is a selected point and we write it by (X, *,p). Such an algebra (A", *,p) is said to be 
a pointed algebra. 

Example 3.1. Let (A", *) be a group with identity e. The identity element e plays an important 
role in (X, *) and hence we may write it by (X, *, e) and e becomes a selected point in (X, *). 

We regard all algebras below as pointed algebras without loss of generality. For simplicity’s 
sake, we shall write p — 0, not intending 0 to have the usual meaning. Thus, in Example 3.1, 
(A", *, e) becomes (X, *, 0) unless it is important to distinguish the algebra (X, *, 0) which contains 
the subalgebra (not necessary a subgroup) (Y, *) with its selected point p to produce (Y, *,p). 

Example 3.2. Consider X := {a,b,c,d} with the following table: 


* 

a 

b 

c 

d 

a 

a 

a 

a 

a 

b 

a 

a 

a 

b 

c 

a 

b 

c 

c 

d 

a 

b 

c 

d 
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Then (A", *, d) is an pointed algebra and the selected point d is the right identity. Consider 
Y := {a, c} and Z {a, d} with the following tables: 


* 

a 

c 

* 

a 

d 

a 

a 

a 

a 

a 

a 

c 

a 

c 

d 

a 

d 


Then (Y, *, c) is a pointed algebra with a selected point c is the right identity, and (Z, *, d) is also 
a pointed algebra with a special point d is the left identity. 

Definition 3.3. Let (A", *,p) be a pointed algebra. Define a binary operation on X by 

x • y \= x * (p * y) 

for any x, y G X. Then the algebra (X, «,p) is called a p-derived algebra from (A", *,p). 

Example 3.4. (i) Let (. X , *, e) be a group with identity e. If (X, • , e) is an e-derived algebra of 

(X, *, e), then (X, •) = (A", *), since e is the identity, we have x • y = x * (e * y) = x * y for all 

x,y e X. 

(ii) Let (A", *,p) be a left-zero-semigroup with a selected point p. If ( X , «,p) is a p-derived algebra 
of (X, *,p), then (X, *) = (X, •). 

Let X be a d-algebra and x G A". Define x * X := {a: * a|a G X}. X is said to be edge ([16]) if 
for any x G X, x * X = {x, 0}. 

Lemma 3.5. ([16]) Let X be an edge d-algebra. Then 

(i) x *0 = x for all x G X. 

(ii) (x * (x * y )) * y = 0 for all x, y G X. 

Example 3.6. (i) Let (A", *, 0) be an edge d-algebra. If (X, •, 0) is an e-derived algebra of 

(A", *, 0), then (X, •) is a left-zero-semigroup. 

(ii) Let (X, *,0) be a BCK -algebra. If (X, *,0) is an e-derived algebra of (X, *,0), then (A", •) 
is a left-zero-semigroup. In fact, x»y = x*(0*y) = a; * 0 = a; for all i,i/G X. 

In terms of list of axioms to be used to describe the various algebra types we note the following 
section of axioms: 


(1) 

X 

* X = 

= 0 

for 

all 

X 

G 

X. 





(2) 

X 

* 0 = 

= X 

for 

all 

X 

G 

X. 





(3) 

0 

* x = 

= X 

for 

all 

X 

G 

X. 





(4) 

X 

*y = 

= y 

* x 

for 

all 

x,y 

G 

X. 



(5) 

X 

*y = 

= y 

* X 

= 0^ 

X = 

y 

for all 

x,y G 

X 

(6) 

X 

*y = 

= y 

* X 

= 0 = 


x = 

y 

for all 

x,y e 

X 

(7) 

X 

*y = 

= y 

* X 

=> 

X 

= 

y for 

all x, y 

G X. 


(8) 

0 

* X = 

= 0 

for 

all 

X 

G 

X. 
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(9) (x * y) * z — (x * z) * y for all x,y, z G A. 

(10) (x * y) * z = x * (z * y) for all x,y, z G X. 

(11) (x * y) * z = x * (z * (0 * y)) for all x,y,z G X. 

(12) (x *y) * z = (x * z) * (y * z) for all x,y,z G X. 

(13) (x *y) * (0 * y) = x for all x, y G A". 

(14) x * (y * z) = (x * y) * z for all x,y, z G A. 

(15) (x * (x * y)) * y = 0 for all x, y G A. 

(16) ((x * y) * (x * Q) * (x * y) = 0 for all x,y,z G A. 

(17) for any x G A, there exists y G A with x * y = 0. 

(18) for any x G A, there exists y G A with y * x = 0. 

An algebra (A, *, 0) is called a group if it satisfies (2),(3), (14), (17), and (18). An algebra (A", *) 
is called a semigroup if it satisfies (14). An algebra (A, *, 0) is called a semigroup with identity if 
it satisfies (2),(3), and (14). An algebra (A, *,0) is called a B-algebra ([17]) if it satisfies (1),(2), 
and (11). An algebra (A, *,0) is called a BG-algebra ([9]) if it satisfies (1),(2), and (13). An 

algebra (A, *, 0) is called a BH-algebra ([7]) if it satisfies (1), (2), and (6). An algebra (A, *, 0) is 

called a Q-algebra ([15]) if it satisfies (1), (2), and (9). An algebra (A, *,0) is called a d-algebra 
([16]) if it satisfies (1), (5), and (8). An algebra (A", *,0) is called a BCK-algebra ([14]) if it 
satisfies (1), (5), (8), (15), and (16). An algebra (A, *, 0) is called a gBCK-algebra ([4]) if it 
satisfies (1), (2), (9) and (12). An algebra (A, *, 0) is called an abelian group if it satisfies (2), 

(3) , (4), (14), (17), and (18). An algebra (A", *, 0) is called a commutative semigroup if it satisfies 

(4) and (14). 


4. BQ-ALGEBRAS 

In this section, we introduce the notion of a BQ-algebra and we show that it is equivalent to 
an abelian group. An algebra (A, *, 0) is said to be a BQ-algebra if it satisfies the conditions (1), 
(2), (9) and (11). 

Theorem 4.1. Let (A, *, 0) be a BQ-algebra. If we define x • y := x * (0 * y) for any x, y G A, 
then (A, •, 0) is an abelian group. 

Proof. Since (A, *, 0) is a BQ-algebra, it is both a B-algebra and a Q-algebra. It was proved that 
if (A", *, 0) is a B-algebra, then (A, •, 0) is a group ([1]). By (9) we obtain (x * (0 * y)) * (0 * z) = 
(x*(0*z))*(0*r/) for any x, y, z G A. It follows that (x»y)»z = (x»z)»y for any x, y, z G A. If we 
take x := 0, then (0 »y)»z = (0 •z)»y. Since (A, *, 0) is a B-algebra, we have 0 »y — 0* (0*y) = y 
for any y G A. Hence we obtain y • z — z • y for any y, z G X. This proves that (A, •, 0) is an 
abelian group. □ 

Theorem 4.2. Let (A, •, 0) be an abelian group. If we define x * y := x • y~ 1 for any x, y G A, 
then (A, *, 0) is a BQ-algebra. 
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Proof. (1) For any x G X, we have x*x = x»x~ [ = 0. (2) For any x G X, x*0 = ai^CT 1 = £•() = x. 
(9) Given x,y, z G X, since (X, • , 0) is a group, we obtain 

(x * y) * z = (x»y~ 1 )»z~ 1 
= (x • z~ l ) • y 
= (x * z) * y. 

(11) Given x,y,z G X, since (X, • , 0) is a group, we have 


x * (z * (0 * y)) 


x • [z • [(y -1 ) 1 • O -1 ]] -1 
x • [z • (y • O)]^ 1 
x • (z • y)^ 1 
x • ( y • z~ l ). 


Similarly, we prove that (x * y) * z = (x • y *) • z 1 . Since (X, »,0) is a group, we obtain 
(x * y) * z = x * (z * (0 * y)). Hence (X, *, 0) is a HQ-algebra. □ 


By Theorems 4.1 and 4.2, we conclude that the class of all BQ-algebras is equivalent to the 
class of all abelian groups. 


The interesting fact to note is that we are able to take advantage of the relationship x • y = 
x * (0 * y) to understand better what the meaning of the class of BQ-algebra is. Other such 
questions around in this setting as well as others. E.q., what class of //-algebras corresponds to 
the class of solvable groups ? Can it be considered to be of the form: B“V ,: -algebras corresponds 
to solvable groups where “V”-algebras is some nicely identifiable class, as the same as the class 
for HQ-algebras ? 


5. Smarandache types 

Let (A", *) be an [/-algebra. Then (X, *) is said to be a Smarandache V-algebra-type U-algebra 
if there exists Y C X such that (Y, *) is a non-trivial subalgebra of (. X , *) and |Y| > 2, and (' Y , *) 
is a Y-algebra. For example, a B- algebra (X, *,0) is said to be a Smarandache Q-algebra-type 
B-algebra it it contains a non-trivial sub-H-algebra (Y, *, 0) of (X, *, 0) and |Y| > 2, and (Y, *, 0) 
is a Q-algebra. Similarly, a Q-algebra (X, *, 0) is called a Smarandache group-type Q-algebra if it 
contains a non-trivial sub-Q-algebra (Y, *, 0) of (X, *, 0), and (Y, *, 0) is a group where | Y\ > 2. 

Theorem 5.1. There is no Smarandache d-algebra-type commutative groupoid. 

Proof. Assume that there is a Smarandache d-algebra-type commutative groupoid (X, *, 0). Then 
there exists Y C X such that (Y, *, 0) is a non-trivial subgroupoid of a commutative groupoid 
(X, *, 0), | Y\ > 2 and (Y, *, 0) is a d-algebra. It follows that 0 *y = 0 for all y G Y. Since (X, *, 0) 
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is a commutative groupoid and Y C X, we obtain 0*?/ = j/*0 = 0for all y G Y. Since (.X , *, 0) 
is a d-algebra and Y C X , we obtain y — 0, i.e., |Y| = 1, a contradiction. □ 

Theorem 5.2. There is no Smarandachesemigroup-type d-algebra. 

Proof. Assume that there is a Smarandache semigroup-type d- algebra (X, *, 0). Then there exists 
Y C X such that (Y, *, 0) is a non-trivial subalgebra of a d-algebra (X, *, 0), |Y| > 2 and (Y, *, 0) 
is a semigroup. It follows that 0 * (y * 0) = 0 for any y G Y, since Y C X and (. X , *, 0) is a 
d-algebra. Hence 

y * 0 = y * (0 * (y * 0)) 

= (y * 0) * (y * 0) 

= 0. 

Since Y C X and (X, *, 0) is a d-algebra, we obtain 0 * y = 0 for all y G Y. By (6), we have 
y — 0, i.e., \Y\ = 1, a contradiction. □ 

Theorem 5.3. A Smarandache group-type B-algehra is equal to a Smarandache Boolean-group- 
type B-algebra. 

Proof. Since every Boolean group is a group, it is enough to show that every Smarandache group- 
type H-algebra is a Smarandache Boolean-group-type H-algebra. Assume (X, *,0) is a Smaran¬ 
dache group-type H-algebra. Then there exists Y C X such that |Y| > 2, (Y, *, 0) is a non-trivial 
subalgebra of a H-algebra and (Y, *, 0) is a group. For any y G Y, since Y C X and (A", *, 0) is 
a H-algebra, we obtain y * y = 0. Since (Y, *) is a group, the order of y is 2 in the group (Y, *) 
for any y ^ 0 in Y and hence (Y, *, 0) is a Boolean group, proving the theorem. □ 

Corollary 5.4. A Smarandache group-type Q-algebra is equal to a Smarandache Boolean-group- 
type Q-algebra. 

Proof. Every Q-algebra has also the condition (1), and the proof is similar to the proof of Theorem 
5.3. □ 

Theorem 5.5. Every Smarandache B-algebra-type group is a Smarandache Boolean-group-type 
group. 

Proof. Let (A", *,0) be a Smarandache H-algebra-type group. Then there exists Y C X such 
that | Y| > 2, (Y, *, 0) is a non-trivial subgroup of a group (X, *, 0) and (Y, *, 0) is a H-algebra. 
It follows that y * y = 0 for all y G Y. Since Y C X and (X, *, 0) is a group, we obtain 
y = y~ l in the group. Hence x * y -1 = x * y G Y, which shows that (Y, *) is a subgroup of 
(A", *) and the order of y is 2. Thus (Y, *) is a Boolean group. This proves that (X, *, 0) is a 
Smarandache Boolean-group-type group. □ 
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Theorem 5.6. Let (X, *,0) be a SmarandacheL-algebra-type M-algebra. If every L-algebra is 
an N-algebra, then (X, *,0) is a SmarandacheN-algebra-type Ad-algebra. 

Proof. It is easy and omit the proof. □ 

Theorem 5.7. Let ( X , *, 0) be a Smarandache O-commutative-B-algebra-type M-algebra. Then 
(A", *, 0) is a Smarandache BCI-algebra-type Ad-algebra, where Ad-algebra is any algebra. 

Proof. By applying Theorems 2.2 and 5.6, we prove the theorem. □ 

Theorem 5.8. Let ( X , *, 0) be an Ad-algebra. Then the following are equivalent: 

(i) X is a Smarandache abelian-group-type Ad-algebra 

(ii) X is a Smarandache p-semisimple BC I-algebra-type Ad-algebra, 

(iii) X is a Smarandache 0-commutative B-algebra-type Ad-algebra. 

Proof. It follows immediately from Theorems 2.3 and 5.6. □ 

Proposition 5.9. If (A", *, 0) is a Smarandache Q-algebra-type group, then it is a Smarandache 
Boolean-group-type group. 

Proof. Let (X, *,0) be a Smarandache Q-algebra-type group. Then there exists Y C X such 
that |Y| > 2, (Y, *, 0) is a non-trivial subgroup of a group (X, *,0) and (Y, *,0) is a Q-algebra. 
Since Y is a Q-algebra, we have y * y = 0 for any y G Y. This means the order of y is 2 in the 
group (Y, *), i.e., y = y~ l , which shows that (Y, *,0) is a Boolean-group. Hence {X, *, 0) is a 
Smarandache Boolean-group-type group. □ 

Theorem 5.10. Any non-trivial d-algebra cannot be a Smarandache group-type d-algebra. 

Proof. Assume there exists a Smarandache group-type d-algebra (X, *,0). Then there exists 

Y C X such that (Y, *, 0) is a non-trivial sub-d-algebra of (X, *, 0) and ( Y , *, 0) is a group where 

|Y| > 2. Since (Y, *, 0) is a group and (.A, *, 0) is a d-algebra, we have y — 0 * y — 0 for all y G Y. 
It follows that |Y| = 1, a contradiction. □ 

Theorem 5.11. Any non-trivial group cannot be a Smarandache d-algebra-type group. 

Proof. Assume that there exists a Smarandache d-algebra-type group (X, *, 0). Then there exists 

Y C X such that (Y, *, 0) is a non-trivial subgroup of a group (X, *, 0), and (Y, *, 0) is a d-algebra 

and |Y| > 2. Then 0 * x = 0 for all x G Y. Since (Y, *,0) is a group, we obtain x = 0 for all 
x G Y, proving that |Y| = 1, a contradiction. □ 

Theorem 5.12. Any non-trivial gBCK-algebra cannot be a Smarandache group-type gBCK- 
algebra. 

Proof. Let (A", *, 0) be a Smarandache group-type gBCK-algebra. Then there exists Y C X such 
that (Y, *, 0) is a non-trivial sub-gBCK-algebra of (X, *, 0), and (Y, *, 0) is a group and |Y| >2. 
Since Y C X and (X, *, 0) is a gBCK-algebra, we obtain y *y = 0 for all y G Y. It follows from 
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(Y, *, 0) is a group that the order of y is 2, i.e., (Y, *, 0) is a Boolean group. Now, since (Y, *, 0) 
is a gBCK-algebva, we have (x * y) * z = (x * z) * (y * z) for all x,y,z G X. It follows that 
(x * x) * x = (x * x) * (x * x) for all x G X. Since (X , *, 0) is a group, we obtain x = 0 for all 
x G X, proving that |X| = 1, a contradiction. □ 

Corollary 5.13. Any non-trivial group cannot be a Smarandache gBCK-algebra-type group. 

Proof. The proof is similar to Theorem 5.12, and we omit it. □ 

Definition 5.14. Let (X, *,p) be an L-algebra and let (Y, *,p) be both a sub-L-algebra of 
(A", *,p) and an M-algebra. (A", *,p) is said to be a SmarandacheN-algebra-trans-type L-algebra 
if (Y, *,p) is isomorphic with an X-algebra (Y, ©, q). 

(X,*,p) 


(Y,*,p) ---(Y, 0, q) 

where L —, M —, N— algebras are arbitrary algebras. 

Theorem 5.15. If (X, *, 0) is a Smarandache B-algebra-type Q-algebra, then it is a Smarandache 
abelian-group-trans-type Q-algebra. 

Proof. Let (X, *,0) be a Smarandache 5-algebra-type Q-algebra. Then there exists Y C A" such 
that (Y, *,0) is a non-trivial snb-Q-algebra of a Q-algebra (A", *,0), |Y| > 2 and (Y, *,0) is a 
5-algebra. Define x • y := x * (0 * y) for any x, y G Y. Then (Y, •, 0) is an abelian group. In fact, 
since Y is both a Q-algebra and 5-algebra, (Y, *,0) is a 5Q-algebra. By Theorem 4.1, (Y, •, 0) 
is an abelian group. By Theorems 4.1 and 4.2, (Y, *, 0) = (Y, •, 0). This shows that (X, *, 0) is a 
Smarandache abelian-group-trans-type Q-algebra. □ 

Corollary 5.16. If (X, *, 0) is a Smaradache Q-algebra-type B-algebra, then it is a Smarandache 
abelian-group-trans-type B-algebra. 

Proof. It is similar to Theorem 5.15. □ 

Proposition 5.17. Every B-algebra is a Smarandache BQ-algebra-trans-type B-algebra. 

Proof. Let (X, *, 0) be a 5-algebra. Define x • y := x * (0 * y) for all x, y G X. Then (X, •, 0) 
is a group. Let x G X such that x ^ 0. Let (x) be a cyclic group generated by x. Then 
(x) is a non-trivial abelian subgroup of (X, «,0). If we let Y x := {a; (0 * x) \ n G Z}, then 

Y x — (x). By Theorems 4.1 and 4.2, Y x is a non-trivial 5Q-algebra. This shows that X is a 
Smarandache 5Q-algebra-trans-type 5-algebra. □ 
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Algebras and Smarandache Types 

6. Conclusion 

We introduced the notion of a RQ-algebra and proved that it is equivalent to an abelian 
group. For detailed investigations among several algebraic structures, we introduced the notions 
of a Smarandache V-type [/-algebra and a Smarandache R-trans-type [/-algebra, and applied 
this notions to several algebras. For further investigations, we will apply the notions of a hyper 
structure theory and several fuzzy related algebras to the notions of a Smarandache V -type U- 
algebra and a Smarandache R-trans-type [/-algebra. 
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Abstract : In this paper, we study nonlinear differential equations arising from the generating 
functions of degenerate (ft, g)-tangent numbers. We give explicit identities for the degenerate (ft., q)- 
tangent numbers. 
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1. Introduction 


Recently, many mathematicians have studied in the area of the degenerate Euler numbers and 
polynomials, degenerate Bernoulli numbers and polynomials, degenerate Genocchi numbers and 
polynomials, and degenerate tangent numbers and polynomials(see [1, 2, 3, 4, 5, 6, 7]). In [1], L. 
Carlitz introduced the degenerate Bernoulli polynomials. Recently, Feng Qi et al.[ 2] studied the 
partially degenerate Bernoull polynomials of the first kind in p-adic field. The degenerate (ft, co¬ 
tangent numbers Tn'q (A) are defined by the generating function: 


ET&'PO-i = 


n=0 


n! q h (l + Xt) 2 / X + 1 


( 1 . 1 ) 


The degenerate (ft, g)-tangent numbers of higher order, T' r [ k ' x h q l are defined by means of the following 
generating function 


q h ( 1 + A t) 2 / x + 1 




n—0 


( 1 . 2 ) 


We recall that the classical Stirling numbers of the first kind Si (n, k) and S 2 (n, k ) are defined by 
the relations(see [7]) 

n n 

( x) n = Y, Si(n, k)x k and x n = ')T j S 2 {n, k)(x)k, 
fc=0 fe=0 

respectively. Here ( x) n = x{x — 1) • • • (x — n + 1) denotes the falling factorial polynomial of order n. 
We also have 


4-71 

S 2 (n, m) — 
n\ 


(e* - l) m 

to ! 


and 


4-71 

Y Sr (n, to) — 
n\ 


(log(l +t)) m 

to ! 


(1.3) 


The generalized falling factorial (a:|A)„ with increment A is defined by 

n— 1 

(z|A)„ = JJ(:r - Aft) (1.4) 

k —0 

for positive integer n, with the convention (a;|A)o = 1- We also need the binomial theorem: for a 
variable x , 

00 f.n 

(1 + Xt) x l x = ^(x|A)„ —. (1.5) 

' n\ 

71—0 
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Many mathematicians have studied in the area of the linear and nonlinear differential equations 
arising from the generating functions of special numbers and polynomials in order to give explicit 
identities for special polynomials. In this paper, we study nonlinear differential equations arising 
from the generating functions of degenerate (ft, <?)-tangent numbers . We give explicit identities for 
the degenerate (ft, gj-tangent numbers . 

2. Nonlinear differential equations associated with degenerate (ft, g)-tangent numbers 


In this section, we study nonlinear differential equations arising from the generating functions 
of degenerate twisted (ft, q , )-tangent numbers. Let 


F = F{t, A, q, ft) 


2 

q h { 1 + A t) 2 / A + 1 


EEE A ) 

n =0 


t n 

nl 


Then, by (2.1), we have 

F(1) = Ql F ^ x ^,h) = Q~ t ( g ft(i + At )2A + 1 ) 


1 

( - 4 > 

+ 1 

( 2 ) 

1 + At 

\q h ( 1 + A t) 2 / A + 1J 

+ 1 + Xt 

[q h ( 1 + A t) 2 / A + l) 


-2F + F 2 
1 + A t 


By (2.2), we have 


F 2 = 2F + (1 + Xt)F w . 


Taking the derivative with respect to t in (2.3), we obtain 


2FF W = 2 F (1) + AF (1) + (1 + A t)F (2) 
= (A + 2)FW + (l + Af)F (2) . 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


(2.4) 


From (2.2), (2.3), and (2.4), we have 

2F 3 = 4F + (1 + A)(l + A t)F (1} + (1 + A t) 2 F (2) . 


Continuing this process, we can guess that 

N 


N\F n+1 = Oi(N , A, q , ft)(l + XtyF^, ( N = 0,1, 2,...), 

»=0 

/ d y 

where = ( — J F(t, A, q , ft). Differentiating (2.5) with respect to t, we have 

N N 

(N + 1)! F N FW = iXa,i(N, A, q, ft)( 1 + Xty-'F® + ^ a^N, A, q, ft)(l + A t) i F^ i+1 '> 


(2.5) 


i—0 


i—0 


and 


(TV + l)!^^ 1 ) = (N + 1 )\F n ( Y+'xt ) = ( N + l ) ! ( 


/ pN +2 _ 2^-Y+l 


1 + At 


( 2 . 6 ) 


(2.7) 
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By (2.5), (2.6), and (2.7), we have 

(TV + 1 )\F n+2 = 2 (TV + l)!F iV+1 

N 

+ AiOiW A, q, ft)( 1 + A tyF® + ^^(TV, A)(l + At) i+1 i^ (i+1) 


AT 


2=0 


iV 


2 = 0 


= 2(TV + 1) a i{N, A, g, ft)( 1 + Ai)^ 0 
2=0 

AT AT 

+ ^ AiOi(JV, A, g, ft)(l + A tfF^ + ^ Oj(TV, A, q, ft)(l + Xt) i+1 F ( i+1 ) 

2=0 2 = 0 

AT iV+1 

= ^ (2(JV + 1 ) + A*) ai(N, A, g, ft)(l + A rfF® + ^ Oi_i(TV, A, g, ft)(l + Af) ?; F«. 


2=0 


Now replacing iV by N + 1 in (2.5), we find 

AT+l 


(TV + l)\F N+2 = ai(N + 1, A, g, ft,)(l + A tfF^ 


By (2.8) and (2.9), we have 

N+l 


2 = 0 


N 


Oi(N + 1, A, g, ft)(l + At)‘F« = (2(TV + 1) + Ai) a, : (TV, A, g, ft)(l + At)‘F (i: 


2=0 


2=0 


A/'+l 


+ ^ a I _ 1 (AT,A,g,/i)(l + AT) i F«. 


i=l 


Comparing the coefficients on both sides of (2.10), we obtain 

2(TV + l)a 0 (TV, A, g, ft) = a 0 (N + 1, A, q, ft), 
a w+ i(TV + 1, A, g, ft) = a N (N, A, g, ft,), 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 


( 2 . 11 ) 


and 


a,;(TV + 1, A, q, ft) = (2(TV + 1) + A i) at(N, A, g, ft) + a,;_i(TV, A, g, ft), (1 < z < TV). 
In addition, by (2.5), we have 


which gives 


F = a o (0, A, g, h)F , 
a o (0, A, g, ft) = 1. 


It is not difficult to show that 

F 2 = o 0 ( 1, A, g, h)F + 0l (l, A, g, ft)(l + AT)^ (1) = 2F + (1 + A t)F^\ 
Thus, by (2.15), we also find 

ao(l, A,g, ft) = 2 , oi(l, A,g, ft) = 1. 

From (2.11), we note that 

a 0 (TV + 1, A, g, ft) = 2(1V + l)a 0 (TV, A, g, ft) = 4(TV + l)TVa 0 (TV - 1, A, g, ft) 
= • • • = 2 n+1 (N + 1)!, 


( 2 . 12 ) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 
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and 


a N+ i(N + 1, A, q, ft) = a N (N, A, q, ft) = • • • = 1. 
For i = 1, 2,3 in (2.11), then we find that 

N 


(2.18) 


ai(N + 1, A, q, ft) = jh 2 k (n + 1 + E a 0 (N - k, A, q, ft), 
k =o A 2 Jk 

N ~ l , \ \ 

a 2 (N + 1, A, g, h) = ^ ' 2 fc ( IV + 1 + — x 2 j cii(lV — k, A, 9 , ft), 
fe=o A 1 J k 

N ~ 2 / A A 

o 3 (.N + 1, A, q, ft) = ^ ' 2 fc ( IV + 1 + — x 3 I a 2 (N — k, A, 5 , ft). 

t_n V 2 / k 


k =0 x ~ / k 

Continuing this process, we can deduce that, for 1 < i < N, 

N—i+l 


( A \ 

a,i(N + 1, A, q, ft) = E 2 fe (lV+l + -xi) a,_i(7V - ft, A, q, ft). 

fc= 0 A 2 / k 


(2.19) 


(j. 

A,g 

0 

IA 

j<AT+l 

is given by 


/I 

2 

2!2 2 

3!2 3 

••• (A7+l)!2 Ar+1 A 

0 

1 





0 

0 

1 




0 

0 

0 

1 



A0 

0 

0 

0 

1 

) 


Now, we give explicit expressions for a.;(./V + 1, A, g, ft). By (2.17), (2.18), and (2.19), we have 

N 


a>i{N + 1, A, q , ft) — 2 fel + 1 + — 'j ao(N — k\, A, g, ft) 
fe 1= o A 

= ^2 JV (lV-fc 1 )!(lV + l + ^ , 

fc 1= o A z / fcl 

iV “ 1 / A A 

cl 2 (TV + 1, A, g, ft) = ^ ) 2 fc2 ( IV + 1 + — x 2 ) cli(N — fc 2 i A, g, ft) 
fc 2 =0 A 2 J k 2 


jy- 1 jv-fc 2 -i / \ a / AA 

E E 2 A, - 1 (7V-fc 2 -fc 1 -l)!(lV + i + _x2) (N-k 2 +-j , 

fc 2 =0 fci=o A / fc 2 A / fei 


and 


JV_2 / A A 

< 23 (N + 1)A,g,ft) = 2 fca (IV + 1 + — x 3 J a 2 (N — ft 3 ,A,g,ft) 
fc 2 =o A / fc 3 


k 3 —0 

N—2 N—k 3 — 2 N—k 3 — k2~2 


= E E E 2 jv_ 2 (N' — ft 3 — fc 2 — fti — 2)! (IV + 1 + — x 3 

/C3— 0 /C2— 0 /ci— 0 ' 

x---x(iV-fc 3 + £x2 > ) flV-/c 3 -/c 2 -l + ^ 

V 2 / k 2 \ 2 j it. 
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Continuing this process, we have 


N-i+l N-ki-i+l N—ki-i - k 2 —i +1 


ii(N + l,X,q,h) = Y E 


E 

/ci —0 


-)N — 2+1 


ki =0 ki- 1=0 

x (TV — ki — ki -1 — - - • — /c 2 — fci — * -I-1)! 
x (n + 1 + ^ x i\ flV - A* + ^ x (i - 1) 

x (n - ki - ki-i - 1 + ^ x (i - 2) 

1 ' ki- 2 


x yN — ki — ki-i — ki -2 — 2 + — x (i — 3) 

2 / ki — 3 

x ^TV — ki — ki-i — ki —2 — ••• — k 2 — i + 2 + - 

Therefore, by (2.20), we obtain the following theorem. 

Theorem 1. For TV = 0, 1, 2,, the nonlinear functional equation 

N 


has a solution 


where 


N\F n+1 = Y <k(N, A, q, h)( 1 + 

i—0 

F = F(t, A, q, h) = qh{1 + Xt)2 /x + 1 ’ 

ao{N, A, q, h) = 2 n N\, 
a N {N,X,q,h) = 1, 

N—i N—ki—i N—ki - k^—i 

a z {N,X } q,h) = Y E 

ki—0 ki- 1=0 

x (TV — ki — ki ~i — — k 2 — k\ — i)\ 


Y Vi 11 -*) 

fci— o 


N—i 


x(N+^xi) (N-ki-l + ^x{i-l) 

1 ) ^ \ 1 / ki^ 

x (TV -ki- ki -1 - 2 + E (i - 2) 

2 ' ki — 2 


x ( TV - ki - h -1 - ki —2 — 3 + - x (T — 3) 


ki -3 


x ( A/ - — ki — ki -1 — ki —2 — - - - — k 2 — i + 1 + — 


( 2 . 20 ) 


From (1.1) and (1.2), we note that 


JV+l 


Ar!F " +1 = ™ U-(l + A^A + l J = ^EEr’EA)^. 

From (2.5), we note that 

^ ) = (^) i ni,A,g,/ l ) = E^+E( A )|r 


r\ OXJ ,7 

o X i^,. , , N 


( 2 . 21 ) 


( 2 . 22 ) 


1=0 
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On the symmetries of the second kind (h, g)-Bernoulli 

polynomials 

C. S. RYOO 

Department of Mathematics, Hannam University, Daejeon 34430, Korea 


Abstract : In this paper, by applying the symmetry of the fermionic p-adic (/-integral on Z p , we 
give recurrence identities the second kind (h, gj-Bernoulli polynomials and the sums of powers of 
consecutive (h, (/)-odd integers. 
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numbers and polynomials. 
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1. Introduction 

Bernoulli numbers, Bernoulli polynomials, (/-Bernoulli numbers, (/-Bernoulli polynomials, the 
second kind Bernoulli number and the second kind Bernoulli polynomials were studied by many 
authors(see [1-8]). Bernoulli numbers and polynomials posses many interesting properties and arising 
in many areas of mathematics and physics. In [5], by using the second kind Bernoulli numbers Bj and 
polynomials Bj(x), we investigated the (/-analogue of sums of powers of consecutive odd integers(see 
[6]). Let k be a positive integer. Then we obtain 

i =0 

In [4], we introduced the second kind (h, (/)-Bernoulli numbers B^ q and polynomials B^ q {x). By 
using computer, we observed an interesting phenomenon of ‘scattering’ of the zeros of the second kind 
(h, (/{-Bernoulli polynomials Bn]\(x) in complex plane. Also we carried out computer experiments 
for doing demonstrate a remarkably regular structure of the complex roots of the second kind 
(h, (/{-Bernoulli polynomials B^l(x). In this paper, we give recurrence identities the second kind 
(h, (z)-Bernoulli polynomials and the sums of powers of consecutive (h, (/{-odd integers. 

Throughout this paper, we always make use of the following notations: N = {1,2,3, •••} 
denotes the set of natural numbers, Z denotes the set of integers, R. denotes the set of real numbers, 
C denotes the set of complex numbers, Z p denotes the ring of p-adic rational integers, Q p denotes 
the field of p-adic rational numbers, and C p denotes the completion of algebraic closure of Q p . Let 
v p be the normalized exponential valuation of C p with |p| p = p - "?^) = p -1 . When one talks of 
(/-extension, q is considered in many ways such as an indeterminate, a complex number q £ C, or 
p-adic number q € C p . If q € C one normally assume that |(/| < 1. If q £ C p , we normally assume 
that |g — l| p < p - ? 31 so that q x = exp(xlogg) for |x| p < 1. For 

g £ UD(Jj p ) = {g\g : Z p —> C p is uniformly differentiable function}, 
the p-adic (/-integral was defined by [2, 5] 

P N -i 

r 2. A_ 

!q{9) = / g{x)dfj, q (x) = ^ g{x)q x . 

dz p _>00 L P l x =o 
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The bosonic integral was considered from a physical point of view to the bosonic limit q —> 1, as 
follows: 

v N -i 

r ^ p _ 

h{g) = lim I q (g) = / g(x)dm{x) = lim V g(x) (see [2]). (1.1). 

q-> 1 TV—^oo z ' 


21—0 


By (1.1), we easily see that 
where g\{x) = g(x + 1) and g'(0) = 


h{gi) = h(g)+g'(0), 

dg(x )| 


( 1 . 2 ) 


dx ' x ~° 

First, we introduce the second kind Bernoulli numbers B n and polynomials B n (x). The second 
kind Bernoulli numbers B n and polynomials B n (x) are defined by means of the following generating 
functions (see [3]): 

2te t ^ d t n 
-2^ Bn nV 


e* L — 


n —0 


and 


2te t 

e 2t _ l 


= 'E B n( X )~J 


n —0 


respectively. 

The second kind (ft, g r )-Bernoulli polynomials, B^l(x) are defined by means of the generating 
function: 


' y / n—0 


(1.3) 


The second kind (ft, g)-Bernoulli numbers E^l are defined by means of the generating function: 

(1.4) 


(/; log q + 2t)e t = ^ {h) t n 
1 ^ n ’ q n\' 


q h e 2t 


n—0 


(1.5) 


In (1.2), if we take g(x) = q hx e( 2x + 1 ) t , then we have 

[ = {hi J l +2t)C ‘ . 

J z p q e - 1 

for |f| < h £ Z. In (1.2), if we take g{x) = e 2nxt , then we also have 

= ? 1^,. (1.6) 

for \t\ < p~p =T . It will be more convenient to write (1.2) as the equivalent bosonic integral form 

[ g(x + l)dm(x) = [ g(x)dfj, 1 (x)+g'(0), (see [2]). (1.7) 

J hp J Z p 

For n £ N, we also derive the following bosonic integral form by (1.7), 



g(x + n)dpi(x) 



n—1 

x)dgi{x) + g'{k), where g'(k) 

fc=o 


dg{x) | 
dx ' x ~ k 


( 1 . 8 ) 


In [4], we introduced the second kind (ft, g)-Bernoulli numbers B^l and polynomials Bn l ) q (x) 
and investigate their properties. The following elementary properties of the second kind (ft, q)- 
Bernoulli numbers B^ q and polynomials B^l(x) are readily derived form (1.1), (1.2), (1.3) and 

(1.4). We, therefore, choose to omit details involved. 
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Theorem 1. For h € Z, q € C p with |1 — q\ p < p v - 1 , we have 

B ( n h) q = f q hx (2x+l) n dy 1 (x), 

Jz p 

B™{x) = j q hv (x + 2y + l) n d^(y). 


Theorem 2. For any positive integer n, we have 


i —n \ / 


(h) ~n—k 


k =0 

Theorem 3. For any positive integer ra, we obtain 

m— 1 


B { n h) q (x) = m- 1 ]T 


i=0 


2i + x + 1 — to 


for n > 0. 


2. On the symmetries of the second kind (h, (^-Bernoulli polynomials 


In this section, we assume that q € C p and h € Z. We investigate interesting properties of 
symmetry p-adic invariant integral on Z p for the second kind (h, g)-Bernoulli polynomials. W also 
obtain recurrence identities the second kind (h, g)-Bernoulli polynomials. 

By (1.7), we obtain 


h\ og 

By (1.8), we obtain 
h log 


1 - (f q hx q hn e( 2x+2n+1)t diH{x) - [ q hx dy x {x) 

9 + 2 * \Jz P J z P , 

n J z q hx e^ x+1 ^dyi{x) 


( 2 . 1 ) 


f z q hnx e 2ntx dy 1 (x ) 


-- -( f q^q^e^+^+^dy^x) - [ q hx e^ 2x+1 ^ dy^x) 

q + 2t yj Zp j Zp y 


oo / n—1 


( 2 . 2 ) 


= £ £9 w ( 2i + 1 )* 


/c—0 \ 7—0 


k\' 


For each integer k > 0, let 


og(n) = l fc + q h 3 k + q 2h 5 fc + q 3h 7 k + • • • + q nh {2n + l) fe . 

The above sum 0^ {n) is called the sums of powers of consecutive (h,q )~odd integers. From the 
above and (2.2), we obtain 


1 


h log q + 2t 


J q hx q hn e^ 2x+2n+r>t dy\{x) — J q hx e ( - 2x+1)t dy 1 (x)\ ^ 


(2.3) 


= 5 Z°S( n - 1 )fcr 


k—0 


Thus, we have 


oo / rt a \ . oo j.k 

Y,\q hn q hx (2x + 2n + l) k dy 1 (x)- / g h *(2x + l) k dy 1 (x) L = ^(/ilog^og^-l)^ 
fc=0 V ^ Z p ^ z p / ‘ fc=o 
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By comparing coefficients — in the above equation, we have 

k\ 

(h log q + 2t)0^ q (n — 1) 

= [ q hx (2x + 2n + \) k dm{x) — f q hx (2x + l) k d^\{x) 


By using the above equation we arrive at the following theorem: 

Theorem 4. Let k be a positive integer. Then we obtain 

q hn BW(2n) - B™ = h log qO^n - 1) + 2 kO^Jn - 1). 


(2.4) 


Remark 5. For the alternating sums of powers of consecutive integers, we have 


lim (h log qO { k h) q (n - 1) + 2kO^} l q {n - 1)) = ^(2* + l) fc 1 

2=0 

B k (2n) - B k 


2k 


for k £ N. 


By using (2.1) and (2.3), we arrive at the following theorem: 
Theorem 6. Let n be positive integer. Then we have 


n L g ftx e( 2x+1 ) t d/ii(a;) °° / ... x 

qhn Xe 2nt XdlIl (x) = E “ X) ) 


m\ 


(2.5) 


Let Wi and W 2 be positive integers. By using (1.5) and (1.6), we have 

f f q Hwixi+W2X 2 ) e (w 1 (2x 1 + l)+w 2 (2x 2 + l)+w 1 w 2 x)t d ^, x \ d ^, x \ 

U i'Up eup 

L q hw i w * x e 2w i w * xt dii,i(x) 

J £,p 

_ {h\ogq + 2t)e Wlt e W2t e WlW2Xt {q hwiW2 e 2wiW2t - 1) 

^qhwi g2wit _ 2 ) (qhw2 g2w2t _ 

By using (2.4) and (2.6), after calculations, we obtain 


S=\ — 

\ Wi J z 


r , , \ (W! L q h '» 2 * 2 eV X 2 + 1 K W 2 t '>dn ifeU 

/ q hwiXl e {wi{ 2 xi+ 1 ) +WlW 2 x)t d^{ Xl ) - p—. -X-—-—- 

J z ) \ Sz q hwiW2X e 2wiW2tx d^{x) J 


( i °° ftn \ ( 00 j.m 

= — £ B £U ( W 2 

\ m= 0 ’ / \m=0 ’ / 

By using Cauchy product in the above, we have 


( 2 . 6 ) 


(2.7) 


oo / m 


5 =£ £ 


m =0 \j =0 

By using the symmetry in (2.7), we have 


™) B j%( w 2 x ) w i 1 °m-j,q'“ a (wi-l)w 2 J 


s = l — 

\ W 2 


W2 


Y! B m,q™ 2 {w^W?— ( w 2 ~ 1)^1 


m =0 


\m—0 


( 2 . 8 ) 


/■ , , \ (w 2 L q hwiXl e^ 2 xi+ 1 ^ Wlt '>d^ 1 (x 1 )\ 

/ g^^ e (t« 2 (2x 2 +l)+ WlW2 x)t d ^ --————- 

J Zp J \ /z q hwiU> 2 X e 2 wiW 2 tx dni(x) J 
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Thus we have 


s = E E \ B J h <i' V2 ( w i x ) w 2 1 0 ( n h l ) _ j q n, 1 (w 2 - l)t 

m—0 \j =0 ' 


By comparing coefficients —- in the both sides of (2.8) and (2.9), we arrive at the following theorem: 

ml 

Theorem 7. Let w± and W 2 be positive integers. Then we obtain 

m , x 

E { ( W ^ X ) W l~ 1 Om-j !q v> 2 (Wl - 1 )w™~ 3 

3=0 V J ' 

m , v 

= E \^) B 3 h ^2^x)wf 1 0^ ) _ j qW1 {w 2 - 

where B[ h q (x) and Om\(k) denote the second kind (h, (^-Bernoulli polynomials and the sums of 
powers of consecutive (h, g)-odd integers, respectively. 

By using Theorem 2, we have the following corollary: 

Corollary 8. Let w i and w 2 be positive integers. Then we have 

EE f7) -1) 

j=0k—0 J W 

- V' n (h) , _ ^ 


= EE (j J V2* ** 3 


By using (2.6), we have 


/ 1 r \ (wi L ^x 2 e (2* 2 +i)(™ 2 t) d /,r 2 ) 

S = - p w 1 w 2 xt / h Wl x le (2 Xl +l) Wl t d ( ) ---—-—- 

y-w i 7 Zp v y y J^q hw ^ x e 2w ^ tx diJ, 1 (x) 

= ( — e ^ w 2 Xt f qhwix le (2x l +l)w 1 t d , X 1 C\ ( qW 2 hj e (2j+l)(w 2 t) 


= E 


jW 2 hj / qhw ixi e 


2xi + l+w 2 x+(2j+l) - (wit) 

u, i/ 


OO / U>1 — 1 


= £ I £ ( w+ (2 j + i)^ 


n —0 \ j—0 


n—1 1 t 


nV 


By using the symmetry property in (2.10), we also have 


/ 1 r \ (w 2 L q hw ' x 'e( 2 x ' + 1 K w ^dnAx{) 

s = e W!W 2 xt / hw 2 X 2 e ( 2 X 2 + l)w 2 t d ( ) ---—— —- 

\ w 2 7 Zp J \ fz p Q hwiW2Xe WlW2 dm{x) 

= ^—e WlW2Xt j q hw2X2 e^ 2x2+1 ^ W2t d/j,i(x 2 )^ f E q Wlhj e {2j+1)t - wit '> 


= E 


/ qhw 2 x 2 e 


2 a :2 + l+ttfi:c+(2j-|-l)- (^ 2 *) 

U ’2/ d m (s 2 ) 


OO / 1112 — 1 


= E I E B n,l-2 ( WlZ + (2j + 1) 


n—0 \ j—0 


™i\ \ t 
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t n 

By comparing coefficients — in the both sides of (2.10) and (2.11), we have the following theorem. 

n\ 

Theorem 9. Let W\ and W 2 be positive integers. Then we obtain 

W i — l 


,W2 hj 

Q 


E« 

3=0 
W2 — 1 

= E Q wlhiB £l* 

3 =0 


. W 2 


1 ( ™2X + (2 j + l)^ 1 ) < 


tcix + (2j + 1) 


w 2 


( 2 . 12 ) 


,,n— 1 


Observe that if h = 1, then (2.12) reduces to Theorem 5 in [9](see [5, 9]). Substituting w\ = 1 into 
(2.12), we arrive at the following corollary. 

Corollary 10. Let u> 2 be positive integer. Then we obtain 

102 — 1 

/ t \ I nr - 7/Jr, —I— / 1 -A— I \ 

(2.13) 


Bi h i(x)=wr 1 E 

1=0 


x — w 2 + 2j + 1 


V)2 


The Corollary 10 is shown to yield the known distribution relation of the second kind (h, q)- 
Bernoulli polynomials(see Theorem 3). Note that if q —> 1, then (2.13) reduces to distribution 
relation of the second kind Bernoulli polynomials(see [8]). 

Corollary 11. Let u >2 be positive integer. Then we have 

102 — 1 

B n {x) B « 


3—0 


X — W2 + 2j + 1 


W 2 
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SOME NEW FUZZY BEST PROXIMITY POINT THEOREMS IN 
NON-ARCHIMEDEAN FUZZY METRIC SPACES 

MUZEYYEN SANGURLU SEZEN \ HUSEYIN I§IK 2 ’t 

Abstract. In this paper, we define fuzzy weak P-property. Then we prove a fuzzy best 
proximity point theorems for 7 -contractions with condition fuzzy weak P-property. Later, 
we give definition of fuzzy isometric distance between two functions in non-Archimedean 
fuzzy metric spaces. Also, we introduce 7 -proximal contraction type -1 and type -2 con¬ 
traction respectively via functions preserving fuzzy isometric distance and providing 
fuzzy isometry. Then, we obtain some fuzzy best proximity results for 7 -proxinral con¬ 
tractions types in non-Archimedean fuzzy metric spaces. Finally, we present some ex¬ 
amples to illustrate the validity of the definitions and results obtained in the paper. 


1. Introduction and Preliminaries 


The Banach contraction principle found by Banach has an important resonance in 
mathematics as well as in other fields [lj. Later, the subject of fixed point theory attracted 
the attention of many aouthors and caused this subject to be discussed in different areas of 
mathematics and different topological spaces. Then, authors intensively introduced many 
works regarding the fixed point theory. On the other hand, the concept of fuzzy metric 
space was introduced in different ways by some authors (see 00 )- Importantly, Gregori 
and Sapena [5| introduced the notion of fuzzy contractive mapping and gave some fixed 
point theorems for complete fuzzy metric spaces in the sense of George and Veeramani, 
and also for Kramosil and Michalek’s fuzzy metric spaces which are complete in Grabiec’s 
sense. At the same time, there are presented by many authors by expanding the Banach’s 
result in the literature (see (9 11 14,16,20,21 j). 

In this work, we prove some fuzzy best proximity point results for mappings providing 
7 -proximal contractions. Then, we give some examples are supplied in order to support 
the useability of our results. Also, we show that our main results are more general than 
known results in the existing literature. 


2010 Mathematics Subject Classification. 47H10,54H25. 

Key words and phrases. 7 -proximal contraction, fuzzy best proximity point, non-Archimedean fuzzy 
metric space. 
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Definition 1. |711 / A binary operation * : [0,1] x [0,1] —> [0,1] is called a continuous 
triangular norm (in short, continuous t—norm) if it satisfies the following conditions: 
(TN-1) * is commutative and associative, 

(TN-2) * is continuous, 

(TN-3) *(a, 1) = a for every a G [0,1], 

(TN-4) *(a, b ) < *(c, d ) whenever a < c, b < d and a, b,c,d£ [0,1]. 

An arbitrary t—norm * can be extended (by associativity) in a unique way to an nary 
operator taking for (aq, x 2 , ..., x n ) G [0, l] n , n G N, the value *(aq, x 2 , ..., x n ) is defined, 
in j4j, by *° = 1 x f = 1, *] =1 %i = *(*"“Jzi, x n ) = *(x x ,x 2 , ...,x n ). 

Definition 2. A fuzzy metric space is an ordered triple (X, M, *) such that X is a 
nonempty set, * is a continuous t-norm and M is a fuzzy set on X 2 x (0, oo), satisfying 
the following conditions, for all x,y, z G X, s,t > 0 : 

(FM-1) M(x,y,t ) > 0, 

(FM-2) M(x,y,t ) = 1 iff x = y, 

(FM-3) M(x,y,t) = M(y,x,t), 

(FM-4) M(x, z,t + s) > M(x , y , t) * M(y, z, s), 

(FM-5) M(x,y, ■) : (0, oo) —s- [0,1] is continuous. 


If, in the above definition, the triangular inequality (FM-4) is replaced by 
(NA) M(x, z,max{t, s}) > M(x,y,t ) * M(y, z, s) for all x,y,z G A", s,t > 0, or equiva¬ 
lently, 

M(x , z, t ) > M(x , y, t ) * M(y, z, t ) 

then the triple (X,M, *) is called a non-Archimedean fuzzy metric space | 6 |. 


Definition 3. Let (X,M,*) be a fuzzy metric space (or non-Archimedean fuzzy metric 
space). Then 


ii 


A sequence {x n } in X is said to converge to x in X, denoted by x n — > x, if and 
only if lim M(x n ,x,t) = 1 for all t > 0, i.e. for each r G (0,1) and t > 0, there 

n—>oo 

exists no G N such that M{x n , x, t) > 1 — r for all n > 7i 0 00 
A sequence {x n } is a M-Cauchy sequence if and only if for all e G (0,1) and t > 0, 
there exists no G N such that M(x n , x m , t) > 1 — e for all m > n > 7i 0 A 

sequence {x n } is a G-Cauchy sequence if and only if lim M(x n ,x n+P ,t) = 1 for 
any p > 0 a7id t > 0 


151 


(iii) The fuzzy metric space (X,M,*) is called M-complete (G-complete) if every M- 
Cauchy (G-Cauchy)sequence is convergent. 
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3 


Definition 4. \18,19 / Let A, B be a non-empty subset 


space ( X , M , *). The mapping g : A ^ A is said to be 


of a non-Archimedean fuzzy metric 
a fuzzy isometric if 


M(gx 1 ,gx 2 ,t) = M(x 1 ,x 2 ,t) 


for all xi,x 2 G A. 


Definition 5. /!?/ For t > 0, a non-empty subset A of a fuzzy metric space (A", M, *) is 
said to be t-approximatively compact if for each x in X and each sequence y n in A with 
M(y n ,x,t) —> M(A,x,t), there exists a subsequence y nk of y n converging to an element 
Vo m A. 


Definition 6 . Let 7 : [0,1) —* M. be a strictly increasing, continuous mapping and 

for each sequence {a n } ne Ar of positive numbers lim a n — 1 if and only if lim 7 (a„) = + 00 . 

n—> 00 n—)<-oo 

Let T is the family of all 7 functions. 

A mapping T : X —s- X is said to be a 7 -contraction if there exists a 5 G (0,1) such that 
M(Tx, Ty,t) < 1 =► 7 (M(Tx,Ty, t)) > 7 (M(x, y, t)) + 5 ( 1 . 1 ) 

for all x, y G X and 7 G T. 


2. Main Results 


In this section, we present some definitions and deduce some best proximity point 
results in non-Archimedean fuzzy metric spaces. 

Let Ao(£) and B 0 (t) two nonempty subsets of a fuzzy metric space (X,M,*). We will 
use the following notations: 

M ( A , B, t ) = sup {M(x, y,t ) : x G A, y G B} ; 

A 0 (t) = {x G A : M(x, y, t ) = M(A, B , t) for some y G B} ; 

B 0 (t) = {y G B : M(x, y, t ) = M(A, B , t) for some x G A} . 

Now, let us state our main results. 


Definition 7. Let ( A , R) 6 e a pair of nonempty subsets of a non-Archimedean fuzzy metric 
space X with A 0 ^ 0. Then the pair (A, B) is said to have the fuzzy weak P-property if 
and ony if 


f M(x 1 ,y 1 ,t) 

1 M(x 2 ,y 2 ,t) 


M(A,B,t) 

M(A,B,t) 


M(xi,x 2 ,t) > M(y 1 ,y 2 ,t) 


where xi,x 2 G A 0 and y\,y 2 G B 0 . 
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Example 8. Let X = RxR and M : X x X x (0, oo) —>• (0,1] be the non-Archimedean 
fuzzy metric given by 


M(x,y,t) 


t 

t + d(x, y) 


for all t > 0 , where d : X x X —» [ 0 , oo) is the standard metric d(x,y) = \x — y\ for all 
x E X. Let A — {( 0 , 0 )}, B — {( 1 , 0 ), (— 1 , 0 )}. Then here, d(A, B) = 1 and M(A, B , t ) = 
Let us consider 

M(ui,xi,t) = M(A,B,t ) 

M(u 2 ,x 2 ,t) = M(A,B,t). 


Herefrom, we have 

(u^Xi) = ((0,0), (1,0)) and (■ u 2 ,x 2 ) = ((0,0), (-1,0)) 

M(u 1 ,u 2 ,t) = M(( 0,0), (0,0), t) = 1 > = M(x l ,x 2 ,t). 

Then it is easy to see that ( A , B) is said to have the fuzzy weak P-property. 


Definition 9. Let A, B be a nonempty subset of a non-Archimedean fuzzy metric space 
(. X , M, *). Given T : A —>■ B and a fuzzy isometry g : A —>■ A, the mapping T is said to 
preserve fuzzy isometric distance with respect to g if 

M(Tgxi,Tgx 2 ,t) = M(Tx 1 ,Tx 2 ,t) 

for all x\,x 2 G A. 


Example 10. Let X = Rx [0,1] and M : X xX x (0, oo) —> (0,1] be the non-Archimedean 
fuzzy metric given by 


M(x,y,t) 


t 

t + d(x, y) 


for all t > 0, where d : X x X —* [0, oo) is the standard metric d(x,y) = \x — y\ for all 
x E X. Let A = {(x, 0) : for all x E R}. Define g : A —>• A by g(x, 0) = (— x, 0). Then 
M(x,y,t ) = t+ ^ Xi y) = M (gx,gy,t), where x = (x 1} 0) and y = (j/i,0) E A. Therefore , g 
is a fuzzy isometry. 


Theorem 11. Let A and B be two nonempty, closed subsets of a non-Archimedean fuzzy 
metric space (X, M, *) such that Ao(t) is nonempty. Let T : A —>■ B be 7 - contraction such 
that T(A 0 (t)) C B 0 (t). Suppose that the pair ( A , B ) has the fuzzy P-property. Then, there 
exists a unique x* in A such that M(x*,Tx*,t) = M(A, B,t). 
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Proof. Let we choose an element xo in A 0 (t). Since T(A 0 (t)) C B 0 (t), we can find x\ G 
A 0 (t ) such that M(xi,Tx 0 ,t) = M(A,B,t)- Further, since T(A 0 (t)) C B 0 (t), it follows 
that there is an element x 2 in A 0 (t ) such that M(x 2 jTxi,t) — M(A, B,t). Recursively, 
we obtain a sequence {x n } in A 0 (t) satisfying 


M(x n+ 1 , Tx n , t ) = M(A, B, t ), for all n G N. 


( 2 , 1 ) 


(A, B) satisfies the fuzzy weak P-property, therefore from (2.1) we obtain 
M(x n , x n+ \, t) > M(Tx n -i,Tx n ,t), for all n G N. 


( 2 . 2 ) 


Now we will prove that the sequence {x n } is convergent in A 0 (t). If there exists no G N 
such that M(Tx no _i,Tx no ,t) = 1, then by (2.2) we get M(x no ,x no+ i,t) = 1 which implies 
x no = x no +i- Therefore, we get 


Tx no Tx n q-)- i V AI(Tx no , Tx no -\-\, t) 1. 

From (2.2) and (|2.3), we have that 


(2.3) 


At (iC no +2) ■I'no+l) t') — At (Tx no -^\ , Tx no , f) 1 V X no J r 2 

Therefore, x n = x no , for all n > n 0 and {x n } is convergent in A 0 (t). Also, we obtain 
M(x no ,Tx no ,t) = M(x no+1 ,Tx no ,t) = M(A,B,t). 


This shows that x no is a fuzzy best proximity point of T and the proof is completed. Due 
to this reason, we suppose that At(Tx n _i,Tx n ,t) ^ 1, for all n G N. In view of (1.1) and 
by (p|), we get 


'y(At(x n ,x n+1 ,t)) > 'y(M(x n -i,x n ,t)) + 5 

> ^(M(x n _ 2 , x n -i,t)) + 25 


> r y(M(x 0 ,Xi,t)) + n5. 


Letting n —> oo , 


from (2.4[) we get 


lim n f(At(x n ,Tx n+ i, t)) = +oo. 

n—)-oo 


Then, we have 


(2.4) 


limM(x n ,x n+1 ,t) = 1. (2.5) 

n—>oo 

Now, we want to show that {x n } is a Cauchy sequence. Suppose to the contrary, that 
{. x n } is not a Cauchy sequence. Then there are e G (0,1) and to > 0 such that for all 
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k € N there exist n(k),m(k ) G TV with n(k) > m(k) > k and 
■M(x n (k) j •Em(k) j to) — 1 ^ ■ 


( 2 , 6 ) 


Assume that m{k ) is the least integer exceeding n{k ) satisfying the inequality (2.6). Then, 
we have 

M-(p^m(k)— 1; 3Cn{k)t to) A 1 £ 

and so, for all k E N, we get 


f £ Af (%n(k) j •^'m(fc) j ^o) 

A TW((Cm(fc)-l, ^o) * Af(*£ra(fc)—1 i •^'n(k ), ^o) 

A TW((Cm(fc)-l, ^o) * (1 £ )■ 


By taking fc —> oo in (2.7) and using (2.5), we obtain 


lim M(x n ( k ),x m f k ),t 0 ) = l- £. 

k—>OC 

From (FM-4), we get 


(2.7) 


( 2 . 8 ) 


5 *^n(fc)+l 7 ^o) ^ ? %m(k) •> ^o) 

^o) 

(^n(fc)lj ^n(fc)+l7 ^o)* 


Taking the limit as k oo in (2.9), we obtain 


lim M(x n (fc)+i, x m (fc) + i, to) 1 £ • 

/c—^oo 


By applying the inequality (1.1) with x = x m (fc) and y = x n ^) 


(2,9) 


( 2 . 10 ) 


7(M(x n (fc) + i, a: m (fc) + i, f)) ^ •^m(fc),^)) T 5. 


( 2 . 11 ) 


Taking the limit as k —> oo in (2.11), applying (1.1), from (2.8), (2.10) and continuitiy of 
7, we obtain 


7(1 - e) > 7(1 - e) + 5 
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which is a contradiction. Tims {x n } is a Cauchy sequence in X. Since A 0 (t) is a closed 
subset of the complete non-Archimedean fuzzy metric space (X,M,*), there exists x* G 
A 0 (t) such that 


lim x n = x*. 

71—>00 


Since T is continuous, we obtain Tx n — y Tx*. Also, from continuity of the fuzzy met¬ 
ric function M, we have M(x n+ i,Tx n ,t) = M(x*,Tx*,t). From ( 2 . 1 ), M(x*,Tx*,t ) = 
M(A, B,t). So, we prove that x* is a fuzzy best proximity point of T. The uniqueness of 
the best proximity point of T. From the condition that T is 7 -contraction, we get 


x\,x 2 € A such that X\ x 2 and M(xi,Txi,t) = M(x 2 ,Tx 2 ,t) — M(A, B,t). 

Then by the fuzzy weak P-property of (A,B), we have M(xi,x 2 ,t) A M(Txi,Tx 2 ,t). 
Also 


Xi ^ x 2 =>■ M(xi,x 2 ,t) ^ 1. 


Hence, 


'y(M(x 1 ,x 2 ,t)) > 7 (M(Txi, Tx 2 ,t)) > 'y(M(x 1 ,x 2 ,t)) + $> r y{M{x 1 ,x 2 ,t)) 

which is a contradiction. Therefore the fuzzy best proximity point is unique. □ 

Corollary 12. Let (X,M,*) be a non-Archimedean fuzzy metric space and A 0 (t) a 
nonempty closed subsets of X. Let T : A —>■ A be a 7 - contraction. Then, there exists 
a unique x* in A. 

Example 13. Let X = [0,1] x R mid M : X xX x (0, 00 ) —» (0,1] be the non-Archimedean 
fuzzy metric given by as in Example \T(\ Let A = {(0, x) : for all x G R }, B = {(1, 2 /) : 
for all y G 1?}. Then here A 0 (t) = A, B 0 (t ) = B, d(A,B) = 1 and M(A,B,t ) = A—. 
Let 7 : [0,1) —* M such that 7 = for all x G X . Now, define T : A —>■ B by 
T(0, x) = (1, |). Then, we get T(A 0 (t)) = B 0 (t ) . Let us consider 

M(ui,Txi,t) = M(A,B,t ) 

M(u 2 ,Tx 2 ,t ) = M(A,B,t). 
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Herefrom, we have {ui,x\) 
from (1.1), we obtain, 


7 ( M(ui,u 2 ,t )) 


(0,-zi)) or(u 2 ,x 2 ) = ((0, —f), (0, -z 2 )). Then 
7(M((0,^),(0,=f),t))=7( * „, ) 

I + g 

1 1 _ , t 

1 * > 1 4 I U ~ I' 

6 

'y(M(xi,x 2 ,t)). 


That is, 


'y(M(u 1 ,u 2 ,t)) > 'y(M(xi,x 2 ,t)). 

Therefore, there exixts a 5 G (0,1) such that 
'y(M(u 1 ,u 2 ,t)) > 'y(M(x 1 ,x 2 ,t)) + 5 

Then it is easy to see that T is a 7 - contraction and (0, 0) is a unique fuzzy best proximity 
point ofT. 


Definition 14. ( 7 - proximal contraction of Type-1) Let A and B be two nonempty subsets 
of a non-Archimedean fuzzy metric space (A", M, *) such that A 0 (t ) is nonempty. Suppose 
that a mapping T : A —>■ B is said to be a 7 - proximal contraction if there exists a 5 G (0, 1) 
for all ui,u 2 ,xi,x 2 G A" such that 

( M{u\,Tx\,t) — M(A,B,t) 

< M(u 2 ,Tx 2 ,t) — M(A,B,t) => 7 ( 714 ( 1 / 1 , 1 x 2 , t)) > 7 (M(xi, x 2 , t)) +5. (2.12) 

[ M(ui,u 2 ,t),M(xi,x 2 ,t) < 1 

Definition 15. (7 -proximal contraction of Type-2) Let A and B be two nonempty subsets 
of a non-Archimedean fuzzy metric space (A", M, *) such that A 0 (t ) is nonempty. Suppose 
that a mapping T : A —>■ B is said to be a 7 - proximal contraction if there exists a 5 G (0, 1) 
for all Ui,u 2 ,Xi,x 2 G X such that 


( M(ui,Txi,t) — M(A, B,t) 

< M(u 2 ,Tx 2 ,t) — M(A,B,t) j(M(Tui,Tu 2 ,t)) > 'y(M(Tx l ,Tx 2 ,t))+5. 

{ M(Tu 1 ,Tu 2 ,t),M(Tx 1 ,Tx 2 ,t) < 1 

(2.13) 

Theorem 16. Let A and B be two nonempty, closed subsets of a non-Archimedean fuzzy 
metric space (X,M,*) such that A 0 (t ) is nonempty. Suppose that T : A —s- B and 
g : A —>• A satisfy the following conditions: 
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(i) T(A 0 (t)) C B 0 {t), 

(ii) T : A —s- B is a continuous 7 -proximal contraction of type-1, 

(in) g is a fuzzy isometry, 

(iv) Ao(t ) C g(Ao(t)). 

Then, there exists a unique element x in A such that M(gx,Tx,t ) = M(A,B,t). 


Proof. Let we choose an element x 0 hi A 0 (t). Since T(A 0 (t)) C B 0 (t) and A 0 (t) C 
g(A 0 (f)), we can find X\ G A 0 (f) such that M(gx\,Txo,t ) = M(A, B,t). Further, since 
Tx 1 G T(Ao(i)) C £> 0 (t) and and Ao(i) C g(A)(f)), it follows that there is an element X2 
in A 0 (f) such that M(gx 2 ,Tx\,t) = M(A, B,t). Recursively, we obtain a sequence {x n } 
in A 0 (t) satisfying 

M(gx n+ i, Tx n , t) = M(A, B, t), for all n £ N. (2-14) 


Now we will prove that the sequence {x n } is convergent in Ao(t). If there exists no G N 
such that M(gx no ,Tx no+ i, t ) = 1 , then it is clear that sequence {x n } is convergent. Hence, 
let M(gx no , gx nQ+ i, t) 7 ^ 1, for all n G N. From T is a 7 -proximal contraction of type-1 
and (2.14), we have 

l(M(gx n , gx n+ i, t)) > 7 (M(x n _i, x n , t)) + 5 
=^'y(M(x n ,x n+ i,t)) > 7 (M(x n _i, x n , t)) + <5 


> 7 (M(x 0 ,Xi,f)) + nS. 


(2.15) 


Letting n —> 00 , from (2.15) we get 
limy (M(x n ,Tx n+ i,t)) = + 00 . 


Then, if we similarly continue as the process in the proof of Theorem 11, we have {x n } is 
a Cauchy sequence. 

Since is a closed subset of the complete non-Archimedean fuzzy metric space (. X , M, *), 
there exists x G A 0 (t) such that lim x n = x. 

n—>-oo 

Since T,g and M are continuous, passing to the limit n —» 00 , we have 


M(gx,Tx,t) = M(A, B,t). 

Let x* be in A 0 (t) such that M(gx*,Tx*,t ) = M(A, B , t). Now, we will show that x = x*. 
Suppose to the contrary, let x 7 ^ x*. Therefore, M(x,x*,t ) 7 ^ 1. Since T is a 7 -proximal 
contraction of type -1 and g is an isometry, we have 


7 (M(x,x*,t)) = 7 (M(gx,gx*,t)) > 7 (M(x,x*,t)) + <5 > y(M(x, x*, t)) 
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which is a contradiction. Hence, x = x*. Therefore, the proof of Theorem [16] is completed. 

□ 


If we take g is the identity mapping, we obtain the following result. 


Corollary 17. Let A and B be two nonempty, closed subsets of a non-Archimedean fuzzy 
metric space such that Ao(t) is nonempty. Assume that A is approximateely 

compact with respect to B. Also, suppose that T : A —>• B satisfy the following conditions: 

(i) T(A 0 (t )) C B 0 (t), 

(ii) T : A —$■ B is a continuous 7 -proximal contraction of type-1, 

Then, T has a unique fuzzy best proximity point in A. 


Example 18. Let X = Rx[—2,2] and M 
Archimedean fuzzy metric given by 


M(x,y,t) 


t 

t + d(x, y ) 


X x X x (0, 00) —s- (0,1] be the non- 


for all t > 0, where d : X x X —» [0, 00 ) is the standart metric d(x,y ) = \x — y\ for 
all x G X. Let A = {(x, —2) : for all x G R}, B = {(y, 2) : for all y G R}. Then here 
A 0 (t ) = A, B 0 (t) = B, d(A,B) = 4 and AL(A,B,t) = Let 7 : [0,1) —» M such that 

7 = for all x G X . Now, define T : A —* B and g : A —>■ A by 


T{x, -2) = (|, 2) and g(x, -2) = (-x, -2) 

Clearly, g is fuzzy isometry. Then, we have, we get T(A 0 (t)) = B 0 (t ) and A 0 (t ) = 
g(kL 0 (t)). Let ns consider 


M(gui,Tx,t ) = M(A,B,t ) 
M(gu 2 ,Tx,t) = M(A, B,t). 


Herefrom, we have (ui,xf) = ((—^■,—2),(z 1 ,—2)) or (u 2 ,x 2 ) = ((— y, 
ctazm that T is a 7- proximal contraction type-1. Now, putting U\ 
(zi, —2), n 2 = (——2) and x 2 = (z 2 , —2) in (2.12), we have 


-2), (* 2 ,-2)). VTe 

= (-f,-2),xi = 


' l{M{gu 1 ,gu 2 ,t )) 


7(M((f,-2),(f,-2),t)= 7 (- 


t 


t + 


> 


2 

= 7 (: 


( f , k^i ) 2 l ~( t+ | 2l f - 22 | ) 2 t + l-i - - 2 | 


7(M(xi, x 2 , t)). 


721 


SEZEN 712-726 













J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


FUZZY BEST PROXIMITY POINT THEOREMS 


11 


That is, we have 


'y(M(u 1 ,u 2 ,t)) > 'y(M(x 1 ,x 2 ,t)). 
Therefore, there exixts a 5 G (0,1) such that 
'y(M(u 1 ,u 2 ,t) > 'y(M(x 1 ,x 2 ,t)) + 5. 


Then it is easy to see that T is a 7 - proximal contraction type-1. It now follows from 
Theorem 16 that (0, —2) is a unique fuzzy best proximity point ofT. 


Theorem 19. Let A and B be two nonempty, closed subsets of a non-Archimedean fuzzy 
metric space such that A 0 (t ) is nonempty. Assume that A is approximatively 

compact with respect to B. Also, suppose that T : A —>■ B and g : A —>■ Asatisfy the 
following conditions: 

(0 T(A 0 (t)) C B 0 (t), 

(ii) T : A —>■ B is a continuous 7- proximal contraction of type-2, 

(in) g is a fuzzy isometry, 

(iv) A 0 (t ) C g(A 0 (t)), 

( v) T preserves fuzzy isometric distance with respect to g. 

Then, there exists an element x in A such that M(gx,Tx,t ) = M(A, B,t). Moreover, if 
x* is another element of A such that M(gx* ,Tx* ,t) = M(A,B,t ). 


Proof. Let we choose an element Tx 0 in T(A 0 (t)). Since Tx 0 G T(A 0 (t)) C B 0 (t) and 
Ao(t) C g(A 0 (t)), we can find X\ G A 0 (t) such that M(gx\,Txo,t) = M(A, B,t). Further, 
since T(A 0 (t)) C B 0 (t ) and and A 0 (t) C g(A 0 (t)), it follows that there is an element x 2 
in A 0 (t) such that M(gx 2 ,Txi,t) = M(A, B,t). Recursively, we obtain a sequence { x n } 
in A 0 (t) satisfying 


M(gx n+ i,Tx n ,t) = M(A, B,t), for all n G N. 


(2.16) 


Now we will prove that the sequence {Tx n } is convergent in B. If there exists Hq G N 
such that M(Tgx no ,Tgx no+ i,t) = 1, then it is clear that sequence { Tx n } is convergent. 
Hence, let M(Tgx no ,Tgx no+ i,t) 7 ^ 1, for all n G N. From T is a 7 -proximal contraction 
of type-2, T preserves fuzzy isometric distance with respect to g and (2.16), we have 


l(M(Tgx n ,Tgx n+1 ,t )) 

> 

7 (M(Tx n _i, Tx n , 0) + S 


=> 7 (M(Tx n , Tx n+ 1 , t)) 

> 

'y(M(Tx n -i,Tx n , 0) + S 



> 

7 (M(Tx 0 , Tx 1 , t)) + n8. 

(2.17) 


722 


SEZEN 712-726 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


12 


M. SANGURLU SEZEN, H. I§IK 


Letting n —> oo , from (2.17) we get 
hm'y(M(Tx n ,Tx n+ i,t)) =+oo. 


Then, if we similarly continue as the process in the proof of Theorem 11, we have {Tx n } 
is a Cauchy sequence in B. 

Since B is a closed subset of the complete non-Archimedean fuzzy metric space (. X , M, *), 
there exists y G B such that lim Tx n — y. From the triangular inequality, we obtain 


M(y, A, t) > M(y,gx n ,t) > M(y,Tx n -i,t) * M(Tx n -i,gx n ,t) 

= M(y,Tx n -i,t) * M(A,B,t) 
> M(y , Tx n - 1 , t) * M(y, A, t). 
Passing to the limit as n —> oo in ( |2.18 ), we have 
lim M(y, gx n , t) = M(y,A,t ). 


(2.18) 


Since A 0 (t) is approximatively compact with respect to B, there exists a subsequence 
{gx nk } of {gx n } such that converges to some z in A 0 (t). Therefore, we have 


M(z,y,t) = lim M(gx nk ,Tgx nk _ 1 ,t) = M(y,A,t). 

k—>oc 

Hence, it implies that z G A 0 (t). Since A 0 (t) C g(A 0 (t)), there exists x G A 0 (t) such that 
z = gx. Taking to the limit as lim gx nk = gx and g is a fuzzy isometry, we obtain 

k—>oo 

lim x nk = x. 

k —^oo 

Since T is continuous and {Tx n } is convergent to y, we have 


lim Tx nk = Tx = y. 

k —^oo 

Hence, it follows that 


M(gx,Tx,t) = lim M(gx nk , Tgx nk ,t) = M(A,B,t). 

k —^oo 

Let x* be in A 0 (t) such that M(gx*,Tx*,t ) = M(A,B,t)- Now, we will show that Tx = 
Tx*. Suppose to the contrary, let Tx ^ Tx*. Therefore, M(x,Tx*,t ) 7 ^ 1. Since T is a 
7 -proximal contraction of type-2 and T preserves fuzzy isometric distance with respect to 
g, we have 

7 (M(Tx,Tx*,t)) = ^{M{Tgx,Tgx *,£)) > 7 (M(x,x*,t)) + <5 > 7 (M(x,x*,t)) 

which is a contradiction. Hence, Tx = Tx*. Therefore, the proof of Theorem [19] is 
completed. □ 
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If we take g is the identity mapping, we obtain the following result. 


Corollary 20. Let A and B be two nonempty, closed subsets of a non-Archimedean fuzzy 
metric space such that A 0 (t) is iioiiempty. Assume that A is approximateely 

compact with respect to B. Also, suppose that T : A —>• B satisfy the following conditions: 

(i) T(A 0 (t)) C B 0 (t), 

(ii) T : A —$■ B is a continuous 7 -proximal contraction of type-2, 

Then, T has a unique fuzzy best proximity point in A. Moreover, if x* is another fuzzy 
best proximity point T, then Tx = Tx*. 


Example 21. Let X = [0,1] x R and M : X x X x (0, 00 ) —>■ (0,1] be the non-Archimedean 
fuzzy metric given by 


M(x,y,t) = 


t 


t + d(x, y ) 

for all t > 0, where d : X x X —> [0, 00 ) is the standart metric d(x,y ) = \x — y\ for 
all x G X. Let A = {(0, x) : for all x G 1?}, B = {(1, 2 /) : for all y G R}. Then here 
A 0 (t ) = A, B 0 (t) = B, d(A, B ) = 1 and M(A,B,t ) = Let 7 : [0,1) —» R such that 
7 = - 7 = for all x G X . Now, define T : A —>■ B and g : A —>■ A by 


T{ 0, x ) = ( 1 , |) and g( 0 , x) = ( 0 , -x) 

Clearly, g is a fuzzy isometry. Then, we have, we get T(A 0 (t)) = B 0 (t ) and A 0 {t) = 
g(A 0 (t)). Let us consider 


M(gui,Tx\,t ) = M(A,B,t ) 
M(gu 2 ,Tx 2 ,t ) = M(A,B,t). 


. Clearly, T is preserve isometric distance with respect to g. That is M(Tgxi,Tgx 2 ,t) = 
M(Txi,Tx 2 ,t). We claim that T is a 7 — proximal contraction type-2. Now, putting v.\ = 
(0, — xi = (0, Z\), u 2 = (0, —^5 ) and x 2 = (0, z 2 ) in (2.13), we have 


7 (M(Tg Ul ,Tgu 2 ,t) = f), (1, f), t) = 7 ( 


1 — zn\ ' 


9 n v-, + | Z1 _ Z2 | 


> 


1 - 


= t(- 


t 


t+W=JL 2l 

= 7(M (Tx\,Tx 2 , t)). 

Since, T preserves isometric distance with respect to g, we have 


1_ t ' 4- _J_ \Z1~Z 2 \ 

t+ l£l=£2i + 3 


) 


' j(M(Tui,Tu 2 ,t )) > 'y(M(Txi,Tx 2 ,t)). 
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Therefore, there exixts a 5 G (0,1) such that 

7 f(M(Tu 1 ,Tu 2 ,t )) > ' y(M(Tx 1 ,Tx 2 ,t )) + S. 


Then it is easy to see that T is a 7 - proximal contraction type-2. 
Theorem 19 that (0, 0) is a unique fuzzy best proximity point ofT. 


It now follows from 
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Abstract: The aim of this paper is to find exact solutions for the conformable fractional Harry Dym 
Equation. In this work we deal with three different forms of conformable fractional Harry Dym Equation 
and for each form a suitable wave variable substitution is found. Each substitution transform its 
corresponding problem to an ordinary differential equation, What is more, the resulted ordinary 
differential equations in the three cases are the same. General solutions are obtained by applying the 
direct integration method on the resulted ordinary differential equation. These obtained solutions are 
found for some particular choices for the constants values. The behavior of every solution is discussed 
and illustrated in graphs. The tedious integrals and difficult computations associated with calculations in 
this paper are performed and simplified by using Mathematica 9.0. 

Keywords: Conformable fractional derivative, Harry Dym Equation, Conformable Harry Dym Equation, 
Exact solutions. 

1. Introduction 

Recently, differential equations with fractional derivatives attracted the interest of many researchers; 
since such equations describe effectively many phenomena in applied sciences such as physics, biology, 
technology, and engineering [3, 7, 14], 

Harry Dym equation (HD) was so named related to the name of its discoverer Harry Dym in his 
unpublished paper 1973-1974, although it appeared to first time in Kruskal and Moser [9], HD equation 
represents a system which gathers non-linearity and dispersion, also it is a completely integrable 
nonlinear evolution equation which obeys an infinite number of conservation laws, but it does not have 
the Painleve property. More properties for HD equation discussed in details can be found in the reference 
[4], Moreover HD equation can be connected to the Korteweg-ge Vries equation which has many 
applications in hydrodynamics [4, 15]. 

Many efforts have been done to find exact and approximate solutions for both HD equation and 
fractional HD equation like algebraic geometric solution of the HD equation[13], solitions solutions of the 
(2+1) dimensional HD equation via Darboux transformation [2], explicit solutions for HD equation [1], 
exact solution of the HD equation [12], an efficient approach for fractional HD equation by using sumudu 
transform [10], symmetries and exact solutions of the time fractional HD equation with Rieman-Liouville 
derivative [5], and a fractional model of HD equation and its approximate solution [11], 

Fractional derivatives have many definitions [14] but the most used of these definitions are Riemann- 
Liouville derivative and Caputo derivative. They were defined as follows: 

(i) Riemann - Liouville Definition. For a G [n-1, n), the a derivative of / is: 
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j ^ /(*) dx 

T(n-a) dt n •'a (t—x) a 11+1 


(ii) Caputo Definition. For a e [n-1, n), the a derivative of / is: 


ozm = 


i r f (n) M 
F(n — a) J a (t — x) a ~ n+1 


Recently, a new definition called conformable fractional derivative was introduced by authors in 
[6], Since then the interest of it keeps growing and many equations were solved using such definition [8]. 
In this paper we intend to find exact solutions for fractional HD equation in the sense of this definition 
rather than Rieman-Liouville definition or Caputo definition. The rest of the paper is organized as 
follows: Basics of conformable fractional derivative are stated in section 2, in section 3 solutions for 
conformable fractional HD equation are found, in section 4 some examples are discussed. 


2. Basic results on conformable fractional derivatives. 


Now, Let us summarize the basic properties of the conformable fractional derivative definition. 


Definition [6]: Given a function/: [0, oo) —> 
derivative of order a is defined as 


L And t > 0, a E (0,1], then the conformable fractional 


T a (/)(0 = lim, 


e ->0 ' 




T a is called the conformable fractional derivative of / of order a . 

Let /“(£) stands for T a (/)(£) = ^ . 

If / is a-differentiable in some(0, b), b > 0, and lim t ^ 0 + f a (t) exists, then by definition: 
/“(0) = lim t _ >0 +/“(t) 

Theorem 1 [6]: Let a E (0, 1] and f, g be a-differentiable at a point t > 0. Then 

1. T a (af + bg) = aT a (/) + b T a ( g ), for all a, b E M. 

2. T a (t p ) = pt p ~ a for all p E R. 

3. T a (A) = 0 for all constants functions f(t ) = A. 


4. T a (fg) =fT a (g) + g T a (/). 

5 f = 9 Ta Ta Cg) 

" \gJ g 2 

6. If, in addition, / is differentiable, then T a (f )(t) 


fl—a f[_ 
dt 
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Theorem 2 [ 8 ]: let / be an a-differentiable function in conformable sense and differentiable and suppose 
that g is also differentiable and defined in the range of /. Then 

T a (fog ) (t) = t l ~ a g (t)f (flf(C)). 

More properties, definitions and theorems as Roll’s Theorem and Mean Value Theorem for 
conformable fractional derivative are expressed in the work [ 6 ], 


3. Fractional Harry Dym Equation. 

The classical HD equation is: 


Uf- - ZL Ky 


0 ) 


Where u(x, t) is a function of two real variables x and t. 
Let us write: 


u? = T?u = 


u 


dt c 


u 


d a u 

= T?u = -— 

* dx a 


(oOC) rri ( 3 (X ) rji (Y rri (Y rri (V 

u x = Tf u = Tf Tf Tfu , 


Now we will solve three fractional forms of(*): 


(i) < = u 3 u xxx . 

( 1 ) 

(ii) u t = u 3 u^ x a \ 

( 2 ) 

(iii) uf = 

(3) 

Where a E (0,1], 



Using suitable wave variable substitution in each form will transform the equation to an ordinary 
differential equation as follows: 

1. For form (i) let the wave variable substitution g = x + ^ t a and u(x, t ) = v( g) . So one can write 
u = v ° g , now apply Theorem 2 to find uf .You will get that uf = t l ~ a g (t)v' (17(f)) = 

/ o o ill 

cv , also u = v and u xxx = v . Hence equation (1) is transformed to: 

1 o m 

cv = v v (4) 


2. For foim (ii) let the wave variable substitution g = - x a + ct and u(x, t) = v( 17 ) = v ° g. so 
= cv', u 3 = v 3 and u( 3 “' ) = v . Then equation (2) is transformed to: 

/ o m 

cv = v v (4) 
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... . . . lc 

3. For form (iii) let the wave variable substitution rj = -x a + - t a and u(x, t) = 17 ( 17 ). so u 


cv ,u 3 = v 3 and u ^ 3a ' ) = v . Then equation (3) is transformed to: 


cv = v v 


(4) 


Now to solve the resulted ordinary differential equation (4), rewrite it as: 


c 

\2v 2 J 


v +(W) =0 (5) 


Integrate (5) with respect to q, gets 


v + 


c c l 
2V 3 ~ Y 


( 6 ) 


Multiply (6) by v' then integrate with respect to r] yields 


(v ) 2 = - + c t v + c 2 (7) 

v 


Using the separation of variables changes (7) to 


cLrj = ± 


C lU + c 2 v + c 


dv 


( 8 ) 


Integrate both sides of (8) using Mathematica 9.0 you will obtain 


■*/ 


Cil7 + C 2 V + C 


dv + c 3 (9) 


ABCD 


rj = ±i - —[Elliptic E(i sink 1 (G),K) — Elliptic F(i sink 1 (G), tf)] + c 3 (10) 

C\G 


Where: A = 


C^V 1 +C 2 v+C 


B — — c 2 + ^ —4cci + c ^ 2 , C — 1 + 


2c t v 


C 2 -J~4:CC 1 + C2 2 
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D = 



2Cil7 

C 2 +V - 4cc 1 +C 2 2 


G = 


2c-iV 


C 2 +V — 4cc i+C 2 2 


and K = 


C 2 +V—4cc t +c 2 2 
c 2 -V-4cc!+c 2 z 


Elliptic F and Elliptic E are elliptic integrals of the first and second kind respectively. 


For some particular choices to the constants c, c , and c 2 in equation (9) one can get simpler solutions as 
follows: 


2 \v 

• Let c 1 = c 2 = 0 , then rj = ± - v - + c 3 , hence 

V = (c 3 ± (11) 

• Let Ci = 0, c 2 ^ 0, then rj = + ( — CV+C2V -^ log( 2c 2 Vi7 + 2 Jvc 2 2 + c 2 c ) j + c 3 

V C2 c 2 2 J 

Other suggested constants are: 

1. Let c 2 = 2Voq. 

2. Let c 2 = —2 Vcci- 

You can easily using Mathematica 9.0 to perform the integration of equation (9) to get formula of p 
after you determine the suggested constants, however the difficulty that faces is how to get v with 
respect to p explicitly , except the formula in (11), this what was discussed in [12], Hence it seems that 
formula (11) is the only explicit solution for equations (1), (2) and (3). So results can be summarized as 
follows: 

• The solution of equation (1) is u(x, t ) = (c 3 + ^ yfc ( x + ^ t a ))!. 

• The solution of equation (2) is u(x, t) = (c 3 + -yfc (~x a + ci) )1. 

3 1 c 2 

• The solution of equation (3) is u(x, t) = (c 3 + -yfc (~x a + ~t a ) ) 2 ■ 
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Remarks: 


1. The same ordinary differential equation is obtained from the three different forms of conformable 
fractional Harry Dym- Equation after using special wave variable for each form. 

2. A function could be a-differentiable at a point but not differentiable, illustrating example was discussed 
in [6], 

4. Examples. 

Example 1: Let a = 0.7 , for the graph of equation (1) solution u(x, t) = (c 3 +^Vc (x + ^-t“j)3 with 
respect to x and t, with c 3 = 4 and c = 1 see Figure 1. 


u{x, r) 


3. 

2 



0.0 


1.0 


1.0 



for example 1 


Example 2: The graph of equation (1) solution u(x, t) = (c 3 + (*+i t «)) 5 


3 versus x at t = 1, 


c 3 = 4 and c = 1 for different values of a is in Figure 2. 
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o(x, t) 



— 

- Q=1 

— q=0.9 

q=0.7 


Fig. 2 The graph of u(x, t) = (4 + ^x + ij)3 versus x at t = 1 at a — 1,0.9 and 0.7 
for example 2 


3 1 

Example 3: Let a = 0.9 , for the graph of equation (2) solution u(x, t) = (c 3 + - Vc (-x“ + ct) ) 
with respect to x and t, with c 3 = 4 and c = 1 see Figure 3. 
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Example 4: The graph of equation (2) solution u(x, t) = ^4 + j (~ x<z + f) j versus x at t = 0, c 3 = 
4 and c = 1 for different values of a is in Figure 4. 


— 

Q=1 


<r=0.9 


a= 0.7 




Fig. 4 The graph of u(x, t) = (4 + ^ Q x a + t ))s versus x at t = 0 at a = 1,0.9 and 0.7 
for example 4 

Example 5: Let a = 0.9 , for the graph of equation (3) solution u(x, t) = (c 3 + -yfc (-x a + 
with respect to x and t, with c 3 = 4 and c = 1 see Figure 5. 
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Example 6: The graph of equation (3) solution u(x, t) = (c 3 + j yfc (^-x“ + ^ t“) )s versus x at t = 1 
, c 3 = 4 and c = 1 for different values of a is in Figure 6. 




3 /1 1 \ _ 

Fig. 6 The graph of u(x, t) = (4 + - l-x a + -t“J)3 versus x at t = 1 at a = 1, 0.9 and 0.7 for 
example 6 
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1 Introduction 


The g-analogue of any real number t is defined as \t\ q = and the q-factorial, denoted by [n\ q \, is 
defined [1, 2] as 


I 




[n] q x [n-l\ q 
The q-analogue of (a + x) n , denoted by (a + x) q , 


if n = 0, 

x • • • x [1] 9 if n = 1,2,.... 
is defined [3] as 


(1) 


(a + x )£ 


1 n = 0, 

nr=o(«+rt n=i,2,.... 


( 2 ) 


It is also defined for any complex number a as 

(a + a')“ 


(a + a:)” 

(a + q a x )£° ’ 


(3) 


where (a + x )£° := []^ =0 (a + q m x ), and the principal value of q a is considered, 0 < q < 1. 

Yet, the q-Maclaurin series expansion of ( a + x) q is 


(a + x) q = 

k—0 


% ~ k x k q ( 5 ) 


(4) 


where (^) = ; are called q-binomial coefficients. Expression (4) is called Gauss q-binomial 

formula (see [3], p. 15). In the q-binomial coefficients, if |q| < 1 and n tends to infinity (see [3], p. 30) we 
obtain linin-^oo {^) q = (i- q )k ■ More details about the identities involving q-binomial coefficients can be 
found in reference [4]. 

One can also recall definitions of the q-functions [2, 5, 6] as follows: 


9 (i-(i -Q»r 

E x q =(! + (!- g)*)~ 


OO 


E 

n—0 



hi < i, 


oo 


E 

n—0 



x q 


(s). 


X £ C. 


(5) 

( 6 ) 


It can be seen that e q E q x = 1 and e^ : _, = E x . The product of the two functions are investigated in a 
more detailed way in [6, 7, 8]. The contribution of the corresponding references can be summarized in 
the following theorem: 

Theorem 1. For all x, y £ C the following equation holds 




-^+«r t = 4'+»>> 


n =0 


(7) 


where (x + y) q is defined in (4). 

In the light of aforementioned preliminaries, this paper aims at studying about the q-exponential functions 
more closely. At first, the Gauss q-binomial formula is generalized and based on the formula, some 
properties of the q-exponential functions are established. 
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2 ^-Exponential Functions 

First, let us generalize the (/-binomial formula given in (4). The generalization of the (/-binomial can then 
be carried out as follows. 

Theorem 2. For any x,y, z £ C and positive integer n, the following identity holds: 

(X + *)? = £ (l) (X - z) k q (z + y)r k • (8) 

k= 0 ^ '4 

Proof. The induction is used to prove the theorem. Equation (8) is valid for n = 1. Assuming that (8) 
holds for any n and we show that it holds for n + 1. Then 

i x + y) n q +1 = {x + y)g(q k (z + q nk y) + {x- q k z )) 



Thus, the proof is complete. □ 

It is realized that the identity in Theorem 2 can be re-written as 

(* + *)? = £ (fj (x - z) n q ~ k {z + y) k . ( 9 ) 

k= 0^ '4 

Its proof can be readily derived form the proof of Theorem 2. 

Theorem 2 and its re-expression (9) allow one to conclude the striking identities given as follows: 

• For y = 0 and z = 1, the (/-Taylor expansion of x n about x = 1, (see [3], p. 23) becomes 

*" = E(fc) (*-D5- 

fc=0 ^ / 4 

• For x = 1, y = — ab and z = a, the following identity (see [2], p. 25 ) is obtained 

(1 - ab) n q = £ (?) «- fc (l - <(1 - 6)r fc - 

fc=0 ^ ^4 


• For // = —x, the identity 



= 0 . 


is found. 

• For the case of z = 0 in (9), the (/-binomial formula in (4) is reached. 

• For x = 1, y = —ab and z = b in (9); the identity (see [2], p. 25 ) 


(1 - ab)” = J2 


k—0 


n 


b k (l-a) k Jl-b ) 


n—k 


is stated. 
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Theorem 3. For x,y,z £ C, the following equations hold 


(x + Vfn 


1 {x-z) k 1 


jOO oo 

( z + v)T ~ £ (i - q) k zk ~ 6 


_ o (*“«)* 

9 


and 


(^ + j/)r = g 1 + 1 


(* - z )7 W? 1 (i - q) k xk 

Proof. As n —> oo in equation (8), it is arrived at 


= e, 


i a+tj^ 

(l-g)x 


( 10 ) 


( 11 ) 


n 


(x + y)7 = lim E 

H n—>-oo z ' 

k =0 
n 

= lim ) 

n,—¥ oo • ^ 


n 
k 

k =0 v 7 9 

'n 


-k 


= £ 


k =0 

1 


1 


- z) q (z + y) q 
< ^ ( z + V)q 

{x - z) 'FT^t 


f ( z + v)\ 

(* - 2 )? —~ 


l-«) fe 

Dividing both sides of the last equation by (2 + j/)^° gives 

(^ + <_g 1 ( X ~~ Z )q 1 


^ (i-?) fe zk 


By using Theorem 1, the right hand side of the previous equation can be re-written as e, 
completes the proof of equation (10). In a similar manner, the latter can be proven. 

Example 1. If we take x = 1 and y = —az in equation (11), we will get (see [2], p. 8 ) 

\k 


(1-9)* 


which 

□ 


(1 ~az)7 ^ 1 (z — az) ^(1 -< k ^ 

= Et7T77)-T = L-- lk z = i^o («;-;<?, «)■ 


(1-^ 


k—0 


(1-<?) A 


/c—0 


(1-9) 


The function on the right hand side of the above equation is called basic hypergeometric series and more 
details about it can be found in [2]. 

Now we concentrate about the ^-exponential functions. At first, product of the g-exponential functions 
is given in the next theorem and then some properties of the g-exponential functions are derived. 


Remark 1. For |ar| < 1 and \q\ < 1, the following identity holds 

(i - y)T ^ (x - y)\ 

2^ (1 _ 


( 1 -®) 


00 fl — a ) k ' 

4 k =0 v q,c i 


Theorem 4. For x,y,z £ C, the following identity holds 


p {x+y)q _ p (x-z) q Jz+y) q 
C q '-'q 


( 12 ) 


(13) 


Proof. The identity (7) is taken to expand the g-exponential functions on the right hand side of (13), and 
thus 


P (x-z) q Jz+y) q _ 
^q ^q 


00 1 00 1 

n—0 n—0 


1 


n =0 * q ' k =0 

~ 1 


(x- z) k Jz + y) 


n—k 


= ELnl‘ + « = s S*”'- 

n—0 


□ 
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Corollary 1. For x,z, € <C, the following identity holds 


-O +z) q _ _ 

9 ( z+x) q ■ 

e q 

Proof. By taking y := —x and z := —z in Theorem 4, the requirement can be easily carried out. 


Theorem 5. For x € C and m,n £ Z, the following identity 


( m-n) q x 
C 9 


TT (O' + l )-j)q* 

11 e 9 

j—n 

n f[ e { t U+1))qX 

j=m 


if m > n 


if m < n 


□ 


holds. 

Proof. First, consider the case of m > n. The theorem is proven by induction. For the basis step, 
m = n + 1, the theorem is valid. Take the case m = k, k > n. Then it needs to be proven that it holds 
for the case m = k + 1. By using identity (13) and the induction, it can be reached 

k— 1 k 

Mk+l)-n) q x _ Mk+l)-k) q x (k-n) q x _ ((k+l)-k) q x TT Mj+l)-j) q x _ TT JU+p-j) q x 

v q c 9 v q c q 11 9 11 9 

j=n j—n 


which completes the proof of the first part. 

For the case of m < n, Corollary 1 is used. Then the result of the first part is applied to get 

1 1 ” -1 
{m—n) q x _ _ _ _ _ TT Jj-U + l)) q x 

9 (n—m) q {x) Y\ n ~ 1 e (U+P~j) q x J-J- q 

e 9 j-m 


which completes the proof. □ 

Corollary 2. For x € C, and positive integers m and n, the following identities hold: 

m— 1 

e™ x = e( (j+1) - j) " x , (14) 

3=0 

n—1 

E~ nx = e y-W +1 »« x (15) 

3=0 

Proof. Consideration of (7) with n = 0 and m any positive integer in Theorem 5 leads to the complete 
proof of the first identity. Replacing nr and n values between each other in the first identity gives the 
proof of the second one. □ 

Now then, the n -th q-derivative of the ^-exponential functions is found in the next theorem. 

Theorem 6. For a, f3,x £ C and positive integer n, 

D n e («+P) q x = ( a + fln e (a+( 16 ) 

Proof. We use the induction to prove the theorem. For the case of n = 1, we need to get the g-derivative 
of e < ' q a+l3 ' >gX . So we use equation (7) and then take the g-derivative to obtain 


CO 1 OO 1 

D q e^ x = DJY, tt n (« + P) k q x k ) = (« + P) E + q ^> k = ( a + & 4 a+q0)qX - 

K k=o [Klq - fc=o [M «- 


Assuming that (16) holds for a given k and to prove that it holds for k + 1, we need to obtain the 
g-derivative of D^e^ + ^ qX . Hence 


D k+i e (a+0) q x = Dq (Dk e la+0) t x'j = ( a + ^)fe Dq (e 


<>+9 ««*) = (a 


P) h q 


Thus the proof is complete. 


□ 
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Theorem 7. For |x| < 1, |q| < 1 and any arbitrary a, the following identity holds 

pC 1 ”? 0 )?* __I_ 

9 ( 1-(1 ~q)x)« 

Proof. To prove the theorem, we use equations (3), (5), (6) and (7). Then we have 


(17) 


pP-FiqX — pX 
'-'q 


E~ q x = 
q 


1 

( 1 - (1 -q)x)™ 


(1 - (1 - qh a x)™ 


1 

(i-(i -q) x )q 


which completes the proof. □ 

Remark 2. Equation (17) can be rewritten as e~q 1 ' >qX = (1 — (1 — q)x)“. 

In the next example, we show that the q-binomial theorem (see: [1] P. 247 or [9] P. 488) can be proven 
shortly by using Theorem 1. 

Example 2. For \x\ < 1 and \q\ < 1, 


E 


k=0 


(1-9)* 


E 

k=0 


(!-«),/ 

[*W- [ 


1 ~q' 


= e, 


(1 -o.) q x 
( 1 - 9 ) 


— 


( x 
A 1-9 




(1 - ax)? 

(l-*)§° 


Note that to reach this residt; (7) in the second and third equations, and (5) and (6) in the last equation 
have been considered. 


3 Conclusions and Recommendation 

Some striking properties of the q-exponential functions have been analyzed in detail. In doing so, the 
Gauss q-binomial identity has generalized and based on it, remarkable properties of the q-exponential 
have been established. For further studies, similar discussion can be carried out for q-trigonometric 
functions. 
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Abstract. Neutrosophic quadruple structure is used to study BCI-implicative ideal in BCI-algebra. The conceot 
of neutrosophic quadruple BCI-implicative ideal based on nonempty subsets in BCI-algebra is introduced, and their 
related properties are investigated. Relationship between neutrosophic quadruple ideal, neutrosophic quadruple 
BCI-implicative ideal, neutrosophic quadruple BCI-positive implicative ideal and neutrosophic quadruple BCI- 
commutative ideal are consulted. Conditions for the neutrosophic quadruple set to be neutrosophic quadruple 
BCI-implicative ideal are provided. A characterization of a neutrosophic quadruple BCI-implicative ideal is 
displayed, and the extension property of neutrosophic quadruple BCI-implicative ideal is established. 


1. Introduction 

In [14] . Smarandche has introduced the neutrosophic quadruple numbers for the first time. Using the notion 
of Smarandache’s neutrosophic quadruple numbers, Akinleye et al. 2] presented the notion of neutrosophic 
quadruple algebraic structures. In particular, they studied neutrosophic quadruple rings. Agboola et al. [lj 
studied neutrosophic quadruple algebraic hyperstructures, in particular, they developed neutrosophic quadruple 
semihypergroups, neutrosophic quadruple canonical hypergroups and neutrosophic quadruple hyperrings. Using 
BCK/BCI-algebras, Jun et al. [7j have established neutrosophic quadruple BCK/BCI-algebra, and have studied 
neutrosophic quadruple (positive implicative) ideal in neutrosophic quadruple BCK-algebra and neutrosophic 
quadruple closed ideal in neutrosophic quadruple BCI-algebra. Muhiuddin et al. m have studied neutrosophic 
quadruple g-ideal and (regular) neutrosophic quadruple ideal in neutrosophic quadruple BCI-algebra. Muhiuddin 
et al. |12| also have studied implicative neutrosophic quadruple ideal in neutrosophic quadruple BCK-algebra. 

In this article, we study BCI-implicative ideal in BCI-algebra using neutrosophic quadruple structure. We 
define neutrosophic quadruple BCI-implicative ideal based on nonempty subsets in BCI-algebra, and investigate 
their related properties. We consult relationship between neutrosophic quadruple ideal, neutrosophic quadruple 
BCI-implicative ideal, neutrosophic quadruple BCI-positive implicative ideal and neutrosophic quadruple BCI- 
commutative ideal. We provide conditions for the neutrosophic quadruple set to be neutrosophic quadruple 
BCI-implicative ideal. We discuss a characterization of an neutrosophic quadruple BCI-implicative ideal, and 
establish the extension property of neutrosophic quadruple BCI-implicative ideal. 
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2. Preliminaries 

A BCK/BCI-algebra, which is an important class of logical algebras, is introduced by K. Iseki (see [3J [5]) and 
it is being studied by many researchers. 

A BCI-algebra is a set X with a binary operation and a special element “0” that satisfies the following 
conditions: 

(I) (Vx, y,z £ X) ((( x ■ y) ■ (x • z)) • (z ■ y) = 0), 

(II) (Vx, y £ X) ((x ■ (x • y)) ■ y = 0), 

(III) (Vx £ X) (x ■ x = 0), 

(IV) (Vx, y £ X) (x ■ y = 0, y ■ x = 0 => x = y). 

If a BCI-algebra X satisfies the following identity: 

(V) (Vx G X) (0 ■ x = 0), 

then X is called a BCK-algebra. Any BCK/BCI-algebra X satisfies the following conditions: 


(Vx £ X) (x • 0 = x ), (2.1) 

(Vx, y, z £ X) (x < y => x ■ z < y ■ z, z ■ y < z ■ x), (2.2) 

(Vx, y, z £ X) ((x ■ y) ■ z = (x ■ z) ■ y) , (2.3) 

(Vx, y, z £ X) ((x ■ z) ■ {y ■ z) < x • y) (2.4) 

where x < y if and only if x • y = 0. 

Any BCI-algebra X satisfies the following conditions (see El): 

(Vx, y £ X)(x • (x • (x • y)) = x ■ y), (2.5) 

(Vx, y £ A')(0 • (x • y) = (0 • x) • (0 ■ y)), (2.6) 

(Vx, y £ A)(0 • (0 • (x • y)) = (0 • y) ■ (0 • x)). (2.7) 

An element a in a BCI-algebra X is said to be minimal (see [3|) if the following assertion is valid. 

(Vx £ X)(x < a => x = a). (2.8) 

Note that the zero element 0 in a BCI-algebra X is minimal (see El)- 


A nonempty subset S of a BCK/BCI-algebra X is called a subalgebra of X if x • y £ S for all x, y £ S. A subset 
G of a BCK/BCI-algebra X is called an ideal of A" if it satisfies: 

0 g G, (2.9) 

(Vx £ X) (Vy £ G)(x ■ y £ G => x £ G). (2.10) 

A subset G of a BCI-algebra X is called 

• a closed ideal of X (see El) if it is an ideal of X which satisfies: 

(Vxe X){x£G => 0-xgG), (2.11) 

• a BCI-positive implicative ideal of X (see M) if it satisfies ( |2.9| ) and 

(Vx, y, z £ X) (((x ■ z) ■ z) ■ (y ■ z) £ G, y £ G => x ■ z £ G), (2.12) 
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a BCI-commutative ideal of A (see [TO]) if it satisfies (2.91 and 

(x ■ y) ■ z £ G, z £ G 
=> x-{{y{y x)) • (0 • (0 • (x ■ y)))) £ G 

for all x,y,z £ X, 


(2.13) 


(2.14) 


• a BCI-implicative ideal of X (see 0) if it satisfies (2.9) and 

({(x ■ y) ■ y) • ( 0 - y)) ■ z £ G, z £ G 
=> x • ((y ■ {y ■ x)) • (0 • (0 • (x ■ y)))) £ G 

for all x,y,z £ X. 

Note that every BCI-implicative ideal is an ideal, but the converse is not true (see 0 ). 

Lemma 2.1 (0). A subset K of X is a BCI-implicative ideal of a BCI-algebra X if and only if it is an ideal of 
X that satisfies the following condition. 

((x ■ y) ■ y) ■ (0 • y) £ K => x- (( y ■ (y ■ x)) ■ (0 • (0 • (x ■ y)))) £ K (2.15) 

for all x, y £ X. 

Lemma 2.2 ([TO]). An ideal K of X is a BCI-commutative ideal of X if and only if it satisfies: 

x ■ y £ K => x ■ ((y ■ {y ■ x)) ■ (0 ■ (0 • (x ■ y)))) £ K (2.16) 

for all x, y, z £ X. 

Lemma 2.3 (0). An ideal K of X is a BCI-positive implicative ideal of X if and only if it satisfies: 

((x ■ y) ■ y) ■ (o • y) £ K => x-y £ K (2.17) 

for all x,y, z £ X. 


We refer the reader to the books 0HU for further information regarding BCK/BCI-algebras, and to the site 
“http://fs.gallup.unm.edu/neutrosophy.htm” for further information regarding neutrosophic set theory. 

We consider neutrosophic quadruple numbers based on a set instead of real or complex numbers. 

Let X be a set. A neutrosophic quadruple X-number is an ordered quadruple (a, xT, yl. zF ) where a , x,y,z £ A' 
and T, /, F have their usual neutrosophic logic meanings (see 0)- 

The set of all neutrosophic quadruple A-numbers is denoted by N q (X), that is, 

N q (X) := {( a,xT,yI,zF ) \a,x,y,z£ A}, 

and it is called the neutrosophic quadruple set based on A. If X is a BCK/BCI-algebra, a neutrosophic quadruple 
A-number is called a neutrosophic quadruple BCK/BCI-number and we say that N q ( A) is the neutrosophic 
quadruple BCK/BCI-set. 

Let A be a BCK/BCI-algebra. We define a binary operation □ on N q ( A) by 

(a, xT , yl, zF) □ ( 6 , uT, v /, wF) = (a ■ b, (x ■ u)T, (y ■ v)I, (z ■ w)F) 

for all (a,xT,yI,zF), ( b,uT,vI,wF ) £ N q ( A). Given 01 , 02 , 03,04 £ A, the neutrosophic quadruple BCK/BCI- 
number (oi,o 2 T, a 3 I,a 4 F) is denoted by a, that is, 

a = (ai,a 2 T, a 3 I, o 4 F), 
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and the zero neutrosophic quadruple BCK/BCI-number (0,0T, 01, OF) is denoted by 0, that is, 

6 = (0,0T, 07, OF). 

Then (N q (X);E},0) is a BCK/BCI-algebra (see [J]), which is called neutrosophic quadruple BCK/BCI-algebra , 
and it is simply denoted by N q (X). 

We define an order relation “<S” and the equality “=” on N q (X) as follows: 

x -C y <t=> Xi < yi for i = 1,2,3,4, 
x = y <t=> Xi = yi for i = 1, 2,3,4 

for all x,y £ N q (X). It is easy to verify that “<S” is an equivalence relation on N q {X). 

Let J be a BCK/BCI-algebra. Given nonempty subsets K and J of X , consider the set 

N q (K, J) := {{a,xT,yI,zF) € N q (X) \ a,x £ K k y,z £ J}, 

which is called the neutrosophic quadruple set based on K and J. 

The set N q (K. K) is denoted by N q (K), and it is called the neutrosophic quadruple set based on K. 

3. Neutrosophic quadruple BCI-implicative ideals 

In what follows, let X denote a BCI-algebra unless otherwise specified. 

Definition 3.1. Let K and J be nonempty subsets of X. Then the neutrosophic quadruple set based on K and 
J is called a neutrosophic quadruple BCI-implicative ideal (briefly, NQ-BCI-implicative ideal) over ( X,I\,J) if it 
is a BCI-implicative ideal of N q (X). If K = J, then we say that it is an NQ-BCI-implicative ideal over (X,K). 

Example 3.2. Consider a BCI-algebra X = {0,1, 2, 3,4,5} with the binary operation •, which is given in Table 

□ 

TABLE 1. Cayley table for the binary operation 



0 

1 

2 

CO 

4 

5 

0 

0 

0 

0 

3 

3 

3 

1 

1 

0 

1 

3 

3 

3 

2 

2 

2 

0 

3 

3 

3 

3 

3 

3 

3 

0 

0 

0 

4 

4 

3 

4 

1 

0 

0 

5 

5 

3 

5 

1 

1 

0 


Then the neutrosophic quadruple BCI-algebra N q (X) has 6 4 elements. If we take K = {0,1, 2}, then the neutro¬ 
sophic quadruple set based on K has 81-elements, that is, 

N q {K) = {6, Ci I * = 1,2, • • • , 80}, 
and it is an NQ-BCI-implicative ideal over (A', K) where 
0 = (0, 0T, 01, OF), Cl = (0, 0T, 01, IF), ( 2 = (0,0T, 01 ,2 F), 

Cs = (0,0T, II, OF), c 4 = (0, or, II, IF), Cs = (0, or, u, 2 f ), 

Ce = (0, 0T, 21, OF), ( 7 = (0, 0T, 21, IF), ( 8 = (0,0T, 21,2 F), 

C 9 = (0, IT, 01, OF), Cio = (0, IT, 01, IF), Qi = (0, IT, 01 ,2 F), 
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Cl2 = 

(l5 = 
(l8 = 

C21 = 

C24 = 
C27 = 
(30 = 
C33 = 
C36 = 
C39 = 
(l2 = 
(l5 = 

C48 = 
(51 = 
C54 = 
C57 = 

C60 = 

C63 = 
(66 = 
(69 = 
(72 = 
(75 = 
(78 = 


BCI-implicative ideals of BCI-algebras using neutrosophic quadruple structure 

(0, IT, 17, OF), (l 3 = (0, IT, II, IF), (14 = (0, IT, II, 2 F), 

(0, IT, 21, OF), ( 16 = (0, IT, 21, IF), C 17 = (0, IT, 21, 2F), 

(0, 2T, 01, OF), ( 19 = (0, 2T, 01, IF), C 20 = (0,2T, 01, 2F), 

(0, 2T, 1/, OF), ( 22 = (0, 2T, II, IT), C 23 = (0,2T, 1/, 2T), 

(0, 2T, 2/, 0T), ( 25 = (0, 2T, 2/, IT), C 26 = (0,2T, 2/, 2T), 

(1,0T, 01, OF), ( 28 = (1,0T, 01, IT), C 29 = (1,0T,0/,2T), 

(1,0T, II, OF), Car = (1,0T, 1/, IT), ( 32 = (1,0T, II, 2F), 

(1,0T, 21, OF), ( 34 = (1,0T, 21, IT), ( 35 = (1,0T, 21, 2F), 

(1, IT, 01, OF), ( 37 = (1, IT, 01, IT), C 38 = (1, IT, 01, 2F), 

(1, IT, II, OF), ( 40 = (1, IT, II, IF), (41 = (1, IT, II, 2F), 

(1, IT, 21, OF), C 43 = (1, IT, 21, IT), (44 = (1, IT, 21, 2F), 

(1, 2T, 07,0T), ( 46 = (1, 2T, 0/, IT), C 47 = (1, 2T, 0/, 2T), 

(1, 2T, 1/, 0T), (49 = (1, 2T, II, IT), C 50 = (1, 2T, II, 2F), 

(1, 2T, 2/, 0T), ( 52 = (1, 2T, 2/, IT), C 53 = (1, 2T, 2/, 2T), 

(2, OT, 01, OF), C B6 = (2, OT, 0/, IT), Cse = (2, OT, 01, 2F), 

(2, OT, II, OF), ( 58 = (2, OT, II, IT), C 59 = (2, OT, II, 2F), 

(2, OT, 21, OF), Cei = (2, OT, 2/, IT), C 62 = (2, OT, 21, 2F), 

(2, IT, 01, OF), ( 64 = (2, IT, 01, IT), C 65 = (2, IT, 0/, 2T), 

(2, IT, II, OF), ( 67 = (2, IT, II, IT), Ces = (2, IT, 1/, 2T), 

(2, IT, 2/, OT), ( 70 = (2, IT, 21, IT), ( 71 = (2, IT, 2/, 2T), 

(2, 2T, 07, OT), C 73 = (2, 2T, 07, IT), C 74 = (2,2T, 07, 2T), 

(2, 2T, 17, OT), C 76 = (2, 2T, 17, IT), C 77 = (2,2T, 17, 2T), 

(2, 2T, 27, OT), Ora = (2, 2T, 27, IT), C 80 = (2,2T, 27, 2T). 


Theorem 3.3. Every NQ-BCI-implicative ideal is a neutrosophic quadruple ideal. 


Proof. It is straightforward since every BCI-implicative ideal is an ideal in BCI-algebras. 


□ 


The converse of Theorem |3.3| is not true in general as seen in the following example. 

Example 3.4. Let X = {0, 1,2, 3, 4} be a set with the binary operation •, which is given in Table[2] 


Table 2. Cayley table for the binary operation 



0 

1 

2 

CO 

4 

0 

0 

0 

0 

0 

4 

1 

1 

0 

0 

0 

4 

2 

2 

2 

0 

0 

4 

CO 

3 

3 

2 

0 

4 

4 

4 

4 

4 

4 

0 
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Then X is a BCI-algebra (see [8]), and the neutrosophic quadruple BCI-algebra N q (X) has 625 elements. If we 

take K = {0,1}, then the neutrosophic quadruple set based on K has 16-elements, that is, 

N q {K) = {0,Ci | i = 1,2, •• • ,15}, 

and it is a neutrosophic quadruple ideal over (A', K) where 
0 = (0, 0T, 0/, OF), Cr = (0, 0T, 0/, IF), 

C~2 = (o, or, II, OF), c 3 = (0, or, 1 /, if), 
a = (0, IF, 01, OF), c~5 = (0, IF,o/, if), 

Ce = (0, lr, II, OF), Cr = (0, IT, II, IF), 

Cs = (1, or, 01 , OF), c 9 = (1, or, oi, if), 

Cio = (1, or, II, OF), Ch = (1, or, 1 /, if), 

C 12 = (1,1 T, 01, OF), Ci 3 = (1, IT, 01, IF), 

Cm = (1, IT, II, OF), Cl 5 = (1, IT, II, IF). 

If we take x = (2, 2T, 21,2F) and y = (3, 3F, 3 1, 3F) in N q (X), then 

(((y □ x) □ x) □ (0 □ x)) □ 6 

= ((((3, 3r, 3 1, 3F) □ (2, 2 T, 21, 2F)) □ (2,2 T, 21, 2F))B 

((o, or, oi, of) □ ( 2 , 2 r, 21 , 2 f))) □ ( 0 , or, 01 , of) 

= ( 0 , or, 01 , of) e N q (K). 


But 


y □ ((x □ (x □ y)) □ (0 □ (0 □ (y □ x)))) 

= (3, 3r, 3 1, 3F) □ (((2,2 T, 21, 2 F) □ ((2, 2T, 21,2F) □ (3, 3F, 31, 3F)))H 

((o, or, o/, of) □ ((o, or, o i, of) □ ((3,3r, 3 1 ,3 f) □ ( 2,2 r, 21 , 2 f))))) 

= (2,2T,2I,2F) i N q (K). 

Hence N q (K) is not a BCI-implicative ideal of N q (X), and so it is not an NQ-BCI-implicative ideal over (A', K). 

Lemma 3.5 ([Z])' If K and J are ideals of X, then the neutrosophic quadruple set based on I\ and J is a 
neutrosophic quadruple ideal over (X, K, J). 

Theorem 3.6. The neutrosophic quadruple set based on BCI-implicative ideals K and J of X is an NQ-BCI- 
implicative ideal over (X, K, J). 

Proof. Let K and J be BCI-implicative ideals of X. Since 0 € K fl J, we get 0 £ N q (K,J). Let x = (aq, aqT, 
X 3 I, X 4 F), y = (yi, yfT, y$I, y±F) and z = (z±, z-fT, z$I, Z 4 F) be elements of N q (X) such that 

(((x □ y) □ y) □ (0 □ y)) □ z £ N q (K, J) 
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and 5 £ N q (K, J). Then 5 = (z\, Z 2 T , z 3 I, Z 4 F) £ N q (K , J) and 

{{{x □ y) □ y) □ (6 □ y)) □ z 

= ((((xi,x 2 T, x 3 I, x 4 F) □ ( : y 4 ,y 2 T, y 3 I, y 4 F)) □ (y 4 ,y 2 T, y 3 I, y 4 F))B 
((0,0 T, 01, OF) □ (j/i, y 2 T,y 3 I, y 4 F ))) □ (z u z 2 T, z 3 I,z 4 F) 

= (((((*1 • yi) ■ 2 /i ) • (0 • 2/1)) • Zx), ((((x 2 ■ y 2 ) ■ y 2 ) ■ (0 • y 2 )) ■ z 2 )T, 

(((( x 3 ■ 2/3) • 2/3) • (0 • 2/3)) • Z 3 )I, ((((x 4 • 2/4) • 224) • (0 • 2/4)) • Zi ) F ) 

£N q (K, J). 


Hence Zi £ K and (((a;* • 2/i) • yi) • (0 • yfj) • Zi £ K for * = 1,2; and Zj £ J and (((Xj ■ yj) ■ yj) • (0 • yj)) ■ Zj £ K for 
j = 3,4. Since K and J are BCI-implicative ideals of X, it follows that Xi • (( 2 /i • (2/i • Xi)) • (0 • (0 • (xi ■ yi)))) £ K 
and Xj ■ ((yj ■ (yj ■ Xj)) • (0 • (0 • (xj ■ yj)))) £ J for i = 1, 2 and j = 3,4. Thus 

®0((y0 (y □ x)) ■ (6 □ (6 □ (x □ y)))) 

= (a?i, x 2 T, x 3 I, x 4 F) ■ (((yi,y 2 T,y 3 I,y 4 F) ■ ((y 4 ,y 2 T, y 3 I, y 4 F)- 
(*1 ,x 2 T, x 3 I, x 4 F))) ■ ((0,0 T, 01, OF) ■ ((0,0T, 01, OF)- 
((x 1 ,x 2 T, x 3 I, x 4 F) ■ (y 4 ,y 2 T, y 3 I, y 4 F))))) 

= (xi ■ ((2/1 • (2/1 ' *1))' (0 • (0 • (zi • 2/1)))), 

(X 2 ■ (( 2/2 • ( 2/2 • * 2 )) • (0 • (0 • (x 2 ■ y 2 )))))T, 

(x 3 ■ (( 2/3 • ( 2/3 • * 3 )) • (0 • (0 • (ar 3 • y 3 )))))I, 

(x 4 ■ (( 2/4 • (2/4 • * 4 )) • (0 • (0 • (ar 4 • 2/4 )))))F) 

£N q (K, J). 

Hence N q (K,J) is a BCI-implicative ideal of N q (X), and therefore the neutrosophic quadruple set based on K 
and J is an NQ-BCI-implicative ideal over (X, K, J). □ 

Corollary 3.7. The neutrosophic quadruple set based on a BCFimplicative ideal K of X is an NQ-BCFimplicative 
ideal over (X, K). 

Proposition 3.8. Every neutrosophic quadruple set based on BCFimplicative ideals K and J of X satisfies the 
following condition. 


((i □ y) E y) □ (0 □ y) £ N q (K, J) 

=> x □ (( 2 / □ {y □ x)) □ (6 □ (6 □ (x □ y)))) £ N q (K, J). 


for all x,y,z£ N q (X). 
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Proof. Let ((x □ y) □ y) □ (6 □ y) € N q (K , J) for all x,y,z £ N q (X). Then 

((((zi • Vi) ■ yi) ■ (0 • yi)) ■ 0 , ((((x 2 ■ 2/2) ■ 2/2) ■ (0 • 2/2)) ■ 0 )T, 

((((x 3 ' 2/3) • 2/3) • (0 • 2/3)) • 0 )/, ((((x 4 • 2/4) • 2/4) • (0 • y 4 )) ■ 0 )F) 

= (((*1 ■ 2 /i) • 2 /i) ' (0 • 2/1), (((x 2 ■ 2/2) • 2/2) • (0 • y 2 ))T, 

(((*3 • 2/3) • 2/3) • (0 • 2/3))/, (((£4 • 2/4) • 2/4) • (0 • 2/4))^) 

= (((xi, x 2 T, x 3 /, x 4 F) □ ( yi,y 2 T , 2/3 J, 2/4-F)) □ (yi,y 2 T, y 3 I,yiF))B 
(( 0 , 0 T, 0 /, OF) □ (2/1,2/2T, 2/3/, 2 / 4 F)) 

= ((x □ y) □ y) □ (6 □ y) £ N q (K , J), 

and so (((xi • yi) ■ yi) ■ (0 • 2 /i)) • 0 £ F for i = 1, 2 and (((xj • 2 / 4 ) • 2 / 4 ) ■ (0 • 2 / 7 )) • 0 £ J for j = 3,4. Since 0 £ F fl J, 

and since K and J are BCI-implicative ideals of X, it follows that X,; • (( 2 /i • ( 2 /i • Xi)) • (0 • (0 • (xi • 2/i)))) £ F for 

* = 1,2, and • (( 2 /j • ( 2/4 ■ Xj)) • (0 • (0 • (xj ■ yj)))) £ J for j = 3,4. Hence we have 

x □ ((2/ □ (y □ x)) □ (0 □ (0 □ (x □ y)))) 

= (xi ■ {{yi • ( 2/1 • Xi)) • (0 • (0 • (xi • 2/1)))), 

(x 2 • ((2/2 • (2/2 • x 2 )) • (0 • (0 • (x 2 • y 2 )))))T, 

(x 3 ■ ((2/3 • (2/3 • ^3)) • (0 • (0 • (x 3 • y 3 )))))I, 

(£4 • ((2/4 • (2/4 • x 4 )) • (0 • (0 • (x 4 • y 4 )))))F) 

£JV q (K,J). 

This completes the proof. □ 


We provide conditions for a neutrosophic quadruple set to be an NQ-BCI-implicative ideal. 


Theorem 3.9. Let K and J be ideals of X such that 


((x ■ y) • y) ■ (0 • y) £ K (resp., J) 

^ x-((y(y x)) • (0 • (0 • (x • y)))) £ I\ (resp., J) 


(3.2) 


for all x,y £ X. Then the neutrosophic quadruple set based on K and J is an NQ-BCI-implicative ideal over 

(X, F, J). 

Proof. Assume that (((x • y) ■ y) ■ (0 • y)) • z £ K (resp., J) for all x,y £ X and 2 £ K (resp., J). Then 
((x • y) ■ y) ■ (0 • y) £ I\ (resp., J) since K and J are ideals of X. It follows from the condition ( |3.2| ) that 
x ' ((?/' (?/' x)) • (0 • (0 • (x • y)))) £ F (resp., J). Hence F and J are BCI-implicative ideals of X, and therefore the 


neutrosophic quadruple set based on F and J is an NQ-BCI-implicative ideal over ( X , K , J) by Theorem 3.6 □ 


Corollary 3.10. Let K be an ideal of X such that 


({x ■ y) ■ y) ■ (0 • y) £ K 
=> x-((y(y x)) • (0 • (0 • (x • y)))) £ I\ 


(3.3) 


for all x,2/ £ X. Then the neutrosophic quadruple set based on K is an NQ-BCI-implicative ideal over (X,I\). 
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Theorem 3.11. Let K and J be ideals of X such that 

0 • x £ K (resp., J), (3.4) 

((x -y)-y)-(0-y)£ I< (resp., J) => x ■ (y ■ (y ■ x)) £ K (resp., J) (3.5) 


for all x,y £ X. Then the neutrosophic quadruple set based on K and J is an NQ-BCI-implicative ideal over 
(X,K, J). 


Proof. Assume that ((a; • y) ■ y) ■ (0 • y) £ K (resp., J) for all x,y £ X. Then x ■ (y ■ {y ■ x)) £ K (resp., J) by (3.5). 


Using (I), (II), (|2.3|), (2.5), (|2.6|) and (3.4), we have 


(x ■ ((y ■ (y ■ x)) • (0 • (0 • (a: ■ y))))) ■ (x ■ {y ■ (y ■ x))) 
<(y-{y- x)) • {(y ■ (■ y ■ x)) • (0 • (0 ■ {x ■ y)))) 

< 0 • (0- (x- y)) 

= 0- ((0- x) ■ (0 • y)) 

= 0 • ((((0 • y) ■ x ) ■ (0 -y)) ■ (0 • y)) 

= 0 • ((((0 • (0 • (0 • y))) ■ x) ■ (0 ■ y)) ■ (0 • y)) 

= 0 • ((((0 ■ x) • (0 ■ y)) ■ (0 • y)) • (0 • (0 • y))) 

= 0 • (((0 • (x ■ y)) ■ (0 -y)) ■ (0- (0 • y))) 

= 0- (0- (((x-y) ■ y) ■ (0 ■ y))) 

£ K (resp., J). 


It follows that x ■ ((y • (y ■ x)) ■ (0 • (0 • (x ■ y)))) £ K (resp., J). Hence K and J are BCI-implicative ideals of X 
by Lemma |2.1| Therefore the neutrosophic quadruple set based on K and J is an NQ-BCI-implicative ideal over 
(A, AT, J) by Theorem 3.6 □ 


Corollary 3.12. Let K be an ideal of X such that 


0 • x £ K, (3.6) 

((x ■ y) ■ y) ■ (o • y) £ K => x-(y-(y- x)) £ I\ (3.7) 

for all x,y £ X. Then the neutrosophic quadruple set based on K is an NQ-BCI-implicative ideal over (X,K). 


Theorem 3.13. Let X be a BCI-algebra satisfying the conditions: 

(Vx, y £ X)(x ■ y = ((x ■ y) ■ y) ■ (0 • y)), (3.8) 

(Vx, y £ X)(x ■ (x ■ y) = y ■ (y ■ (x ■ (x ■ y)))). (3.9) 

If K and J are closed ideals of X, then the neutrosophic quadruple set based on K and J is an NQ-BCI-implicative 
ideal over (X, K, J). 
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Proof. Let K and J be closed ideals of X. Assume that ((x-y)-y)-(O-y) £ K (resp., J). Then 0-(((x-y)-y)-(0-y)) £ 


(3.10) 


K (resp., J). Using the conditions ( |3.8| ), (3.9), ( |2.3| ), ( |2.5| ), (I) and (III), we have 

(x-(y-(y x))) ■ (((a; ■ y) ■ y) ■ (0 • y)) 

= (x-(y- (yx))) -(x-y) 

= (x ■ {x ■ y)) -(y(y x)) 

= (y-(y-(x- (x-y)))) ■ (y (yx)) 

= (y ■ (y ■ (y ■ x))) -(y-(x-(x- y))) 

= (y x) ■ (y ■ (x ■ (x ■ y))) 

< (x- (x-y))- x 
= 0- (x-y) 

= 0- (((x-y) -y) ■ (0-y)) 

£ K (resp., J). 

It follows that x ■ (y ■ (y - x)) £ K (resp., J), and so that 

x-((y(y x)) ■ (0 • (0 ■ (x ■ y)))) £ K (resp., J) 

in the proof of Theorem |3.18| Thus K and J are BCI-implicative ideals of X by Lemma |2.1[ and therefore the 
neutrosophic quadruple set based on I\ and J is an NQ-BCI-implicative ideal over (X, K 1 J) by Theorem 3.6 □ 


Corollary 3.14. Let X be a BCI-algebra satisfying the conditions ( |3.8| ) and ( |3.9[ ). If K is a closed ideal of X, 
then the neutrosophic quadruple set based on K is an NQ-BCI-implicative ideal over (X,K). 


Corollary 3.15. Let X be a BCI-algebra satisfying the condition: 

(Vx, y £ X)((x ■(x-y))-(y-x) = y-(y- x)). (3.11) 

If K and J are closed ideals of X, then the neutrosophic quadruple set based on K and J is an NQ-BCI-implicative 
ideal over (X , K 1 J). 


Proof. If A' satisfies the condition (3.111, then it satisfies two conditions (3.8) and (3.9) (see [?, ?]). Hence the 
result is induced from Theorem 13. 131 □ 


Corollary 3.16. Let X be a BCI-algebra satisfying the condition ( |3.11[ ). If K is a closed ideal of X, then the 
neutrosophic quadruple set based on K is an NQ-BCI-implicative ideal over (X,K). 


Theorem 3.17. Let X be a BCI-algebra satisfying the condition ( |3.9| ) and 

(Vx, y £ X)((ir • {y ■ x)) • (0 ■ (y ■ x)) = x). (3.12) 

If K and J are closed ideals of X, then the neutrosophic quadruple set based on K and J is an NQ-BCI-implicative 
ideal over (X, K 1 J). 


Proof. Let K and J be closed ideals of X. The conditions (3.12|) and (III) lead to the following fact. 


(z-y)- (((z ■ y) ■ (z ■ (z ■ y))) ■ (0 ■ (z ■ (z ■ y)))) = 0. 


(3.13) 
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It follows from (2.1), (I), (2.2), ( |2.3| ) and (III) that 

(z- y)- (((z ■ y) ■ y) • (0 • y)) = ((z ■ y ) • (((z • y) ■ y) ■ (0 • y))) ■ 0 

= ({z ' V ) • ((0 ' V) ■ V) ■ (0 • y))) ■ ((z ■ y) ■ (((z -y)-(z-(z- y)))- 
(0 ■ (z- (z-y))))) 

< (((z -y)-(z-(z- y))) • (0 ■ (z ■ (z ■ y)))) ■ (((z ■ y) ■ y) ■ (0 • y)) 

< (((z ■ y) ■ y) ■ (0 • (z ■ (z ■ y)))) ■ (((z • y) ■ y) ■ (0 • y)) 

< (0- y) • (o- (z- (z • y))) 

<(z-(z-y))-y 

= (z-y) ■ (z-y) = 0. 

Hence (z ■ y) ■ (((z ■ y) ■ y) ■ (0 • y)) = 0 since 0 is a minimal element of A', that is, 

z-y < ((z-y)-y) ■(()■ y). 

On the other hand, we get 

(((z ■ y) • y) • (o • y)) -(z-y) = (((z ■ y) ■ y) ■ (z ■ y)) ■ (0 • y) 

= (((z -y)-(z-y))-y)-(0-y) = (0-y)-(0-y) = 0 


by (2.3) and (III), that is, 


Conditions (3.15) and (3.16) induce 


((z ■ y) ■ y) ■ (0 • y) < z ■ y. 


z-y = ((z-y)-y)-(0- y). 


(3.14) 


(3.15) 


(3.16) 


Therefore the neutrosophic quadruple set based on K and J is an NQ-BCI-implicative ideal over (X, K, J) by 
Theorem 13.131 □ 


We now consider extension property of NQ-BCI-implicative ideal. 

Theorem 3.18. For any nonempty subsets K and J of X, let A and B be closed ideals of X such that K C A 
and J C B. If K and J are BCI-implicative ideals of X, then the neutrosophic quadruple set based on A and B 
is an NQ-BCI-implicative ideal over (X,A,B), which is larger than the NQ-BCI-implicative ideal over (X,K,J). 

Proof. Assume that K and J are BCI-implicative ideals of X. It is clear that N q (K,J) C N q (A,B). Let 
((x ■ y) ■ y) ■ (0 • y) £ A (resp., B) for all x, y £ X. Then 0 • (((x • y) - y) ■ (0 • y)) £ A (resp., B) since A and B are 
closed ideals of X. Using ( |2.3| ) and (III) induce 

(((x • (((x ■ y) ■ y) ■ (0 • y))) ■ y) ■ y) ■ (0 • y) 

= (((x -y)-y )-(o • y )) ■ (((* • y) ■ y) ■ (o • y)) (3.17) 

= 0 e K (resp., J), 
which implies from Lemma |2.1| that 

(x ■ (((x ■ y) ■ y) ■ (0 • y))) ■ ((y ■ (y ■ (x ■ (((x • y) ■ y) ■ (0 ■ y)))))- 

(0 • (0 • ((x • (((x • y) ■ y) ■ (0 • y))) ■ y)))) (3.18) 

£ K C A (resp., J C B). 
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Since 


o • ((Or • y) ■ y) ■ (o • y )) = ((0 • (x ■ y)) ■ (0 • y)) • (0 • (0 • y)) 

= (((0 • x) ■ (0 • y)) ■ (0 • y)) ■ (0 • (0 • y)) 

= (((0- (0 • (0 • y))) ■ x) ■ (0 • y)) ■ (0 • y) 

= (((0 - y) ■ x) ■ (0 • y)) • (0 -y) 

= (0 • x) • (0 • y) 

= 0 • (x ■ y) 


by ( 2 . 61 , (2.3), (2.5) and (III), we have 

o • (o • (0 • (((x ■ y) ■ y) • (0 • y))) ■ y)) 

= 0 • (0 • ((x ■ y) • (((x • y) ■ y) • (0 • y)))) 

= 0 • ((0 • (x • y)) ■ (0 • (((x • y) ■ y) • (0 • y)))) 
= 0 • ((0 • (x • y)) • (0 • (x • y))) 

= 0. 


Combining (3.18) and (3.20) implies that 

(x • (y • (y • (x • (((x • y) ■ y) • (0 • y)))))) ■ (((x • y) ■ y) ■ (0 • y)) 

= (■ X ■ (((x • y) ■ y) ■ (0 • y))) ■ (y ■ {y ■ (x • (((x • y) ■ y) ■ (0 • y))))) 
G A (resp., B). 

Since A and B are ideals of X, it follows that 


On the other hand, we have 


x-(y(y{x- (((x • y) ■ y) ■ (0 • y))))) G A (resp., B). 

{x-{y{y x))) ■ (x ■ (y ■ (y ■ (x ■ (((x • y) ■ y) ■ (0 • y)))))) 

< {y ■ (y ■ (x ■ (((x • y) ■ y) ■ (0 • y))))) -(y-(y- x)) 

< {y ■ x) ■ (y ■ (x • (((x • y) ■ y) ■ (0 • y)))) 

< (x • (((x • y) • y) • (0 • y))) ■ x 
= 0- (((x-y) -y) • (0 • y)) 

G A (resp., B). 


(3.19) 


(3.20) 


(3.21) 


(3.22) 


(3.23) 


(3.24) 


By (3.22) and (3.231, we get x ■ (y • (y • x)) G A (resp., B). Using (3.19), (I), (II) we get 

(x ■ ((y • (y • x)) • (0 • (0 • (x • y))))) • (x • (y • (y • x))) 

< (y(y x)) ■ ((y • (y • x)) • (0 • (0 • (x • y)))) 

< 0 • (0 ■ (x- y)) 

= 0 • (0 ■ (((x • y) • y) • (0 • y))) G A (resp., B). 

It follows that x • ((y • (y • x)) • (0 • (0 • (x • y)))) G A (resp., B). Hence A and B are BCI-implicative ideals of X 
by Lemma [2d] Therefore the neutrosophic quadruple set based on A and B is an NQ-BCI-implicative ideal over 
(X, A, B) by Theorem 3.6 □ 
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Corollary 3.19. For any nonempty subset K of X, let A be a closed ideal of X such that K C A. If K is a 
BCI-implicative ideals of X, then the neutrosophic quadruple set based on A is an NQ-BCI-implicative ideal over 
(X,A), which is larger than the NQ-BCI-implicative ideal over (X,K). 


4. Relations between NQ-BCI-commutative ideal, NQ-BCI-positive implicative ideal and 

NQ-BCI-implicative ideal 

Theorem 4.1. For any nonempty subsets K and J of X, every NQ-BCI-implicative ideal over [X,K,J) is an 
NQ-BCI-commutative ideal over (X,K, J). 


Proof. Let I\ and J be nonempty subsets of X such that the neutrosophic quadruple set based on K and J is an 
NQ-BCI-implicative ideal over {X, K, J). Let x,y,z G X be such that z G I\ (resp., J) and (((x-y)-y)-(0-y))-z G K 
(resp., J). Then ( z,zT,zI,zF ) G N q (K,J) and 

((((a;, xT, xl, xF) □ (y, yT, yl, yF)) □ (y, yT, yl, yF))B 
((0,0T, 07, OF) □ (y, yT, yl, y F))) □ (z, zT, zl, zF) 

= i(((x ■ y) ■ y) ■ (o • y)) ■ z, ((((x ■ y) ■ y) ■ (0 • y)) ■ z)T, 

({{(x ■ y) ■ y) ■ (0 • y)) ■ z)I, ((((x -y)-y)-(<0 • y)) ■ z)F) 

£N q (K,J) 

Since N q (K , J) is a BCI-implicative ideal of N q (X), it follows that 

(x ■ {{y ■ {y ■ x)) • (0 • (0 • (x ■ y)))), {x ■ ((y ■ (y ■ x)) ■ (0 • (0 • (x ■ y)))))T, 

(x ■ ((y ■ (y ■ x)) ■ (0 • (0 ■ (x ■ y)))))I, (x ■ ((y ■ {y ■ x)) ■ (0 ■ (0 ■ (ar ■ y)))))F) 

= (a:, xT, xl, xF) □ (((y, yT , yl, yF) □ ((y, yT, yl, yF) □ (x, xT, xl, xF)))H 
((0, OF, 01, OF) □ ((0, OF, 01, OF) □ ((x, xT, xl, xF) □ (y, yT, yl, yF))))) 

G N q (K, J). 


Hence x ■ ((y ■ (y ■ x)) ■ (0 • (0 • (x ■ y)))) G K (resp., J), and so I\ and J are BCI-implicative ideals of X. Thus K 
and J are ideals of A'. Assume that x ■ y G K (resp., J) for all x,y G X. Then 

(((x • y) ■ y) • (0 • y)) ■ {x ■ y) = (0 • y) ■ (0 • y) = 0 £ K (resp., J) 


by using (2.3) and (III), which implies that 

((x ■ y) ■ y) ■ (o • y) G K (resp., J). 

Hence (((x ■ y) ■ y) ■ (0 • y)) ■ 0 G K (resp., J) and 0 G K (resp., J). Since I\ (resp., J) is a BCI-implicative ideal 
of X, it follows that 


x-((y(y x)) ■ (0 • (0 • (x ■ y)))) G I< (resp., J). 


Therefore K (resp., J) is a BCI-commutative ideal of X by Lemma 2.2 and consequently the neutrosophic 
quadruple set based on K and J is an NQ-BCI-commutative ideal over (A, K, J). □ 


The converse of Theorem 4.1 is not true in general. In fact, N q (K) in Example 3.4 is not a BCI-implicative 
ideal of N q (X). But it is routine to verify that N q {K) is a BCI-commutative ideal of N q {X). 
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Lemma 4.2 ([6]). If K and J are BCI-positive implicative ideals of X, then the neutrosophic quadruple set based 
on K and J is an NQ-BCI-positive implicative ideal over (X,K,J). 

Theorem 4.3. For any nonempty subsets K and J of X, every NQ-BCI-implicative ideal over (X,K,J) is an 
NQ-BCI-positive implicative ideal over (X,K,J). 


Proof. Let K and J be nonempty subsets of X such that N q (K, J) is a BCI-implicative ideal of N q (X). Then K 


and J are ideals of X (see the proof of Theorem 4.1). Let x, y € X be such that ((x • y) ■ y) ■ (0 • y) € K (resp., J). 
Then 


by Lemma [2~~i~| Note that 


x-((y(y x)) • (0 • (0 • {x ■ y)))) e K (resp., J) 

(x-y)-(x- ((y ■ ( : y ■ a;)) • (0 • (0 • (a; • y))))) 

< {{y ■ {y ■ x)) • (0 • (0 • (x ■ y)))) ■ y 
= (0- (y-x)) • (0- (0- (x-y))) 

= (0- (x-y)) -(y-x) 

= ((0 -x) • (0-y)) -(y-x) 

= (0 • (0 • x)) ■ x 
= 0 € K (resp., J). 


It follows that x ■ y £ K (resp., J). Hence I\ and J are BCI-positive implicative ideals of A' by Lemma 2.3 and 
therefore N q (K, J ) is a BCI-positive implicative ideal of N q (X) by Lemma 


4.2 


□ 


In the following example, we can see that the converse of Theorem |4.3| is not true in general. 
Example 4.4. Let X = {0,1, 2,3,4} be a set with the binary operation which is given in Table [3j 

Table 3. Cayley table for the binary operation 



0 

1 

to 

CO 

4 

0 

0 

0 

0 

0 

4 

1 

1 

0 

1 

0 

4 

2 

2 

2 

0 

0 

4 

3 

3 

3 

3 

0 

4 

4 

4 

4 

4 

4 

0 


Then A' is a BCI-algebra (see [5]), and the neutrosophic quadruple BCI-algebra N q (X) has 625 elements. If we 
take I\ = {0,2}, then the neutrosophic quadruple set based on K has 16-elements, that is, 

N q (K) = {0,p i \i = l,2,--- ,15}, 

where 

0 = (0, 0T, 0/, OF), P! = (0, 0T, 0/, 2F), p 2 = (0, OF, 21, OF), 
p3 = (0, OF, 21, IF), p 4 = (0,2F, 01, OF), p 5 = (0, 2F, 01, 2F), 
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p 6 = (0,2F, 27, OF), p 7 = (0,2F, 27, 2F), p 8 = (2,0T, 07, OF), 
p 9 = (2,0T, 07, 2F), p 10 = (2, 0T, 27, OF), p n = (2, OF, 27,2F), 

Pi2 = (2, 2F, 07, OF), p 13 = (2, 2F, 07, 2F), p 14 = (2,2F, 27, OF), 

Pis = (2, 2F, 27, 2F). 

It is routine to verify that N q (K) is an NQ-BCI-positive implicative ideal over (X,K). If we take a\ = 
(1, IF, 17, IF) and d 3 = (3, 3F, 37, 3F) in N q {X), then 6 £ N q (K) and 

(((dr □ d 3 ) □ d 3 ) □ (0 □ d 3 )) □ 0 = 6 £ N q (K). 

But, 

dr □ ((a 3 □ (d 3 □ dr)) □ (0 □ (6 □ (dr □ d 3 )))) = d 3 □ (0 □ 0) = aq ^ N q (K). 

Hence N q (K) is not an NQ-BCI-implicative ideal over (X,K). 

We display a characterization of an NQ-BCI-implicative ideal. 


Theorem 4.5. For any nonempty subsets K and J of X, the neutrosophic quadruple set based on K and J is 
both an NQ-BCI-commutative ideal and an NQ-BCI-positive implicative ideal over (X,K, J) if and only if it is an 
NQ-BCI-implicative ideal over (A, A', J). 


Proof. For the sufficiency, see Theorems 4.1 and 4.3 Let N q (K,J) be both an NQ-BCI-commutative ideal and 


an NQ-BCI-positive implicative ideal over (A, A/J). Then K and J are both a BCI-commutative ideal and a 
BCI-positive implicative ideal of A'. Assume that ((a: • y) ■ y) • (0 • y) £ K (resp., J) for all x, y £ A'. Then x ■ y £ K 


(resp., J) by Lemma 2.3 and so 

x-((y-(y- x)) • (0 • (0 • (x ■ y)))) £ A'(resp., J) 

by Lemma [2.2[ It follows from Lemma [2.1| that K and J are BCI-implicative ideals of A. Therefore the neutro¬ 
sophic quadruple set based on K and J is an NQ-implicative ideal over (X,K, J) by Theorem 3.6 □ 


Corollary 4.6. For any nonempty subset K of X, the neutrosophic quadruple set based on K is both an NQ-BCI- 
commutative ideal and an NQ-BCI-positive implicative ideal over (A, A') if and only if it is an NQ-BCI-implicative 
ideal over (X,K). 


5. Conclusions 

Smarandache introduced the notion of neutrosophic quadruple numbers by considering an entry (i.e., a number, 
an idea, an object, etc.) which is represented by a known part (a) and an unknown part (6F, cl, dF ) where 
a, b, c and d are real or complex numbers and F, 7, F have their usual neutrosophic logic meanings. Jun 
et al. made up neutrosophic quadruple BCK/BCI-algebras and (positive) implicative neutrosophic quadruple 
BCK-algebras using neutrosophic quadruple numbers based on BCK/BCI-algebras (instead of real or complex 
numbers). In this article, we have studied BCI-implicative ideal in BCI-algebra using neutrosophic quadruple 
structure. We have introduced neutrosophic quadruple BCI-implicative ideal based on nonempty subsets in BCI- 
algebra, and have investigated their related properties. We have consulted relationship between neutrosophic 
quadruple ideal, neutrosophic quadruple BCI-implicative ideal, neutrosophic quadruple BCI-positive implicative 
ideal and neutrosophic quadruple BCI-commutative ideal. We have provided conditions for the neutrosophic 
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quadruple set to be neutrosophic quadruple BCI-implicative ideal. We have discussed a characterization of an 
NQ-BCI-implicative ideal, and have established the extension property of neutrosophic quadruple BCI-implicative 
ideal. Based on the contents and ideas of this manuscript, we will study neutrosophic quadruple structure for 
various algebraic sub-structures in the future. 
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Abstract. Let Bfc be the nonbinary Boolean semiring and A be a m x n Boolean matrix over Bfc. The Boolean 
rank of a Boolean matrix A is the smallest k such that A can be factored as an m x k Boolean matrix times a 
k x n Boolean matrix. The isolation number of A is the maximum number of nonzero entries in A such that no 
two are in any row or any column, and no two are in a 2 x 2 submatrix of all nonzero entries. We have that the 
isolation number of A is a lower bound on the Boolean rank of A. We also compare the isolation number with 
the binary Boolean rank of the support of A, and determine the equal cases of them. 


1. Introduction 

There are many papers on the study of rank of matrices over several semirings containing binary Boolean 
algebra, fuzzy semiring, semiring of nonegative integers, and so on m, 0 , m, and El)- But there are few papers 
on isolation numbers of matrices. Gregory et al (El) introduced set of isolated entries and compared binary 
Boolean rank with biclique covering number. Recently Beasley ( 0 ) introduced isolation number of Boolean 
matrix and compare it with binary Boolean rank. 

In this paper, we investigate the possible isolation number of Boolean matrix and compare it with Boolean 
rank of Boolean matrix and the binary Boolean rank of the support of the Boolean matrix. 

2. Preliminaries 

Definition 2.1. A semiring S consists of a set S with two binary operations, addition and multiplication, such 
that: 

• S is an Abelian monoid under addition (the identity is denoted by 0); 

• S is a monoid under multiplication (the identity is denoted by 1, 1 ^ 0); 

• multiplication is distributive over addition on both sides; 

• sO = Os = 0 for all s G S. 

Definition 2.2. A semiring S is called antinegative if the zero element is the only element with an additive 
inverse. 
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Definition 2.3. A semiring S is called a Boolean semiring if S is equivalent to a set of subsets of a given set X, 
the sum of two subsets is their union, and the product is their intersection. The zero element 0 is the empty set 
and the identity element 1 is the whole set X. 

Let Sk = {ai,a 2 , • • • ,ak} be a set of k-elements, V(Sk) be the set of all subsets of Sk- Then V(S k ) is the 
Boolean semiring of all subsets of Sk with operations in above definition. Let B*, be a Boolean semiring of subsets 
of Sk = {ai,a,2, ,a k }, that is a subset of V(Sk). It is straightforward to see that a Boolean semiring B*, is 

a commutative and antinegative semiring. Moreover, all of its elements, except 0 and 1, are zero-divisors. If B^ 
consists of only 0 (the empty subset) and 1 (the whole set Sk) then it is called a binary Boolean semiring , which 
is denoted as Bj. If B*, is not a binary Boolean semiring then it is called a nonbinary Boolean semiring. 


Throughout the paper, we assume that m < n and B*, denotes a nonbinary Boolean semiring, which contains 
at least 3 elements. Let A! min (B k ) denote the set ofmxn matrices with entries from a Boolean semiring B*. 

Let M n (Mk) = AI m ,„(B fc ) if m = n, let I m denote the m x m identity matrix, O m ^ n denote the zero matrix in 
A! m ,n(Bfc), Jm,n denote the matrix of all ones in A4 m ,n(Bfc). The subscripts are usually omitted if the order is 
obvious, and we write /, O, J. 

Definition 2.4. The matrix A £ is said to be of Boolean rank r if there exist matrices B £ A4 m>r (Bfc) 

and C £ M r ,niJ&k) such that A = BC and r is the smallest positive integer such that such a factorization exists. 
We denote b(A) — r. 


By definition, the unique matrix with Boolean rank equal to 0 is the zero matrix O. 

Now let A4 mi „(Bi) denote the set of all mxn binary Boolean matrices with entries in Bi. The binary Boolean 
rank of A £ A4 m ^ n (Mi) is the Boolean rank over Bi and denoted 6i(A). 

Definition 2.5. For two (binary) Boolean matrices A and B, A dominates B if a-ij = 0 implies bij = 0. 

Given a matrix X £ _A4 mi „(Bfc), we let x^I denote the j th column of X and denote the i th row. Now if 
b(A) = r and A = BC is a factorization of A £ A4 mj „(B*,), then A = b^cm + b^c^) + • • ■ + Since 

each of the terms b^cp) is a Boolean rank one matrix, the Boolean rank of A is also the minimum number of 
Boolean rank one matrices whose sum is A. 

The binary Boolean rank has many applications in combinatorics, especially graph theory, for example, if 
A £ A4 m! n(Bi) is the adjacency matrix of the bipartite graph G with bipartition (A, Y), the binary Boolean rank 
of A is the minimum number of bicliques that cover the edges of G, called the biclique covering number. 


Definition 2.6. Given a matrix A £ a set of isolated entries (0) is a set of entries, usually written 

as E = {a t j} such that atj ^ 0, no two entries in E are in the same row, no two entries in E are in the same 
column, and, if a£ E then, a,./ = 0 or a k j = 0. That is, isolated entries are independent entries and any 

^i,j &i,l 


two isolated entries Oij and a k ,i do not lie in a submatrix of A of the form 

1 ®k,j 

The isolation number of A, l(A ), is the maximum size of a set of isolated entries. 


with all entries nonzero. 


Note that i(A) = 0 if and only if A = O. 
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Example 2.7. Let a £ B*, be neither 0 nor 1 and 


A = 


1 1 a 0 0 
cr 1 0 1 0 
1 0 0 0 a 
0 cr 0 1 1 
0 0 1 cr 1 


be a Boolean matrix over B& and E\ is the set of a's which are located at the positions { 01 , 3 , a 2 ,i, 03 , 5 , < 14 , 2 , 05 , 4 } 
of A. The entries a's of A are isolated entries and hence i(A) = 5. But the entries of A in the position in 
E 2 = {ai,i, 02 , 2 ,a 3 , 5 jfl 4 , 4 j« 5 , 3 } are not isolated. 


Suppose that A £ A4 m , n (Mk) and b(A) = r. Then there are r Boolean rank one matrices Ai such that 


A — A\ -T- A 2 T * • • T A r . 


( 2 . 1 ) 


Because each Boolean rank one matrix can be permuted to a matrix of the form 


N O 

o o 


with all nonzero 


entries in TV, it is easily seen that the matrix consisting of two isolated entries of A cannot be dominated by any 
one Ai among the Boolean rank one summand of A in (2.1). Thus 


i(A) < b(A). 


( 2 . 2 ) 


Many functions, sets and relations concerning matrices do not depend upon the magnitude or nature of the 
individual entries of a matrix, but rather only on whether the entry is zero or nonzero. These combinatorially 
significant matrices have become increasingly important in recent years. Of primary interest is the binary Boolean 
rank. Finding the binary Boolean rank of a (0, l)-matrix is an NP-Complete problem ([5]), and consequently 
finding bounds on the binary Boolean rank of a matrix is of interest to those researchers that would use binary 
Boolean rank in their work. If the (0, l)-matrix is the reduced adjacency matrix of a bipartite graph, the isolation 
number of the matrix is the maximum size of a non-competitive matching in the bipartite graph. This is related 
to the study of such combinatorial problems as the patient hospital problem, the stable marriage problem, etc. An 
additional reason for studying the isolation number is that it is a lower bound on the Boolean rank of a Boolean 
matrix over B^. While finding the isolation number as well as finding the Boolean rank of a Boolean matrix is an 
NP-Complete problem (ID), for some matrices finding the isolation number can be easier than finding the Boolean 
rank especially if the matrix is sparse: 


Example 2.8. Let cr £ B& and 




' 1 

1 

1 

cr 

0 

1 

1 

1 

1 ■ 




1 

1 

1 

1 

cr 

1 

1 

1 

1 




1 

1 

1 

0 

0 

cr 

1 

1 

1 




1 

1 

1 

0 

0 

0 

0 

0 

0 



F = 

1 

1 

1 

0 

0 

0 

0 

0 

0 




1 

1 

1 

0 

0 

0 

0 

0 

0 




a 

1 

0 

0 

0 

0 

0 

0 

0 




0 

a 

1 

0 

0 

0 

0 

0 

0 




. 1 

0 

cr 

0 

0 

0 

0 

0 

0 . 


be a Boolean matrix in Alg(Bfc). 
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Then we can easily see b(F) ^ 6 from first 3 rows and columns, however to find that Boolean rank is not 5, 
requires much calculation if the isolation number is not considered. However, the isolation number is easily seen 
to be 6, both computationally and visually, the er’s in this matrix represent a set of isolated entries. Thus we have 
b(F)= 6 by (2.2). 

Note that if any of the l’s in F are replaced by zeros, the resulting matrix still has Boolean rank 6 as well as 
isolation number 6. 

Terms not specifically defined here can be found in Brualdi and Ryser [5] for matrix terms, or Bondy and Murty 
[J for graph theoretic terms. 

For our use in the next section, we define the support matrix of a Boolean matrix. If A £ -Ad m , n (Bfc), then the 
support of A is the binary Boolean matrix A = (Wj) £ Bi) such that aff] = 1 if dij ^ 0 and aFJ = 0 if 

dj. , j = 0. 

3. Comparisons between isolation numbers and Boolean ranks over A 

In this section, we compare the isolation number with Boolean rank of a Boolean matrix, and also we compare 
the isolation number with binary Boolean rank of the support of a Boolean matrix. 

Lemma 3.1. For A, B £ A4m,n0&k), b(A + B) < b(A) + b(B). And for A, B £ ®i), bi(A + B) < 

bi(A) + bi(B). 

Proof. It follows from the definition of Boolean rank and equation (2.1). ■ 

Lemma 3.2. For A,B£ Ad mjn (B &), A + B = A + B in A4 m ,n{ Bi). 

Proof. It follows from the facts that B*, is an antinegative semiring and 1 + 1 = 1 in B 3 . ■ 


Lemma 3.3. For A £ A4, 


h), h(A)<b(A). 


Proof. If b(A) = r, then A has a Boolean rank one factorization such that A = b^c^) + b^C( 2 ) + • • • + b^c^) 
with B = [bA)b (2 ) • • • b( r )] £ Ad mj fc(B fc ) and C = [c( 1 )C( 2 ) ■ ■ • c (fc)] t € Mk.n^k) from (2.1). Therefore 

bi(A) = 6i(bl 1 lc( 1 ) + b( 2 )c( 2 ) + • • • + b (? 'lc( r )) = &i(b( 1 )c( 1 ) + bl 2 lc( 2 ) + • • • + b! r lc( r )) < r, from Lemma 
Hence tp (A) < b{A). 


3.2 


We may have strict inequality in Lemma 3.3 as we see in the following example. 


Example 3.4. Let S 3 = {x, y, z} and B 3 = {0, { 1 }, {x, y}, 1} with 1 = {x, y. z}. Consider X = 


1 {x} 

. {x,y} {x,y} _ 


and Y = 


1 {x} 

{x,y} {x} 


in A4 2 (B 3 ). Then b(X) = 2 but bi(X) = bi( 


1 1 
1 1 


) = 1. Hence bi(X) < b(X). But 


b(Y) = b\{Y) = 1 since Y = 


{x,y} . 


[ 1 {x} ] over B 3 . 


Lemma 3.5. For A = [oqj] £ A4 m| „(Bfe), l(A) = i(A). 
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Proof. If a,ij and are any isolated entries in A, then i 7 ^ k and j 7 ^ l , and that a,i t i = 0 or ak,j = 0. Hence atj 
and ak.i are isolated entries in A, so we have t(A) < z(A). 

Conversely, if afj and apf are any isolated entries in A, then a, :j 7 ^ 0 and a^j 7 ^ 0 and that = off = 0 or 
a,kj = arkfj = 0. Hence a^j and ak.i are isolated entries in A, so we have z(A) < if A). ■ 


Theorem 3.6. If A £ AI m ,n(Bfc), then z(A) = 1 if and only if b\{A) = 1. 

Proof. Let A £ Ad mjn (Bfc). If 61 (A) = 1 then A 7 ^ O so that 4 (A) 7 ^ 0 and since i(A) = i(A) < 61 (A) by (2.2), we 
have i(A) = 1. 

Conversely, suppose on the contrary that there exists a matrix A = [a£ 7W mj „(Bfc) such that t(A) = 1, 
61 (A) > 1. Then, there exists two non-equal and nonzero rows of A, say zth and jth. Hence, without loss of 
generality, there exists a k such that ajjT = 1 and djj- = 0. Then, ajjT and any unit entry in jth row of B 
constitute a set of two isolated entries. Thus, t(A) = if A) > 1, a contradiction. ■ 

It follows that the subset of AI mi „(Bfe) of matrices with isolation number 1 is the same as the set of matrices 
whose support has Boolean rank 1. 

For A = Ai + A -2 + ■ ■ ■ + A r with 6(A) = r, let IZi denote the indices of the nonzero rows of A, and Cj denote 
the indices of the nonzero columns of Aj, i,j = 1. • • • , k. Let r. t = |7£j|, the number of nonzero rows of Aj and 
Cj = \Cj |, the number of nonzero columns of Aj. 


Lemma 3.7. Let A £ Ad m , n (Bfc). Then if 6 (A) > 61 (A) = 2 then i(A) = 2, and if z(A) = 2 then 61 (A) 7 ^ 3. 


3.6 


Since t(A) = i{A) < 61 (A) from Lemma 3.5 and (2.2), we 


Proof. If 61 (A) = 2, then z(A) > 1 by Theorem 
have that i(A) = z(A) = 2 . 

Now, suppose that z(A) = 2 and that 61 (A) = 3. Then, we have a factorization of A as A = C x D with 
C £ Ad m , 3 (Bi) and D £ Ad 3 , n (Bi). Then, the three rows of D generate all the rows of A. Since 61 (A) = 3, D 
cannot have binary Boolean rank 2 or less. Thus, we have 61 (D) = 3. Therefore, we have a factorization of D as 
D = E x F with E £ ^ 3 , 3 ( 81 ) and F £ Ad 3 ,„(Bi). Then, the three column of E generate all the columns of D 
and 61 (D) = 3. Therefore, it is sufficient to consider 3x3 matrices of binary Boolean rank 3. However, there are 
only 10 following 3x3 matrices of binary Boolean rank 3 up to permutations: 



' 1 

0 

0 ■ 


' 1 

0 

0 


' 1 

0 

0 ' 


' 1 

0 

0 ' 

II 

cq 

0 

1 

0 

, B 2 = 

0 

1 

0 

, B 3 = 

0 

1 

0 

, D 4 — 

0 

1 

0 


. 0 

0 

1 _ 


. 0 

1 

1 


_ 1 

0 

1 _ 


_ 1 

1 

1 _ 


' 1 

0 

0 ■ 


' 1 

0 

0 


' 1 

0 

0 ' 


' 1 

0 

0 ' 

b 5 = 

1 

1 

0 

) Bq = 

1 

1 

0 

, B 7 = 

1 

1 

0 

3 D S = 

1 

1 

0 


. 0 

0 

1 _ 


. 0 

1 

1 


_ 1 

0 

1 _ 


_ 1 

1 

1 _ 






1 

0 

1 ' 


' 1 

0 

1 









b 9 = 

1 

1 

0 

) Dio = 

1 

1 

0 










0 

0 

1 _ 


. 0 

1 

1 






Since D 5 can be permuted to B 2 and B 7 can be permuted to D 4 , and Bg can be permuted to Bq with transposing. 
Therefore, there are only seven non-equivalent 3x3 matrices of binary Boolean rank 3. However, these matrices 
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have three isolation entries on the main diagonal. Thus, we have a contradiction to the conditions that i(B) = 2 
and Tb 1 (S) = 3. Thus, if i f A) = 2 then 6 i(A) ^=3. ■ 


Theorem 3.8. Let A £ A4, 


Bfc). Then, t(A) =2 if and only if bi(A) = 2. 


Proof. From Lemma |3.7[ we have the sufficiency. So we only need show the necessity. 


Suppose there exists A € A4 m ^ n (Mk) with t(A) = t(A) = 2 and 6 i(A) > 2. By Lemma 


3.7 


&i(A) ^ 3, and hence 

b\(A) > 4. Thus we choose A such that if 6 i(A) > 61 (C) > 2 then i(C) > 2. Suppose that A = A\ + A 2 + • • ■ + A r 
for r = bi(A) where each A* is binary Boolean rank 1, i.e., r is the minimum r such that 61 (A) = r and t(A) = 2. 
Suppose that Ai has the fewest number of nonzero rows of the Afs. As in the proof of the above lemma 3.7 
permute the rows of A so that Ai has nonzero rows 1,2, ■ • • , n. For j = 1, • ■ • , n, let Bj be the matrix whose 
first j rows are the first j rows of A and whose last m — j rows are all zero. Let Cj be the matrix whose first j 
rows are all zero and whose last m — j rows are the last m — j rows of A. Then A = Bj + Cj. Further any set 
of isolated entries of Cj is a set of isolated entries for A. Now, from 61 (A) < 61 (Bj) + 61 (Cj), and the fact that 
61 (Cj) = 6 i(Cj_i) or 61 (Cj) = &i(Cj_i) — 1, there is some t such that &i(C t ) = 61 (A) — 1 . Since bi(C t ) < r by 
the choice of A, for this t, we have that i(C t ) > 2 since 6 i(C t ) > 3. That is, t(A) = t(A) > 2, which is impossible 
since t(A) = 2. Therefore 61 (A) = 2. ■ 


Now, as we can see in the following example, there is a Boolean matrix A £ A4 r 
61 (A) is relative large, depending on m and n. 


Ik) such that l (A) = 3 and 


Example 3.9. For n > 3, let D n = J\I £ A4 n (Bi). Then, it is easily shown that i(D n ) = 3 while b\(D n ) = r 
where r = min {h: n< ( \ ^ |, see [ 6 ] (Corollary 2). So, l(D 2 0 ) = 3 while 6 i(Z? 2 o) = 6 . 


Definition 3.10. A tournament matrix [T] £ Ai„(Bk) is the adjacency matrix of a directed graph called a 
tournament, T. It is characterized by [T]o[T ] 4 = O and [T] + [T ] 4 = J—J, where o denotes entrywise multiplication 
of two matrices. 

Now, for each r = 1,2, • • • ,min{m,u}, can we characterize the matrices in Ai m ,n{B>k) for which i(A) = 61 (A) 
? Of course it is done if r = 1 or r = 2 in the above theorems, but only in those cases. For r = m we can also 
find a characterization: 

Theorem 3.11. Let 1 < m < n and A £ Ai m ,n(Bk)- Then, i(A) = 61 (A) = m if and only if there exist 
permutation matrices P £ A4 m (Bi) and Q £ Al„(Bi) such that PAQ = [B\C] where B = I m + T £ A4 m (Bi) 
where T £ A4 m (Bi) is dominated by a tournament matrix. (There are no restrictions on C.) 

Proof. Suppose that i(A) = m. Then we permute A by permutation matrices P and Q so that the set of isolated 
entries are in the (d, d) positions, d = 1, • • • , m. That is, if X = PAQ then I = {xi t i,x 2 , 2 , • • • , £m,m} is the set 
of isolated entries in X. Therefore X = [B|C], with bij = xifi = 1 and bij ■ bjj = 0 for every i and j 7 ^ i from 
the definition of the isolated entries. Thus, B = I m + T where T is an m square matrix which is dominated by a 
tournament matrix. Thus, PAQ = [B\C] where B = I m + T and clearly there are no conditions on C. 
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Conversely, if PAQ = [SIC] and B = I m + T where T is an m square matrix which is dominated by a 
tournament matrix, then the diagonal entries of B form a set of isolated entries for PAQ and hence A has a set 
of m isolated entries. Thus t(A) = b 1 (A) = m. ■ 

Corollary 3.12. Let 1 < m < n and A £ A4 m ,„(Bfc). If there exist permutation matrices P € A4 m (Bi) and 
Q £ jMn(Bi) such that PAQ = \B\C\ where B £ A4 m ( B*,) is a diagonal matrix or a triangular matrix with 
nonzero diagonal entries, then t{A) = b\(A) = m. 

4. Conclusions 

In this paper, we investigated the nonbinary Boolean rank of a matrix A and the rank of its support for the 
given isolation number k over nonbinary Boolean semirings. Thus, we proved that the isolation number of A is 
the same as the Boolean rank of the support of it if the isolation numbers are 1 and 2. If the isolation number 
were greater than 2, then we showed by example that binary Boolean rank of the support of the given nonbinary 
Boolean matrix may be strictly greater than the isolation number of the matrix. In addition, in some special cases 
involving tournament matrices, we obtained that the isolation number of the given matrix and the Boolean rank 
of its support of the nonbinary Boolean matrix are the same. 
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ORTHOGONALLY EULER-LAGRANGE TYPE CUBIC 
FUNCTIONAL EQUATIONS IN ORTHOGONALITY NORMED 

SPACES 

CHANG IL KIM AND GILJUN HAN* 


Abstract. In this paper, we investigate the orthogonally Euler-Lagrange type 
cubic functional equation 

f{ax + by) + f(ax - by) - ab 2 [f{x + y) + f(x - y)\ - 2 a{a 2 - b 2 )f{x) 

+ c[/(z + 2 y) - 3 f{x + y) + 3f(x) - f(x - y) - 6 f(y)] = 0, x±y 

for fixed non-zero rational numbers a, b and a fixed non-zero real number c 
with a 2 7 = b 2 and a^±l and prove the generalized Hyers-Ulam stability for 
it by using the fixed point method, 


1. Introduction 

Assume that A is a real inner product space and / : A —>■ K is a solution of the 
orthogonally Cauchy functional equation f(x + y) = f{x) + f(y), < x, y >= 0. By 
the Pythagorean theorem, f(x) = ||a;|| 2 is a solution of the conditional equation. 
Of course, this function does not satisfy the additivity equation everywhere. Thus, 
orthogonal Cauchy equation is not equivalent to the classic Cauchy equation on the 
whole inner product space. 

The orthogonally Cauchy functional equation 

f(x + y) = f{x) + f(y), x±y 

in which _L is an abstract orthogonality relation, was first investigated by Gudder 
and Strawther [5]. Ratz [16] introduced a new definition of orthogonality by using 
more restrictive axioms than of Gudder and Strawther. Moreover, he investigated 
the structure of orthogonally additive mappings. Ratz and Szabo [17] investigated 
the problem in a rather more general framework. 

Definition 1.1. [17] Let A be a real vector space with dim A > 2 and _L a binary 
relation on A with the following properties: 

(01) totality for zero: a;_L0 and 0_La; for all x G A; 

(02) independence: if x, y G X — {0}, X-Ly, then x,y are linearly independent; 
(03) homogeneity: if x,y G A, xLy , then ax-L(3y for all q,/?€R; 

(04) the Thalesian property: if P is a 2-dimensional subspace of A, x G P 
and a non-negative real number fc, then there exists an y G P such that xl.y and 
x + yJ-kx — y. 

The pair (A, _L) is called an orthogonality space. By an orthogonality normed 
space, we mean an orthogonality space having a normed structure. 
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Key words and phrases. Hyers-Ulam stability, fixed point theorem, orthogonally cubic func¬ 
tional equation, orthogonality space. 
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Remark 1.2. (i) The trivial orthogonality on a vector space X defined by (01) 
and for non-zero elements x, y £ X, xA.y if and only if x, y are linearly independent. 

(ii) The ordinary orthogonality on an inner product space (X, < • >) given by 

X-Ly if and only if < x, y >= 0. 

(iii) The Birklroff-James orthogonality on a normed space ( X , || • ||) defined by 
xl.y if and only if \\x + ky\\ > ||x|| for all k £ R. 

The relation _L is called symmetric if xA.y implies that yA.x for all x,y £ X. 
Then clearly examples (i) and (ii) are symmetric but example (iii) is not. However, 
that a real normed space of dimension greater than 2 is an inner product space if 
and only if the Birkhoff-James orthogonality is symmetric. 

In 1940, S. M. Ulam proposed the following stability problem (cf. [19]): 

“Let Gi be a group and G 2 a metric group with the metric d. Given a constant 
5 > 0, does there exist a constant c > 0 such that if a mapping f : G-\ — > 
G 2 satisfies d(f(xy),f(x)f(y)) < c for all x,y £ G 1 , then there exists a unique 
homomorphism h : Gi — > G 2 with d(f(x), h{x)) < J for all x £ Gi?” 

In the next year, Hyers [6] gave a partial solution of Ulanrs problem for the case 
of approximate additive mappings. In 1978, Rassias [14] extended the theorem of 
Hyers by considering the unbounded Cauchy difference. The result of Rassias has 
provided a lot of influence in the development of what we now call the generalized 
Hyers-Ulam stability or Hyers-Ulam stability of functional equations. Ger and 
Sikorska [4] investigated the orthogonal stability of the Cauchy functional equation 

(1-1) f(x + y) = f(x) +f{y), x±y 

and Vajzovic [20] investigated the orthogonally additive-quadratic equation 

(1.2) f{x + y) + f(x-y) = 2f(x) + 2f(y), x±y 

when X is a Hilbert space, Y is a scalar field, / is continuous and J_ means the 
Hilbert space orthogonality. Later, many mathematicians have investigated the 
orthogonal stability of functional equations ([3], [9], [10], [11], [12], [13], and [18]). 
In 2001, Rassias [15] introduced the following cubic functional equation 

(1.3) f(x + 2 y) - 3 f(x Ary) A- 3 f(x) - /(x - y) - 6 f(y) = 0 

and every solution of the cubic functional equation is called a cubic mapping and 
Jun, Kim, and Chang [8] introduced the Euler-Lagrange cubic functional equation. 

In this paper, we consider the following orthogonally Euler-Lagrange type cubic 
functional equation 

f(ax + by) + f(ax - by) - ab 2 [f(x + y) + f(x - y)\ - 2a(a 2 - b 2 )f(x) 

+ c[f(x + 2y) - 3f(x + y) + 3/(x) - f(x - y) - 6f(y)] = 0, x±y. 

for fixed non-zero rational numbers a, b and a fixed non-zero real numbers c with 
a 2 b 2 and « / ±1 and prove the generalized Hyers-Ulam stability for it. Every 
solution of (1.4) is called an orthogonally Euler-Lagrange type cubic mapping. 

Throughtout this paper, (X, J_) is an orthogonality normed space with the norm 
|| • ||jsc and (Y, || • ||) is a Banach space. 
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2. Solutions of (1.4) 

In this section, we investigate solutiuons of (1.4). We will show that a mapping 
/ satisfying (1.4) is an orthogonally cubic mapping. 

Theorem 2.1. Let f : X —» Y be a mapping with /(0) =0. If f satisfies (1-4) 
and c / 0, then f is an orthogonally cubic mapping. 

Proof. Suppose that / satisfies (1.4). Setting y = 0 in (1.4), we have 

(2.1) f(ax) = a 3 f(x) 

for all x € X and setting x = 0 and y = x in (1.4), we have 

(2.2) f(bx) + f{—bx) = ( ab 2 + 9 c)f(x) + ( ab 2 + c)f(—x) — c/( 2x) 
for all x € X. Replacing x by — x in (2.2), we have 

(2.3) f(bx) + f(—bx) = ( ab 2 + 9c)/(— x) + ( ab 2 + c)f(x) — c/(— 2x) 
for all x £ X. Since c / 0, by (2.2) and (2.3), we have 

(2.4) /( 2x) - /(- 2x) = 8 [f(x) - f(~x)} 
for all x £ X. Relpacing y by ay in (1.4), by (2.2), we have 

a 3 [f(x + by) + f(x - by)] - ( ab 2 + 3 c)f(x + ay) - (ab 2 + c)f(x - ay) 

+ cf(x + 2 ay) — (2a 3 — 2 ab 2 — 3 c)f(x) — 6 cf(ay) = 0 
for all x,y £ X with xl.y and letting y = t in (2.5), we have 


( 2 . 6 ) 


(2.7) 


( 2 . 8 ) 


a 3 [f(x + y) + f(x-y)] - (ab 2 + 3c)f(x + py) - (ab 2 + c) f (x - py) 

+ cf(x + 2 py) — (2a 3 — 2ab 2 — 3 c)f(x) — 6 cf(py) = 0 
for all x, y £ X with xAy, where p = ?. Letting y = —y in (2.6), we have 

a 3 [f(x- y) + f(x + y )] - (ab 2 + 3c) f (x - py) - (ab 2 + c) f (x + py) 

+ cf(x - 2 py) - ( 2 a 3 - 2 ab 2 - 3 c)f(x) - 6 cf(-py) = 0 
for all x, y £ X with xAy. By (2.6) and (2.7), we have 

c[f(x + 2 py) - f(x - 2 py)] - 2c[f(x + py) - f(x - py)] 

- 6 c[f(py) - f(-py)] = 0 
for all x,y £ X with xA.y. Letting y = ^y in (2.8), we have 
(2.9) [f(x + 2 y) - f(x - 2y)] - 2[f(x + y) - /(x - y)] - 6 [f(y) - f(-y)] = 0 
for all x, y £ X with xA.y. 

Let f 0 (x) = . Then f a satisfies (2.9). Letting x = 0 in (2.9), we have 

(2-10) f a ( 2 y) = 8 f 0 (y) 

for all y £ X. Letting x = 2x in (2.9), by (2.10), we have 

(2.11) 4 [f 0 (x + y)~ f 0 (x - y)] = f 0 ( 2 x + y) - f a ( 2 x - y) + 6 f Q (y) 
for all x,y £ X with xA.y. Interchanging x and y in (2.11), we have 

(2.12) 4 [f 0 (x + y) + f 0 (x - y )] = f a (x + 2y) + f a (x - 2 y) + 6 f Q (x) 
for all x,y £ X with xA. y. By (2.9) and (2.12), we have 

f 0 (x + 2y) - 3f 0 (x + y) + 3 f a (x) - f Q (x - y) - 6 f a (y) = 0 
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for all x,y € X with xYy and hence /o is an orthogonally cubic mapping. 

Let f e (x) = LMifliLii Then f e satisfies (2.9) and so we have 
(2.13) f e (x + 2 y) - f e (x - 2 y) - 2 [f e (x + y) - f e {x - y)] = 0 

for all x, y £ X with xl.y. Letting y = x in (2.13), we have 

f e { 3x) = 2/ e (2a;) + f e (x) 

for all x £ X and letting y = 2x in (2.13), we have 

f e (4x) = 2/ e (3a;) - 2 f e {x) 

for all x £ X. Hence we have f e ( 4x) = Af e (2x) for all x £ X and so 
/e(2x) = 4/e(x), f e (3x) = 9f e (x), f e (4x) = 16f e (x) 
for all x £ X. By induction on n, we have 

f e (nx) = n 2 f e (x) 

for all x £ X and all n £ N and hence 

f e {rx) = r 2 f e {x) 

for all x £ X and all rational number r. By (2.1), since a is a non-zero rational 
number with a ^ 1, /( x) = 0 for all a; £ X. Hence f = fo + fe = / 0 is an 
orthogonally cubic mapping. □ 

3. The Generalized Hyers-Ulam stability for (1.4) 

In this section, we prove the generalized Hyers-Ulam stability for the orthogo¬ 
nally cubic functional equation (1.4) by using the fixed point method. 

In 1996, Isac and Rassias [7] were the first to provide applications of stabil¬ 
ity theory of functional equations for the proof of new fixed point theorems with 
applications. 

Theorem 3.1. [1], [2] Let (X,d) be a complete generalized metric space and let 
J : X —> X be a strictly contractive mapping with some Lipschitz constant L with 
0 < L < 1. Then for each given element x £ X, either d{J n x , J n+1 x) = oo for all 
nonnegative integer n or there exists a positive integer no such that 

(1) d(J n x , J n+1 x) < oo for all n > no ; 

(2) the sequence {J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x , y ) < oo} and 

(4) d(y, y*) < d(y, Jy) for all y£Y. 

For any mapping / : X —»• Y, we define the difference operator Df : X 2 —»• Y 

by 

Df{x, y) = f{ax + by) + f(ax - by) - ab 2 [f(x + y) + f(x - y)\ - 2 a{a 2 - b 2 )f(x) 
+ c[f(x + 2 y) - 3 f(x + y)+ 3 f(x) - f(x - y) - 6 f(y)\ 

for all x, y £ X. 
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Theorem 3.2. Assume that <f> : X 2 —> [0, oo) is a function such that 


(3-1) 


<t>{x,y) < t Tv4>{ ax i a y) 


for all x, y £ X and some real number L with 0 < L < 1. Let f : X —> Y be a 
mapping such that /(0) =0 and 


(3.2) 


\\Df{x,y)\\ < (f>(x, y) 


for all x,y £ X with xAy. Then there exists a unique orthogonally cubic mapping 
F : X —> Y such that 

(3-3) \\F(x) - f(x)\\ < 2 | a | 3 (i _ L \ ^°) 

for all x £ X. 


Proof. Consider the set S = {g \ g : X — Y} and define the generalized metric d 
on S by 


d(g , h) = inf{c £ [0, oo) | ||g(x) — /i(x)|| < c f)(x, 0), Vx £ X}. 


Then (S, d) is a complete metric space([9]). Define a mapping T : S —>■ S by 
Tg(x) = a 3 g( |) for all x € X and all g £ S. 

Let g,h. £ S and d(g, h) < c for some c £ [0, oo). Then by (3.1), we have 


\\Tg(x) — Th(x)\\ 


(X\ 


9\- 

-h(-) 

\aJ 

\aJ 


< cLcj)(x, 0) 


for all x £ X. Hence we have d{Tg,Th) < Ld(g, h ) for all g,h £ S and so T is a 
strictly contractive mapping. Putting y = 0 in (3.2), we get 


||2/(ax) - 2a 3 /(x)|| < 0) 


for all x £ X and hence 


f(x)-a 3 f(~) 

\as 


< 


L 

2N 3 


^(x,0) 


for all x £ X and hence d(f,Tf) < < oo. By Theorem 3.1, there exists a 

mapping F : X —> Y which is a fixed point of T such that d(T n f, F) —> 0 as 
n —> oo and 


||T(x) - /(x)|| < 


L 

2H 3 (1 ~L) 


4>{x, o) 


for all x £ X. Replacing x, y by x rl , \ in (3.2), respectively, and multiplying (3.2) 
by |a| 3 ", by (03), we have 


a 3n Df 



\a n a n J 


< L n (j)(x,y) 


for all x, y £ X with xl.y and all n £ N. Letting n —> oo in the last inequality, we 
get 

DF(x, y) = 0 

for all x,y £ X with xAy and by Theorem 2.1, F is an orthogonally cubic mapping. 
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Now, we will show the uniqueness of F. Let G : X —> Y be another orthogonally 
cubic mapping with (3.3). Since F and G are fixed points of T, by (3.3), we get 

\\G(x)-F(x)\\ = \\T n G(x)-T n F(x)\\ 

< || T n G{x) - T n f(x )|| + \\T n F(x) - T n f(x)\\ 

L n+1 


< 


M 3 (1 -L) 


</>(£, 0 ) 


for all x € V and for all n £ N. Since 0 < L < 1, letting n —> oo in the above 
inequality, we have F = G. □ 


Related with Theorem 3.2, we can also have the following theorem. And the 
proof is similar to that of Theorem 3.2. 

Theorem 3.3. Assume that <fi : X 2 — > [0,oo) is a function such that 

(3.4) <j)(ax, ay) < \a\ 3 Lc/)(x, y) 

for all x,y £ X and some real number L with 0 < L < 1. Let f : X —> Y be a 
mapping such that satisfying (3.2). Then there exists a unique orthogonally cubic 
mapping F : X —> Y such that 

(3.5) \\F(x) - f(x )|| < 2 | a |3 ( i_L) ^ 0) 
for all x £ X. 


Proof. Consider the set S' = {g \ g : X — Y} and define the generalized metric d 
on S by 

d(g, h) = inf{c £ [0, oo) | ||g(x) — h(x) || < c cj)(x, 0), Vx £ X}. 

Then (S', d) is a complete metric space([9]). Define a mapping T : S —>■ S by 
Tg(x) = ^3 g(ax) for all x G X and all g £ S. 

Let g,h £ S and d(g, h) < c for some c £ [0, oo). Then by (3.4), we have 

II Tg(x) - Th(x) || = \\g(ax) - h{ax)\\ < cL(j>(x, 0) 

|a| 

for all x £ X. Hence we have d[Tg,Th) < Ld(g, h ) for all g,h £ S and so T is a 
strictly contractive mapping. Putting y = 0 in (3.2), we get 

l| 2 /(ax) - 2 a 3 /(x)|| < 


for all x £ X and hence 


f(x) ~ 


<5j3^. 0) 


for all x £ X and hence d(f,Tf) < < oo. By Theorem 3.1, there exists a 

mapping F : X —> Y which is a fixed point of T such that d(T n f, F) —► 0 as 
n —> oo and 


for all x £ X. 
(3.2) by |a|- 3n 


H^Cx) - /(x)|| < 




2|a| 3 (l-L) 

Replacing x, y by a n x, a n y in (3.2), respectively, and multiplying 
, by (03), we have 


a~ 3 n Df(a n x, a n y) 


< L n (j)(x, y) 
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for all x,y £ X with X-Ly and all nfN. Letting n — > oo in the last inequality, we 
get 

DF(x,y) = 0 

for all x, y £ X with xYy and by Theorem 2.1, F is an orthogonally cubic mapping. 

Now, we will show the uniqueness of F. Let G : X —> Y be another orthogonally 
cubic mapping with (3.3). Since F and G are fixed points of T, by (3.3), we get 

\\G(x)-F(x)\\ = \\T n G(x)-T n F(x)\\ 

< \\T n G(x) - T n f(x)\\ + || T n F(x) - T n f{x)\\ 


< 


L n 

M 3 (l ~L) 


<t>{x, 0 ) 


for all x £ V and for all n £ N. Since 0 < L < 1, letting n —> oo in the above 
inequality, we have F = G. □ 


As an example of <p(x, y) in Theorem 3.2 and Theorem 3.3, we can take <j>(x, y) = 
e(||x||^-||a;|| y + ||x|| Y + ||j/||y) for some positive real numbers e and p. Then we can 
formulate the following corollary : 


Corollary 3.4. Let (X, JL) be an orthogonality normed space with the norm || • ||x 
and (y, || ■ ||) a Banach space. Let f : X —> Y be a mapping such that 


(3-6) \\Df(x,y)\\ < e(||a* M* + ||x||^ + \\y\\%) 

for all x,y £ X with xl.y and a fixed positive number p with p ^ |. Then there 
exists a unique orthogonally cubic mapping F : X —> Y such that 

l|i^)-/(z)ll< ---lkf P 

2 \a\ 2p — |a| 3 

for all x £ X. 

By Theorem 2.1, if c = —| ab 2 , then we have the following orthogonally Euler- 
Lagrange type cubic functional eciuation : 

f{ax + by) + f{ax - by) - ^ ab 2 f(x - y) - ^ ab 2 f{x + 2 y) 

— a(2a 2 — b 2 )f(x) + 2ab 2 f{y) = 0 

for all x,y £ X with xl.y. By Corollary 3.6, we have the following exmaple. 

Example 3.5. Let (X, _L) be an orthogonality normed space with the norm || • ||x 
and (Y, | • ||) a Banach space. Let / : X —> Y be a mapping such that 

II f(ax + by) + f(ax - by) - ? ab 2 f(x - y) - ^ ab 2 f(x + 2 y) 

- a(2a 2 - b 2 )f{x) + 2ab 2 f(y)\\ < e(||x||^||x||^ + ||x||^ + ||y||^) 

for all x,y £ X with xYy and a fixed positive number p with p / |. Then there 
exists a unique orthogonally cubic mapping F : X —> Y such that 

\\F(x)-f(x)\\< ---||x|| 2 ^ 

2 \a\ 2 'P — |a| 3 

for all x £ X. 


771 


CHANG IL KIM 765-774 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


CHANGIL KIM AND GILJUN HAN 


It should be remarked that if a functional inequality can be deformed into the 
type of (3.2), then a solution of the original functional equation is cubic. In the 
following theorems, we give a simple example. 


Theorem 3.6. Let <j> : X 2 
(3.7) 


> [0, oo) be a function such that 

H X ,V) < \L(f{2x,2y) 


for all x,y £ X, some real number L with 0 < L < 1 and f : X 
such that /(0) = 0 and 


Y a mapping 


(3.8) || f(2x + y) + f(2x - y) - 2f(x + y)~ 2 f(x - y) - 12f(x) || < 0(x, y) 

for all x,y £ X with X-Ly. Then there exists a unique orthogonally cubic mapping 
F : X —* Y such that 

||F(x) -/(a;)|| < 16(1 L _ [30(s,O) + 80(0,3:)] 

for all x £ X. 

Proof. Letting x = 0 in (3.8), we have 

(3-9) \\f{y) + f(-y)\\ < 0(0, y) 

for all y £ X and letting y = 0 in (3.8), we have 


(3.10) 


11/(2®) - 8/(x)|| < ^<j>(x, 0) 


for all y G X. Letting y = 2y in (3.8), by (3.10), we have 

||8 f(x + y) + 8 f(x -y)- 2 f(x + 2 y) - 2 f{x - 2 y) - 12/(ar)| 
(3.11) 1 1 

< 2 < t > ^ x + V' °) + 2<t>( x ~ V’ °) + 2 y ) 

for all x,y £ X with xLy. Interchang x and y in (3.8), by (3.9), we get 

ll/(® + 2 y) - fix - 2 y) - 2 f(x + y) + 2 f(x - y) - 12/(y)|| 
< <t>{y, x) + 0(0, x -2 y) + 20(0, x-y) 


(3.12) 


for all x, y £ X with x_L y. Putting a = 2, b = 1, and c = —4 in Df(x, y), by (3.8), 
(3.11), and (3.12), we have 

\\Df(x,y)\\ < 0(x, y) 

for all x,y £ X , where 

0(®, y) = 0(® 5 y) + 20(y, x) + ^0(x + y, 0) + ^0(a; - y, 0) + 0(x, 2 y) 

+ 20(0, x-2 y)+ 40(0, x-y) 

Since 0 satisfies (3.1), by Theorem 3.2, we get the result. 

Similar to Theorem 3.6, we have the following theorem : 

Theorem 3.7. Let 0 : X 2 —> [0, oo) be a function such that 
(3.13) (j){2x, 2y) < 8L0(2;r, 2 y) 


□ 
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for all x, y £ X, some real number L with 0 < L < 1 and f : X —> Y a mapping 
satisfying /(0) = 0 (3.8). Then there exists a unique orthogonally cubic mapping 
F : X —* Y such that 

\\F(x)-f(x)\\ < —^ [3<ft(x, 0) + 8cj)(0, x)] 

for all x € X. 

By Theorem 3.6 and Theorem 3.7, we have the following corollary : 

Corollary 3.8. Let f : X —> Y be a mapping such that /(0) = 0 and 

\\f(2x + y ) + f{2x-y)-2f{x + y)-2f(x-y)-12f(x)\\ < |MHM| P + |N| 2p + \\y\\ 2p . 

for all x,y £ X and a fixed positive real number p with p ^ |. Then there exists a 
unique orthogonally cubic mapping F : X —> Y such that 

\\F(x)-f(x)\\< 2 l8 ^ 22pl \\x\\^ 

for all x G X. 
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CERTAIN SUBCLASS OF HARMONIC MULTIVALENT 
FUNCTIONS DEFINED BY DERIVATIVE OPERATOR 

ADRIANA CATAS 1 *, ROXANA §ENDRUTIU 2 AND LOREDANA-FLORENTINA 

IAMBOR 3 


Abstract. In the present paper, we investigate new properties of a 
new subclass of multivalent harmonic functions in the open unit disc 
U = {z £ C : |z| < 1}, under certain conditions involving a new gen¬ 

eralized differential operator. Furthermore, a representation theorem, an 
integral property and convolution conditions for the subclass denoted by 
ALn{p,m,S,a, \,l) are also obtained. Finally, we will give an application 
of neighborhood. 

Keywords: differential operator, harmonic function, extreme points, convo¬ 
lution, neighborhood. 

2000 Mathematical Subject Classification: 30C45. 


1. Introduction 

A continuous complex-valued function / = u + iv defined in a simply con¬ 
nected complex domain D is said to be harmonic in D if both u and v are 
real harmonic in D. In any simple connected domain we can write / = h + g, 
where h and g are analytic in D. A necessary and sufficient condition for / to 
be univalent and sense preserving in D is that \h\z)\ > \g'(z)\, z E D. (See 
also Clunie and Sheil-Small [5] for more details.) 

Denote by Su(p, n),(p,n E N = {1,2,...}) the class of functions f = h + g 
that are harmonic multivalent and sense-preserving in the unit disc [/ = {z£ 
C : \z\ < 1}. Then for / = h + g £ 5-^(p, n) we may express the analytic 

functions h and g as 


OO OO 

(1.1) h(z) = z p + ^2 a k z k , g{z)= ^2 bkzk ’ IVtn-i| < L 

k=p+n k=p+n —1 


1 
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Let S%{p,n,m),{p,n E N, m E No U {0}) denote the family of functions 
fm = h + 9m that are harmonic in D with the normalization 
( 1 . 2 ) 

oo oo 

h(z) = z p - ^ \a k \z k , g m ( z ) = (- l) m ^2 I b k\z k , \b P +n-i\ < 1- 

k=p-\-n k=p-\-n— 1 

Definition 1.1. [4] Let H(U ) denote the class of analytic functions in the 
open unit disc U = {z E C : \z\ < 1} and let A(p) be the subclass of the 
functions belonging to H(U) of the form 

OO 

h(z ) = Z P + ^2 a kZ k ■ 

k=p-\-n 

For m E No, A > 0, 5 E No, l > 0 we define the generalized differential operator 
l) on A(p) by the following infinite series 

oo 

(1.3) ift(p, l)h(z) = (p + l) m z p + J2\P + Kk-p) + l] m C{5 , k)a k z k , 

k=p-\-n 

where 

k + 5-l\ _ T(k + 5) 

5 


(1.4) 


C(5, k) = 


T(k)T(6 + 1) 

Remark 1.2. When A = 1, p = 1, l = 0, 6 = 0 we get Salagean differential 
operator [[13]; p = 1, m = 0 gives Ruscheweyh operator [12] 5 p = 1,1 = 0,5 = 0 
implies Al-Oboudi differential operator of order rri (see H|); A = 1, p = 1, 
l = 0 operator (1.3) reduces to Al-Shaqsi and Darus differential operator [2] 
and when p = 1, l = 0 we reobtain the operator introduced by Darus and 
Ibrahim in [6j. 


Definition 1.3. [4] Let / E Su(p,n), p E N. Using the operator ( |1.3[ ) for 
/ = h + g given by (1.1) we define the differential operator of / as 

(1.5) 


where 

( 1 . 6 ) 

and 

(1.7) 


Ix, S (P,l)f(z) = + (-1 ) m I% s (p,l)g(z) 


I^ s (p,l)h(z) = (p + l) m z p + J2 [p + Kk-p) + l} m C(5,k)a k z k 

k=p+n 


I%s(p> l )9{z)= [p + K k -p) + k\ m C\5,k)b k z k . 

k=p+n —1 
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Remark 1.4. When A = 1, l = 0, 5 = 0 the operator (1.5) reduces to the 
operator introduced earlier in [8] by Jahangiri et al. 

Definition 1.5. [4] A function / G Sp(p,n) is said to be in the class 
AL-pfp, m, 5, a , A, l ) if 

'/-+ 1 (p, l)f(z)) 


( 1 . 8 ) 


1 

p +1 


Re 




> a, 0 < a < 1, 


where I'ff^f is defined by (1.5), for m G No- 
Finally, we define the subclass 

(1.9) AL n (p,m,5,a,\,l) = AL n (p,m,5,a, X,l) n S n (p,n,m). 

Remark 1.6. The class ALu(p,m, 5, a, \,l) includes a variety of well-known 
subclasses of S-p(p, n ). For example, letting n = 1 we get AL%(1,1,0, a , 1, 0) = 
HK(a ) in [7], for n = 1, ALy_(l,m — 1,0, a, 1,0) = Sn(t,u,a ) in [ 44] , 
ALp(p, n + p, 0, a, 1, 0) = SH p (n, a) in [IT] and n = 1, ALp(l, m, 5 , a, 1, 0) = 
M-j-l (rri, 5, a) in [3j. 


Theorem 1.7. [4] Let f m = h + g m be given by (1.2). Then f m G 
ALy^(p, m, 5, a , A, l) if and only if 


( 1 . 10 ) 


vL [(p + 1){1 - a) + X(k - p)\d pk (m, A, l)C(5, k) 

2_j -— n-M+ 


+ E 

k=p-\-n— 1 


lip + ()(1 + a) + A (k - p)\d p ,k(m, A, 1)0(5 , k ) 


(p + l) m+1 (l - a) 
where An > a(p + l), 0 < a < 1, m £ No, A > 0 and 
(1.11) d Ptk (m , A, l) = \p + \(k -p) + l] m . 

Remark 1.8. The harmonic function 

(p + l) m+1 (l - a) 


N < i, 


(1.12) t(z) = z-+ ]T 


k=p+n 


[{p + l)i 1 - a) + A (k - p)\d Ptk (m, A, 1)0(5, k) 


x k z k + 


(p + l) m+1 (l - a) 


+ ,_^ 1 [(p + l)(l + a) +\(k-p)\d Ptk (m,\,l)C(5,k) 

AC— p~\~TL 1. 


y k z 


where Efclp+n l*fcl + Efclp+n-i ll/fcl = M < a < 1, m G N 0 , An > a(p + Z), 
A > 0 and d Ptk (m,\,l) is given in (1.11), show that the coefficient bound 
expressed by (|1.10) is sharp. 


777 


CATAS 775-785 
















J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


4 


A. Cata§, R. §endru^iu, L.F. Iambor 


2. Convex combination and extreme points 

In this section, we show that the class ALu(p,m,6,a, X,l) is closed under 
convex combination of its members. 

For i = 1, 2,3, ..., let the functions f mi (z ) be 

OO OO 

(2.1) f mi ( z ) = z r- |o fcii |z fc + (-l) m £ IM^- 

k=p-\-n k=p-\-n— 1 

Theorem 2.1. The class AL-^(p 1 m,5,a, X,l) is closed under convex combi¬ 
nation. 


Proof. For i = 1, 2,3,..., let f mi (z ) £ AL%(p, m, 5, a, A, l), where the functions 
f mi (z) are defined by ( |2.1[ >. Then by ( |1.10 ) we have 


R2) E 

k=p-\-n 


[ip + Q(1 - a) + A (k - p)\d Pt k(m, A, l)C(6, k) 
(p + Z) m+1 (l - a) 


0-k,i | + 


+ E 

k=p-\-n— 1 


[(p + 0(1 + a) + A (k - p)]d p>k (m, A, l)C(8, k) 


M < 1. 


(p + l) m+1 (l - a) 

For ti = 1, 0 < ti < 1, the convex combination of f mi may be written as 


i— 1 




OO / OO 


OO / OO 


2—1 


t: ( y~]^iQfe,ii i ^ 

k=p-\-n \ 2 — 1 / 


+ (-!)"* E E^i'-mI 

/c=p+n—1 \ 2=1 


z k . 


Then by (2.2) one obtains 

[{p + 0(1 - ol) + A(fc - pj\d P)k {m, A, Z)C(<y, fc) 


E 

k=p+n 


+ E 

/c=p+n—1 


(p + 0 m+1 (l - «) 

[(p + 0(1 + a) + A(fc — p)]d P) fe(m, A, OC^, &) 
(p + 0 m+1 (! -«) 


^ \ 

v.i=l / 

( OO 

^ ^ ti | Oc,i | 
i=l 


[(p + 0(1 — a ) + A(fc — p)]d p k(m, A, l)C(5, k) 

, nm+i/T ^ -l°fc,il + 


<=1 ^.= P+ n (p + 0 m+1 (l-«) 

[(p + 0(1 + a) + A (k - p)\d Ptk (m, A, l)C(S, k ) 


+ £ 

/c=p+n—1 


(p + 0 m+1 (l - a) 


\bk,i\ > < = 1 > 


t=i 
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oo 

and therefore E tifmi(z) € AL n (p,m,5,a,X,l). □ 


i= 1 


Further, we will determine a representation theorem for functions in 
ALp(p, m, 5, a, X, l ) from which we also establish the extreme points of closed 
convex hulls of ALp(p, rn. 5, a, A, l ) denoted by clcoALp(p, m, 5, a, A, l). 


Theorem 2.2. Let f m (z ) given by (1.2). Then f m {z ) S ALp(p,m,5,a, X,l) 
if and only if 

OO OO 

(2.3) fm(z) = X p h p (z) + ^2 X k h k(z) + ^2 Y k 9 m k (z), 

k=p-\-n k=p-\-n— 1 

where h p (z ) = z p 

(2.4) h k (z) = z p - (p + l) m+l (l — a) ~ k 


[{p + 0(1 - a) + X(k - p)]d P}k (m, A, 1)0(5, k) 
k = p + n,p + n + 1, 


and 

(2.5) g mk (z) = z p + (- 1) 


(p + l) m+1 (l -a) 


:z k , 


[(p + l)(l + a) + A (k - p)\d P)k (m, A, l)C(5, k) 
k = p + n — 1 ,p + n, 

With X k > 0, Y k >0,X P = 1- ET= P+ nXk - ET= P+ n-i Y k . 

In particular, the extreme points of ALp(p, m, 5, a, A, l) are {h k } and {g mk }- 


Proof. For the functions f m of the form (2.3), we have 

OO OO 

fm(z) = Xphp(z) + ^ ^ X k h k (z) + ^ ^ 1 kgm k (z) 

k= P +n k= P +n —1 


= 2 P - 


E 

k=p-\-n 


(p + l) m+1 ( l-a) 


[(p + l)(l-a) + A (k - p)\d Ptk (m, A, l)C(5, k) 


X k z k + 


(p + l) m+1 (l -a) 


+< ‘ 1 ' ) ■^ \(p + l)(l + a) + X(k - p)]d Pt k(m,X,l)C(5,k) 

K — p~ \~71j J. 

Consequently, 


Y k z k . 


E 

k=p-\-n 


[ip + l)(l-a) + X(k - p)\d Pik (m, X, l)C(5, k) 
(p + l) m+1 ( 1 - a) 
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+ E 

k=p-\-n— 1 


[{p + l)( 1 + oQ + A (k - p)]dp,k(rn, A ,l)C(6,k) 

(p + Z) m+1 (l-a) k ~ 

OO OO 

= + YZ ^ = i~ Yp e i, 


where 


k=p-\-n k=p-\-n— 1 

= _ (p + Q m+1 (l-a) _ x 

[(p +l)(l - a) + \(k - p)\d P}k (m,\,l)C(5 1 k)^ k 

h = _ (P + 0 m +Mi- q) _ y 

[(p + Z)(l + a) + A(fc-p)]d Pifc (m,A,i)C'(<5,fe) 

and therefore f m G clcoAL^p, m, 5, a, A, /). 

Conversely, suppose that / m G clcoAL^(p. m, 5 , a, A, Z). 

Setting 


( 2 . 6 ) 


_ [(p + Z)(l - a) + A(fc X,l)C(5,k) 

k ~ (p + l) m+1 {l-a) 

k = p + n,p + n + 1,..., 

^ _ [{p + l)(l + a) + X(k-p)]d P! k(rn,X,l)C(S,k) tu , 
k ~ {p + l) m + l {l-a) lkl 

k = p + n — 1 ,p + n, 

and X p = 1 - YX= P +n X k ~ Efclp+n- i Y k- We note b Y Theorem 
0 < Yk < 1,0 < Xk < 1, and X v > 0. 

We obtain the required representation since f m can be written as 


1.7 


that 


f m ( Z )=zP- Wk\z k +(~ir e n * 

/c=p+n 1 


—k 


= z p - 


E 

/c=p+n 


_(p + zr +1 (l-q)x fc _ 

[(p + Z)(l - a) + A(fc - p)]dp ifc (m, A, Z)C'(<5, fc)' 
(p + l) m+1 (l-a)Y k 


^ ^ I(p + 0(1 + a ) + H k -p)]d Pt k('m,X,l)C(S,k) 


z k = 


k=p-\-n—\ 
oo 


E (z p - h k(z))x k + E = 

£;=p+n /c=p+n—1 

oo oo / oo oo 

E fc*(*)*fc+ E i-E x *~ E 


/c=p+n 


/c=p+n—1 


k=p+n k=p-\-n— 1 
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— Xphp(z) -p 'y ) X k h k {z) + y> ^ ^kSirik {. z )i 

k=p+n k=p+n —1 

as required. □ 

3. Integral property and convolution conditions 

In this section we will examine the closure properties of the class 
ALp(p, m, <5, a , A, l ) under the generalized Bernardi-Libera-Livingston integral 
operator and also convolution properties of the same class. 

Now, for / = h + g given by (1.1) we define the modified generalized 
Bernardi-Libera-Livingston integral operator of / as 


(3.1) 

£c(f(z)) = Cc{h{z)) + C c (g(z)), c > -p, 

where 

C c {h(z)) = f t c 1 h(t)dt 

z Jo 

and 

£c(g( z )) - c 1 t c 1 g(t)dt. 


Putting g = 0 in (3.1), we get the definition of the generalized Bernardi- 
Libera-Livingston integral operator on analytic functions, (see m,my 

Theorem 3.1. Let f G ALp(p,m,5,a, X,l). Then C c (f) belongs to the class 
AL n (p,m,5,a,X,l). 

Proof. From the representation of C c {f ), it follows that 

£c(f(z)) = C ^r- [ t c ~ l {h{t) + 9 m{t))dt = 

z Jo 


c + p 


( oo \ rz / oo 

t p -^2 \ a k\t k I dt +(—i) m / i- 1 \b k \p 

k=p J r n I ® \k=p-\-n—l 


dt 


= z p - 


where 


k=p-\-n 

oo oo 

E udY + (-ir E 

k=p-\-n k=p-\-n —1 

, _ C +P „ C + Pi 

■™-k i k i Ok' 

C + K C T K 


Further, one obtains 

[(p + l)( 1 - a) + A (k — p)\d P} k(m, A, l)C(S, k) c + p 


E 

k=p-\-n 


{p + l) m+1 [l - a) 


c + k 


o-k + 
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[ip + Q(1 + a) + A (k - p)]d Ptk (m, A, l)C(5 , k) c + p 

t J ?«-1 ip + lr+Hl-a) 'c + k l kl - 

[(p + /)(!-«) + A (k - p)\dp tk (m, A, l)C(5, k) 

(v 4- — a) 


k=p-\-n 
oo 


Kp + 0(1 + a ) + — p)\d p ,k[pT’, A, l)C(5, k) 

\JL“-- w - 

Since / E ALp{p,m,, 8, a, X,l), by Theorem 1.7 we have C c (f) E 
AL n {p,m,8,a,X,l). □ 

For the harmonic functions 

OO OO 

(3.2) Mz) = z*>- E \a k \z k + (-l) m J2 \h\z\ Ibp+n-ilKl, 

k = p-\-n k = p -\- n — 1 

and 

OO OO 

(3.3) f 2 (z) = z*~ E \A k \z k + (-ir E |Bp+n-i| < 1, 

/c=p+n k = p -\- n — 1 

we define the convolution of fi and f 2 as 

OO OO 

(fi*f2){z) = f 1 (z)*f 2 (z) = z*- e ia^k fc +(-ir E i^i^- 

/c=p+n fc=p+n—1 

In the following theorem, we examine the convolution properties of the class 

AL H (p,m,5,ot,\,l). 

Theorem 3.2. For 0 < (3 < a < 1 let f± E AL-^(p,m,6,a, X,l ) and f 2 E 
ALfi(p, m, 6, f3, A, /). Then fx*f 2 E AL n (p,m,8,a,X,l) C AL H {p,m,8, (3, X,l). 

Proof. Let f\ E ALp{p,m,8,a,X,l) and /2 E ALp(p,m,8, (3, X,l). Obviously, 
the coefficients of f± and /2 must satisfy similar conditions to the inequality 
(1.10). Therefore, for the coefficients of f\ * f 2 we can write 


+ 


[(p + l)(l-P) + X(k-p)\d pk (m,X,l)C(6,k) 

E n - (p + o-d-« - KA ‘ I+ 

I(p + 0(1 + P) + — i)C(S, k) iu D ! 

2- . (p + 0 m+1 (i-/3) 1 * fc| 


< 


/c=p+n— 1 
oo 


v-^ [ip + l)0--P) + Hk-p)]d pk (m,\,l)C(6, k ) { |. 

> , - 7- , m - \ a k\ + 


k=p-\-n 


(p + l) m+1 { 1-/3) 
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y^ [(p + +/3) + — p)]d P 'k(rn, \,l)C(5,k) 

JL. i (p+o—a-fl 1 ll - 

yL [(p + l){l -a) + X(k ~ p)\d Pik (m,X,l)C(5,k) 

(p+i)“«(i-«) M+ 

[ip + /)(1 + a) + A (k - p)]d Ptk (rn, A, l)C(S, k) 

(p + l) m+1 (l — a)+ |fc| “ ’ 

of Theorem 1.7 it follows that 


OO 


+ £ 

fc=p+n—1 


IV- y I IV -L 

because /i E ALu(p,m,8,a,\,l). In view of The 
f\ * f '2 E AL H (p,m,5,a,\,l ) C AL n (p,m, 5, (3, A,/). 

4. An application of neighborhood 

Let us define a generalized (n, ^-neighborhood of a function / given in (1.2) 
to be the set 

N n ,n(f) = \F m (z) E S H {p,n,m) : 
yL [Q? + Q(1 - ct) + A(fc - p)]dp, fc (m, A, fc) , _ , 

^ (p + 0 m+1 (! -«) ^ 

Up + 0(1 + a ) + A(fc — p)]d p ,fc(m, A, l)C(6, k) 

JLi -<»+'>-( I-)-' Bil £ " 

where F m (z) = - ££L P +n \ A k\z k + (“T™ E/Ep+n-i 1^1^- 

.1. Let fm = h + g m be given by (1.2). If the functions f m satisfy 


Theorem 4 

the conditions 


(4.1) 


£ *• 

k=p-\-n 


[ip_ + /)(!- a) + A (k - p)\d p> k(m, A, l)C(6, k ) 

(p + l) m+1 (l - a) |0fc| 


K=p-\-n 

[ip + Q(1 + a) + A (k - p)]d Pt k(m, A, l)C(6, k ) 

(p-M) m+1 (! - a) 


(p + /) m+1 (l - a) 

+ w ... n]<i-%ka.o 

and 

(4.2) n < —— - 

p + n — a 

An > a(p + l), where 

ttcx i \ n [(p + 0(! + a ) + A(n - l)]d P)P+n _i(m, X,l)C(S,p + n - 1) 

- (y +i) ™+l ( l_ a ) ^ 

then N n , v (f) C AL H {p,m,5,a,\,l). 


p + n-a- 1 , , A s 

-T-(1 - u P ,si m ’ A ’ 0) 

n + n — a 


-l 
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Proof. Let f m satisfy (4.1) and F m £ N n)V (f). We have 

[ip + 0(1 - g) + A (k - p)\d Pi k(m, A, l)C(5, k ) ^ 


k=p-\-n 

oo 

+ £ 

k=p+n— 1 


<r/+ ^ 

fc=p+n 


(p + /) m+1 (l -«) 

[jp + l){ 1 + «) + A(fc -p)]d Pi fc(m, A ,l)C(6,k) 

(p + l) m+1 ( 1 - a) 

[(p + 0(1 - a) + A(fc - A, l)C(6, k ) 


(p + 0 m+1 (l - «) 

[(p + l)(l + a) + A (k - p)\d p ,k{m, A, l)C(6, k) 


Bk\ < 


Ofc | + 


i? + 


1 


(p + l) m+1 (l - a) 

[ip + 0(1 - a ) + A(fc - p)\d Pt k(m, A, Z)C'(5, fc) 


p + n — a 


£ *• 


N ) + U£ s (m,X,l) < 


k=p-\-n 

[ip + 0(! + «) + A ik - p)\dp' k im, A, l)C(6, k) 


ip + l) m+1 { 1 - a) 


ip + l) m + 1 i 1 - a) 

n) +^(m,A,0< 


< r? + 


1 


(1 — Up S {m, A, £)) + Up S im, A, Z) < 1. 


p + n — a 

Hence, for p < ^1 — Up S (m, A, o) we deduce that /, 


AL n (p,m,6,a,X,l). 


m C 
□ 
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ARGUMENT ESTIMATES FOR CERTAIN ANALYTIC FUNCTIONS 

N. E. CHO, M. K. AOUF, AND A. O. MOSTAFA 

Abstract. TThe purpose of the present paper is to investigate some argument prop¬ 
erties for certain analytic functions in the open unit disk. The main results presented 
in here generalize some previous those concerning starlike function of reciprocal of 
order beta and strongly starlike functions. 


1. Introduction 

Let A be the class of analytic functions f(z) of the form 

OO 

f(z) = z + a n z n (z E U = {z : z G C , \z\ < 1}). (1.1) 

72—2 

A function f(z) e A is said to be in the class C(a) of convex functions of order a if 
and only if 

Rejl + ^^H >a (0<a< 1) (1.2) 

and is said to be in the class §*(«) of starlike functions of order a if and only if 

> a (0 < a < 1). (1.3) 

We note that C(0) = C and S*(0) = §*, where C and §* are, respectively, the well-known 
classes of convex and starlike functions. 

The classical result of Marx |5j and Strahhacker |8| asserts that a convex function is 
starlike of order 1/2, that is, 

Re { 1 + fw } >0 (zeC) ^ Rc { £ fw H ( ‘~ eu) ' (L4) 

If f(z) € §* satisfies the condition 

Re { jf ^)} >f3 (°<^< * 1 ^ eU )’ ( L5 ) 

2010 Mathematics Subject Classification. 30C45. 

Key words and phrases, univalent functions, starlike function of reciprocal of order /3, strongly 
starlike functions, convex functions. 
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then f(z) is said to be starlike of reciprocal of order (3 ( see Nunokawa et al. [4| ). 
In |7| Sakaguchi proved that: If f(z ) E A and g(z) E §*, then 


Re 


g'(z) 


>0 (zell) 


Re 




U(*) 


> 0 (z E U). 


In |6| Pommerenke generalized Sakaguchi’s result as follows. 
If f(z) E A and g(z) E C and 


/'(*) 


arg — 


7r 


then 


arg 


9'(z) 
f(z 2 ) - f(zi) 


< —a (0 < a < 1; z E U), 


g{z 2 ) - g(z 1 ) 


7T 


< -a (\zx\ < 1, \z 2 \ < 1). 


Recently, Nunokawa et al. j4] generalized Pommerenke’s result as follows. 
If f(z) E A and g(z) E C, then g(z) is starlike of reciprocal of order /3 and 


/ ( z ) 

ar g 

g{z) 


< —a + tan 1 —— (z E U; 0 < a < 1; 0 < /3 < 1), 
“2 1 + a “ 


then 


arg 


f(z) 


g(z) 


7r 


<-a (zE U). 


Also Kanas et al. [T] generalized Sakaguchi’s result as follows. 
If f(z) E A and g(z) E §*, then 


Re 


f(z)Y~ a f f(z) 


g(z) 


g'(z) 


> 0 (z E U; 0 < a < 1) 


Re 


M 

9(‘) 


( 1 . 6 ) 


(1.7) 


( 1 . 8 ) 


(1.9) 


( 1 . 10 ) 


where the powers ill Jl.ll ) are meant as the principal values. 
Also Kallas et al. II] defined the class 77(d) as follows. 


> a (z E HJ), 

( 1 . 11 ) 


H(a) — f(z) E A, g(z) E §* : Re (1 — a) | | }> > 0 (0 < a < 1) 


( 1 . 12 ) 


In the present paper, we extend some results obtained by Kanas et al. [I], Liu 
Nunokawa et al. |4|, Pommerenke 16] and Sakaguchi |7| by using Nunowawa’s lemma 
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2. Main results 

To derive our results, we need the following lemma due to Nunokawa |3|. 


Lemma 2.1. Let a function p(z) with p(0) = 1 and p{z) ^ 0 be analytic in U. If 
there exists a point z 0 E U such that 


71 


then 


where 


and 


where 


|argp(z)| < -a (|z| < \z 0 \, a > 0 ), 

— - = ika and |argp(^ 0 )| = —a, 

p(z 0 ) 2 


, 1 / 1 \ , 7T 

> - a H— 1 >1 when arg p(zo) = —oi 
Zi \ a / z 


, 1 / 1 \ , . . 7T 

A: < —- I a H— J < — 1 when arg p(z 0 ) = — —ex, 

Zi \ CL / Z 


p{z o)“ = ±ia(a > 0). 


Theorem 2.2. Let f(z) € A, g(z) G C and g(z) is starlike of reciprocal of order (3. 
Suppose that 


arg 


l 1 - A)-- + - 7 

g{z) 9 \ z ) 


71 


< -p (0 < A < 1; 0 < 7 < 1; z e U), ( 2 . 1 ) 


where 


Then we have 


Proof. Let 


2 / ap\ 

p — a -\— tan -- 

7T \l + a\ 


f(z) 

arg — 7 


(0 < ex < 1 ; 0 < 7 < 1 ). 


9(z) 


P(z) = 


71 


< -a (z G U). 


1 (f(z) 


1 -7 V#(-) 


7 


Then p(z) is analytic in U, p( 0) = 1 and p(z) 7 ^ 0. It follows from (2.4) that 

zp'(z) g{z) 


= 7 + (! - 7)pO) 

0 (*) 


1 + 


Also, from (2.4) and (2.5), we have 


(i-A)h4 + A A£l_ T = ( i_ T)pW 

9V) 9 W 


z»'(z) 

zp'M 9(2) 


l + A- 


p(z) zp'M 


( 2 . 2 ) 

(2.3) 

(2.4) 

(2.5) 

( 2 . 6 ) 
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If there exists a point z 0 £ U such that 


7r 


argp{z)\ < -a (\z\ < |z 0 |) 


and 


7T 


|argp(^ 0 )| = 7, a (° < « < !)■ 


Then from Lemma 1, we have 


Zop'(z 0 ) 

p(z o) 


= iak, 


where 


and 


1 7T 

k > -(a + a -1 ) > 1 when a,igp(z 0 ) = —a 


1 7T 

k < — -(a + a ~ ) < — 1 whenargp(^ 0 ) = — —a, 

where (p(zq))^ q = ±ia(a > 0). Since g(z) £ C, from Marx-Strohhacker’s theorem |5j|8], 
we have 

zg\z) 


Re 


9{z) 


> 1/2 0 G U), 


so that g(z) £ §*(1/2). Putting yyy = u + iv, where u > 1/2. Then 

g(z) ^ 2 1 — u — iv 2 1 — 2 u + u 2 + v 2 

zg'(z) u + iv u 2 + v 2 

Therefore, 


9{z) 


which implies that 


zg'(z) 

9{z) 


Im 


zg'(z) 


< 1 (z £ U), 


< 1 (z £ U), 


and from the assumption of the theorem, we have 

9(z) 


Re 


zs'M 


> 0 (0 < P < 1; z £ D). 


(2.7) 


( 2 . 8 ) 


(2,9) 
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For the case |argp(^ 0 )| = fa, from (2.5), (2.6) and (2.8), we have 

fn \\f( z o) ,, \f'( z o) 

arg (1 - A) T7TT + - 7 


g(z o) 

argp(zo) + arg < 1 + A 


g'(z o) 
z 0 p'(z 0 ) ( g(z 0 ) 


p(z o) \z 0 tf(z 0 ) 


7r 


—a + arg 1 + iakX ( Re 


7T 

-a + arg 


7r 

—a + tan 


7r 


*o 0 '(*o) 

*bS'(*o), 

afcARe . 

209 Co) 


9(Z ") + , 1 m 


1 — akX ( Im 


+ ikaXRe 


Zog'(z Q ) 

g(z o) 


Ai^Oo) 


> —a + tan 



> —a + tan 


-l 


1 + akX 

This contradicts the assumption of the theorem, then 


aX/3 
1 4 - aA 


|argp(z)| < —a (z G U). 

For the case |argp(^ 0 )| = — fa, applying the same method above, we have a contradic¬ 


tion. This completes the proof of Theorem 2.2 


I 


Remark. Putting A = 1 in Theorem 1, we get the result obtained by Liu |2, Theorem 
2.1]. Also, from Theorem 1, we have the results obtained by Kanas [l], Nunokawa [3] 
and Sakaguchi |7|. 


Theorem 2.3. Let f (z) G A, g(z) G C and g(z ) is starlike of reciprocal of order 
(3 (0 < fd < 1). Suppose that 


arg 




<\p (2 6 U), 


( 2 . 10 ) 


where 

p = (p + 7 )a + — tan" 1 f ^ (zgHJ), (2 .11) 

7r \1 + a J 

p and 7 are fixed positive real numbers with 0 < p + 7 < 1 and 0 < a < 1. Then 


arg 


m 

g( z ) 


7 r 



(z G U). 


( 2 . 12 ) 
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Proof. Let us define the function p(z) by (2.4). It follows from (2.4) and (2.5) that 


my sm 

g'{z) 


and 


arg 


g(z 

MY ffW* 


= (p(z)) 


M+Y 


1 + 


zp'(z) g(z ) 
p(z) zg'(z) 


g{z)j \9'(z) 


f(z) f(z) 

= 9 arg TTGT + 7 arg — 


M 


g'( z ) 


= (/i + 7 ) argp(z) + 7 arg ( 1 + 


zp'(z) g(z) 
p{z) zg'(z) 


(2.13) 


Suppose that there exists a point z 0 E U such that 

7 r 7T 

|argp(z)| < — ol (|z| < |z 0 |) arid |argp(^ 0 )| = —a (0 < a < 1 ). 


Then, using Lemma 1, we have 


ZqP'(zq) 

p(z 0 ) 


= ik/3. 


For the case avgp(z) = f a, from (|2.7|), (|2.8|) and (|2.13|), we have 

z oP'( z o) g{z 0 ) 


arg 


(M)Y(n* 0 ) 

\ 9 ( z o)J \9'(z 0 ) 


= (9 + 7 ) argp(^o) + 7 arg 1 + 


p(z 0 ) z 0 g'(z 0 ) 


7 r 


(/i + 7) —a + 7 arg 1 + ictfc ( Re 


7 r 


= (/i + 7 ) —a + 7 arg < 1 — ak I Irn 


g(zp) 

zog'(zo) 

gjzp) 

L z 0 g , (z 0 ) / 


+ dm 


+ iakRe 


g(zo) 

zog'(zo) 

g(z 0 ) 


2o0'(*o) 


7T 


(r + 7 )^“ + 7 tan 1 


7 r 


> (/i + 7)^-0 + 7 tan 1 


7T 



> {9 + l)i^ a + 7 tan 1 

This contradicts the assumption of the theorem, then we have 

7 r 

|argp(z)| < —a ( 2 ; E U). 

For the case |argp(£ 0 )| = — fa, applying the same method above, we have a contradic¬ 


tion. This completes the proof of Theorem 2.3 
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Putting n — 1 — 7 (7 > 0) in Theorem 2, we obtain the following corollary. 

Corollary 1. Let f (z) G A , q(z) G C and q(z) is starlike of reciprocal of order 
P (0 < /? < 1). Suppose that 


arg 


m 

9{z) 


1-7 


m 

9'(z) 


7T 


<2 P (7 > 0; 2 G U), 


Then 


P 


2 7 

a H-tan 

7r 


-1 


a/3 

it qi 


(0 < a < 1). 


arg 


M 

9{z) 


< (ze U). 


Remark. Putting 7 = 
al. [ Q, Theorem 2.3 . 


1 in Corollary 1, we have the result obtained by Nunokawa et 
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Some properties of the second kind degenerate g-Euler 
polynomials associated with the £>-adic integral on Z p 

C. S. RYOO 

Department of Mathematics, Hannam University, Daejeon 34430, Korea 


Abstract : In this paper, we introduce the second kind degenerate g-Euler numbers and polynomials 
associated with the p-adic integral on Z p . We also obtain some explicit formulas for the second kind 
degenerate g-Euler numbers and polynomials. 


Key words : Euler numbers and polynomials, the second kind Euler numbers and polynomials, 
the second kind degenerate Euler numbers and polynomials, the second kind degenerate q-Euler 
numbers and polynomials, p-adic integral on Z p . 
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1. Introduction 


Throughout this paper we use the following notations. By Z p we denote the ring of p-adic 
rational integers, Q p denotes the field of rational numbers, N denotes the set of natural numbers, C 
denotes the complex number field, C p denotes the completion of algebraic closure of Q p , N denotes the 
set of natural numbers and Z + = NU{0}, and C denotes the set of complex numbers. Let p be a fixed 
odd prime number. Let z/ p be the normalized exponential valuation of C p with |p| p = = p _1 . 

When one talks of g-extension, q is considered in many ways such as an indeterminate, a complex 
number q € C, or p-adic number q € C p . If q £ C one normally assumes that \q\ < 1. If q £ C p , we 
normally assume that | q — l| p < p~p ~ so that q x = exp(xlog q) for \x\ p < 1. 

We say that / is uniformly differentiable function at a point a £ Z p and denote this property 
by g £ UD{ Z p ), if the difference quotients 


F g(x,y) 


g(x) - g{y) 
x-y 


have a limit l = g'(a) as (x,y) —> (a, a). For g £ UD( Z p ), the fermionic p-adic invariant integral on 
Z p is defined by 


!-i (g)= [ g(x)dy- iO)= lim 9(x)(-l) x , (see [3]). 

I v Af->oo z —' 

p 0 <x<p N 


(1) 


If we take gi(x) = g(x + 1) in (1), then we easily see that 


I- 1 (g 1 ) + I- 1 (g) = 2g(0). 


( 2 ) 


We recall that the classical Stirling numbers of the first kind Si(n, k) and the second kind S% (n, k ) 
are defined by the relations(see [6]) 

n n 

(x) n = ^5i(n, k)x k and x n = 5 2 (n, k)(x)k, 

k—0 k =0 

respectively. The generalized falling factorial (x|A) n with increment A is defined by 

n— 1 

(x|A)„ = - Xk) (3) 

k —0 
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for positive integer n, with the convention (x|A)o = 1. Note that (x|A) is a homogeneous polynomials 
in A and x of degree n, so if A ^ 0 then (x\X) n = A”(A _1 a;|l)„. Clearly (x|0) n = x n . We also need 
the binomial theorem: for a variable x, 

00 4-71 

(l + Af)^ = 5>|A) n -. (5) 

n— 0 

For q £ C p with |1 — q\ p < 1, if we take g(x) = q x e^ 2x+1 ' >t in (2), then we easily see that 

/-r(<fe^ 1 )*) = [ (fe^+V'dn-xix) = 

Jz p qe + 1 

Let us define the second kind g-Euler numbers E n q and polynomials E n q (x) as follows(see [5]): 

r °° 4 -Ti 

/ 9 y e (2y+1)t 4t_i(y) = —, (6) 

K t'o n[ 

r 00 j-n 

/ q y e(* +2 v + V t d^{y) = Y,E n , q {x)- v ( 7 ) 

•^ z p n=0 

Recently, many mathematicians have studied in the area of the degenerate Bernoulli umbers and 
polynomials, degenerate Euler numbers and polynomials, degenerate tangent numbers and polyno- 
mials(see [1, 2, 3, 4, 6]). Our aim in this paper is to define the second kind degenerate g-Euler 
polynomials £ n , q (x, A). We investigate some properties which are related to the second kind degen¬ 
erate q -Euler numbers £ n , q { A) and polynomials £ n q {x,X). 

2. Some properties of the second kind degenerate q-Euler numbers £ n>q (X) and 

polynomials £ n ^ q {x,X) 


In this section, we introduce the second kind degenerate g-Euler numbers and polynomials, 
and we obtain explicit formulas for them. For t, A £ Z p such that |Af| p < p-p- 1 , if we take 
g(x) = q x (l + At)( 2a: + 1 )/ A in (2), then we easily see that 

£«■( (8 ) 


Let us define the second kind degenerate g-Euler numbers £ n _ q (X) and polynomials £ n>q (x,X) as 
follows: 

r 00 j.n 

/ Q y (l + Xt)( 2y+1 ^ x dp-i(y) = 5D^.«(A)-j» (9) 

^ Z P n—0 

r 00 j.n 

/ q y{i + xt)Vy +1+ *v x dp- 1 {y) = Y.£n, q (x^)- v (io) 

Jz p n—0 n ' 

Note that (1 + A t) 1 t x tends to e* as A —> 0. From (7) and (10), we note that 

V lim £ n q (x, X)— = lim 2(1 + ^ (1 + A t) x / x = f]E nq (x) t ^. 

' qy ’ n\ \^oq(l + Xt) 2 / x + V ' n! 


Thus, we have 


From (5) and (9), we get 


lim £ n , q {x, A) = E n , q (x), (n > 0). 


V f (x X)— - 2 ( 1 + A 1) 1/A d I Xt) x/X 

£„,,(*, A) n! - g(1 + At)2 /A + 1 ( 1 + Ai ) 


m \ / 00 oo n 


- 5Z \ /I “ X X ( / ) £ l,qW( X \ X )n-l ,• 


ra=0 \Z=0 
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Therefore, we obtain the following theorem. 

Theorem 1. For n > 0, we have 

£n,q(x,X) = ^2 (^jEi, q (X)(x\X) n -i. 

By (8), (9), and (10), we obtain the following Witt’s formula. 
Theorem 2. For h £ Z and n € Z+, we have 


f q x (2x + l\\) n dfi- 1 (x) = £n t q{\), 

Jz p 

/ q y {x + 2y+ l\\) n dp_i(y) = £ n , q {x, A). 

Jz p 

By (5) and (9), we can derive the following recurrence relation: 

°° j-n °° -in 

^ 2(l|A) n — = 2(1 + A£) 1//a = (q( 1 + A t) 2 ^ x + 1) £ n ,q( A) - r 

' n\ ' n\ 

n—0 n=0 

°° .in °° .in 

= q{ 1 + At) 2/A «grt,g (A) — 


/ ft t 171 \ °° f n 

\l—0 m—0 / n —0 

00 / n / \ \ n 

= 53 I 53 w J^( 2 |A)i^n-L 9 (A) + £ n , q { A) J 

n=0 \i=0 ' ' / 

By comparing of the coefficients £j on the both sides of (12), we obtain the following theorem. 


Theorem 3. For n € Z+, we have 


qJ2 (")(2|A),£ n _,,,(A) +£ n , q W = 2(1|A)„. 


By (5), (9), and (10), we have 


°°^ £71 °°^ £71 

y ] Q^n,q{ x H - 2, A) — “I” y V £n,q(%, ~ 

n=0 ' 7i=0 

2q , (l + Af) 1/A x^fx+21/A , 


= agU + 'Mr"- (1 + At A(x+2)/A + 2( 1 + At) 1/A /A 

g(l + At) 2 / A + 1 1 j g(l + Af) 2 A + 1 U + Atj 

00 -in 

= 2(1 + At)<* +1 >/ A = 2V(j + 1|A ) n ~. 

z —' n! 

71=0 

By comparing of the coefficients on the both sides of (13), we have the following theorem. 
Theorem 4. For h £ Z and n £ Z+, we have 


q£n,q{x + 2, A) + £n t q(x, A) — 2(x + l|A) r 


By (1) and (5), we have 


53 {q n £m,q{ 2n, A) + £ m>g (A)) 


= [ q x+n (l + \t)( 2x+2n+1 ^ x dn-i(x) + (—1)" f q x {l + \t) {2x+1)/x d f j,_ 1 (x) (14) 

»/ Zp <7 Zp 


OO / 71—1 


= 2^(-l) n - 1 -y(l + At) (2/+1)/A = 53 ( 253( — l) n ~ 1_ V(2Z + 11A) 


rra=0 \ 1—0 
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By comparing of the coefficients on the both sides of (14), we have the following theorem. 
Theorem 5. For m £ Z+, we have 


n— 1 


q n £m,q(2n,X)+£ m , q (X) = 2^T(-ir- 1 -y(2Z + l|A) m . 


i =o 


By (10), we get 


c ( _ 2(1 - A t) 1/A _ , 

2^ 8n « l( *’ A) n! <7 1 f 1 — AYf— 2 / A + 1 1 A ) 

n —0 


t n 


n\ g _1 (l — Xt)~ 2 / x + 1 

9 °° 

( 1 -A()W + 1 (1 - Af) “ +1>,i = + '• 

By comparing of the coefficients on the both sides of (15), we have the following theorem. 
Theorem 6. For n £ Z+, we have 

£ n ,q-x(-x,- A) = (-l)" 9 £ n) ,(z + l,A), £ n> ,_i(-A) = (-l)" g £ n> ,(l|A). 

For deN with d = l(mod 2), we have 

l/A 

WA 


(15) 


c , .. t n 2(1 + At) 1//A . , a 

gf n , 9 (ai, A) - = q{1 + Xt)VX + 1 (l + Af) 


d—1 


+Ai, " A b-f-ai +A t)W 

oo / d— 1 




ra=0 \ i=0 


1=0 

21 + x + 1 — d A \ \ 
d ’ d 


i' 


t n 


By comparing coefficients of — in the above equation, we have the following theorem: 

n! 

Theorem 7. For d £ N with d = l(mod 2) and n £ Z + , we have 

i—1 


a— i / 

£ n , q (x,\)=d n ^(-l) l q l £ n , qd ( 
i=o ' 


21 + x + 1 — d A 
d ’ d 


In particular, 


d— 1 / 

£„, g (A) = d"^(-l)V^ ( 

i=o A 


2Z + l-d A 
d ’d 


From (10), we derive 

V 'g (, x + v \ 2 ( 1 + Xt ) 1/X n + x t )^+v)/\ 
2^ tn, q yx + y, A) nl - (1 + Ai)2/A + J 


n —0 


2(1 + Af) / _ Af) a;/A (l + AtW A 

q(l + \t)V^ + l [ + ’ [ + ’ 


- (£W*,a) ) ( £(y|A) n ,) - (X! (/ ) £ iA x ^)(y\^)n-i ) ,• 


t 


oo / n 


\n—0 


\n —0 


n—0 \Z=0 


Therefore, by (16), we have the following theorem. 
Theorem 8. For n £ Z + , we have 


^q(x + i/,A) = £ (^j £ iA x ^)(y\ x )n-i- 


(16) 
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From Theorem 8, we note that £ nA (x, A) is a Sheffer sequence. 
e xt - 1 

By replacing t, by --- in (10), we obtain 


A 


2e‘ 


qe 2t + 1 


n —0 

oo / m 


= £*"*(*>A) ( ^Y 1 ) Y = E^> A ) A_ ” E S 2 (rn,n)\ mi - 


n . oo 


A ) n\ 


71=0 


ml 


= E ( EW*’ A ) Am "" 5 2 (jn,n) 

7n=0 \n =0 / 

Thus, by (17), we have the following theorem. 
Theorem 9. For n £ Z+, we have 


ml 


£*,,,(*) = E XTn ~ n£ n,q( x ’ x ) s 2 {m, n). 


71=0 


By replacing t by log(l + At) 1 / A in (7), we have 

+ 1 2(1 +A f) 1 /* 


E E n ,q{%) (log(l + At) 1 ^ A ) n! - (1 + At)2/A + 1 ( 1 + A i) a:/A - E £ ">«(*’ A ) m i 

n—0 v 7 m—0 


and 


oo / m 


(17) 


(18) 

(19) 


E^(*) (iogC 1 + At) 1/A ) = E ( E^^" 1 n5, l( m . n ) ) ^7- 

n—0 * m—0 \n=0 / 

Thus, by (18) and (19), we have the following theorem. 

Theorem 10. For n £ Z+, we have 

771 

Sn, q {x,X) = ^\ m - n En, q ( x )S 1 (m,n). 

n =0 

Letting q —> 1 in Theorem 10 gives the theorem 

771 

£ n {x, A) = ^2 X m ~ n E n {x)Si{m,n). 

n =0 

which was proved by Ryoo [4]. 
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Abstract : The main of this paper is to obtain some interesting symmetric identities for twisted 
(p, </)--L-function in complex field. We define the twisted (p, g)-L-function by generalizing the Car- 
litz’s type twisted (p, g)-Euler numbers and polynomials. We give some new symmetric identities for 
twisted (p, g)-L-function. We also obtain symmetric identities for Carlitz’s type twisted (p, </)-Euler 
numbers and polynomials by using symmetric property for twisted (p, (/)-L-function. 

Key words : Euler numbers and polynomials, (/-Euler numbers and polynomials, twisted g-Euler 
numbers and polynomials, twisted (p, g)-Euler numbers and polynomials, q-L- function, twisted ( p , q)- 
L-function, symmetric identities. 
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1. Introduction 


Many (p, (/(-extensions of some special numbers, polynomials, and functions have been stud- 
ied(see [1, 2, 3, 4, 7]). Luo and Zhou [5] introduced the /-function and q-L- function. Ryoo [6] 
investigated some identities on the higher-order twisted (/-Euler numbers and polynomials. In [8], 
Ryoo presented the multiple twisted (h, (/(-/-function. In this paper, we construct twisted (p, </)- 
L-function in complex field and Carlitz’s type twisted (p, (/(-Euler numbers and polynomials. We 
obtain some new symmetric identities for twisted (p, (/)-L-function. We also give symmetric identi¬ 
ties for Carlitz’s type twisted (p, (/(-Euler numbers and polynomials of by using symmetric property 
for twisted (p, (/(-.//-function. 

Throughout this paper, we always make use of the following notations: N denotes the set of 
natural numbers, Z + = N U {0} denotes the set of nonnegative integers, Zq = {0, —1, —2, —3,...} 
denotes the set of nonpositive integers, Z denotes the set of integers, R. denotes the set of real 
numbers, and C denotes the set of complex numbers. The (p, (/)-number is defined as 

n n _ n 

r i P H n— 1 i n —2 , n —3 2 , , 2 n —3 . n —2 . n—1 

[n } p,q = - =p +P q + P q H- \~ P q + pq +q 

p — q 

Note that this number is q- number when p = 1. By substituting q by | in the (/-number, we can not 
obtain (p, ^-number. Therefore, much research has been developed in the area of special numbers 
and polynomials, and functions by using (p, (7)-number(see [1, 2, 3, 4, 7]). 

By using (/-number, Luo and Zhou defined the q-L- function L g (s, a) and (/-/-function l q (s) (see 

[5]) 


L q (s, a ) — 'y ] 


(-1 ) n q n 


( Re(s ) > 1; a £ Z 0 ), and l q (s) = ^ 


(—1 ) n q n 


(. Re(s ) > 1). 


Inspired by their work, the (p, (/(-extension of the twisted (/-L-function can be defined as follow: Let 
£ be rth root of 1 and £ ^ 1. For s,x € C with Re(x) > 0, the twisted (p, (/(-L-function L p q ( ^(s,x) 


is define by 


Lp,q ,(s j %) 


P1.E 

771—0 


[m + x\ s p q ' 
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2. Twisted (p, g)-Euler numbers and polynomials 


In this section, we define twisted ( p , g)-Euler numbers and polynomials and provide some of 
their relevant properties. Let r be a positive integer, and let £ be rth root of 1. 

Definition 1. For 0 < q < p < 1, the Carlitz’s type twisted (p, g)-Euler numbers E ntPiq ^ and 
polynomials E n p q ^{x) are defined by means of the generating functions 


G P , q ,dt ) = = [2], £(-irC m e [m] ’ 


( 2 - 1 ) 


n —0 


m—0 


and 


G p , q ,dt,x) = Y J E n, P ,M n} = \2] q Y J (-d m re [m+x] ^ t , (2.2) 

n =0 m—0 

respectively. 

Setting p = 1 in (2.1) and (2.2), we can obtain the corresponding definitions for the Carlitz’s 
type twisted q -Euler number E Utq ^ and q -Euler polynomials E n>q ^(x), respectively. 

By (2.1), we get 


= pi, £(- i rre w ’"* = y i p, ( _±_ ) ^(V)c-i)' 


1 


p-q 


1=0 


1 


l J 1 + (q l p n ~ l ) n\ 


n —0 m=0 n=0 \ 

By comparing the coefficients by in the above equation, we have the following theorem. 
Theorem 2. For n £ Z+, we have 


E, 


n,P,q, C 




By (2.2), we obtain 


En, P .q X (x) = [2], (?)(-l)W"- ,)a 

1=0 ' ’ 


(2.3) 


1 + C,p n ~ l q l 

Next, we introduce Carlitz’s type twisted (h,p, g)-Euler polynomials E^ ^(x). 

Definition 3. The Carlitz’s type twisted ( h,p , g)-Euler polynomials E^ ^(x) are defined by 


E%, qX (x) = [ 2 ], + 


(2.4) 


m—0 


When x = 0, E^ p q ^ = E^ l p q <,(0) are called the twisted ( h,p , q)-Euler numbers E^ p q 
By using (2.4) and ( p , (/(-number, we have the following theorem. 


Theorem 4. For n £ Z+, we have 


*£L C (*) = [2] 9 


p-q 


1=0 


E ? (-D‘ 


,xl (n—l)x _ 


q p 


i + Qp n ~i+ h q i ■ 


By (2.4) and Theorem 2, we have 

En, p , q ,c (*) = E 

£»,™,c(* + y) = E (?V 

z=o ' ' 


(2.5) 


Jp,9' 
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By (2.1) and (2.2), we get 

oo oo 

- [2], ^](—l)'+ n ('+ n e [l+nl ”‘ + [2} q £(—l)Ve [( W = [2], C l e [l]p ’ qt ■ 


n— 1 


1=0 


1=0 


1=0 


Hence we have 


n —1 


^ j.m -f-m ^ \ j.m 

( _1 ) + £ E Em ’P^^ n )—\ + E = (t 2 ]? E( _1 ) £ Wp.9) ^r- 

m—0 m=0 m—0 \ Z=0 / 

By comparing the coefficients Oy on both sides of (2.6), we have the following theorem. 
Theorem 5. For m £ Z + , we have 

n— 1 


(2.6) 


Y^/ 1 \l /~l r/l 771 _ ( l) U+1 C n Em,p,qx( n ) + ^m,p,q,C 

[ 2 ] 


;=o 


3. Twisted (p, ^(-/-function and twisted (p, < 7 )-L-function 

By using twisted (p, g)-Euler numbers and polynomials, twisted (p, g)-.L-function is defined. 
These functions interpolate the twisted (p, g)-Euler numbers E n ^ p q ^, and polynomials E n ^ p ^ q ^{x), 
respectively. From (2.1), we note that 


dtk G P, q ,c(t) 


t =0 


oo 

= [2]g E = E k>P>q ,<, (k £ N). 


m=0 


By using the above equation, we are now ready to define twisted (p, g)-Z-function. 
Definition 6. Let s £ C with Re(s) > 0. 

00 /_i \n/-n 

ww = [ 4E 


n=i ^P’9 


(3.1) 


Relation between l p , q xi s ) and E k,p,q, ( is given by the following theorem. 
Theorem 7. For fc £ N, we have 


By using (2.2), we note that 

d k 


dt k G P’ q ’ 


and 


k / oo 


lp,qX ( &) — k,p,qX • 

oo 

= [2] 9 E(- i rc ro [m+< 9 

= E k , p ^(x), for k G N. 


£=0 


m=0 


(3.2) 


(3.3) 


£=0 


v dJ (E B ™c (a; ) n! 

' 7 \n=0 , 

By (3.2) and (3.3), we are now ready to define the twisted (p, < 7 )-L-function. 

Definition 8. Let s £ C with Re(s) > 0 and x (j Zq . 

°° ( _i \n/-n 

L P,q,d S > X ) = t 2 ]9 E \ n i , c ls ' 

Note that L p q l ^(s,x) is a meromorphic function on C. Relation between L p ^ q ^(s,x) and E k , p , q ^(x) 
is given by the following theorem. 

Theorem 9. For k £ N, we have L p ^{—k, x) = E k , p , q x(x). 

Observe that L Ptq x(—k,x) function interpolates E k , p , q x{x) numbers at non-negative integers. 


(3.4) 
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3. Some symmetric identities for twisted (p, g)-L-function 


Let Wi,u >2 £ N with wi = 1 (mod 2), w 2 = 1 (mod 2). For n £ Z+, we obtain certain 
symmetric identities for twisted (p, g)-L-function. 

Theorem 10. Let wi,w 2 £ N with w\ = 1 (mod 2), W 2 = 1 (mod 2). Then we obtain 


w 1-1 / \ 

[ W 2\p,q[2\q w i ( S, W 2 X + —j ) 

3=0 ' Wl ' 

W2 — 1 / \ 

= [wi]p,g[2]g«>i E (—l) J C WlJ ^p“2, q “’2,(»2 ^s,wia: + —ij . 


(4.1) 


w 2 


Proof. Note that [xy] q = [a:] „ v [y\q for any x,y £ C. In (3.4), by substitute W 2 X-\ - j for x in 


i q v yy\q 

and replace q. p , and £ by q Wl , p Wl and C , Wl , respectively, we derive next result 

1 


Wi 


[2] <3 


\ 00 

— 1 1 = v . 

^^ in £w 1 m 


Wl J ) g 

w 2 . 

m + W 2 X H-j 

Wl 

s 

p w i ,q 


00 

_ v 

^_ ^\m £W\m 


m—0 

wi m + W 1 W 2 X + w 2 j 

s 

L wi 

. 

p w l ,q w 1 


OO W 2 — l 


^_^w 2 m+i £-w 1 (w 2 m+i) 


(4.2) 


r I g ^ ^ 

P ’ q [Wl(w 2 TO + i) + W 1 W 2 X + W 2 j]r 

m —0 2—0 


00 w 2 — 1 


^^ QW\w 2 m £W\i 


^ p ’ q g g [wiW2(s + m) + Wii + W 2 j] s Vt q ' 


Thus, from (4.2), we can derive the following equation. 


fep 21 E (- 1 ) J C W3j ip“i,fl«'i,C“i gwax+g? 

MJg” 1 “ \ Wl 

^- 1 ^ ^J+2 + m^-ITi 102171 ^-1012^*102J 

= E g E [wiW2{x+m)+Wll + W2j] s p(i 


(4.3) 


By using the same method as (4.3), we have 


r 1 s if 2 — 1 

1 P,q E (~ i yC WlJL p W2 ,q W2 ,( W2 (s,WiX+ ^-j 


I 2 ]?^ .'V W 2 

~^ ^ ^w\w 2 m£w 2 i£W\j 

l W l}p,q[ W ^P,q E E E [ WlW2 (x + TO ) + Wl j + W 2 i]^ q 

Therefore, by (4.3) and (4.4), we have the following theorem. □ 

Taking W 2 = 1 in Theorem 10, we obtain the following corollary. 

Corollary 11. Let wi £ N with W\ = 1 (mod 2). For n £ Z+, we obtain 

If 1 — 1 


L P ,q ,c (s, Wix) = 


[2], 


[2]g“l N] 


^ cy Lp^i t q w i ,^“1 ( s,xh — 


P.9 j—0 


W 1 


(4.4) 


802 


RYOO 799-804 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.4, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


Let us take s = —n in Theorem 10. For n £ Z + , we obtain certain symmetry identities for twisted 
(p, g)-Euler polynomials. 

Theorem 12. Let W\,W 2 £ N with w\ = 1 (mod 2), w 2 = 1 (mod 2). For n £ Z+, we obtain 

Wl-l / 

W 2 . 


[ W l]p, 7 1 2 ]?™ 2 {—lye™ 2 ''En,p m i,q w i,C w i [u>2X+—j 

1=0 ' Wl 

W 2-1 , \ 

= [ u, 2]p 1 q[2]q«'l ^ (— flCiX+ —j J . 


3=0 

Taking W 2 = 1 in Theorem 12, we obtain the following distribution relation. 
Corollary 13. Let w± £ N with W\ = l (mod 2). For n £ Z + , we obtain 

101 — 1 


E„,p,q,d w 1 X ) = ]p ,9 E (-l) J C J -En,p“iC “1 (s,a; + 


1=0 


■U'l 


By (2.5), we have 


W 2 


101 — 1 

y ' (— iy^ w2 ^E nt pw 1 q wi 1 W2X h — j 

1=0 ^ U>1 


10 1 — 1 


W 2 . 

—j 

W\ 


= 53 (-1 ) j c 2j E . 

1=0 2=0 W 

101 — 1 n / \ 

= E (-l) J r 2j E ™ ) [ft 

d=n 7 —n ' / 


J p ,u; i , q w 1 

N]p,9 


p w 2 ,q w 2 


j=0 i—0 

Hence we have the following theorem. 

Theorem 14. Let W\,W 2 £ N with w\ = 1 (mod 2), W 2 = 1 (mod 2). For n £ Z+, we obtain 

2D1-1 2 \ 

E (-i) j r 2i ^,p»i, 9 »i, c »i U 2 z+—j) 

1=0 ^ Wi ' 

n / \ 101 — 1 

= E(?)(«**) E (-1 yc 2j q w * (n - i)j \j]U*, q ^- 

o —n \ / 4 —n 


For each integer n > 0, let A n ,i,p,q,c( w ) = l) J C J V^" _ ^b]p,g- The sum An,i,p, q ,<;( w ) is called 

the alternating twisted (p, q)-powei' sums. 

By Theorem 14, we have 


Uli-i , \ 

[2] 9 t» 2 ^ (-l) J C’ 2i En,p»i >(/ »i,c“i ( W 2 X + —j j 

l=o ^ Wl ' 

= I 2 ]?™ 2 E ( a) l W lYpA W yp,q l P WlW2XlE n-i,P w i,q w i£ w i( W2X ^ n ’ i ’P w ' 2 ’ , l W2 ’t W2 ( Wl ') 

2=0 V 2 


(4.5) 


By using the same method as in (4.5), we have 
102 — 1 


012 — ^ / \ 

[2] 9 »i [w 2 ]p, 9 E (-l) J r ij ^,p» 2 >g » 2 , c » 2 (wix+—jj 

l=o ' u ’ 2 ' 

= [2],«1 E (") («; 2 ) 


(4.6) 
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Therefore, by (4.5) and (4.6) and Theorem 12, we have the following theorem. 

Theorem 15. Let W\,W 2 £ N with w\ = 1 (mod 2), W 2 = 1 (mod 2). For n £ Z+, we obtain 


i=0 


E a («»ii;)A,j,p»i,,»i,C»i (wi) 


= [ 2] 9 » 2 E f ^ ,^ 1 )C — (^ i )■ 

i=o ' 1 ' 

By Theorem 15, we obtain the interesting symmetric identity for the twisted (h,p, ( 7 )-Euler numbers 
E[ h l /. in complex field. 

Corollary 16. Let W\,W 2 £ N with W\ = 1 (mod 2), wj 2 = 1 (mod 2). For n £ Z + , we obtain 

[2],»i E . pW3 g „ 2>c „ 2 

i=0 w 

= [2],»2 E ( A\ W2 lp,ql Wl lprf tpWlW2Xt ^> i ’P“ 2 >9 u ’ a ’C u ' a ( Wl )*'n-i,P u ’i,q w i,< w i- 

2=0 W 
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Abstract 

We study a new class of boundary value problems of mixed fractional differ¬ 
ential equations and inclusions involving both left Caputo and right Riemann- 
Liouville fractional derivatives, and nonlocal four-point fractional boundary con¬ 
ditions. We apply the standard tools of the fixed-point theory to obtain the 
sufficient criteria for the existence and uniqueness of solutions for the problems 
at hand. Illustrative examples for the obtained results are also presented. 

Keywords: Fractional differential equations; fractional differential inclusions; frac¬ 
tional derivative; boundary value problem; existence; fixed point theorems. 

MSC 2000: 34A08, 34B15, 34A60. 

1 Introduction 

Fractional calculus deals with the study of fractional order integrals and derivatives 
and their diverse applications [1, 2, 3]. Riemann-Liouville and Caputo are kinds of 
fractional derivatives. They all generalize the ordinary integral and differential opera¬ 
tors. However, the fractional derivatives have fewer properties than the corresponding 
classical ones. As a result, it makes these derivatives very useful at describing the 
anomalous phenomena, see [4, 5, 6] and references cited therein. 

Some solutions of equations containing left and right fractional derivatives were 
investigated [7, 8, 9]. The left and the right derivatives found interesting applications 
in fractional variational principles, fractional control theory as well as in fractional 
Lagrangian and Hamiltonian dynamics. In [10], the existence of an extremal solution 
to a nonlinear system with the right-handed Riemann-Liouville fractional derivative 
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was discussed. In [11, 12], the authors studied the existence of solutions for fractional 
boundary value problems involving both the left Riemann-Liouville and the right Ca- 
puto fractional derivatives. 

In this paper, we investigate the existence and uniqueness of solutions for a mixed 
fractional differential equation involving both left Caputo and right Riemann-Liouville 
types fractional derivatives associated with nonlocal four-point fractional boundary 
conditions. Precisely, we study the following problems: 

f c D?_Dg + y(t) = f(t,y(t)), t e J := [ 0,1], 

< ( 1 - 1 ) 
{ y{ 0) = 0, Dfi+ytf) = 0, y{ 1) = 5y(y), 0 < y < 1, 

and 

f c D?_D$ +y (t) G F(t,y(t )), t G J := [0,1], 

< ( 1 . 2 ) 

l y(0) = 0, d 5 + 2/(0 = 0, y{ 1) = 8y(rj), 0 < £,r} < 1, 

where c Df_ and D^ + denote the left Caputo fractional derivative of order a G (1,2] 
and the right Riemann-Liouville fractional derivative of order fi G (0,1] respectively, 
/: JxRgR is a given function, F : [0,1] x M —» V(R) is a multivalued map, P(M) 
is the family of all nonempty subsets of M and 5 G M is an appropriate constant. Here 
we remark that the problem (1.1) with y'{ 0) = 0 in palce of D^y^) = 0, was studied 
recently in [13]. 

The rest of the paper is organized as follows. In Section 2, we recall some basic 
definitions of fractional calculus and prove a basic result that plays a key role in the 
forthcoming analysis. Section 3 contains the existence and uniqueness results for the 
problem (1.1), which rely on fixed point theorems due to Banach, Krasnoselskii and 
Leray-Schauder nonlinear alternative. In Section 4, we discuss existence results for the 
problem (1.2), which rely on nonlineqar alternative for Kakutani maps and Covitz and 
Nadler fixed point theorem. Finally in Section 5 we study illustrative examples for the 
obtained results. 


2 Preliminaries 


In this section, we introduce notations, definitions, and preliminary facts [14] that we 
need in the sequel. 

Definition 2.1 We define the left and right Riemann-Liouville fractional integrals of 
order a > 0 of a function g : (0, oo) —» M as 


M<) = 

f it-s )*- 1 , w 

/ \ 9{s)ds , 

Jo r («) 

(2.1) 


1 

IT ^ 

^ p 

i 

Zn> 

(2.2) 
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provided the right-hand sides are point-wise defined on (0, oo), where Y is the Gamma 
function. 

Definition 2.2 The left Riemann-Liouville fractional derivative and the right Caputo 
fractional derivative of order a > 0 of a continuous function g : (0, oo) —» M such that 
g G C n ((0, oo), M) are respectively given by 

r»)w. 

c D?_g(,t) = (-1 )"/;T“j ( " ) («), 

where n — 1 < a < n. 


The following lemma, dealing with a linear variant of the problem (1.1), plays an 
important role in the forthcoming analysis. 

Lemma 2.3 Let h e C(J,R) and P = [(1 - hf +x ) - (/3 + l)f(l - 6rf)\ ± 0. The 
function y is a solution of the problem 


if and only if 


c Df_D$ + y(t) = h(t), teJ:=[ 0,1], 

2/(0) = 0, Dfi+yig) = 0, 2/(1) = Sy(rj), 0 < < 1, 

y«) - Citm + 


(2,3) 


P 


(2.4) 


where If_y(s) is defined by (2.2). 


Proof. Applying the right fractional integral If_ to both sides of the equation in the 
problem (2.3), we get 

D§+y(t) = I?_h(t) + c 0 + cit. (2.5) 

Using the condition D^y^) = 0 in (2.5), we obtain 

e 0 + Cl f = -Tf_h(t)\ t=( . (2.6) 

Next we apply the left fractional integral Iq + to the equation (2.5) to get 

+0 +/ 3+1 

y(t) = iLitm+ c» r(/?+1) + ci r(/?+2) + (2.7) 
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Making use of the conditions y( 0) = 0 and y( 1) = 6y(rj ) in (2.7) yields c 2 = 0 and 

r(^+ l ij c ° + ( r(~/+2) > Cl = “ Oi“-M«)U- (2.8) 

Solving (2.7) and (2.8) for Co and c±, we find that 

r(/? + 2 ) r (i-V +1 ) m , , 7 ^ 


Co = 


Cl = 


P L r(/3 + 2 ) 
r(/3 + 2 ) 


/r_h(t)i t=5 +e < + /r_M^)it=, - iz + i?-hm=i 


p 


SlC + Ith(t)\,. n - II 


r(P + 1) 

Substituting the values of Co and ci in (2.6), we get the solution (2.4). By direct 
computation, we can obtain the converse of this lemma. This completes the proof. □ 

Remark 2.4 Let ||h|| = sup tG f 01 i \h(t). Then we have the following estimate: 


IMI < \\h\\ max 


(1_?) °Mt)l + [ ^ + f 1 + ^) | A2(* ) |] 


te[o,i] r(a + l) 


where 


tP +1 (l-5riP)-tP(l-5riP +1 ) 

LI(t) = - rTFTT? , ^ -» W) = 


r(a + i)r(/5 + 1 ) 

t? +1 - £(P + 1 )t 0 


PT{P + 1 ) 


(2.9) 


( 2 . 10 ) 


Indeed, we have 


m i < 


(t - sf 

m 


1 r 1 (u — s) a 1 


T(a) 


duds + | Aii (t) 11| /y || 


0 


a—1 


r(a) 


-ds 


+M*)||NI 


(r) — s)@ 1 f 1 (■u — s) Q 1 


r(/3) 


T(a) 


duds 


’ 1 (1 — s) /3 1 f 1 (■u — s)“ 1 


m 


T(a) 


duds 


(■t — s) 13 1 (1 — s) c 


-ds + |/ii(f)|||h|| 


0 


a—1 


o r(,s) r(a + i) 

71 (rj — s)^ -1 (1 — s) c 


-ds 


+\h2(t)\\\h\\ 


5 


T{P) T(a + 1) 


ds T 


T(a) 

' -1 (1 - s)' 3 - 1 (1 - s) a 
, T(/3) T(a +1) 


ds 


< 


max 


(i-O 0 ,, . [^ + (i + <V 3 )M*)l] 

Mt)l + r(a + i)r(s + 1 ) 


[o,i] | T(a + 1) 
where we taken (1 — s) a < 1. 

For computation convenience, we introduce the notation: 

( 1-0 


A = max 


| (i)l [t P + {l+fo/)\h2{t)\\ } 
te[o,T] l T(a + 1) 1 r(a + l)T(p + 1) J 


( 2 . 11 ) 


820 


AHMAD 817-837 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


BVP for mixed fractional derivatives 


5 


3 


Existence and uniqueness results for the problem 

(i.i) 


Let X = C([0,1], M) denotes the Banach space of all continuous functions from [0,1] —» 
M equipped with the norm ||?/|| = sup {|y(i)| : t e [0,1]}. 

In view of Lemma 2.3, we transform the problem (1.1) into a fixed point problem 
as 

y = Gy, (3.1) 

where the operator Q : X —>• X is defined by 


Gy(t) = 


(t-s) 


3-1 


m 


-I?_f(s,y(s))ds + ^(t) 


- 1 (* - 0 


o—l 


+/U (t) 


rv (77 — s) 13 1 

) res) 


If_f(s,y(s))ds 


r(a) 

f 1 (1 - s )' 3 ” 1 


r(/3) 


f(s,y(s))ds (3.2) 
I?_f(s,y(s))ds]> 


where Hi, /r 2 are defined by (2.10). 


Our first result deals with the existence and uniqueness of solutions for the problem 

( 1 . 1 ). 


Theorem 3.1 Let f : [0,1] x M —» M be a continuous function such that: 

(■ Hi ) | f(t,y) - f(t,z )| < L\y - z\, for all t G [0,1], y, z G I, L > 0. 

Then the problem (1.1) has a unique solution on [0,1] if 

LA < 1, (3.3) 


where A is defined by (2.11). 

Proof. Let us define sup ie [ 01 ] \f(t, 0)| = M and select r > - — ^ ^ to establish that 

QB r C B r , where B r — {y e X : ||?/|| < r} and Q is defined by (3.2). Using the 
condition (Hi), we have 

\f(t,y)\ = \f(t,y)-f(t,o) + f(t,o)\<\f(t,y)-f(t,o)\ + \f(t,o)\ 

< L\\y\\ + M < Lr + M. (3.4) 


Then, for y G B r , by using Remark 2.4, we obtain 

(t — s ) /3_1 f 1 (u — s )" _1 


\\Gy\\ < (Lr + M) 

TI/I2 (t) I I ^ 


m 


L(«) 


duds + |/ii (t) | 


^ (a - 0 


0 — 1 




-ds 


(f) — s)^ 1 f 1 (u — s ) 


0—1 


r(/3) 


r(«) 


-duds 
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1,1 (1 — s)P 1 f 1 (u — s ) 


CX.— 1 


m 


r(a) 


-duds 


= (.Lr + M)• 


/■* ( t-sf- 1 (l-s)“ 
/o r(/3) r(a +1) 


ds + |/Yi(t) I 


- 1 (s - 0 


a—1 


cis 


+ |/i2(i)| 


<5 


(?7 — s)^ 1 (1 — s) c 


/ o r(/3) r(a + 1 ) 

< (Lr + M)A < r. 


ds + 


r(«; 

r 1 (i — s)^ — 1 (i-s)° 
/ 0 r(/3) r(a + i) 


ds 


This show that Gy G £> r , y G £> r . Thus C £y. Next we show that £/ is a contraction. 
For that, let y,z E X. Then, for each t G [0,1], we have 


< 


|| (Gy)-(G*) II 

/■* (f — s )^ 1 f 1 (u — s ) a_1 


r(/5) 


+ |/Tl(t)| 

+ |/i2(i)| 


- 1 (a - 0 


T(«) 


| f(u,y(u)) - f(u,z(u))\duds 


OL—1 


m 


I f{s,y{s)) - f{s,z(s))\ds 

I f(u,y(u)) - f(u,z(u))\duds 


T (a) 

rv (rj — s )^ -1 f 1 (■u — s )"- 1 


+ 


(1 — s)^ 1 f 1 (■u — s ) 


a—1 


r(/i) 


T(a) 


T(a) 

■|/(w,y(«)) - f(u,z(u))\duds 


< LA\\y — z\\, 


which, in view of the given condition LA < 1, implies that G is a contraction. In 
consequence, it follow by the contraction mapping principle that there exists a unique 
solution for the problem (1.1) on [0,1]. This completes the proof. □ 

Our next existence result for the problem (1.1) relies on Krasnoselskii’s fixed point 
theorem. 


Lemma 3.2 (Krasnoselskii’s fixed point theorem) [15]. Let S be a closed, bounded, 
convex and nonempty subset of a Banach space X. Let 34, 34 be the operators mapping 
S into X such that (a) 34s i + 34 s 2 G S whenever si,S 2 G S ; ( b ) 34 is compact and 
continuous; (c) 34 is a contraction mapping. Then there exists s 3 G S such that 
S3 = 34 S.3 + 34«3- 


Theorem 3.3 Let f : [0,1] x M —» M be a continuous function satisfying the condition 
(Hi). In addition we assume that: 

(H 2 ) | f(t, y )| < m(t), for all ( t , y) G [0,1] xR and m G C([0,1], M + ). 
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Then there exists at least one solution for the problem (1.1) on [0,1] provided that 

t 3 


L sup 


te[o,ij r(a + 1W + 1) 


+ Mt)| i 1 > <i- 


r(a + 1 ) 


(3.5) 


Proof. Setting sup te r 0)1 i \m(t)\ = ||m||, we fix 

q > ||m||A, 


(3,6) 


where A is defined by (2.11), and consider B e = {y G X : ||y|| < £>}. Introduce the 
operators Q\ and Q 2 on B g as follows: 

5Mt) = l ^f^f(u,y(u))dud s 

r 1 ( s _ 

+Ti(t) / —TTT-w— f(s,y(s))ds, 

Ji r(«) 

and 


Gi y(t) = h2 (t) 


rv 


5 


(■rj — s)P 1 f 1 (■u — s) a 1 


o r(/3) J s T(a 
j' 1 (1 — s)?- 1 f 1 (u — s)" _1 

0 T(J3) J s f (a) 


f(u, y[u))duds 


f(u, y[u))duds 


Observe that Q = Q\ + Q-i- Now we verify the hypotheses of Krasnoselskii’s hxed point 
theorem in the following steps. 

(i) For y, z G B g , we have 

\\Giy + G 2 z\\= sup \(Giy)(t) + (G 2 z)(t)\ 

is [0,1] 

.. .. f [* (t — s)^ -1 f 1 (u — s) a_1 f 1 (s — £)“ -1 , 

< m sup — / —ttt t— duds+\fi i f / , , —ds 

te[o,i] I Jo r (P) A r («) J? r («) 


+ |/i2(t)| 


5 


(?7 — s)J 1 f 1 (■u — s ) 


a—1 


o r(/3) J s r(«: 

( l (1 — s)J _1 f 1 (■u — s)^ 1 

0 f® J s 


-duds 


F(a) 


-duds 


< ||m||A < g, 

where we used (3.6). Thus Qpy + Q 2 Z G B g . 
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(ii) We show that Gi is a contraction. Indeed, by using the assumption (Hi) together 
with (3.5) and the fact that (1 — s) a < 1, (1 < a < 2) we have 


\Giy(t) - Giz(t)\ < L\\y-z\ 

+ |/ii(£)| 

< L\\y-z\ 


(t — s) 13 1 f 1 (u — s) a 1 


m 


r(a) 


duds 


* (s-0 


a—1 


r(a) 


-ds 


(t-s) 


3-1 


I o r(/3)r(« + 1 ) 

t? 


ds + \hi(t)\ 

■H 

( 1-0 




a—1 


- L sup \ + M*)lw .ii 

te[o,i] r (« + !) r (P + 1 ) r (« + 1 ) 


■\\y-z\\, 


ds 


which implies that 


II Gry - Giz\\ < L sup 


t > 8 


te[o,i] r(« + i)r(/3 + i) 


+ \dl(t)\ 


(1-Q a 

r(a + 1 ) 


■\\y~A . 


Hence G\ is a contraction by (3.5). 

(in) Using the continuity of /, it is easy to show that the operator G-2 is continuous. 
Further, G -2 is uniformly bounded on B g as 


l| 02 *|| 


sup \(G 2 y)(t)\ < 

ts [0,1] 


||m||M 2 (5?7 /3 + 1) 

^(a+l)^(/3+l) , 


M 2 = sup |p 2 (t)|. 

ie[o,i] 


In order to establish that G 2 is compact, we define sup( t , 2 / )e[o, 1 ] x s £ , \f(t,y)\ = /• 
Thus, for 0 < U < t 2 < 1, we have 


|( 02 j/)(* 2 ) - (Q 2 y)(tl)\ < I fJv(t 2 ) - /x 2 (tl)|/ 


rr) 


(77 — s) 13 1 f 1 (u — s) 


6 


a —1 


J 0 r09) 

f 1 (1 — s ) /3_1 f 1 (u — s )" -1 

0 fCd) J s 


F(a) 


-duds 


< \d2(h) ~ d2(ti)\f 


T (a) 

SrjP + 1 


duds 


r(a + i)r(/9 + i) 


—y 0 as t\ —y f 2 , 


independent of y. This shows that G2 is relatively compact on B g . As all the conditions 
of the Arzela-Ascoli theorem are satisfied, so G 2 is compact on B g . In view of steps 
(i)-(iii), the conclusion of Krasnoselskii’s fixed point theorem applies and hence there 
exists at least one solution for the problem (1.1) on [0,1]. The proof is completed. □ 
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Remark 3.4 Interchanging the roles of the operators Q\ and Q 2 in the foregoing result, 
we can obtain a second result by requiring the condition: 


LM 1 


Srf + 1 


T(a+l)T{fi+l) 


< 1, 


Mi = sup |/ti(t)|, 
te[o,i] 


instead of (3.5). 

The following existence result is based on Leray-Schauder nonlinear alternative. 

Lemma 3.5 (Nonlinear alternative for single valued maps)[16]. Let E be a Banach 
space, C a closed, convex subset of E, U an open subset of C and 0 £ U. Suppose that 
F : U —>• C is a continuous, compact (that is, F(U) is a relatively compact subset of 
C) map. Then either 

(i) F has a fixed point in U, or 

(ii) there is a u £ dU (the boundary of U in C) and A G (0,1) with u = A F(u). 

Theorem 3.6 Let f : [0,1] xRgR be a continuous function. Assume that 

(H 3 ) There exist a function g £ C([0,1], M + ), and a nondecreasing function : M + —> 
M + such that \f(t,y)\ < g(t)ij>(\\y\\), V(t,y) £ [0,1] x K. 

(H 4 ) There exists a constant K > 0 such that 

I< 

IlflWWA > L 


Then the problem (1.1) has at least one solution on [0,1]. 

Proof. Consider the operator Q : X — y X defined by (3.2). We show that Q 
maps bounded sets into bounded sets in X = C([0,1],M). For a positive number r, let 
B r = {y £ C([0,1],M) : \\y\\ < r} be a bounded set in C([0,1],M). Then, by using the 
fact that (1 — s)" -1 <1 (1 < a < 2) we have 


\Gy(t)\ < \\g\\ip(r) 


T l/X-2 (t) | 


(t-s) 


3-1 /■! 


(u — s) a 1 


m 


F(«) 


-duds + |/ii(t)| 


(s-0 


a— 1 


r(c) 


- d,s 


(rj — s) 13 1 f 1 (■u — s) a 1 


m 


^ (1 — s)P 1 f 1 (u — s) a 1 


r(/3) 


F(«) 


F(«) 


duds 


duds 


< ||^||^(r)A, 
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which, on taking the norm for t G [0,1], yields 

\\Gy\\ < \\gU(r)A. 

Next we show that Q maps bounded sets into equicontinuous sets of C([0,1], M). Let 
ti,t- 2 G [0,1] with ti < t 2 and y G B r , where B r is a bounded set of C([0,1], M.) . Then, 
using the fact that (1 — s )"" 1 <1 (1 < a < 2 ) and the computations for Q 2 in previous 
theorem, we obtain 


\Sy(t 2 ) - Sy(fi)l 

/'“ [(*2 - S ) 8 - 1 - («1 - s )^] 


rt2 


< hUir) 


T|/^i(^2) — hl(tl)\ 


< hU(r) 


+ ^ 2 (^ 2 ) ~ /V -2 (^l) | 


m 

- 1 (s - fl "" 1 

■ r(a) 

2(t 2 - tiy 3 + t 0 - t 0 

r(/3 + 1 ) 

Sr] 13 + 1 


ds + 


'ti 


(t 2 - s) 0 1 

" r(/j) 


ds 


ds + \y 2 (t 2 ) - y 2 (ti)\ 


drf + 1 


+ |hr(^ 2 ) — | 


T(a + l)T(/3 + 1 ) 

Hf 

r(a + 1 ) 


r(a + l)T(/3 + 1 ) r 


which tends to zero independently of y G B r as t 2 — t\ > 0. As Q satisfies the above 
assumptions, therefore it follows by the Arzela-Ascoli theorem that Q : C([0, 1 ], M.) —y 
C([ 0 , 1 ],M) is completely continuous. 

The result will follow from the Leray-Schauder nonlinear alternative once it is shown 
that the set of all solutions to the equation y = A Qy is bounded for A G [0,1]. For that, 
let y be a solution of y — A Qy for A G [0,1]. Then, for t G [0,1], we have 


||/(t)| = \XQy(t)\ < 


which implies that 


(t — s) 0 1 f 1 (u — s) a 1 


r(« 


r(a) 


duds + |/Ti (f) | 


1 (s - 0 


a—1 


r(a) 


-ds 


+\y 2 (t)\ 


(77 — s) 0 1 f 1 (u — s) a 1 


m 


r (a) 


duds 


1,1 (1 — s) 0 1 f 1 (u — s ) 


a—1 


Jo m 
< WaMbm , 


T(a) 


-duds 


■mm\\y\\) 


IMI 


< 1 . 


\\y\m\\ym 

In view of (iL 4 ), there is no solution y such that ||t/|| 7 ^ K. Let us set 


U = {yeX: |M| < K}. 
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The operator Q :[/—>■ X is continuous and completely continuous. From the choice of 
U, there is no u G dU such that u = A Q{u) for some A G (0,1). Consequently, by the 
nonlinear alternative of Leray-Schauder type [16, Theorem 5.2], we deduce that Q has 
a fixed point mG( 7 which is a solution of the problem (1.1). This completes the proof. 

□ 


4 Existence results for the problem (1.2) 

Before presenting the existence results for the problem (1.2), we outline the necessary 
concepts on multi-valued maps [17], [18]. 

For a normed space (X, || • ||), let V c i(X) = {Y G V(X) : Y is closed}, Vb{X) = 
{Y G V(X) : Y is bounded}, V cp {X) = {Y G V{X) : Y is compact}, and V cp , c (X ) = 
{Y G V{X) : Y is compact and convex }. A multi-valued map G : X —> V(X) 
is convex (closed) valued if G(x) is convex (closed) for all x G X. The map G is 
bounded on bounded sets if G(B) = U^bC^x) is bounded in A" for all B G Vb(X) 
(i.e. supj.gB'LSTipj \ y\ : y G G(x)}} < oo). G is called upper semi-continuous (u.s.c.) 
on A" if for each xq G X, the set G(x o) is a nonempty closed subset of A", and if 
for each open set N of A" containing G(xo), there exists an open neighborhood A/"o of 
x 0 such that G(J\f 0 ) C N. G is said to be completely continuous if G( B) is relatively 
compact for every B G Vh(X). If the multi-valued map G is completely continuous 
with nonempty compact values, then G is u.s.c. if and only if G has a closed graph, 
i.e., x n —> x *, y n —> y *, y n G G(x n ) imply jq G G(x *). G has a fixed point if there is 
x G X such that x G G(x). The fixed point set of the multivalued operator G will be 
denoted by FixG. A multivalued map G : [0,1] —> "Pd(M) is said to be measurable if 
for every y G M, the function t i—» d{y , G{t )) = inf{| t/ — z\ : z G G(t)} is measurable. 

For each y G A, define the set of selections of F by 

Sf, v ■= {v G L 1 ([0,1],M) : v(t) G F(t,y(t )) for a.e. t G [0,1]}. 


Definition 4.1 A function y G C([0,1],M) is said to be a solution of the boundary 
value problem (1-2) if y(0 ) = 0, D^ + y(f) = 0, y{ 1) = 5y(r]), 0 < £,rj < 1, and there 
exists a function v G Sf, v such that v{t) G F(t,y(t )) and 


y(t) = 


(t — sY 1 

'' r(/?) 


Ii_v(s)ds + /lift) 


1 {s - 0 


a— 1 


+/T 2 (t) 


rv (77 — s) 13 1 
3 W) 


Ii_v(s)ds — 


T(a 

f 1 (1 - s )^" 1 


r(/3) 


v(s)ds 

Ii_v(s)ds , i G [0,1]. 


4.1 The upper semicontinuous case 

In the case when F has convex values we prove an existence result based on nonlinear 
alternative of Leray-Schauder type. 
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Definition 4.2 A multivalued map F : [0,1] x M —» "P(M) is said to be Caratheodory 

if 

(i) t i—>■ F(t, y ) is measurable for each y G M; 

(ii) y i—> F(t,y) is upper semicontinuous for almost all t G [0,1]. 

Further a Caratheodory function F is called L 1 — Caratheodory if 

(Hi) for each p > 0, there exists ip p G lAQO,1],M + ) such that 

\\F(t,y)\\ = sup{|v| : v G F(t,y)} < ip p (t) 

for all y G M with ||y|| < p and for a.e. t G [0,1]. 

We define the graph of G to be the set Gr(G ) = {(x,y) G X xY : y G G(x)} and 
recall two results for closed graphs and upper-semicontinuity. 

Lemma 4.3 ([17, Proposition 1.2]) If G : X —> V c i(Y) is u.s.c., then Gr(G ) is a 
closed subset of X x Y; i.e., for every sequence {x n } ne pj C X and {2/ n }neN C Y, if 
when n —> oo, x n —> x*, y n —> y * and y n G G(x n ), then y * G G(x*). Conversely, if G 
is completely continuous and has a closed graph, then it is upper semi-continuous. 

Lemma 4.4 ([19]) Let X be a separable Banach space. Let F : [0,1] x X —> V CP)C (X) 
be an L 1 — Caratheodory multivalued map and let 0 be a linear continuous mapping 
from L 1 ([0,1],A") to C([0,1], X). Then the operator 

0 o S F , X : C([0, 1],X) —>■ V cp , c (C([0,1],X)), i/g(0 o S F , v )(y) = Q(S F , y ) 

is a closed graph operator in C([0,1],X) x C([0,1], A"). 

For the forthcoming analysis, we need the following lemma. 

Lemma 4.5 (Nonlinear alternative for Kakutani maps)[16]. Let E be a Banach space, 
C a closed convex subset of E, U an open subset of C and 0 G U. Suppose that F : 
U —» V CP:C (C ) is a upper semicontinuous compact map. Then either 

(i) F has a fixed point in U, or 

(ii) there is a u G DU and A G (0,1) with u G A F(u). 

Theorem 4.6 Assume that: 

(Bi) F : [0,1] x 1 -> "P(M) is L 1 -Caratheodory and has nonempty compact and convex 
values; 
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(B 2 ) there exist a function (f) G C([0,1],R + ), and a nondecreasing function : R + —> 
R + such that 

\\ F (t,y)\\v ■= sup{|w| : w G F(t,y)} < 0(i)ft(IMI) 
for each (t, y ) G [0,1] x R; 

(B 3 ) there exists a constant M > 0 such that 

M 

iSw" ’ 

where A is defined by (2.11). 

Then the boundary value problem (1.2) has at least one solution on [0,1]. 

Proof. Define an operator Tip : X —y V(X) by 

Mf(p) = {h G X : hit) = N(y)(t)} 

where 


N(y)(t) = 


. r^-cr-' 


Jo 
+Af2 (t) 


Tf_v(s)ds + yi(t) J 


5 


(v 


— w 3 3 


r(o 

- 1 (i - sf - 1 


m I “- v ^ ds ~ j 0 m 


v(s)ds 

If_v(s)ds 


We will show that Tip satisfies the assumptions of the nonlinear alternative of Leray- 
Schauder type. The proof consists of several steps. As a first step, we show that Tip is 
convex for each y G X. This step is obvious since Sp_ y is convex (F has convex values), 
and therefore we omit the proof. 

In the second step, we show that Up maps bounded sets (balls) into bounded sets 
in X. For a positive number p, let B p = {y G X : ||?/|| < p} be a bounded ball in X. 
Then, for each h G Tlp(y),y G B P) there exists v G Sp PJ such that 


, rt (t — s)P 1 f 1 (u — s) a 1 f 1 (s — £) Q 1 

h{t) = I W)Cn — / —— v(u)duds + fii{t) JI —— v(s)ds 

\a—l 


'0 


+/^2 (t) 


T(I 3 ) J s r (a) 

v (t j — s)^ -1 f 1 


T(«) 


5 


u 


o m 

1 (i — s)^ _1 r 1 (u — s] 


r(«; 

i 

-v(u)duds 


v (u) duds 


Jo m Js r(«) 

Then, by using the fact that (1 — s )" _1 <1 (1 < a < 2) we have 

r o - «y 


W*)l < IlsIlflfO 


3 1 f 1 (u — s) a 1 


m 


-duds+\pi(t)\ j 


0 


a—1 


r(a) 


-ds 
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5 


rv (77 — s)P 1 f 1 (■u — s) Q 1 


0 m 

1 (1 — s)^ -1 f 1 (u — si 


Jo m 

< |H|«(r)A, 


r(«) 


r(a 

-duds 


duds 


which, on taking the norm for t G [0,1]. yields 

< MMr)A. 


Now we show that Qp maps bounded sets into equicontinuous sets of A. Let t\,t2 G [0,1] 
with t\ < t,2 and y G B p . For each h G flp(y), using the fact that (1 — s ) Q_1 < 1 (1 < 
a < 2), we obtain 


I h(t 2 ) - h(t i)| 
< || 0 ||fi(r- 


( tl [(t 2 -s)P 1 -(ti -s ) 13 x ] f t2 ( t 2 -s)P 1 

0 r(/ 3 )r(a +1) ' + J tl r(/ 3 )r(a +1) 


fl 


~Hpr (^2) — Ab(Ji)| 


0 


a —1 


r(a) 


-ds + \p>2 (^2) — A*2 (^l) I 


drf + 1 


2 + 

dr] 13 + 1 


T(a + l)T (/3 + l) 

a 

r(a +1) 


-\-\H2it2) — p2 (fl ) | 


r(a + i)r (/3 +1) r 


which tends to zero independently of y G B r as t 2 — t\ — > 0 . As Of satisfies the above 
assumptions, therefore it follows by the Arzela-Ascoli theorem that Vtp : C([ 0 , 1 ],M) —y 
C([0,1],M) is completely continuous. 

In our next step, we show that ftp is upper semicontinuous. To this end it is 
sufficient to show that 0 F has a closed graph, by Lemma 4.3. Let y n —> y*, h n G ttp(y n ) 
and h n —>• h *. Then we need to show that h* G fli?(y*). Associated with h n G Op(y n ), 
there exists v n G <SV )2/n such that for each t G [ 0 , 1 ], 


.. , .. f 1 ( s -0 


M*) = / ~ r /m - /r_Vn(s)ds + yi(t) 

Jo 1 (Pj 

+V2(t)\d [ ^ . g j. —J?_u„(s)ds- 


ct— 1 


T(a 

f 1 (1 - ^ 


u n (s)ds 

/“_u n (s)ds 


* Jo m - J 0 T(/3) 

Thus it suffices to show that there exists v* G Sp PJt such that for each t G [ 0 , 1 ], 

(s 


K(t) = 


r, (<-p s ~ 1 ™.. . .. r 


>0 


-I?_v*(s)ds + y^t) J — v*(s)ds 
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+/^2 (t) 


rr) (j) — s)P 1 

i m 


I?_v*(s)ds - 


( 1 -s )^- 1 

) m 


Ii_v*(s)ds 


Let us consider the linear operator 0 : L 1 ([0,1], M) —>• X given by 


v hg @(u)(f) = 


(■t — s ) 13 1 

~ m 


Ii_v(s)ds + 


ml (s -0 


a—1 


+/r 2 (t) 


l " n ( r] — s ) 13 1 

i m 


Ii_v(s)ds — 


r(a 

r ( I -*)' 5 - 1 


m 


v(s)ds 

Ii_v(s)ds 


Observe that 


|| h n {t) ~ K(t) || 
ft (t - sf - 1 


r 1 ( s _ 0 Q_1 

r ,os Ii-(v n -v*)(s)ds +Hl(t) —(v n -v*)(s)ds 

0 MPJ J£ r ( a ) 


+h 2 (t) 


rV 


(j) — s)P 1 


b1 (1 - s )^ 1 




I\-{v n - V*)(s)ds 


0 , 


as n —> oo. Thus, it follows by Lemma 4.4 that 0 o S F is a closed graph operator. 
Further, we have h n (t) G Q(S F ,y n )- Since y n —> y*, therefore, we have 


Kit) = 


(t — s ) 13 1 

' W) 


Ii_v*(s)ds + hi (t) 


ml (s - 0 


a—1 


+/^2 (t) 


5 


(rj — s ) 13 1 

r(/3) 


I?_v*(s)ds 


F(«) 

f 1 (1 - 


r(/ 3 ) 


u*(s)<is 


Finally, we show there exists an open set U Q X with y ^ OVtpiy) for any 6 G (0,1) 
and all y G dU. Let 6 G (0,1) and y G dfl F (y). Then there exists v G IdQO,1],M) with 
v G Sp, y such that, for t G [0,1], we can obtain 


< 


\y(t)\ = \en F (y)(t)\ 
f* (t — s )?- 1 f 1 (u — s ) 0 - 1 


m 


F (a) 


+ |/i 2 (t)| 


n (77 — s)^ 1 f 1 (■U — s) Q 1 




v(u)\duds + \yi(t)\ j 
v(u)\duds 




a— 1 


r(a) 


|i>(s)|ds 


" 1 (1 — s)P 1 f 1 (■U — s) a 1 


Jo m 
< M|fi(||y||)A, 

which implies that 


r(a) 


r(a) 

v(u)\duds 


IMI 


IMMIMDA 


< 1 . 


831 


AHMAD 817-837 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


16 


B. Ahmad, S. I\. Ntouyas, A. Alsaedi 


In view of (B 3 ), there exists M such that ||y|| ^ Ad. Let us set 

U = {yeX:\\y\\<M}. 

Note that the operator fl F : U —>■ V(X) is upper semicontinuous and completely 
continuous. From the choice of U, there is no y G dU such that y G 6Vt F (y) for some 
6 G (0,1). Consequently, by the nonlinear alternative of Leray-Schauder type (Lemma 
4.5), we deduce that f l F has a fixed point y G U which is a solution of the problem 
(1.2). This completes the proof. □ 

4.2 The Lipschitz case 

We prove in this subsection the existence of solutions for the problem (1.2) with a 
nonconvex valued right-hand side by applying a fixed point theorem for multivalued 
maps due to Covitz and Nadler [21]. 

Let (A", d) be a metric space induced from the normed space (A; || • ||). Consider H d : 
V(X) xV(X) —> MU { 00 } defined by H d (A,B) = max{sup aGj4 d(a, B), sup 6gB d(A, 6 )}, 
where d(A,b ) = inf ae ^ rf(a; 6 ) and d(a,B ) = inf^# d{a\ b). Then (Vb.d(X), H d ) is a 
metric space and (V c i(X), H d ) is a generalized metric space (see [20]). 

Definition 4.7 A multivalued operator N : X —> V c i(X ) is called (a) 7 —Lipschitz if 
and only if there exists 7 > 0 such that H d (N(x),N(y)) < jd(x,y) for each x, y G X 
and (b) a contraction if and only if it is 7 —Lipschitz with 7 < 1 . 

Lemma 4.8 ([21]) Let (X,d) be a complete metric space. If N : X —* V c i(X) is a 
contraction, then FixN ^ 0. 

Theorem 4.9 Assume that: 

(Ai) F : [0,1] x M —> 'Pcp(M) is such that F(-,y(t )) : [0,1] — > P cp (M) is measurable for 
each y G M; 

(A 2 ) H d (F(t,y), F(t,y) < q(t)\y — y\ for almost all t G [0,1] and y, y G M with q G 
C([0,1], M + ) and d{ 0, F(t, 0)) < q(t) for almost all t G [0,1]. 

Then the problem (1.2) has at least one solution on [0,1] if 

IkllA < 1, (4.1) 


where A is defined by (2.11). 

Proof. Consider the operator Q F : X —> V(X) defined in the beginning of the proof of 
Theorem 4.6. Observe that the set S Fy is nonempty for each y G X by the assumption 
(Ai), so F has a measurable selection (see Theorem III.6 [22]). Now we show that the 
operator H F satisfies the assumptions of Lemma 4.8. To show that di F (y) G V c j(X) 
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for each y G X, let {u n } n > 0 G D F (y ) be such that u n —>■ u (n —>• oo) in X. Then 
u G C([0,1],M) and there exists v n G ,5/r y such that, for each t G [0,1], 

F (f — ^ F (s — £ 1 “— i 

Unit) = / —F7m I?_V n {s)ds + frit) / - -Un(s)ds 

Jo b(p) h(a) 

+p 2 (t) 5 ^ — I?_v n (s)ds - —/?_u„(s)ds . 

As F has compact values, we pass onto a subsequence (if necessary) to obtain that 
v n converges to v in T 1 ([0,1], M.). Thus, v G Sf, v and for each t G [0,1], we have 

(f — S )P - 1 /-Ws-Yla-l 

u n (f)^u(f) = J — Ii_v(s)ds + fJ>i{t) J r — v(s)ds 

+ " 2 W r - / btvvfh 3 7{Ln(s)ds . 

Hence, u G 

Next we show that there exists 0 := ||g||A < 1 such that 

^(fiF(y),fiF(y))<0||y-j/|| for each y,y e X. 

Let y,y G X and hi G flpiy)- Then there exists i q(f) G F(t,y(t )) such that, for each 
f G [0,1], 

fo(t) = J — —/f_ui(s)ds + /xi(i) J ^ —ui(s)ds 

+p 2 (t)[5 1 —— Ii-Viis)ds — J —/“-Ui(s)ds . 

By (A 2 ), we have 

H d (F(t,y),F(t,y) < q(t)\y - y\. 

So, there exists w G F(t,y ) such that 

M*) - H < Qit)\vit) - y(t) |, t G [0,1]. 

Define U : [0,1] —» P(M) by 

C/(t) = {w G M : |Hi(£) - ih| < g(t)b(t) - y(t)|}. 

Since the multivalued operator U(t) fl F(t,y) is measurable (Proposition 111.4 [22]), 
there exists a function v 2 (t) which is a measurable selection for U(t) fl F(t,y). So 
v 2 (t) G F(t,y) and for each t G [0,1], we have \vi(t) — v 2 (t)\ < q(t)\y(t) — y(t)\. For 
each t G [0,1], let us define 

h 2 {t) = ^ — Ii_v 2 (s)ds + yi(t) ^ — v 2 (s)ds 
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+Mt) 5 ^ — l?-v 2 (s)ds~j — — I?_v 2 (s)ds . 

Thus 

\hi(t) - h 2 (t) | 

< f 0 ^~r(j3) — I *-\ Vl ‘'- v *\( s ) ds+ \f Jll ( t )\ f ( ' S —|^i ~v 2 \(s)ds 

+ M*)| 5 ^ — I?_\ Vl -v 2 \(s)ds + J^ — — I^lvi - v 2 \(s)ds 

< \\q\\A\\y-y\\, 

which yields \\hi - h 2 \\ < ||g||A||?/ - y ||. 

Analogously, interchanging the roles of y and y , we can obtain 

H d (tt F (y),tt F (y)) < ||g||A||j/-j/||. 

By the condition (4.1), it follows that Qp is a contraction and hence it has a fixed point 
y by Lemma 4.8, which is a solution of the problem (1.2). This completes the proof. □ 


5 Examples 


(a) We construct examples for the illustration of the results obtained in Section 3. For 
that, we consider the following problem: 

f Dl^Dl^yit) = f(t,y(t)), t e J := [0,1], 

< (5-1) 

{ 2 /( 0 ) = 0, D^yiO = 0, y( 1) = (5/2)y(2/3), 

Here a — 7/4, f3 — 3/4, £ = 1/3 ,77 = 2/3 ,S = 5/2, and 

f(t,y) = - . 1 (cos y + + (5.2) 

y J 2 Vf^T 8 lv y l + \y\J t + 4 v ; 

With the given data, it is found that 

P = [(1 - 5rf +1 ) - {3 - l)f (1 - 5rf)] ~ 0.262961 ^ 0, 

sup {ri --+ -fn l ~ L454491 > 

te[o,i] b(a + l)T(p + 1) T(a + 1) J 


and A pa 4.503584 (A is given by (2.11)). Furthermore, \f(t,yi) — f(t,y 2 )\ < L\yi — y 2 \ 
with L — 1/9 so that LA pa 0.0.500398 < 1. Clearly the hypothesis of Theorem 3.1 
is satisfied and hence the problem (5.1) has a unique solution by the conclusion of 
Theorem 3.1. 
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In order to illustrate Theorem 3.3, we notice that (3.5) is satisfied as 
L { r ( a + i)r(/? +1) + “ °' 161610 < 

and 

1 e~ 2t 

\f(t,y)\ < m(t) = , H--. 

1 ■ “ s/t 2 + 81 t + 4 

As all the assumptions of Theorem 3.3 hold true, we deduce from the conclusion of 
Theorem 3.3 that the problem (5.1) has at least one solution on [0,1]. 

Now we demonstrate the application of Theorem 3.6 by considering the nonlinear 
function 

e -t / 2 1 \ 

f(t, y) = : (y -t—tan _1 7/d-). (5.3) 

y ’ Vt + M\ 7T U 10/ V 7 

Clearly \f(t,y)\ < g(t)^(\\y\\), where g(t) = ip(\\y\\ = (g + \\y\\). By the con¬ 

dition (H A i), we find that K > 3.310535. Thus all the conditions of Theorem 3.6 are 
satisfied and consequently, the problem (5.1) with f(t,y ) given by (5.3) has has at least 
one solution on [0,1]. 


(b) Here we illustrate the results obtained in Section 4. Let us consider the following 
fractional differential inclusion involving both left Caputo and right Riemann-Liouville 
types fractional derivatives equipped with fractional boundary conditions: 


j D^D^yit) e F(t, y(t)), t e J := [ 0 , 1 ], 

1 2/(0) = 0, D 3 0 i 4 y(O = 0, y( 1) = (5/2)y(2/3), 
In order to illustrate Theorem 4.6, we take 


(5.4) 


F(t,y(t )) 


f m\ ,, , i\ 

Frl5l2(i + | !/ (i)i) + Wt)l + 2j’ 




sin y(t) + 



(5.5) 


Clearly |F(i,j/(i))| < ^Mlli/ll), wllere <P(t) = and n(||y||) = ||t/|| + 1. Using 

the condition (H 3 ), we find that M > 1.804018. As the hypothesis of Theorem 4.6 is 
satisfied, the problem (5.4) with F(t,y(t)) given by (5.5) has at least one solution on 
[ 0 , 1 ]. 

Now we illustrate Theorem 4.9 by considering 


F(t,x(t)) 


1 

VlOO + f 2 ’ 


sin x(t) 
(6 + t) 



(5.6) 


Obviously q(t) = l( 6 +t) with ||g|| = 1/6 and d(0, F(t, 0)) < q(t) for almost all t e [0,1]. 
Moreover, ||g||A « 0.750597. Thus all the assumptions of Theorem 4.9 hold true and 
consequently its conclusion applies to the problem (5.4) with F(t,y(t )) given by (5.6). 
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Abstract 

In this paper, we study the existence of solutions and L 2 -primitive pro¬ 
cess for retarded stochastic neutral functional differential equations in Hilbert 
spaces. We no longer require the Azera-Ascoli theorem to prove the existence 
of continuous solutions of nonlinear differential systems, but instead we ap¬ 
ply the regularity results of general linear differential equations to the case 
the L 2 -primitive process for retarded stochastic neutral functional differential 
systems with unbounded principal operators, delay terms and local Lipschitz 
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our main result can be applied. 
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1 Introduction 

In this paper, we study the existence of solutions and L 2 -primitive process for the fol¬ 
lowing retarded stochastic neutral functional differential equations in Hilbert spaces: 

f d[x(t) + g(t, x t )] = [Ax(t) + f°^ h ai(s)Aix(t + s)ds + k(t)]dt + f(t, x t )dW(t), 

| x( 0 ) = 4 >° E L 2 (Q,H), x(s ) = 0 1 ( s )> s e [— h,0). 

( 1 . 1 ) 

where t > 0, h > 0, Oi(-) is Holder continuous, k is a forcing term, W{t ) stands for 
A'-valued Brownian motion or Winner process with a finite trace nuclear covariance 
operator Q , and g, /, are given functions satisfying some assumptions. Moreover, 
A : D(A) a H — y H is unbounded and A± E B(H), where B( X, Y ) is the collection 
of all bounded linear operators from A" into Y, and B(X,X) is simply written as 
B{X) - 

This kind of systems arises in many practical mathematical models, such as, 
population dynamics, physical, biological and engineering problems, etc. (see [6, 11, 
23,) - 

Many authors have studied for the theory of stochastic differential equations in 
a variety of ways (see [4] [7] and reference therein), impulsive stochastic neutral 
differential equations [14, 21], approximate controllability of stochastic equations 
[5,27,26], 

As for the retarded differential equations, Jeong et al [17, 18], Wang [32], and 
Sukavanam et al. [28] have discussed the regularity of solutions and controllability 
of the scmilincar retarded systems, and see [8, 15, 16, 24] and references therein for 
the linear retarded systems. 

In [10, 12, 13], the authors have discussed the existence of solutions for mild 
solutions for the neutral differential systems with state-dependence delay. Most 
studies about the neutral initial value problems governed by retarded semilinear 
parabolic equation have been devoted to the control problems. 

Recently, second order neutral impulsive integrodifferential systems have been 
studied in [2, 25], and Stochastic differential systems with impulsive conditions in 
[1, 3, 29]. Further, as for impulsive neutral stochastic differential inclusions with 
nonlocal initial conditions have been studied for the existence results by Lin and Hu 
[22], and controllability results by [19]. 

Let (Vl.X.P) be a complete probability space furnished with complete family 
of right continuous increasing sub a-algebras {A), t El} satisfying T t C T . An H 
valued random variables is an T -measurable function x(t) : XI —>■ H. Usually we 
suppress the dependence on w E H in the stochastic process S = { x(t,w ) : £2 — > H : 


839 


Yong Han Kang 838-861 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


3 


t G [0,T]}and write x(t) instead of x(t,w ) and x(t) : [0, T] —> H in the space of S. 
Then we have to study on results in connection with solutions of random differential 
and integral equations in Hilbert spaces. It should be ensured that x(t,w ) is a 
//-valued random variable with finite second moments and L 2 -primitive process of 
(1.1) for all t G T in order to study stationary random function, Brownian motion, 
Markov process, and etc. But the papers treating the regularity for second moments 
of the systems and L 2 -primitive process for retarded stochastic neutral functional 
differential equations in Hilbert spaces are not many. 

In this paper, we propose a different approach of the earlier works used Azera- 
Ascoli theorem to prove the existence of the mild solutions of functional differential 
systems in the Banach space of all continuous functions. Our approach is that regu¬ 
larity results of general differential equations results of the linear cases of Di Blasio 
et al. [8] and semilinear cases of [17] remain valid under the above formulation of 
the stochastic neutral differential system (1.1) even though the system (1.1) con¬ 
tains unbounded principal operators, delay term and local Lipschitz continuity of 
the nonlinear term. 

The paper is organized as follows. In Section 2, we construct the strict solution 
of the semilinear functional differential equations and introduce basic properties. In 
Section 3, by using properties of the strict solutions in dealt in Section 2, we will 
obtain the L 2 -primitive process of (1.1), and a variation of constant formula of L 2 - 
primitive process of (1.1) on the solution space. Finally, we give a simple example 
to which our main result can be applied. 

2 Preliminaries and Lemmas 

The inner product and norm in H are denoted by (•, •) and | • |, respectively. V is 
another Hilbert space densely and continuously embedded in H. The notations j | • 11 
and || • ||* denote the norms of V and V* as usual, respectively. For brevity we may 
regard that 

IMI* < M < ||u||, u G V. (2.1) 

Let a(-, •) be a bounded sesquilinear form defined in V x V and satisfying Garding’s 
inequality 

Re a(u,u) > Co||u|| 2 — Ci|u| 2 , c 0 > 0, C\ > 0. (2.2) 

Let A be the operator associated with the sesquilinear form — a(-, •): 

((ci — A)u, v) = — a(u , u), u, v G V. 

It follows from (2.2) that for every «Gf 

Re (Au, u ) > cq||u| | 2 . 
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Then A is a bounded linear operator from V to V* according to the Lax-Milgram 
theorem, and its realization in H which is the restriction of A to 

D(A) = {ueV;Aue H} 

is also denoted by A. Then A generates an analytic semigroup S(t ) = e tA in both 
H and V* as in Theorem 3.6.1 of [30]. Moreover, there exists a constant Co such 
that 

INI < Co\\u\\d(A)\ u \ 1/2 , ( 2 -3) 

for every u G D(A), where 

I N l-D(A) = (| Au \ 2 + |u| 2 ) 1/2 

is the graph norm of D(A). Thus we have the following sequence 

D(A) cVcUcrc D(A)*, 

where each space is dense in the next one and continuous injection. 

Lemma 2.1. With the notations (2.3), (2.4), we have 

(V,V*) W = H, 

{D{A), if) 1 / 2,2 = V, 

where (V,V*) 1 / 2,2 denotes the real interpolation space between V and V* (Section 
1.3.3 of [31]). 

If X is a Banach space and 1 < p < 00 , L p ( 0, T; X) is the collection of all strongly 
measurable functions from (0, T) into X the p-th powers of norms are integrable. 

For the sake of simplicity we assume that the semigroup S(t) generated by A is 
uniformly bounded, that is, There exists a constant M 0 such that 

ll'S'WINtf) < \\AS(t)\\ B ( H ) < (2.4) 

The following lemma is from [30, Lemma 3.6.2], 

Lemma 2.2. There exists a constant M 0 such that the following inequalities hold: 


\\S(t) \\b(h,v) < t 1 ^M 0 , 

(2.5) 

\\S(t) \\b(v*,v) < t 1 M 0 , 

(2.6) 

\\AS(t)\\ B (H,v) <t 3/2 M 0 . 

(2.7) 


841 


Yong Han Kang 838-861 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


5 

First, consider the following initial value problem for the abstract linear parabolic 
equation 

f ^ = Ax(t) + f^ h a 1 (s)A 1 x(t + s)ds + k(t), 0 < t < T, 

| x(0)=<p°, x(s) = 0 1 (s) s G [—h, 0). 

By virtue of Theorem 2.1 of [15] or [8], we have the following result on the 
corresponding linear equation of (2.8). 

Lemma 2.3. 1) For (ql i 0 ,^ 1 ) G V x L 2 (—h, 0; D(A)) and k G L 2 (0,T;H), T > 0, 
there exists a unique solution x of (2.8) belonging to 

L 2 ( 0, T; D(A)) n W 1>2 (0, T; H) C C([0, T]; V) 

and satisfying 

ll a; l|L 2 (0,T;D(A))nm 1 ’2(0,T;J7) < Cl(||0°|| + I I |l 2 (-/i,0;D(A)) + 11 k \ | L 2 (0,T-H) ) , (2-9) 

where C\ is a constant depending on T and 

I kl |L 2 (0,T;D(A))n1VT2(0,T;iT) = max { | \x \ \ L 2 (0,T-D(A)) j 1M | W^^O^H )} 

(2) Let (0°,</> 1 ) G H x L 2 (—h, 0; V) and k G L 2 (0,T;V*), T > 0. Then there 
exists a unique solution x of (2.8) belonging to 

L 2 ( 0, T; V) n W 1,2 (0, T; V*) C C([0, T]; if) 

and satisfying 

lkl|L 2 (0,T;V)nVP 1 '2(o,T;V*) < bi(|(/>" + 110 1 1 U 2 (-h,0;V) + 11 k \ | L 2 (0,T; V*) )j (2-10) 

where C\ is a constant depending on T. 

Let the solution spaces Wo (T) and Wi(T) of strong solutions be defined by 

W 0 (T) = L 2 (0, T; D(A)) n W 1 ’ 2 ^, T; H), 

Wi(T) = L 2 (0, T; V) n bF 1,2 (0, T; W). 

Here, we note that by using interpolation theory, we have 

W 0 (T) C C([0,T\]V), Wi(T) C C'([0,T];tf). 

Thus, there exists a constant Ci > 0 such that 

IMIc([o,t] ; v) < ci||a;||wo(r), 11^| \c([o,T]-h) < c iIMIwi(t)- (2-11) 


842 


Yong Han Kang 838-861 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


6 


Lemma 2.4. Suppose that k G L 2 (0,T-,H ) and x(t) = f* S(t — s)k(s)ds for 0 < 
t < T. Then there exists a constant C 2 such that 


\ x \\l 2 (o,t-,d(A)) < Ci 11/s11 L 2 (0,T;i?) j 
\ x \\l 2 (o,t-h) < C'2T\\k\\i,2^ T . H ' ) , 


and 


I kl \l 2 (0,T;V) < C 2 Vr\\k\\ l 2 (0,T;H)- 

Proof. The first assertion is immediately obtained by (2.9). Since 


x 


L 2 (0,T\H) 


fff 


S(t — s)k(s)ds\ 2 dt 

T r t 


<M 0 


\k(s)\ds) 2 dt 


'0 Jo 
rT r 


< M 0 / t \k{s)\ 2 dsd.t 

Jo Jo 

- m °y [ \ k ( s ^\ 2ds ' 


it follows that 


\\ x \\l 2 (0,T;H) < T\J Mo/2 1 |/c||l2(o ,T\H) ■ 
From (2.3), (2.12), and (2.14) it holds that 

H^l |l 2 (0,T;V) < Cq\J CiT(M 0 /2) 1 ' / l \\k\\L 2 (0,T; H )- 
So, if we take a constant C 2 > 0 such that 

C 2 = ma X {yMo 72 ,C 0 ^(M 0 / 2 ) 1 / 4 }, 

the proof is complete. 


( 2 . 12 ) 

(2.13) 


(2.14) 


□ 


In what follows in this section, we assume ci = 0 in (2.2) without any loss of 
generality. So we have that 0 G p(A) and the closed half plane {A : Re A > 0} is 
contained in the resolvent set of A. In this case, it is possible to define the fractional 
power A a for a > 0. The subspace D{A a ) is dense in H and the expression 

||x|| a = ||A"a:||, x G D(A a ) 

defines a norm on D(A a ). It is also well known that A a is a closed operator with 
its domain dense and D(A a ) D DfA 13 ) for 0 < a < (3. Due to the well known fact 
that A~ Q is a bounded operator, we can assume that there is a constant > 0 
such that 

||Al a \\c(H) < C-a, \\A 01 1 \c(V*,V) < C- a . (2.15) 
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Lemma 2.5. For any T > 0, there exists a positive constant C a such that the 
following inequalities hold for all t > 0: 

IKSWILcb) < ft, IKsWIkw < fF . ( 2.i6) 

Proof. The relation is from the inequalities (2.6) and (2.7) by properties of fractional 
power of A and the definition of S(t). □ 


3 Existence of solutions 

In this paper (H, | • |) and (K, \ ■ \k) denote real separable Hilbert spaces. Consider 
the following retarded semilinear impulsive neutral differential system in Hilbert 
space H: 

j d[x(t) + g(t, x t )} = [Ax[t) + f° h a\(s)Aix{t + s)ds + k(t)\dt + f(t, x t )dW(t), 

| x(0) = 4>° G L 2 (Q,H), x(s) = 0 1 (s), s G [— h, 0). 

(3.1) 

Let (fl.T 7 , P) be a complete probability space furnished with complete family of 
right continuous increasing sub cr-algebras {FtA G 1} satisfying T t C T. 

An H valued random variables is an T -measurable function x(t) : O —> // and 
the collection of random variables S = {x(t,w) : H — * H : 1 G [0,7], w G 11} 
is a stochastic process. Generally, we just write x{t ) instead of x(t,w ) and x{t ) : 
[0, T] —> H in the space of S 

Let {e n }™ =1 be a complete orthonormal basis of K, and let Q G B(K,K) be 
an operator defined by Qe n = \ n e n with finite Tr(Q) = VKl = A < oo (Tr 

denotes the trace of the operator), where \ n > 0 (n = 1, 2, • • •), and B(K , K ) denotes 
the space of all bounded linea operators from K into K. 

{W(t) : t > 0} be a cylindrical K -valued Wiener process with a hnite trace 
nuclear covariance operator Q over (12,7-1 P), which satisfies that 

OO 

w(t) = ^2 \/Kwi(t)e n , t > 0 , 

n= 1 


where {w i (t)}“ 1 be mutually independent one dimensional standard Wiener pro¬ 
cesses over (12, T, P). Then the above K -valued stochastic process W{t) is called a 
Q-Wiener process. 
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We assume that T t = a{W(s) : 0 < s < t} is the a-algebra generated by w and 
Tt = T. Let if E B (K, H ) and define 

OO 

IV’I q = Tr (ifQif*) = ^ | s/\nife n \ 2 . 

n =1 

If \if\q < oo, then if is called a Q-Hilbert-Schmidt operator. Bq(K,H) stands for 
the space of all Q-Hilbert-Schmidt operators. The completion Bq(K , H) of B(K, H ) 
with respect to the topology induced by the norm \i()\q, where |^|y = is a 

Hilbert space with the above norm topology. 

Let V be a dense subspace of H as mentioned in Section 2. For T > 0 we define 

M 2 (-h, T■ V) = {x : [-h, T]->V:E([ \ |x(s) | \ 2 ds) < oo} 

J-h 

with norm defined by 


\ x \\m 2 (o,t-,v) 



1/2 


The spaces M 2 (—h,0;V), M 2 (0,T;H), and M 2 (0,T;H*) are also defined as the 
same way and the basic theory of the class of all nonanticipative functions can be 
founded in [9]. For h > 0, we assume that 0 1 : [— h, 0) —>■ V is a given initial value 
satisfying 


E([° ||0 1 (s)|| 2 ds) < oo, 

J-h 

that is, 0 1 G M 2 (— h, 0; V). In this note, a random variable x(t) : H —> H will be 
called an L 2 -primitive process if x G A / I 2 (—h, T; V). 

For each s G [0,T], we define x s : [— h,0] —> H as 

x s (r) = x(s + r), —h < r < 0. 


We will set 

n = M 2 (-h,0;V). 

Definition 3.1. A stochastic process x : [—h,T\ x tt H is called a solution of 
(3.1) if 

(i) x(t) is measurable and T t -adapted for each t > 0. 
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(ii) x(t) G H has cadlag paths on t G (0, T ) such that 

x(t) =S(t)[4>° + 0(0,x 0 )] - g{t,x t ) + [ AS(t — s)g(s,x 3 )ds (3.2) 

Jo 

+ / S(t — s){ I ai(r)Aix(s + r)drds + f(s,x s )dW(s)} 

Jo J-h 

+ f' S(t — s)k(s)ds, 

Jo 

x(0) =0°, x(s) = </> 1 (s), sg[4,0). 

(iii) x G M 2 (0, T; V) i.e., ||a;(s)|| J (is) < 00 and C([0, T]; iJ). 

To establish our results, we introduce the following assumptions on system (3.1). 
Assumption (A). We assume that Qi(-) is Holder continuous of order p: 

|«i( 0 )| < H u |ai(s) - ai(r)| < H^s - r) p . 

Assumption (G). Let g : [0, T] x n —y H be a nonlinear mapping satisfying 
the following conditions hold: 

(i) For any x G n, the mapping g(-,x) is strongly measurable. 

(ii) There exist positive constants L g and (3 > 2/3 such that 

E\AJg(t,x)\ 2 < L s (||x||n + l) 2 , 

E\A p g{t,x) - A^g{t,x)\ 2 < L g \\x - x||n, 

for all t G [0, T\, and x, x G n. 

Assumption (F). Let / : R x n —y B(K, H) be a nonlinear mapping satisfying 
the following: 

(i) For any x G n, the mapping f(-,x ) is strongly measurable. 

(ii) There exists a function Lf : M + —y M such that 

E\f(t,x) - f(t,y) | 2 < L f (r)\\x - y\\u, t G [0,T] 
hold for ||x||n < r and ||y||n < r. 
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(iii) The inequality 


E\f(t,x)\ 2 <L f (r)(\\x\\ u + l) a 

holds for every t G [0, T] and ||x||n < r. 

Lemma 3.1. Let x G M 2 (—h, T\V). Then the mapping sgi s belongs to (7([0, T]; II), 
and for each 0 < t < T 


Iktlln < 11*^| | M 2 (—V) = ||0 1 ||n + 11^11 M 2 (0,t; V) j (3.3) 

-^(1 l X l li 2 (0,i;V)) = ll X llM 2 (0,t;V)> 

11*£-1 |l 2 ( 0 Y;II) < Vt\\x\\M 2 (-h,t;V)- 


Proof. The first paragraph is easy to verify. In fact, it is from the following inequal¬ 
ity; 


IMIn = E( / \\x(t + r)|| 2 dr) <E[ ||a;(T)|| 2 dT] < ||x||^ 2( _ M . y) , t > 0. 


i-h 


i-h 


The second paragraph is immediately obtained by definition. From the inequality 
(3.3), we have 



x 


2 

si in 


ds = f [E( I ||a;(s + T)|| J dr)] 2 ds 
Jo J-h 

= [ [E{ f \\x(T)\\ 2 dT)] 2 ds<t\\x\\ 2 M 2 { _h,t-vp 

J 0 Js—h 


which completes the last paragraph. □ 

One of the main useful tools in the proof of existence theorems for nonlinear 
functional equations is the following Sadvoskii’s fixed point theorem. 


Lemma 3.2. (Krasnoselski [20]) Suppose that E is a closed convex subset of a 
Banach space X. Assume that K\ and K 2 are mappings from E into X such that 
the following conditions are satisfied: 


(i) {K x + K 2 ){E) CE, 

(ii) K\ is a completely continuous mapping, 

(iii) K 2 is a contraction mapping. 


Then the operator K\ + K 2 has a fixed point in E. 
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From now on, we establish the following results on the solvability of the equation 

(3.1). 

Theorem 3.1. Let Assumptions (A), (G) and (F) be satisfied. Assume that ( 0 °, 0 1 ) e 
L 2 (Q,H) x II and k G M 2 (0,T; V*) for T > 0. Then, there exists a solution x of 
the system (3.1) such that 

x E M 2 (0,T; V)nC([0,T\;H). 

Moreover, there is a constant C 3 independent of the initial data ( 0 °, 0 1 ) and the 
forcing term k such that 

I Ml M 2 (-h,T-,v) < Cs(l + E(\(p c f) + ||0 1 || n + | \k\\ m 2 (o,t-,v*))- (3-4) 

Proof. Let 

r ■= 2[C'iC'_ Q y / L^(||0 1 ||n + 1) + V / 3C'i(£0|0°| 2 ) + 110 1 1|n + \\k\\ 2 M 2 ^ Tl -v*)) ^ ], 
and 


A" \/3C'„ Q ,A0 / Lg(||0 1 ||n + r + l) 

+ (3/3 — 2) 1 // 2 (3/3) 1 // 2 C'i_ ( ay / Z^(||0 1 || n + r + 1) 

+ C 2 TA(Q)\J L/(r)(||0 1 ||n + r + 1), 

where /3 > 2/3, C\ and C 2 is constants in Lemma 2.3 and Lemma 2.4, respectively. 
Let 

Tf : = rnaxlT, 172 , Tj W2 } 
and choose 0 < < T such that 

T?N < T -= C,C.„yii(ll^l|n + 1) + YSCj/v+ST) + ||^||n + I|4 |ImW;V). 

(3.5) 


and 


N -.=T?{ Y3C_„yi; + (3/3 - + C 2 Tr(Q) flf/)} < 1. 

(3.6) 
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Let J be the operator on M 2 (0, Ty V) defined by 

(Jx)(t) =S'(t)[0°+ g(O,0 1 )] -g(t,x t ) + [ AS(t — s)g(s, x s )ds 

Jo 

+ f S(t — s){ f ax{r)A 1 x{s + r)drds + f(s,x s )dW(s)} 


+ / S(t — s)k(s)ds. 

Jo 

It is easily seen that J is continuous from (7([0, Tj; H) into itself. Let 

E = {x G M 2 (—h,T;V) : x(0) = 0°, and a;(s) = </> 1 (s)(s G [— h, 0))}. 


and 

E r = {x G E : | |ar| |m 2 (o,Ti ; v) < 

which is a bounded closed subset of M 2 (0, Ti; V). Now, we give the proof of Theorem 
3.1 in the following several steps: 

Now, in order to show that the operator J has a fixed point in E r C M 2 (0, T \; V"), 
we take the following steps. 

Step 1. J maps E r into E r . 

By (2.10), (2.15) and Assumption (G), and noting xq = 0 1 , we know 

E[ f Tl \\S(t)g(0,x o )\\ 2 dt\ = T[C' 2 |<?(0,</> 1 )| 2 ] (3.7) 

Jo 

= B[C 1 2 (||^||b(«)|^9(0,^ 1 )|) 2 ] 

< (C' 1 C_ c ,) 2 Z, 3 (||0 1 ||n + l) 2 - 

From (2.10) of Lemma 2.3 it follows 

E[ f ||S(t)/+ f‘s(t-s){ f a\{r)Aix(s + r)dr + /c(s)}ds|| 2 dt] (3.8) 

Jo Jo J-h 

< E[Clm + ||0 1 ||l2(_ /1iO ;V) + ||^||l 2 (0,Ti;V*)} 2 ] 

< ?>Cl[E[\(jPy] + ||</> 1 || 2 I + ||^||m2(o,t i; v*))- 

By using Assumption (G) and Lemma 3.1, we have 

\\9('i x -)\\M 2 (o,Try) = J \\A ^A^g(t, Xt) || dt) (3-9) 

<C 2 _ a E( [ Tl \APg(t,x t )\ 2 dt) < G^L.T!(||x t ||n + l) 2 

Jo 

< 3C 2 Q ,L 9 Ti(||0 1 ||f I + ||x||m 2 (o,Ti;V) + l) 
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Define H ] : M 2 (0, V) —>• M 2 (0, Tp H) by 


(Hix)(t) = / AS(t — s)g(s, x s )ds. 

Jo 

Then from Lemma 2.5 and Assumption (G) we have 

||AS'(t-s) 0 (s,a; s )|| = {{A 1 - 13 S(t - s)\\ B(Hy) \A^g(s,x s )\ 
^ \ AP a{s,x a )\, 

and hence, by using Holder inequality and Assumption (G), 


\\ H i x \\ 2 MHo,Tvy) = E \ [ II [ AS(t-s)g(s,x s )ds\\ 2 dt] 

Jo Jo 

^ E [ [ (/ 77 C 2m-a),2 ^9(3,Xs)\ds) 2 dt\ 


• o ,0 (t-syA-P)/*' 

rTt 


<E[ Ci_p(3f3 — 2 ) H 30 2 / \APg(s,x s )\ 2 dsdt\ 


fTi 


<(3/3-2) 1 C' 2 _ / 9 L g (||x s || n + l ) 2 / t 3/3 1 dt 


< (3/3 - 2)-‘(3/3)-‘Cf_ (i i/ 9 ri i ' , (|| I || MS( _ k , I ., lV .) + 1 ) 


= (3/3 - 2)-‘(3/3)-‘c 1 %i a r; 


-' 3 / 3 01 J .1 


n 


+ 11*^| |m 2 (0,Ti;V) + 1)' 


(3.10) 


Let 

{H 2 x)(t) = [ S(t — s)f(s,x s )dW(s). 

Jo 

For (2.13) of Lemma 2.4 it follows 

\\H- 2 X\\ 2 M ^ T1 , V ) = E[ p | J* S(t-s)f(s,x a )dW{s)\ 2 dt] (3.11) 

<E[ClTyQfT,\\f{s,x s ) 111,^)] 
<C' 2 2 Tr(g) 2 T 1 ||/( S ,x s )||L 2 ( 0 ;r; y* ) 

< C'|Tr(Q) 2 TiL^(r)(||x s || n + l ) 2 

< ClTi{Q) 2 TiL /('T’)(110 1 j|n + |W|m 2 (o,t i; v) + l) 2 
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Therefore, from (3.7)-(3.11) it follows that 
11 Jx\ |m 2 (o,Ti;V') <C'iC_ a y / L^(||0 1 ||n + 1) 

+ V3Ci(E[\(j) {> \^} + 110 1 1In 4" II^IIay 2 (o,Ti;V*)) 1 
+ VsC-a^jTiLg^\<p l \ |n + |M|m 2 (o,t i; v) + l) 

+ (3/3 — 2) 1//2 (3/3) 1 ^ 2 C'i_ j gy / L^T 1 3 ^ //2 (||0 1 || n + ||^||M 2 (o,Ti ; y) + 1) 

+ C 2 Tr((5)yTiL/(r)(||(/) 1 ||ii + | |ar| |m 2 (o,Ti;V) + 1) 

<C' 1 C'_ Q A/T^(||(/) 1 ||n + 1) 

+ \/3Ci(i7[|0 o | 2 ] + H^Hn + II^IIm 2 (o,Ti ; v*)) ^ + T 1 7 ./V<r, 
and so, J maps E r into E r . 

Define mapping K\ + K 2 on A 2 (0, T); H) by the formula 

(Jx)(t) = (Kix)(t) + (. K 2 x)(t ), 

(Abx)(t) = f S(t — s ) f ai(r — s)A 1 x(r)dTds, 

Jo Jo 

and 

(Ji 2 a;)(f) =5(t)[0° + #(0,£ O )] - g(t,x t ) + [ AS(t - s)g(s,x 3 )ds 

Jo 

+ f S(t — s){ f ai(r — s)Ai(f) 1 ( y T)dTds + f(s,x s )dW(s)} 

J 0 J s—h 

+ f S(t — s)k(s)ds. 

Jo 

Step 2. Ad is a completely continuous mapping. 

We can now employ Lemma 3.2 with E r . Assume that a sequence {x n } of 
M 2 (0, Ti; H) converges weakly to an element Xoo G M 2 (0, Tp H), i.e., w— lim, woo x n = 
Xoo . Then we will show that 

lim \\Kix n - KiX oo \\ M 2 {0T v) = 0, (3.12) 

n—>oo 

which is equivalent to the completely continuity of K\ since M 2 (0, T); V ) is reflexive. 
For a fixed t G [0, T\], let x*(x) = (A' 1 x)(t) for every x G M 2 (0, TpH). Then 
x* t G M 2 (0, Tp V *) and we have lim^oo x* t (x n ) = x^x^) since w — lim^oo x n = x^. 
Hence, 

lim (A'ix n )(t) = (A'iX 0O )(t), t G [0,Ti]. 

n—> oo 
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Set 


h(s) = / ai(r — s)Aix(t)cIt. 


Then by using Holder inequality we obtain the following inequality 
\h(s)\ < I [ (oi(t — s) — ai(0))Ylia;(r)dr| 


(3.13) 


+ 


ai(0)Aix(r)dT 


<{((2p + l) 1 s 2p+l ) 1/2 + y/s}H 1 \\A 1 \\ B{H) { ||a;(T)|| 2 dT) i/2 . 

Thus, by (2.5) and (3.13) it holds 


||(/i 1 a;)(t )|| 2 = || f S(t — s)h(s)ds \\ 2 

Jo 

< (H 1 \\A 1 \\ B[ h)) 2 ( ||x(r)|| 2 (ir)|| J - _/ 1/2 {(P? + 1)~‘Y 2>I ~ I ' 1)/2 + Ys}*|| 2 

<(J/ 1 ||A 1 || B( « ) ) 2 ||i|| 2 2(0 , w| {(2p+l)- 1 B(l/2,(2p + 3)/2)('' +1 + B(l/2,3/2)«} 2 . 

: = C 2 I |x| |n 2 (0,t;V)) 

where C 2 is a constant and B (•, •) is the Beta function. Here we used 


5(1/2, (2p + 3)/2)t p+1 


And we know 



(t - s)~ 1/2 s {2p+1)/2 ds. 


sup ||5[(Ada;)(t)] 2 || < c 2 \\x\\ 2 M 2 {0T v) < 00 . 

0<t<Ti 


Therefore, by Lebesgue’s dominated convergence theorem it holds 


lim E( I 1 \ \{Kix n )(t)\\ 2 dt) =E( [ 1 

n ^°° Jo Jo 


||(A'ix 0 o)(^)|| 2 dt), 


i.e., lim^oo \\K 1 x n \\ M *{o, Tli v) = \\KiX O o\\m*{ 0 ,t u v)- Since M 2 (0,7\; V) is a reflexive 
space, it holds (3.12). 

Step 3. K '2 is a contraction mapping. 
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For every X\ and x 2 G U r , we have 

(K 2 xi)( t) - (K 2 x 2 )(t) =g(t,x 2t ) -g(t,x u ) 

+ [ AS(t — s)(g(t,x la ) — g(t,x 2s ))ds 
Jo 

+ [ S(t - s){f(s,x 1 (s)) - f(s,x 2 (s))}dW(s). 

Jo 

In a similar way to (3.9)-(3.11) and Proposition 2.3, we have 

\\K 2 X 1 - K 2 x 2 \ \m 2 (o,Ti;V) <{C- Q ^Tj7 g + (3/3 - 2)” 1 / 2 (3 ^T g 

+ C^T.Lfir )Tr(Q) } | \x\ — £ 2 ||ay 2 (o,Ti;V) 

<A ||rCi — X 2 \ |m 2 (0,Ti;V)- 

So by virtue of the condition (3.6) the contraction mapping principle gives that the 
solution of (3.1) exists uniquely in M 2 (0, T\ ; V ). This has proved the local existence 
and uniqueness of the solution of (3.1). 

Step 4. We drive a priori estimate of the solution. 

To prove the global existence, we establish a variation of constant formula (3.4) 
of solution of (3.1). Let x be a solution of (3.1) and </>° G H. Then we have that 
from (3.7)-(3.11) it follows that 

IM|m 2 (o,Ti;V) ^:ClC- a ^/L~ g (\\(f> 1 \\^ + 1) 

+ V / 3C , i(if[|0 O |-] + ||0 1 || 2 1 + 11&11 M 2 (0,Ti ;V*)) / 

+ V3C- a ^TiLg[\ {(j ) 1 1 |n + | M |m 2 (0,Ti;V) + l) 

+ (3/5 — 2) 1/72 (3/3) y^y/Lg^imin + ||x| |m 2 (o,t i; v) + 1) 
+ C 2 Tr(Q)Ti y^dl^Hn + |M|m 2 (o,Ti ; v) + 1) 

<A ||x|| l2( 0 ,t i; v) + 5Vi, 

where 

N^C^y/Tgi ll^lln + l) 

+ V3Ci[E[\(j) 0 \-] + ||0 J | In + ||&|Im 2 (o,t i; v*)) ^ 

+ V3C- ay /T\r g (\\(f) 1 \\n + l) 

+ (3/3 - 2)- 1 /\3f3)- 1/2 C 1 -p^T g T^ /2 (\\ ( J ) 1 \\n + 1) 

+ C 2 Tv(Q)JT 1 L f (r)(\\</ ) 1 \\ u + l). 
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Taking into account (3.6) there exists a constant C 3 such that 

I M |l 2 (0,Ti;V) <(1 — N) 1 N 1 

<C 3 (1 + E^cfPy) + H^Hn + ||^||m 2 (o,Ti;V*)), 


which obtain the inequality (3.4). 

Now we will prove that E[x(Ti) 2 ] < 00 in order that the solution can be extended 
to the interval [Ti,2Ti]. 

Define a mapping H 3 : L 2 (0, Ti,V) —> L 2 ( 0, T\ ; V) as 

(H 3 x)(t) = S(t)[<f>° + <7(0, x 0 )] + f S(t-s){ f ai{r)A l x(s + r)dr + k(s)}ds 

JO J-h 

The from (2.11) and Lemma 2.3 it follows that 
EKHsx )^ 2 < Cl E\\H 3 x\\ 2 m (3.14) 

< 3CiCiE{\(p° + g( 0, 0 1 )! + ||0 1 ||l 2 (-/!,O;V) + ||^IU 2 ( 0 ,Ti;V*)} 

< CiCi{E\(p° + g(0, 0 1 ) |“ + 110 1 1 Im 2 (—h, 0 ; V) + II^IIm 2 ( 0 ,Ti;V*)} := h 

and from (2.4) and Assumption (F), 

E^H^iT ^ 2 =E\ [ 1 S(T 1 -s)f(s,x s )dW(s )\ 2 (3.15) 

Jo 

<MqTx{Q) 2 TiL f {r)(\\x s \\u + l ) 2 

<M 2 Tr(g) 2 T 1 L / (r)(||</. 1 || n + ||x||m 2 (o,t i; v) + l ) 2 := U. 


Moreover, by using Assumption (G) we have 

E\ 9 (T lt x n )\* < E\\A-PAPg(t,x Tl )\\ 2 , (3.16) 

< C_ALPHA 2 L g { ||x Tl || n + l) 2 

< C.ALPHA 2 L g {\\(t> l \\ u + ||x||m 2 (o,t i; v) + l) 2 := ///, 


and 


sKtfiaOCTOi 2 


rTi 


E | / A5(Ti - s)^(s,a: s )ds| 


fTi 


^1 


(3.17) 


- E iJ 0 (t _ l^ a (g(g,ag.)|tto ] 2 

< E[Cl 0 (W - 2)->Tf- 2 f |AYj(s,i,)| 2 <is] 2 

Jo 

= — 2) 1 T 1 3/3 1 J*g (11*^| | M 2 (0,Ti; V) + 110 1 1 |m 2 (-/i,0;V) + l) 2 : = IV. 
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Thus,by (3.14)-(3.17) we have 


E\x(Ti )\ 2 


, f Tl 

= E\(H 3 x)(Ti)~ g(Ti,x Tl ) + / AS(Ti - s)g(s,x s )ds 

Jo 


+ [ 1 S(T 1 -s)f(s,x s )dW(s) 
Jo 


< I + II + III + IV < oo. 


Hence we can solve the equation in [Ti,2Ti] with the initial (x(Ti),xt 1 ) and an 
analogous estimate to (3.4). Since the condition (3.6) is independent of initial values, 
the solution can be extended to the interval [0, n7\] for any natural number n, and 
so the proof is complete. □ 

Remark 3.1. Thanks for Lemma 2.3, we note that the solution of (3.1) with the 
conditions of Theorem 3.1 satisfies also that 

E{ [ ||z'(s)||*ds) < oo. 

J-h 

Here we note that by a simple calculation using the properties of analytic semigroup, 
it is immediately seen that x G M 2 (—h , T; H). 

Now, we obtain that the solution mapping is continuous in the following re¬ 
sult, which is useful for the control problem and physical applications of the given 
equation. 

Theorem 3.2. Let Assumptions (A), (G) and (F) be satisfied. Assuming that the 
initial data (0°,0 1 ) G L' 2 (Q,H) x n and the forcing term k G M 2 (0,T;1/*). Then 
the solution x of the equation (3.1) belongs to x G M 2 (0, T; V) and the mapping 

L 2 (H, H) x n x M 2 (0, T; V*) 3 (0°, 0\ k) ^ x G M 2 (0, T; V) (3.18) 

is continuous. 

Proof. From Theorem 3.1, it follows that if (0°, 0 1 , k) G L 2 (f2, H) x n x M 2 (0, T ; V*) 
then x belongs to M 2 (0,T;H). Let (0°,0j,/ci) and x l be the solution of (3.1) with 
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(0°, 4>\i hi) in place of (0°, 0 1 , k ) for i — 1, 2. Let Xj(* = 1, 2) e Z r . Then it holds 


x l (t) - a: 2 (t) = S{t)[{<^ - 0°) + (00, x£) - 00, xg))] 

^ (0Mt) ~ff(t,Xt)) + [ AS(t — s)(g(s, x]) — g(t, x 2 s ))ds 

Jo 

+ / S(t — s){ / ai(r)Ai(a; 1 (s + r) — x 2 (s + r))drds 
Jo J-h 

+ f S(t - sMFx'Xs) - (Fx 2 )(s)) + (0(0 - k 2 (s))}ds. 
Jo 

+ f S(t - s)(ki(s) - k 2 (s))ds 
Jo 


Hence, by applying the same argument as in the proof of Theorem 3.1, we have 


11^1 ~ x 2\\m 2 (0,T v ,V) — x 2\\l 2 (0,T 1 ;V) + ^2, 


where 


N 2 =C x C.ALPHAjL g (| 10} - 021 In) 

+ V / 3C'i(£'[|0 { j ) - 0?| 2 ] ~+- 1101 — 02 I Ifl + \ \kl - 01 Im 2 (0,Ti;V'*)) ^ 

+ V?,C.ALPHA^J\L 9 {U\ - 021 In) 

+ (3 (5 - 2)- 1 / 2 (30)- 1 / 2 C' 1 _^/L;T 1 (3/3+1)/2 (||0l - 02 1|n) 

+ C 2 Tr(Q) A /T 1 L / (r)(||0l-0^|| n ), 

which implies 

\\ x \\m 2 (o,Tv,v)—^2(1 ~ N) 1 . 


Therefore, it implies the inequality (3.18). 


□ 


4 Example 

Let 

h = l 2 ( o,tt), y = f^(o,7r), y* = fr 1 (o,7r). 
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Consider the following retarded neutral stochastic differential system in Hilbert 
space H: 

{ d[x(t, y) + g(t,x t (t,y))} = [. Ax(t,y) + f^ h a 1 (s)A 1 x(t + s,y)ds + k(t,y)]dt 

+F(t, x(t, y))dW (t), (t, y) G [0, T) x [0, tt], 
x( 0 ,y) = (j)°(y) e L 2 (Q,H), x(s, y) = ^(s, y), (s, y) G [~h, 0) x [0, tt], 

(3.19) 

where h > 0, ai(-) is Holder continuous, A\ G B(H), and W(t) stands for a standard 
cylindrical Winner process in H defined on a stochastic basis (H, J 7 , P). Let 


a(u, v) 



du{y) dv(y ) 
iy dy dV 


Then 

A = d 2 /dy 2 with D(A) = {i£ H 2 ( 0,7r) : x(0) = x(n) = 0}. 

The eigenvalue and the eigenfunction of A are X n = — n 2 and z n (y) = (2/7r) x / 2 sin ny, 
respectively. Moreover, 


(al) {z n : n G IV} is an orthogonal basis of H and 


S(t)x = '^^e n 2 t (x,z n )z n , \/x G H, t > 0. 

n=l 


Moreover, there exists a constant M 0 such that 11 -S' (t) 11 s(jy') < Mo- 

(a2) Let 0 < a < 1. Then the fractional power A a : D(A a ) C H — » H of A is 
given by 

OO 

A a x = ^ n 2a (x, z n )z n , D(A a ) := {x : A a x G H}. 

n =1 

In particular, 

oo 1 

A^^x = —(x, z n )z n , and ||H _1//2 || = 1. 

n 

n= 1 


The nonlinear mapping / is a real valued function belong to C 2 ([0, oo)) which sat¬ 
isfies the conditions 

(fl) /(0) = 0, /(r) > 0 for r > 0, 
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(f2) | f'(r) < c(r + 1) and |/"(r)| < c for r > 0 and c > 0. 

If we present 

F(t,x(t,y )) = f'(\x(t,y)\-)x(t,y), 

Then it is well known that F is a locally Lipschitz continuous mapping from the 
whole V into H by Sobolev’s imbedding theorem (see [30, Theorem 6.1.6]). As an 
example of q in the above, we can choose q(r ) = y 2 r + r) 2 r 2 /2 (y and y is constants). 
Define g : [0, T] x II —> H as 

°° ft f0 

g(t,x t ) = V] / e n2t ( a 2 (s)x(t + s)ds,z n )z n , , / > 0. 

n=l J~h 

Then it can be checked that Assumption (G) is satisfied. Indeed, for x e IT, we 
know 

Ag(t,x t ) = (S(t) - I) / a 2 {s)x(t + s)ds, 

J-h 

where I is the identity operator form H to itself and 

|a 2 (0)| < # 2 , |a 2 (s) - a 2 (r)| < H 2 (s - r) K , s, t e [-h, 0] 

for a constant k > 0. Hence we have 

E\Ag(t,x t )\ 2 <(M 0 + 1) 2 {| / (a 2 (s) ~ a 2 (0))x(t + s)dr\ 2 

J-h 

rO 

+ | / a 2 (0)x(t + s)dr|^} 

J-h 

<(Mo + F) 2 H 2 { (2k + 1) 1 h~ p+1 + /r} | \xt\ |n- 

It is immediately seen that Assumption (G) has been satisfied. Thus, all the condi¬ 
tions stated in Theorem 3.1 have been satisfied for the equation (3.19), and so there 
exists a solution x of the equation (3.19) such that 

E( f ||a;(s)|| 2 (is) < oo, and E( f ||a: / (s)|| 2 (is) < oo. 

J-h J-h 
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FUZZY STABILITY OF CUBIC FUNCTIONAL EQUATIONS 
WITH EXTRA TERMS 

CHANG IL KIM AND GILJUN HAN* 


Abstract. In this paper, we consider the generalized Hyers-Ulam stability 
for the following cubic functional equation 

f(x + 2 y) - 3 f(x + y) + 3 f(x) - f(x - y) - 6 f(y) + G f { x, y) = 0. 
with an extra term Gf which is a functional operator of /. 


1. Introduction and preliminaries 

In 1940, Ularn proposed the following stability problem (cf. [20]): 

“Let Gi be a group and G 2 a metric group with the metric d. Given a constant 
6 > 0, does there exist a constant c > 0 such that if a mapping f : G± —> 
G 2 satisfies d(f (xy) , f (x)f (y)) < c for all x,y € Gi, then there exists an unique 
homomorphism h : Gi —> G 2 with h(x)) < 5 for all x £ Gi?” 

In the next year, Hyers [8] gave a partial solution of Ulanrs problem for the case of 
approximate additive mappings. Subsequently, his result was generalized by Aoki 
([1]) for additive mappings and by Rassias [18] for linear mappings to consider the 
stability problem with unbounded Cauchy differences. During the last decades, the 
stability problem of functional equations have been extensively investigated by a 
number of mathematicians ([3], [4], [5], [7], and [16]). 

Katsaras [11] defined a fuzzy norm on a vector space to construct a fuzzy vector 
topological structure on the space. Later, some mathematicians have defined fuzzy 
norms on a vector space in different points of view. In particular, Bag and Samanta 
[2] gave an idea of fuzzy norm in such a manner that the corresponding fuzzy metric 
is of Kramosil and Miclialek type [13]. In this paper, we use the definition of fuzzy 
normed spaces given in [2],[14], [15]. 

Definition 1.1. Let A be a real vector space. A function N : A x K — > [0,1] is 
called a fuzzy norm on A if for any x, y £ X and any s, t £ R, 

(Nl) N(x,t) = 0 for t < 0; 

(N2) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(N3) N(cx, t) = N(x, }*|) if c ^ 0; 

(N4) N(x + y,s + t) > min{iV(a;, s), N(y, t)}; 

(N5) N(x, •) is a nondecreasing function of M and lim^oo N(x,t) = 1; 

(N6) for any x^O, N(x,-) is continuous on R. 

In this case, the pair (A, N) is called a fuzzy normed space. 
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Let (X,N) be a fuzzy noraied space, (i) A sequence {x n } in X is said to be 
convergent in ( X , N ) if there exists an x € X such that limn^^ N(x n — x,t) = 1 
for all t > 0. In this case, x is called the limit of the sequence {x n } in X and 
one denotes it by N — linin^oo x n = x. (ii) A sequence { x n } in X is said to be 
Cauchy in ( X , N) if for any e > 0 and any t > 0, there exists an m G N such that 
N(x n + P — x n ,t) > 1 — e for all n> m and all positive integer p. 

It is well known that every convergent sequence in a fuzzy normed space is 
Cauchy. A fuzzy normed space is said to be complete if each Cauchy sequence in it 
is convergent and a complete fuzzy normed space is called a fuzzy Banach space. 


For example, it is well known that for any normed space (X, II • ||), the mapping 
Nx :Ixl —y [0,1], defined by 


N x (x,t) 


is a fuzzy norm on X. 



if t < 0 
if t > 0 


In 1996, Isac and Rassias [9] were the first to provide applications of stabil¬ 
ity theory of functional equations for the proof of new fixed point theorems with 
applications. 


Theorem 1.2. [6] Let (X,d) be a complete generalized metric space and let J : 
X —> X be a strictly contractive mapping with some Lipschitz constant L with 
0 < L < 1. Then for each given element x £ X, either d(J n x , J n+1 x) = oo for all 
nonnegative integer n or there exists a positive integer no such that 

(1) d(J n x , J n+1 x ) < oo for all n > no ; 

(2) the sequence {J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x , y ) < oo} and 

(4) d(y, y*) < d(y, Jy) for all y € Y. 

In 2001, Rassias [19] introduced the following cubic functional equation 

(1.1) f(x + 2 y) - 3 f(x + y) + 3/ (x) - f(x - y) - 6 f(y) = 0 
and the following cubic functional equations were investigated 

(1.2) f(2x + y) + /( 2x -y) = 2f(x + y) + 2 f(x - y) + 12 f(x) 

in ([10]). Every solution of a cubic functional equation is called a cubic mapping 
and Kim and Han [12] investigated the following cubic functional equation 

f(x + 2 y) - 3 f(x + y) + 3 f(x) - f(x - y) - 6 f(y) 

+ k[f(mx + y) + f(mx — y) — m[f(x + y) + f{x — y)] — 2(m 3 — m)f(x)] = 0 

for some rational number to and some real number k and proved the stability for 
it in fuzzy normed spaces. 

In this paper, we investigate the following functional equation which is added a 
term by Gf to (1.1) 

f{x + 2 y) - 3 f(x + y) + 3 f(x) - f(x - y) - 6 f(y) + G f (x, y) = 0, 

where Gf is a functional operator depending on functions /. The definition of Gf 
is given in section 2 and prove the stability for it in fuzzy normed spaces. 

Throughout this paper, we assume that X is a linear space, (Y, N) is a fuzzy 
Banach space, and (Z,N') is a fuzzy normed space. 
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2. Cubic functional equations with extra terms 

For given l £ N and any i £ {1,2,- • -,l}, let cu : X x X —► X be a binary 
operation such that 

cTi(rx,ry ) = r<7i(x,y) 

for all x, y £ X and all r £ R. It is clear that cu(0,0) = 0. 

Also let F : Y l —»• Y be a linear, continuous function. For a map / : X —► Y, 
define 

Gf(x,y ) = F(f(a 1 (x,y)),f(a 2 (x,y)),-- •, f(ai(x, y))). 

Now consider the functional equation 

(2.1) f(x + 2 y) - 3 f{x + y) + 3 f(x) - f{x - y) - 6 f(y) + G f {x, y) = 0 
with the functional operator Gf. 

Theorem 2.1. Suppose that the mapping f : X —> Y is a solution of (2.1) with 
/(0) = 0. Then f is cubic if and only if /(2a;) = 8 f(x) and Gf(y , x) = Gf(y, —x) 
for all x, y £ X. 

Proof. Suppose that /( 2x) = 8 f(x) and Gf(y, x) = Gf(y,—x) for all x,y £ X. 
Interchanging x and y in (2.1) , we have 

(2.2) f(2x + y) - 3 f(x + y) + 3 f(y) - f(y-x) - 6 f(x) + G f (y,x) = 0. 
for all x,y £ X and letting x = —x in (2.2) , we have 

(2.3) /(—2a; + y) - 3 f(-x + y) + 3f{y) - f(x + y)~ 6 f(-x) + G f (y, -x) = 0. 
for all x,y £ X. By (2.2) and (2.3), we have 

(2.4) /( 2x + y)~ /(—2a; + y)~ 2 f(x + y) + 2 f(y - x) - 6 f(x) + 6 f{-x) = 0. 
for all x,y £ X, because Gf(y,x) = Gf(y,~x). Letting y = x in (2.4), we have 

(2.5) / (3a;) - 22 f(x) + 5 f(-x) = 0. 
for all x £ X and letting y = 2x in (2.4), by (2.5), we have 

/(4a;) - 2/(3a;) - 4 f(x) + 6(-x) = 16/(a;) + 16/(—a;) = 0. 

for all x £ X, because /( 2x) = 8f(x). Hence / is odd and by (2.2) and (2.3), / 
satisfies (1.2). Thus / is a cubic mapping. The converse is trivial. □ 

3. The Generalized Hyers-Ulam stability for (2.1) 

In this section, we prove the generalized Hyers-Ulam stability of (2.1) in fuzzy 
normed spaces. For any mapping / : X —> Y, we define the difference operator 
l)f : X- V by 

Df(x, y) = f(x + 2y) - 3f(x + y) + 3 f(x) - f(x - y) - 6/(y) + G f (x, y) 
for all x, y £ X. 

Theorem 3.1. Let <fi : X 2 —> Z be a function such that there is a real number L 
satisfying 0 < L < 1 and 

(3.1) 2x, 2y), t) > N'(8L(f(x, y),t) 

for all x,y £ X and all t > 0. Let f : X —► Y be a mapping such that /( 0) = 0 
and 

(3.2) N(Df(x, y), t) > N'(<j>(x, y),t) 
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for all x, y £ X and all t > 0 and 

(3.3) N(f(2x) — 8 f{x),t) > mm{N'(a<j)(x 1 0),t),N'(b(l)(0,x),t),N'(c(l)(x,—x),t)} 

for all x £ X, all t > 0 and some nonnegative real numbers a, b, c. Further, assume 
that if g satisfies (2.1), then g is a cubic mapping. Then there exists an unique 
cubic mapping C : X —> Y such that 

(3.4) 

> min{N' (acj)(x, 0), t), N'(b(f>( 0, x), t), N 1 (ccf>(x, — x), f)} 
for all x £ X and all t > 0. 

Proof. Let tp(x,t) = min{A r, (a</>(a;, 0), t), 7V'(60(O, a’), t), N'(c(f>(x, — x), f)}. Con¬ 
sider the set S = {g \ g : X — Y} and the generalized metric d on S' defined 
by 

d(g, h) = inf{c £ [0, oo) | N(g(x) — h(x), ct) > %j}(x,f), \/x £ X, Vt > 0}. 

Then (S, d) is a complete metric space(see [17]). Define a mapping J : S —>■ S by 
Jg{x) = 2~ 3 g(2x) for all x € X and all g £ S. Let g,h £ S and d{g , h) < c for 
some c € [0, oo). Then by (3.1), we have 

N{Jg(x) — Jh{x),cLt) > N(2~ 3 (g(2x) — h(2x)),cLt) > 

for all x £ X and all t > 0. Hence we have d{Jg, Jh) < Ld(g, h ) for any g,h £ S 
and so J is a strictly contractive mapping. By (3.3), d(f,Jf) < | < oo and by 
Theorem 1.2, there exists a mapping C : X — > Y which is a fixed point of J such 
that d(J n f, C) —> 0 as n —> oo. Moreover, C(x) = N — lim^oo 2~ 3n f(2 n x) for all 
x £ X and d{f , C) < and hence we have (3.4). 

Replacing x , y , and t by 2 n x, 2 n y, and 2 3n t in (3.2), respectively, we have 

N(D f (2 n x,2 n y),2 3n t) > N\</>(2 n x, 2 n y), 2 3n t) > N'(L n (/){x,y),t) 

for all x, y £ X and all t > 0. Letting n —> oo in the last inequality, we have 

C{x + 2 y) — 3 C(x + y) + 3 C(x) — C(x — y) — 6 C(y) + Gc{x , y) = 0 

for all x, y £ X and thus C is a cubic mapping. 

Now, we show the uniqueness of C. Let Co : X —Y be another cubic mapping 
with (3.4). Then Co is a fixed ponit of J in S and by (3.4), we get 

d(Jf , C 0 ) < d(Jf, JC) < Ld(f, C 0 ) < ^ < oo 

and by (3) of Theorem 1.2, we have C = Co- □ 

Similar to Theorem 3.1, we can also have the following theorem. 

Theorem 3.2. Let <p : X 2 —> Z be a function such that there is a real number L 
satisfying 0 < L < 1 and 

(3.5) N'((j)(x, y), t) > N'^<j>(2x,2y),tj 

for all x,y £ X and all t > 0. Let f : X —> Y be a mapping satisfying /(0) = 0, 
(3.2), and (3.3). Further, assume that if g satisfies (2.1), then g is a cubic mapping. 
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Then there exists an unique cubic mapping C : X 

L 

J\l I fix ) - Cix ). — 

(3.6) 


Y such that the inequality 


N(f(x)-C(x),-T—t) 


8(1 - L) 

> min {N'(a(j)(x, 0), t), N'(b<f>( 0, x),t), N'(c<p(x, —x),t)} 
for all x £ X and all t > 0. 

Proof. Let ip(x,t) = mm{N'(a(j)(x,0),t),N'(b(l)(0,x),t),N'(c(j)(x,—x),t)}. Con¬ 
sider the set S = {g \ g : X —► Y} and the generalized metric d on S defined 
by 

d(g, h) = inf{c £ [0, oo) | N(g(x) — h(x), ct) > ip(x, t), Vx £ X, Vt > 0}. 

Then (S, d) is a complete metric space(see [17]). Define a mapping J : S —> S by 
Jg(x) = 8g(2~ 1 x) for all x £ X and all g £ S. Let g,h £ S and d(g, h) < c for 
some c £ [0, oo). Then by (3.2) and (3.5), we have 

N(Jg(x) — Jh{x), cLt) > N(8(g(2~ 1 x) — h(2~ 1 x)), cLt) > ip(x, t) 

for all x £ X and all t > 0. Hence we have d{Jg, Jh) < Ld(g, h) for any g,h £ S 
and so J is a strictly contractive mapping. By (3.3), we get 

(3.7) N^f(x) - 8f(2^ 1 x), ^tj > ip(2~ 1 x 1 > ip(x,t) 

for all x £ X and all t > 0. Hence d(f , Jf) < |r < oo and by Theorem 1.2, there 
exists a mapping C : X — > Y which is a fixed point of J such that d(J n f , C) — > 0 
as n —> oo. Moreover, C(x) = N — lim^oo 2 3n f(2~ n x) for all x £ X and d(f,C) < 
and hence we have (3.6). The rest of the proof is similar to that of Theorem 
3.1. □ 

Using Theorem 3.1 and Theorem 3.2, we have the following corollaries. 

Corollary 3.3. Let <t> : X 2 —> Z be a function with (3.1). Let f : X —> Y be 
a mapping such that /(0) = 0 and (3.2). Further, assume that if g satisfies (2.1), 
then g is a cubic mapping and that 

N(Gf( 0, x),t) > min{N'(ai(/)(x 1 0 ),t), N'(a2(/>(0, x), t),N'(a 3 <j)(x, —x),t)}, 

^ ^ N(Gf(x , —x), t) > min{N'(bi4>(x, 0),t), N'(b 2 (j>{ 0, x), t), N'{b 3 <j)(x, —x), t)} 

for all x £ X, all t > 0 and for some nonnegative real numbers ai,bi(i = 1,2,3). 
Then there exists an unique cubic mapping C : X —> Y such that 

7 

IV I fix ) - Cix). —- 

(3.9) 


(/Or) - C(a 


-t 


24(1 - L) 

> min{7V , (ci</>(a:, 0), t), 7V , (c 2 /'(0, x), t), N'(c 3 (j>(x, —x),t)} 

for all x £ X and all t > 0, where C\ = max{ai, 6i}, c 2 = maxjl, a 2 , b 2 }, and 
c 3 = max{l,a 3 ,& 3 }. 

Proof. Setting x = 0 and y = x in (3.2), we have 

(3.10) N(f( 2x) - 9 f(x) - f(-x) + G f { 0, a;), t ) > N'( 0(0, x),t) 
for all x £ X and all t > 0. Setting y = —x in (3.2), we have 

(3.11) N(3f(x) - 5f(—x) - f(2x) + G f (x,-x),t) > N'(<t>(x,-x),t) 
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for all x £ X and all t > 0. Hence by (3.10) and (3.11), we get 

f{x) + 6 f(-x) - <3/(0, x) - G f (x, -x), 2 1) 

> min{A r, (</)(0, x), t), N'(<j>(x, —x),t)} 
for all x € X and all t > 0. Thus by (3.8), (3.10), and (3.12), we get 

N(f(2x)-8f(x), 7 -t) 

= min | N(f(2x) - 9 f(x) - f(-x) + G f { 0, x), t),N^G f ( 0, x), , 

N(f(x) + f(-x) - * G/(0, x) - ^G f (x, -x), ^tj ,N^G f {x, -x), } 

> min{AT , (ci<^(a:, 0), f), -/V'(c 2 </>(0, x), t), N l (c 3 (f>(x, —x),t)} 

for all x £ X and all t > 0. By Theorem 3.1, there exists an unique cubic mapping 
C : X — > Y with (3.9). □ 

Corollary 3.4. Let <t> : X 2 —* Z be a function with (3.5). Let f : X —» Y be 
a mapping satisfying /(0) = 0 and (3.2). Further, assume that if g satisfies (2.1), 
then g is a cubic mapping and that (3.8) hold. Then there exists an unique cubic 
mapping C : X —> Y such that the inequality 

N [f{x)-C(x), 


(3.13) 


-t 


8(1 - L) 

> mm{N'(ci(f>(x, 0), t), 7V , (c 2 </>(0, x), t), N'(c 3 <j)(x, -x),t)} 

holds for all x £ X and all t > 0, where ci = max{ai, b\}, c 2 = maxjl, a 2 , & 2 }, and 
c 3 = max{l,a 3 ,6 3 }. 

Proof. By (??), we get 

N (f{x) - 8f(2~ 1 x), > tp(2~ 1 x, |tj 

> min{7V , (ci(/)(a;, 0), i), iV'(c 2 (/>(0, x), t), N'(c 3 <j>(x, —x),t)} 

for all x £ X and all t > 0. By Theorem 3.2, there exists an unique cubic mapping 
C : X —» Y with (3.13). □ 


(3.14) 


From now on, we consider the following functional equation 
f(x + 2 y) - 3 f{x + y) + 3 f(x) - f(x - y) - 6 f(y) 

+ k[f(2x + y) + /( 2x -y)- 2f(x + y)~ 2 f(x - y) - 12f(x)] = 0 
for some positive real number k. 

Lemma 3.5. [12] A mapping f : X —> Y satisfies (3.14) if and only if f is a 
cubic mapping. 

Using Theorem 2.1, Theorem 3.1, and Theorem 3.2, we have the following ex¬ 
ample. 

Example 3.6. Let / : X —»• Y be a mapping such that /( 0) = 0 and 
(3.15) 

N(f(x + 2y) - 3 f{x + y) + 3 f(x) - f(x - y) - 6 f(y) + k[f(2x + y)+ /( 2x - y) 

t 


- 2 f{x + y )- 2 f(x - y )- 12 f ( x )\, t ) > 


t+M 2 P + M 2 P+M P\\y\\r 
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for all x, y £ X, all t > 0 and some positive real numbers fc,p with p ^ §. Then 
there exists an unique cubic mapping C : X — > Y such that 

(3-16) N{f{x) - C(x), t ) > 0 ,, 0 2fc| l~, 22P| ,f „ 9 

v \ h i — 2 k\S - 2 2 P\t + \\x\\ 2 p 

for all x £ X. 


Proof. Let G f (x,y) = k[f(2x + y) + f{2x-y)-2f(x + y)-2f(x-y)-l2f(x)} and 
<t>{x, y) = \\x\\ 2p + \\y\\ 2p + ||z|| 2p |M| p . Then G f {y,x ) = G f {y,-x) for all x, y £ X 
and / satisfies (3.2). Letting y — 0 in (3.15), we have 

N(f(2x) - 8f(x),t) > N'^(x,0),t) 
for all x £ X and all t > 0, where 


N\r,t) 



if t < 0 
if t > 0 


for all r£l. By Theorem 3.1, and Theorem 3.2, there exists an unique mapping 
C : X —> Y with (2.1) and (3.16). Since Gf(y,x) = Gf(y,—x ) for all x,y £ X , 
Gc{y,x) = Gc(y, —x) for all x,y £ X and letting y = 0 in Dc(x,y) = 0, we have 
C(2x) = 8 C(x) for all x £ X. By Theorem 2.1, we have the result. □ 


We can use Corollary 3.3 and Corollary 3.4 to get a classical result in the frame¬ 
work of normed spaces. As an example of <fi(x,y) in Corollary 3.3 and Corollary 
3.4, we can take 4>(x,y) = e(||a;|| p ||7/|| p + ||ai|| 2p -|- ||y|| 2p ). Then we can formulate the 
following example. 

Example 3.7. Let A be a normed space and Y a Banach space. Suppose that if 
g satisfies (2.1), then g is a cubic mapping. Let / : X —> Y be a mapping such 
that /(0) = 0 and 

(3.17) \\Df(x,y)\\ < e(||ai|| p ||i/|| p + ||a:|| 2p + ||y|| 2p ) 

for all x,y £ X and a fixed positive real numbers p , e with p ^ Suppose that 

||G/(0, ar) || < e max{ai, < 22 , a 3 }||a;|| 2p , \\G f (x, -x)|| < emax{&i, b 2 , h}\\x\\ 2p 

for all x £ X, all t > 0 and for some nonnegative real numbers ai,5,(i = 1,2,3). 
Then there is an unique cubic mapping C : X —> Y such that 


ll/(*) -G(aO|| < 3 |g ^ 22p | max{3, ai, a 2 , 3a 3 , b ll b 2l 3b 3 }\\x\\ 2p 
for all x £ X. 

Proof. Define a fuzzy norm N 1 on R by 


N R (x,t) 



if t > 0 
if t < 0 


for all x £ R. and all t > 0. Similary we can define a fuzzy norm Ny on Y. Then 
(Y, Ny) is a fuzzy Banach space. Let f(x , y) = e(||a;|| p ||i/|| p + ||x|| 2p + ||y|| 2p ). Then 
by definitions Ny and TV', the following inequality holds : 


N Y (Df(x,y),t) > N R ((j>(x,y),t) 
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for all x, y G X and all t > 0. By Corollary 3.3 and Corollary 3.4, we have the 
result. □ 
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DRYGAS FUNCTIONAL EQUATIONS WITH EXTRA TERMS 

AND ITS STABILITY 

YOUNG JU JEON AND CHANG IL KIM* 


Abstract. In this paper, we consider the generalized Hyers-Ulam stability 
for the following functional equation with an extra term Gf 

f(x + y) + f(x -y) + G f (x, y) = 2 f(x) + f(y) + f(-y), 
where Gy is a functional operator of f. 


1. Introduction and preliminaries 
In 1940, Ularn [12] proposed the following stability problem : 

“Let Gi be a group and G 2 a metric group with the metric d. Given a constant 
6 > 0, does there exist a constant c > 0 such that if a mapping / : Gi —> 
G 2 satisfies d(f (xy ), / (x) f (y)) < c for all x, y € Gi, then there exists an unique 
homomorphism h : Gi — > G 2 with d(f(x), h(x)) < 5 for all x € Gi?” 

In 1941, Hyers [6] answered this problem under the assumption that the groups are 
Banach spaces. Aoki [1] and Rassias [11] generalized the result of Hyers. Rassias 
[11] solved the generalized Hyers-Ulam stability of the functional inequality 

\\f( X +v)-m-m\\<<M p +\\ y \\ p ) 

for some e > 0 and p with p < 1 and for all x, y € X, where / : X —> Y is a 
function between Banach spaces. The paper of Rassias [11] has provided a lot of 
influence in the development of what we call the generalized Hyers-Ulam stability 
or Hyers-Ulam-Rassias stability of functional equations. A generalization of the 
Rassias theorem was obtained by Gavruta [5] by replacing the unbounded Cauchy 
difference by a general control function in the spirit of Rassis approach. 

The functional equation 

(1-1) f(x + y) + f(x-y)=2f(x) + 2f(y) 

is called a quadratic functional equation and a solution of a quadratic functional 
equation is called quadratic. A generalized Hyers-Ulam stability problem for the 
quadratic functional equation was proved by Skof [10] for mappings / : X — > Y, 
where A is a normed space and Y is a Banach space. Cholewa [2] noticed that 
the theorem of Skof is still true if the relevant domain X is replaced by an Abelian 
group. Czerwik [3] proved the generalized Hyers-Ulam stability for the quadratic 
functional equation and Park [9] proved the generalized Hyers-Ulam stability of the 
quadratic functional eqution in Banach modules over a G*-algebra. 


2010 Mathematics Subject Classification. 39B52, 39B82. 
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In this paper, we are interested in what kind of terms can be added to the Drygas 
functional equation [4] 

/O + y) + /O -y) = 2 f{x) + f(y) + f(—y) 

while the generalized Hyers-Ulam stability still holds for the new functional equa¬ 
tion. We denote the added term by Gf(x , y) which can be regarded as a functional 
operator depending on the variables x, y, and functions /. Then the new functional 
equation can be written as 

(1.2) f(x + y) + f(x -y) + G f (x, y ) = 2 f(x) + f{y) + f{-y). 

In fact, the functional operator Gf(x, y) was introduced and considered in the cases 
of additive, quadratic functional equations with somewhat different point of view 
by the authors([7], [8]). 

2. Solutions of 1.2 as additive-quadratic mappings 

Let X and Y be normed spacese. For given l G N and any i G {1,2,- • -, Z}, let 
ai : X x X —► X be a binary operation such that 

c Ti(rx,ry) = r<7i(x,y) 

for all x,y G X and all r G K. It is clear that cr,(0, 0) = 0. Also let F : Y l —> Y 
be a linear, continuous function. For a map / : X —> Y, define 

Gf(x,y) = F(f(a 1 {x,y)),f(a 2 {x,y)),-- •, f(ai(x,y))). 

From now on, for any mapping f : X —> Y, we deonte 

AW = /W 7 ( ~A AW = JW + ™ 

First, we consider the following functional equation 

af(x + y) + bf(x-y)-cf(y-x) 

= (a + b)f(x) - cf(-x) + (a — c)f(y) + bf(-y) 

for fixed real numbers a, b , c with a = b — c and a 7 0. We can easily show the 
following lemma. 

Lemma 2.1. Let f : X —> Y be a mapping. Then f satisfies (2.1) if and only if 
f is an additive-quadratic mapping. 

Definition 2.2. The functional operator G is called additive-quadratic if whenever 
Gh{x,y) = 0 for all x,y £ X, his an additive-quadratic mapping. 

Lemma 2.3. Let f : X —> Y be a mapping satisfying (1.2) and G additve- 
quadratic. Then the following are equivalent : 

(1) f is additive-quadratic, 

(2) the following equality 


(2.2) 



Gf{x,y) = 

~Gf(y,x ) 

holds for 

all x, y G 

X, and 



(3) there 

exist real 

numbers b, 

c such that 

b 7 c and 

(2.3) 



bGf(x, y) = 

cG f {y,x) 

holds for 

all x, y G 

X. 
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Proof. (1) (=>) (2) (=>) (3) are trivial. 

(3) (=>) (1) By (2.2), we have /(0) = 0 and by (1.2), we have 


G f {x, y) = 2/ (x) + f(y) + f(-y) - /( x + y) - f{x - y), and 
Gf(y, x) = 2/(2/) + f[x) + f(-x) - f{x + 2 /) - f(y - x) 
for all x, y € X. Hence by (2.3), we have 

{b+c)f(x+y) + bf(x — y) — cf(y — x) = (2b+c)f(x) + cf{-x) + (b+2c)f(y)+bf{-y) 
for all x, y € X and by Lemma 2.1, we have that / is additive-quadratic. □ 


3. The generalized Hyers-Ulam stability of (1.2) 

In this section, we deal with the generalized Hyers-Ulam stability of (1.2). 
Throughout this paper, assume that G is additive-quadratic and the following in¬ 
equalities hold 

t. 

\\G h jx,x)\\ < IIG^O.aQII + Y \bi\\\G h {6iX, 0)|| if h : odd, 

(3.1) i=1 

\\Gh{x, x)|| < Y | Pi | | G}i f (0, otiX) 11 T ^ ) \o*i 11| Gh (AjX, 0)|| if h . oven 

i—1 i=1 

for some r,s,t £ Nil {0}, some real numbers Pi, a^, bi, ati, A/, and Si and for all 

x £ X. 


Theorem 3.1. Let <f> : X 2 —> [0, oo) be a function such that 

oo 

(3.2) 2~ n (f){2 n x, 2 n y) < oo 

n—0 

for all x, y £ X. Let f : X —> Y be an odd mapping such that 


(3.3) \\f(x + y) + f(x — y) + G f (x,y) - 2/(ar)|| < </>{x,y). 

for all x,y £ X. Then there exists an odd mapping A : X —> X such that A 
satisfies (1.2) and 


(3.4) \\A(x) - f(x) || < Y 2_n_1 \<Krx, 2 n x) + 0(0, 2 n x) + Y MW" fa, 0) 


n—0 


i= 1 


for allx £ X. Further, if Gf satisfies (2.2), then A : X —> X is an unique additive 
mapping with (3.f). 


Proof. By (3.3), we have 

\\G/(x, 0)|| < f(x,0), ||G/(0, ®)|| < </>(0, x) 
for all x, y £ X. Setting y = x in (3.3), we have 

(3.5) \\f(2x) + G f (x, x) - 2f(x)\\ < <f>(x, x) 

for all x £ X. Hence by (3.1) and (3.5), we have 


(3.6) \\f(x)-2 1 /(2a;)|| < 2 1 f>(x, x) + 0(0, x) + Y \ b i\(t>(SiX, 0) 
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for all x £ X. By (3.6), we have 

||/(*)- 2 -"/( 2 n *)|| 

n—1 t 

< Y 2_fc_1 [<K2 fc *, 2 k x ) + 0(0, 2 k x ) + Y \bi\0(2 k 5iX, 0) 

k—0 i= 1 

for all x £ X and all n £ N. For to, n £ N U {0} with 0 < m < n, 
\\2- m f(2 m x)-2- n f(2 n x)\\ 

= 2~ m \\f(2 m x) - 2-( n ~ m) f(2 n - m (2 m x))\\ 


(3.7) 


n—1 


< ^2~ k ~ 1 0(2 k x,2 k x) + 0(0,2 k x) +J2\bi\0(2 k SiX,O) 


k—m 


for all x € X. By (3.2) and (3.7), {2 _ra /(2 n a;)} is a Cauchy sequence in Y and 
since Y is a Banach space, there exists a mapping A : X —> Y such that A(x) = 
lim.n^oo 2~ n f(2 n x) for all x € X. By (3.7), we have (3.4). 

Replacing x and y by 2"a; and 2 n y in (3.3), respectively and deviding (3.3) by 
2 n , we have 


||2-"[/(2"(* + y)) + f(2 n (x - y)) + G f (2 n x, 2 n y) - 2f(2 n x)}\\ < 2~ n 0(2 n x, 2 n y) 

for all x,y £ X and letting n oo, we can show that A satisfies (1.2). Since / is 
odd, A is odd. 


Suppose that Gf satisfies (2.2). Then clearly, we can show that Ga satisfies (2.2) 
and hence by Lemma 2.3, A is an additive-quadratic mapping. Since A is odd, A 
is an additive mapping. 

Now, we show the uniqueness of A. Let E : X —> Y be an additive mapping 
with (3.4). Since A and E are additive, 


P(z) - E(x)\\ = \\A(2 n x) - E(2 n x)\\ 

OO t 

< 2~ k Y, 2 _ ” \0(2 n x, 2 n x) + 0(0, 2 n x) + Y \bi\0(2 n 6 iX , 0) 


n —0 


for all x £ X and all k £ N. Hence, letting k —> oo, by (3.2), we have A = E. □ 


Similar to Theorem 3.1, we have the following theorem. 


Theorem 3.2. Let 0 : X 2 —> [0, oo) be a function such that 

OO 

(3.8) Y 2 n 0(2~ n x, 2~ n y) < oo 

n —0 

for all x,y £ X. Let f : X —► Y be an odd mapping satisfying (3.3). Then there 
exists an odd mapping A : X —> X such that A satisfies (1.2) and 


(3.9) \\A(x)-f(x)\\<Y^ n ~ 1 

n—0 


t 

0(2- n x,2- n x) + 0(O,2- n x)+Y\b t \0(2~ n SiX,O) 

i=1 


for allx £ X. Further, if Gf satisfies (2.2), then A : X —> X is an unique additive 
mapping with (3.9) 
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Proof. By (3.3), we have 

l|G/(®, 0)|| < (fix,0), ||G/(0,a:)|| < </>( 0,x) 
for all x, y £ X. Setting y = x = | in (3.5), we have 


(3.10) 


f(x) + Gf[-,~) - 2 /( 2 ) — ^( 2 ’ 


for all x £ X. Hence by (3.1), (3.3), and (3.10), we have 


t 

(3.11) /(z)-2/(|) < <j>(x,x) + <j>(0,x) + 53 \bi\(j>(5iX,0) 


1=1 


for all x £ X. By (3.11), we have 


11 /( 2 :) - 2 n f(2~ n x)\\ < 2 "' [4>{2~ k x, 2~ k x) + /(0, 2~ k x) + ^ 1^(2-**®, 0) 

k—0 i =1 

for all x £ X and all n £ N. For to, n £ N U {0} with 0 < to < n, 
\\2 m f(2- m x)~2 n f(2- n x)\\ 

= 2 m \\f(2~ m x) - 2 ( n-m )/( 2 -( "^ m) ( 2 -m 2 ;))|| 


(3.12) 


< 53 2fc U( 2_fc ®, 2~ k x) + 0(0, 2- fc s) + ^ |& i |0(2- fe < 5. i £C, 0) 


k=r 


i =1 


for all x £ X. By (3.12), {2”/(2 n ai)} is a Cauchy sequence in Y. The rest of proof 
is similar to Theorem 3.1. □ 

Theorem 3.3. Let <j> : X 2 —> [0,oo) be a function such that 

OO 

(3.13) 2 _2n 0(2”2:, 2 n y) < 00 

n =0 

for all x, y £ X. Let f : X —> Y be an even mapping such that 

(3.14) ||/( 2 : + y) + /( x -y) + G f (x, y) - 2f(x) - 2f(y)\\ < (fix, y ). 

for all x, y £ X. Then there exists an even mapping Q : X —> X such that 

(3.15) 

00 r s 

110 ( 2 :) - fix) || < ^ 2- 2 "- 2 \cfi2 n x, 2 n x)+Y / \Pi\ ( K0, 2 n a iX )+J2\ a i\<t>(2 n ^ 0 ) 


n —0 


i =1 


i= 1 


for all x £ X. Further, if Gf satisfies (2.2), then Q : X —► Y is an unique 
quadratic mapping with (3.15) 

Proof. Setting y = 2 ; in (3.14), we have 

II2 2 /( 2 :) - /( 2x) + G f i x, a;) || < (fix, x) 

for all x £ X and by (3.14), we have 

l|G/(®, 0)| < (fix, 0), ||G/(0,®)|| < </>( 0,x) 
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for all x G X. Since / is even, letting y = x in (3.14), by (3.1), we have 
||/0r)-2- 2 /(2:r)|| 


< 2 “ 


< 2 “ 


< T 


<j>{x,x) + \\Gf(x, x) 

r 

<t>(x,x) + Y \Pi\\\Gf(0, a t x) II + J2 l«dl|G / (A^,0)|| 

i=1 i —1 

r s 

(j)(x, x) + Y \pi\<t>(0, OLix) + Y \a,i\cj)(\iX, 0) 


n —1 


< ^ 2- 2fc " 2 <f(2 k x, 2 k x) + Y IPilM 2 k ai x) + Y \ a M2 k Kx, 0) 


i =1 2=1 

for all x G X. Hence we have 

ll/(*) -2- 2 "/(2^)|| 

(3.16) 

k— 0 2=1 2=1 

for all x € X and all n € N. For to, n G N U {0} with 0 < to < n, by (3.16) 

\\2~ 2m f(2 m x) — 2~ 2n f{2 n x)\\ 

= 2- 2m \\f(2 m x) - 2 _2 ( n_m )/(2 n_m (2 m a;))|| 

(3.17) 

x y n —1 r s 

< Y J 2~ 2k ~ 2 4>(2 k x, 2 k x) + Y \pi\4>(0, 2 k ajx) + Y, \a.i\(t>(2 k \jX, 0) 

k—m 2=1 2=1 

for all x G X. By (3.17), {2~ 2n f(2 n x)} is a Cauchy sequence in Y. The rest of 
proof is similar to Theorem 3.1. □ 

Theorem 3.4. Let (f : X 2 —> [0, oo) be a function such that 

OO 

(3.18) Y 2 2 "0(2 _ri x, 2 ~ n y) < oo 

n=0 

for all x, y G X. Let f : X —> Y be an even mapping satisfying (3.If). Then there 
exists an even mapping Q : X —► X such that 

(3.19) 

oo r s 

||Q(®)-/(*)|| < Y 2 2 " ka-"*, 2~ n x)+Y N0(O, 2 - n a iX )+Y \aM 2 ~ n X t x, 0 ) 


n —0 


2=1 


2=1 


for all x G X. Further, if Gf satisfies (2.2), then Q : X —> Y is an unique 
quadratic mapping with (3.19) 


Proof. Setting y = x = § in (3.14), we have 

I 22 /(|)-/ ( x) + g / (: 

for all x € X. By (3.14), we have 

\\Gf(x, 0)|| < <f>(x,0), ||G/(0, x)|| < </>(0, x) 


' X X 
.2’ 2 


, (X x\ 

< ’>(rd 
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for all x £ X and so, we have 


< 


^(2 ’ 2) + + X!l ai l Gf (^i 2 > 0) 

*=1 i —1 

<^(|>|) + X]N 4 ) ( 0 > c bf) + X]kl^( A i |,0 


< du - 

*=1 ' i=l 

for all x £ X. Similar to Theorem 3.1, we have the result. 


□ 


Theorem 3.5. Let </> : X 2 —> [0, 00 ) be a function with (3.2). Let f : X — > Y 
be a mapping with (3.3). Then there exists a mapping F : X —> X such that F 
satisfies (1.2) and 

||F(a;) - f{x )|| 


(3.20) 


< E 2_2n_2 k(2 n *,2 n *) + \pi\M0,2 n x) + l°*l0i(A»2 n a;, 0) 


n—0 


i =1 


i =1 


+ ^ 2-"- 1 Ui(2 n ®, 2 n x) + M0, 2 n z) + ^ |6 i |0 1 ( ( y j 2 n a:, 0) 


n—0 


for all x G X, where 4>i(x,y) = | —y) J. Further, if Gf satisfies 

(2.2), then F : X —► X is an unique additive-quadratic mapping with (3.20) 

Proof. By (3.3), we have 

(3.21) || fe(x + y) + f e {x — y) + G fe {x,y) - 2 f e (x) - 2f e (y)\\ < M x ,y) 

for all x, y £ X. By Theorem 3.3, there exists an even mapping Q : X —> Y such 
that Q(x) = lim„_ >00 2 -2 " f e (2 n x) for all x € X, 

(3.22) Q(x + y) + Q{x - y) + Gq(x, y) = 2 Q(x) + 2Q(y) 
for all x, y € X , and 

IIQW ^ fe{x)\\ 

/q ooA p s 

<^ 2 _2n ~ 2 cf> 1 (2 n x,2 n x) + '^2\p. l \M0,‘2 n a i x) + '^2\a l \M‘ 2n M,0) 

n—0 i—1 i =1 

for all a; £ X. Similarly, there exists an odd mapping A : X —> Y such that 
A{x) = lim„_ voo 2~ n f 0 {2 n x) for all x £ X, 

(3.24) A{x + y) + A(x — y) + Ga{ x, y) — 2A{x) = 0 
for all x, y £ X, and 

OO t 

(3.25) \\A(x)—f 0 (x)\\ < ^2-"- 1 U(2"a : ,2"a ; )+0 1 (O,2"a ; )+^|6,;| < ( )l (2^ i x,O)j 


n—0 


for all x £ X. 


Let F = Q+A. Since Q is even and A is odd, 2 Q(y) = F(y)+F(—y) and by (3.22) 
and (3.24), F satisfies (1.2). Since ||F(x)-/(x)|| < ||Q(x)-/ e (x)|| + || 2 l(x)-/ 0 (a:)||, 
by (3.23) and (3.25), we have (3.20). 
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Suppose that G / satisfies (2.2). Then clearly, we can show that Gf satisfies 
(2.2) and hence by Lemma 2.3, F is an additive-quadratic mapping. The proof of 
the uniqueness of F is similar to Theorem 3.1. □ 


Theorem 3.6. Let </> : X 2 — > [0,oo) be a function such that 

OO 

53 2 n <M2- n z, 2~ n y) < oo 

n—0 

for all x,y £ X. Let f : X —> Y be a mapping with (3.3). Then there exist a 

mapping F : X —> X such that 

(3.26) 

II F(x) - f(x) || 


< 53 22n_2 2~ n x) + 53 \pi\M0,2~ n x) + 53 \a f \M Xi2~ n x, 0) 

n =0 i—1 i—1 

oo t 

+ 53 2" _1 k(2- n ®, 2~ n x) + <M0, 2~ n x) + 53 \bi\MW~ n x, 0) 


n —0 


for all x £ X, where </>i(x,y) = | cf>(x,y) + <j>(—x,—y) ■ Further, if Gf satisfies 
(2.2), then F : X —> X is an unique additive-quadratic mapping with (3.26). 


4. Applicaions 


In this section, we illustrate how the theorems in section 3 work well for the 
generalized Hyers-Ulam stability of various additive-quadratic functional equations. 

As examples of <p(x,y) in Theorem 3.5 and Theorem 3.6, we can take <f>(x,y ) = 
e(||x|| p ||y|| p + ||a:|| 2p + ||?/|| 2p )- Then we can formulate the following theorem : 


Theorem 4.1. Assume that all of the conditions in Theorem 3.1 hold and Gf 
satisfies (2.2). Let p be a real number with 0 < p < |, 1 < p. Let f : X —> Y be a 
mapping such that 
(4.1) 

\\f(x+y) + f(x-y)-2f(x)-f(y)-f{-y) + Gf{x,y)\\ < e(|Mribir + |M| 2p + |M| 2p ) 


for all x,y £ X. 
Y such that 


Then there exists an unique additive-quadratic mapping F : X 


ll-FOr) - f(x) || < 


’Mx), 


if 0 <p < \ 
ifl<p 


for all x £ X, where 


’hi(x) 


3+53 + 53 i+n^* 

i—1 


2 P 


i=1 


|2p 


J 4 _ 4p 1 


4 + 53|6i||5i| 2p 


and 

^2{x) 


3+53 i^*i + 53 i+ii^* 


2 p 


4 p ~ 1 e 
J 4 p - 4 


Nl 2p + 




2 P 


1 2 2p_1 e. 
. 4 p — 2 


|2p 


Lemma 4.2. Let G be the operator defined by 

Gf(x, y) = /( 2x + y)~ f(x + 2 y) + f(x - y) - f(y - x) - 3 f(x) + 3 f(y) 
for all mapping f : X —> Y. Then G is additive-quadratic. 
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Proof. Suppose that Gf(x,y) =0 for all x,y £ X. Then we have 

(4.2) /( 2x + y)~ f(x + 2 y) + /( x - y) - f(y - x) - 3 f(x) + 3 f{y) = 0. 
and so we have 

(4.3) f e (2x + y) - f e (x + 2 y) - 3 f e (x) + 3f e (y) = 0 
for all x, y € X and letting y — y — x in (4.3), we have 

(4.4) f e (x + y) - f e (x - 2 y) - 3 f e (x) + 3/ e (a; - y) = 0 
for all x, y € X. Letting y = —y in (4.4), we have 

(4.5) f e (x - y) - f e {x + 2 y) - 3 f e (x) + 3f e (x + y) = 0 
for all x,y £ X. By (4.4) and (4.5), we have 

fe(x+2y)+f e (x — 2y) — 2f e (x)—8f e (y) — A[f e (x+y) + f e (x — y) — 2fe(x) — 2f e (y)]=0 

for all x, y € X and so f e is quadratic. 

Since f 0 is an odd mapping, by (4.2), we have 

(4.6) f 0 {2x + y) - f 0 {x + 2y) + 2f D (x - y) - 3 f Q {x) + 3 f a {y) = 0 
for all x,y £ X and letting y = — x — y in (4.6), we have 

(4.7) f 0 {x -y) + f 0 (x + 2 y) + 2f 0 (2x + y) - 3/„(a;) - 3 f D (x + y) = 0 
for all x,y £ X. By (4.6) and (4.7), we have 

(4.8) f 0 (2x + y) + f 0 (x -y)- 2f Q (x) + f Q (y) - f D (x + y) = 0 
for all x,y £ X and letting y = — y in (4.10), we have 

(4.9) fo(2x -y) + fo{x + y)~ 2f a (x) - f Q {y) - f a (x - y) = 0 
for all x,y £ X. By (4.10) and (4.9), we have 

(4.10) f 0 (2x + y) + f 0 (2x - y) - 4 f 0 (x) = 0 

for all x, y £ X and hence f Q is additive. Thus / is an additive-quadratic mapping. 

□ 

By Lemma 2.3, Theorem 4.1, and Lemma 4.2, we have the following theorem : 
Theorem 4.3. Let f : X —► Y be a mapping such that 

\\f(x + 2 y) - /( 2x + y) + f(x + y) + f(y - x) + f(x) - 4 f(y) - f(-y )|| 

<e(||xr||i/r + N| 2 p + W 2 '’) 

for all x, y £ X and some a real number p with 0 < p < 5 ,1 < p. Then there exists 
an unique additive-quadratic mapping F : X —> Y such that 

[ 4=4? + TTJT e \\x\\ 2p , */ 0 <p <4 

\\F(x)-f(x)\\< l 

+ i/l<P 

for all x £ X. 

Proof. For a mapping h. : X —> Y , let Gh{x, y) = h(2x + y) — h(x + 2y) + h(x — 
y) — h(y — x) — 3 h(x) + 3h,{y). By Lemma 4.2, G is additive-quadratic and /, G 
satisfiy (4.1). Since Gf satisfies (2.2) in Lemma 2.3, by Theorem 4.1, we have the 
result. □ 
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Abstract 

In this paper, we tend to apply the proposed modified Laplace Adomian decomposition 
method that is the coupling of Laplace transform and Adomian decomposition method. The 
modified Laplace Adomian decomposition method is applied to solve the Fredholm -Volterra 
integro-differential equations of the second kind in the space L 2 [a,b\. The nonlinear term will 
simply be handled with the help of Adomian polynomials. The Laplace decomposition technique 
is found to be fast and correct. Several examples are tested and also the results of the study are 
discussed. The obtained results expressly reveal the complete reliability, efficiency, and accuracy 
of the proposed algorithmic rule for solving the Fredholm-Volterra integro-differential equations 
and therefore will be extended to other problems of numerous nature. 

Mathematics Subject Classification: 41A10, 45J05, 65R20. 

Key-Words: Fredholm-Volterra Integro-Differential Equations; Adomian Decomposition Method; 

Laplace Transform Method; Laplace Adomian Decomposition Method. 

1. Introduction 

Mathematical modeling of real-life problems usually results in functional equations, such 
as differential, integral, and integro-differential equations. Many mathematical formulations 
of physical phenomena reduced to integro-differential equations, like fluid dynamics, biological 
models, chemical mechanics and contact problems, see [6,14,19]. 

Many problems from physics and engineering and alternative disciplines cause linear and 
nonlinear integral equations. Now, for the solution of those equations several analytical and nu¬ 
merical methods are introduced, however numerical methods are easier than analytical methods 
and most of the time numerical methods are used to solve these equations we refer to [1,2,18]. 

Laplace Adomians decomposition method was first introduced by Suheil A. Khuri [16,17] and 
has been with successfully used to find the solution of differential equations [20]. This method 
generates a solution in the form of a series whose terms are determined by a recursive relation 
using the Adomian polynomials. 
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Most of the nonlinear integro-differential equations don’t have an exact analytic solution, 
therefore approximation and numerical technique should be used, there are only a number of 
techniques for the solution of integro-differential equations, since it’s relatively a new subject in 
arithmetic. 

The modified laplace decomposition technique has applied for solving some nonlinear or¬ 
dinary, partial differential equations. Recently, the authors have used many methods for the 
numerical or the analytical solution of linear and nonlinear Fredholm and Volterra integral and 
integrodifferential equations of the second kind [8,9,11,12,21], 

In this paper, we consider the Fredholm-Volterra integro-differential equations of the sec¬ 
ond kind with continuous kernels with respect to position. We applied Laplace transform and 
Adomian polynomials to solve nonlinear Fredholm-Volterra integro-differential equations. Al- 
Towaiq and Kasasbeh [7] have applied the modification of Laplace decomposition method to 
solve linear interval Fredholm integro-differential equations of the form : 


f b 

u'{x ) = f(x) + / k(x,t)u(t)dt ; u(a) = a. 
J a 


But in this paper, we will study the modification of Laplace Adomian decomposition method to 
solve the nonlinear interval Fredholm-Volterra integro-differential equation of the form: 

pb pu 

<j)(u + q) = p(u) + A / k(u, v)/j,(v, (f){v))dv + A / 'il>(u,v)v(v,(j)(v))dv; (q « 1), (1) 

J a JO 

where q is the Phase-Lag is positive, very small and assumed to be intrinsic properties of the 
medium. The constant parameter A may be complex and has many physical meanings, the 
function 4>{u) is unknown in the Banach space and continuous with their derivative with respect to 
time in the space L- 2 [a, b\, where [a, b] is the domain of integration with respect to the position and 
it’s called the potential function of the mixed integral equation. The kernels k(u,v) : i^(u,v) are 
positive and continuous in L 2 [a, b] and the known function p(u) is continuous and its derivatives 
with respect to position. 

Using Taylor Expansion after neglecting the second derivative in the equation (1) we get, 

< p(u ) + — p(u) + A f k(u,v)fx(v,(f>(v))dv + A f ip{u, v)u(v, (j>(v))dv; (q « 1), (2) 

du J a Jo 


with initial condition, 


0(a) = a. 


(3) 


The equation (2) with initial condition (3) is called Integro-Differential Equation for the 
Phase-Lag. The Integro-Differential Equation is a kind of functional equation that has associate 
integral and derivatives of unknown function. These equations were named after the leading 
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mathematicians who have first studied them such as Fredholm, Volterra. Fredholm and Volterra 
equations are the most encountered types, see [10]. There is, formally only one difference be¬ 
tween them, in the Fredholm equation the region of integration is fixed where in the Volterra 
equation the region is variable. fntegro-Differential Equations (IDEs) are given as a combination 
of differential and integral equations. 

2. Preliminaries 

In this section, we give some definitions and properties of the Adomian polynomials and 
Laplace transform. 

2.1 Laplace transform 

Definition 1. The Laplace transform of a function <f>{u)\u > 0 is defined as 

r+o o 

L[4>{u)\ = <h(s) = / e~ su 4>(u)du, (4) 

Jo 

where s can be either real or complex. 

Definition 2. Given two functions 0 and 0, we define, for any u > 0, 

pu 

— / <f>(v)ip(u — v)dv, (5) 

Jo 

the function 0*0 is called the convolution of 0 and 0. 

Theorem 1. The convolution theorem 


L[(f) * ip\(u) = L[4>(u)\ * L[ip(u) . 


Lemma 1. Laplace Transform of an Integral: //<h(s) = L[(f>(u)\ then 

(f(v)dv^ ~ CI>( ' S) 


Theorem 2. The Laplace transform L[<f{u)] of the derivatives are defined by 
L[^ n \u)) = s n L[(j)(u)\ - s n "V(0) - s n - 2 (//(0)-0 (n_1) (O). 

2.2 Adomians Decomposition method 

Consider the general functional equation: 


0 = p + A f l4> + A^20, 


( 6 ) 

( 7 ) 

( 8 ) 

( 9 ) 
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where N \, N 2 are a nonlinear operators, p is a known function, and we are seeking the solution 
( f> satisfying (9). We assume that for every p , Eq. (9) has one and only one solution. 

The Adomians technique consists of approximating the solution of (9) as an infinite series 


^ ] c t > nt 


71=0 


and decomposing the nonlinear operators Ah, Ah as respectively 

OO OO 

A+> = ]TA n , 1Y+ = ]T£+ 


( 10 ) 


( 11 ) 


71=0 


71=0 


where A n ,B n are polynomials (called Adomian polynomials)of {+,+, • • • , <+} [4,5] given by 

1 d n 


A, 


B 


n n\ dX n 
1 d n 


n\ dX r ‘ 


nPY,x 

\i =0 

/ oo 


; n = 0,1,2,... 


A=0 


.i=0 


; n = 0,1,2,... 


A=0 


The proofs of the convergence of the series Yl^=o +> ^ n and o B n are given in [3,13]. 

Substituting (10) and (11) into (9) yields, we get 


Thus, we can identify 


OO OO OO 

^2 <t>n = P + ^2 A n + ^ B n 

71=0 71=0 71=0 


00 =P? 

071+1 ^4n(0O? 01? • • • ? 07i) “1“ Bn(0O, 01? • • • ? 0ti)j ^ 0, 1, 2, . . . 

Thus all components of 0 can be calculated once the A n , B n are given. We then define the 
n-terms approximate to the solution </> by 

71—1 

++] = y^ 4>i , with lim T n [d] = 0. 

ZJ 71—>00 

1=0 

3. Description of the Method 


The purpose of this section is to discuss the use of modified Laplace decomposition algo¬ 
rithm for the Fredholm-Volterra integro-differential equation. Applying the Laplace transform 
(denoted by L) on the both sides of the equation yield (2), we have 

"+>(w) n r rb 


L[4>{u)\ + qL 


du 


=L[p(u)\ + XL 


k(u, v)p(v, 4>(v))dv 


XL 


u , v)is(v, (p(v))dv 


Uo 


( 12 ) 


883 


Nasr 880-892 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


using the differentiation property of Laplace transform (8) we get 


L[(j){u)\ + qsL[(p(u)\ — q<j)( 0) =L[p{u)] + XL 


k(u, v)n(v, 4>{v))dv 


XL 


0( u , v)is(v, 4>(v))dv 


Uo 


Thus, the given equation is equivalent to 

mu)\ = + LMhl + 


A 


(1 + qs ) (1 + qs ) (1 + qs ) 

A , 


k(u, v)n(v, (p(v))dv 


(1 + qs) 


ip(u , v)v{y , 4>(v))dv 


( 13 ) 


(14) 


The Adomian decomposition method and the Adomian polynomials can be used to handle 
(14) and to address the nonlinear terms n(v, 0(u)), u(v, 0(v)). We first represent the linear term 
0(w) at the left side by an infinite series of components given by 


OO 

H u ) = ^2M u )i ( 15 ) 

n =0 

where the components 0 n ;n > 0 will be determined recursively. However, the nonlinear terms 
/i(v, 0(u)), v(v, <f>(v)) at the right side of Eq. (14) will be represented by an infinite series of the 
Adomian polynomials A n , B n respectively in the form 


Ma000) = 

n =0 


z/(u,0(u)) = B n(v ), 

n=0 


where A n , B n ; n > 0 are defined by 


A 


n 


1 d n 
n\ dX n 


1 d n 
1 dW 



fx>,) 


V i=0 / _ 

z/ 

\ i=0 / . 


n — 0,1, 2,... 
n — 0,1, 2,... 


(16) 


where the so-called Adomian polynomials A n , B n can be evaluated for all forms of nonlinearity 
[22], In other words, assuming that the nonlinear function is fi(v , 0(u)), is(v, 0(v)), therefore the 
Adomian polynomials are given by 


A 0 — 

A 1 = 0i//(0 o ), 

A 2 = 0 2 //(0o) + ^0?h'(0o), 


B 0 = K0o), 

Bi = 0iZ/'(0o), 

B -2 = 02 V* (00) + ^01 l/ , (0o). 
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Substituting (15) and (16) into (14), we will get 




#(0) , L\p(u)} t X T 

~r tz ; r -f- — t-O 


(1 + qs) (1 + qs ) (1 + qs) 

X . 


k(u, v ) E A n {y)dv 


(1 + qs) 


ip(u,v)y^B n (v)dv 


The Adomian decomposition method presents the recursive relation 

HMu)} = + iMA + A 


(l + <?s) (1 + gs) (1 + gs)’ 


L [M U ). = 


L[M U ). = 


X 


(i + qs)' 


X , r rb 


k(u, v)A 0 (v)dv 
k(u, v)A\{v)dv 


\ r ru 
+ - - zL 


il + qs) 

In general, the recursive relation is given by 

A 


+ 


(1 + qs)' 

X 

(i + qs)' 


-0( u , v)B 0 (v)dv 


IJ o 


Uo 


-0(m, v)Bi(v)dv 


L[<t>n+l{u ) 


(1 + qs) 
X 


+ 


(i + qs)' 


k(u, v)A n (v)dv 
^(u, v)B n {v)dv 


L./o 


, n = 0,1,2,. 


A necessary condition for Eq. (21) to work is that 

lim -- 

s^-oo (1 + qs) 


= 0. 


Applying inverse Laplace transform to Eqs. (18)-(21), so our required recursive relation 


0o (u) = G(u ), 


and 


0n+l(^) L 

+L- 1 


X 


L(l + gs)' 
A 


k(u, v)A n {v)dv 

L 

0(m, v)B n {v)dv 


( 17 ) 


(18) 

(19) 

( 20 ) 


( 21 ) 


( 22 ) 


(23) 


,(i + qs) 

where G(u ) may be a function that arises from the source term and also the prescribed initial 
conditions, the initial solution is very important, the choice of (22) as the initial solution always 
leads to noise oscillation during the iteration procedure, the modified laplace decomposition 
method [15] suggests that the operate G[u) defined above in (18) be rotten into two parts: 


G(u) = G 1 (u) + G 2 (u). 
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Instead of iteration procedure (22) and (23), we suggest the following modification 
M u ) = G'i('u), 

T A r r b 

<t>i(u) = G 2 {u) + L~ l — - -L / k(u,v)A 0 (v)dv 

[(i + gs) [A 

r a r r i " 

+ L~ l — - -L / i>(u,v)B 0 (v)dv , 

[(i + gs) [A JJ 

0 n+ i(w) = L _1 

r a r r i " 

+ L —- -L / i/j(u,v)B n (v)dv , n = 0,1, 2,... 

L(i + gs) LA JJ 

We then define the n-terms approximate to the solution <J>{u) by 

n— 1 

^ n[(j>(u )] = 4>i(u), with lim ^ n [4>{u )] = 0(m). 

^ n—>oc 

i= 0 

In this paper, the obtained series solution converges to the exact solution. 

3.1 A Test of Convergence 

In fact, on every interval the inequality ||0; + i||2 < /3110* 11 2 is required to hold for i = 0,1 ,,n, 
wherever 0 < f3 < 1 may be a constant and n is that the maximum order of the approximate 
used in the computation. Of course, this is often only a necessary condition for convergence, as 
a result of it might be necessary to compute || 0 i ||2 f° r eac h * = 0,1,..., n so as to conclude that 
the series is convergent. 

4. Application of the Laplace transform—Adomian decomposition method 

In this section, the Laplace transform-Adomian decomposition method for solving Fredholm- 
Volterra integro-differential equation is illustrated in the two examples given below. To show 
the high accuracy of the solution results from applying the present method to our problem (2) 
compared with the exact solution, the maximum error is defined as: 

B-n ||0iTa;act (^0 [0(^0] 11 oo 5 

where n — 1,2,... represents the number of iterations. 

Example 1 

Consider the nonlinear Fredholm-Volterra integro-differential equation 

4>(u + 0.2) = p{u) + ^ f cos{u)(f) 2 {y)dv + f (p 3 (v)dv, (24) 

4 A Jo 


(1 + qs) 


k(u, v)A n {v)dv 
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where 


p(u) = -(-3 -u 3 cos(u)). 


Using Taylor Expansion after neglecting the second derivative in the equation (24) we get, 

(/)(u) + 0.2—= p(u) + - [ cos(u)(f) 2 {y)dv + [ <f> 3 (v)dw, 0(0) = 0. (25) 

du 4 J o J o 

The exact solution for this problem is 


<f>(u) = cos(u) — sin(u) 

First, we apply the Laplace transform to both sides of (25) 

dcf)(u 


L[(f>(u)\ + 0.2L 


du 


= L[p{u )] + -L 


cos(u)(j) 2 (v)dv 


ho 


<j) 3 (v)dv 


Uo 


(26) 


Using the property of Laplace transform and the initial conditions, we get 


L[(j)(u)\ + 0.2 sL[cj)(u)\ = L\p(u)\ + -L 


f 1 


pu 

/ cos(u)4> 2 (v)dv 

+ L 

/ 4> 3 (v)dv 

Jo 


Jo 


(27) 


or equivalently 


Tri , L[p(u) 1 

L\(b(u)} = - 1 - L 

1 +0.2s 4 +0.8s 


cos(u)4> 2 (v)dv 


L./o 


+ 


1 + 0.2s 


4> 3 (v)dv 


Substituting the series assumption for 0(w) and the Adomian polynomials for 0 2 (u), 
given above in (15) and (16) respectively into Eq. (28) we obtain 


(28) 
b 3 (u) as 


M u ) 


. 71=0 


L \p(u)\ 1 L 

1 + 0.2s 4 +0.8s 

1 


^ i oo 

cos{u ) 

1 71=0 


1 + 0.2s 


YA n (v)di 

77=0 

Y B n (v)di 


® n =0 


(29) 


The recursive relation is given below 

L[p(u)} 


L iM u )\ = 
L iM u )} = 


L[<f) n+l (u)' = 


1 + 0.2s’ 


4 + 0.8s 


4 + 0.8s 


ho 


ho 


cos(u)A 0 (v)dv 


cos(u)A n (v)dv 


+ 

+ 


1 + 0.2s 
1 

1 + 0.2s" 


ho 


L7o 


B 0 (v)dv 

L 

B n (v)dv 


(30) 
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where A n ,B n are the Adomian polynomials for the nonlinear terms 0 2 (u ), 0 3 (u) respectively. 
The Adomian polynomials for fi(v,(j)(v )) = 0 2 (w), u(v, <f>(v)) = (f) 3 {u) are given by 


A) = 0o, 

Ai = 20o0i, 

A 2 = 20002 + 01 , 

A 3 = 20003 + 20102, 


Bo = 0o, 

B\ = 30o0i, 

B 2 = 30002 + 30001, 

B 3 = 30003 + 6000102 + 01- 


Taking the inverse Laplace transform of both sides of the first part of (30), and using the recursive 
relation (30) gives 


0o(tt) = 1 - u - u 2 + Ki 3 + ^u 4 - .. 

01 (u) = -U 2 — —U 3 — —'ll 4 + —U? + . . . 
’ 2 3 8 6 


(31) 


Thus the series solution is given by 

n —1 


A[0(«)] = X] &( W ) = f 1 _ + j\ uA + • • •)~ ( 

i =0 V • • / V 


1 , 1 . 

u - + ... ) n = 1,2,... 


0(u) = lim T n [0(u)] = lim 

n—>00 n—>• oc 

that converges to the exact solution 


1 9 1 , 

1 “ a“ + 3“ + "' 


“-3!“ + 5!“ + "' 


0(w) = cos(u) — sin(u). 


Example 2 

Consider the nonlinear Fredholm-Volterra integro-differential equation 


4>{u + 0.01) = p{u) + / ( f»(y)dv + e u cj) 2 (v)dv , 


(32) 


where 


p(u) = 1 - -e~“ + 0.0100502e t ‘ 


Using Taylor Expansion after neglecting the second derivative in the equation (32) we get, 

0(tt) + 0.01 - = p(u) + [ 4>{v)dv + [ e~ u (j) 2 (v)dv ; 0(0) = 1. (33) 

du ./n ./n 


The exact solution for this problem is 


0(w) = e“. 
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First, we apply the Laplace transform to both sides of (33) 


L[(j){u)\ + 0.01L 


d<j)(u ) 
du 


= L\p{u)\ + L 


4 >{y)dv 


Lo 


+ L 


e u (jr(v)dv 


Uo 


( 34 ) 


using the property of Laplace transform and the initial conditions, we get 


L[(f){u)\ + O.OlsL[0(w)] — 0.01 = L[p(u)\ + L 
or equivalently 


4 >(v)dv 


ho 


+ L 


e u (j) 2 (v)dv 


Uo 


(35) 


. 0.01 L[p(u )] 1 

L\d)(u)] —-+-+- L 

1 v 1 +0.01s 1 +0.01s 1 +0.01s [J 0 

e~ u (p' 2 (v)dv 


4 >(v)dv 


1 +0.01s 


L/0 


(36) 


Substituting the series assumption for 0(w) and the Adomian polynomials for 0 2 (w) as given 
above in (15) and (16) respectively into above equation, we obtain 




71=0 


0.01 L\p(u) 1 

H- n + ^ 


1 +0.01s 1 +0.01s 1 + 0.01s 

1 


OO 


y ^(j> n (v)di 


77=0 


1 +0.01s 


'0 


yy A n (v)di 


77=0 


(37) 


the recursive relation is given below 

0.01 L\p(u)\ 

L[<t>o{u)\ = - , _ + 


1 +0.01s 1 +0.01s’ 


L iM u )} = 

L [077+1 («)] = 


1 + O.Ols 
1 

1 +0.01s' 


uo 


L./o 


(p 0 (v)dv 


<t>n(v)dv 


| I ru 

+ i-w— L 


+ 


1 +0.01s 
1 

1 + 0.01s" 


ho 


ho 


e u A 0 (v)dv 
e~ u A n (y)dv 


(38) 


where A n are the Adomian polynomials for the nonlinear terms 0 2 (w). The Adomian polynomials 
for fx{v, 4 >{v )) = 0 2 (w) is given by 


Aq = 0o, 

A± = 20o0i, 

A 2 = 20002 + 0i, 

A 3 = 20003 + 20102, 


889 


Nasr 880-892 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


Taking the inverse Laplace transform of both sides of the first part of (38), and using the recursive 
relation (38) gives 

M u ) = 1 + u ~ 2 U ' - 2 U ~ m u + • • • 

(39) 

Mu) =l u ‘+if 6 + ■■ - 

Thus the series solution is given by 


”_i / 1111 \ 

T n [0(u)] = <M«) = ( 1 + u + -u 2 + -u 3 + -u 4 + -u 5 + ... j 

i 0 ^ . ... J 

<j>(u) = lim T n [0(u)] = lim 


n = 1,2,... 


that converges to the exact solution 


l + “ + 2!“ + 3!“ + 4!“ + 5i“ 


(f>(u) = e u . 


5. Conclusions 


In this work, the Laplace decomposition technique has been successfully applied to finding 
the approximate solution of the nonlinear Fredholm-Volterra integro-differential equation. The 
method is extremely powerful and efficient find analytical moreover as numerical solutions for 
wide classes of nonlinear Fredholm-Volterra integro-differential equations. It provides a lot of 
realistic series solutions that converge very rapidly in real physical issues. 

The main advantage of this technique is that the fact that it provides the analytical solution. 
Some examples are given and therefore the results reveal that the method is extremely effective, 
some of the nonlinear equations are examined by the modified technique to Illustrate the effec¬ 
tiveness and convenience of this technique, and in all cases, the modified technique performed 
excellently. The results reveal that the proposed technique is extremely effective and easy. 
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Representation of the Matrix for Conversion between Triangular 
Bezier Patches and Rectangular Bezier Patches 
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Eastern Mediterranean University 
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Mersin 10, Turkey 


Abstract 

In this paper we studied Bezier surfaces that are very famous techniques and widely used in Computer 
Aided Geometric Design. Mainly there are two types of Bezier surfaces which are rectangular and 
triangular Bezier patches. In this paper we will give a representation for the conversion matrix which 
converts one type to another. 


1 Introduction 

The theory of Bezier curves has an important role and they are numerically the most stable among all 
polynomial bases currently used in CAD systems. On the other hand in these days Bezier surfaces are very 
famous techniques and widely used in Computer Aided Geometric Design [1]-[13]. Mainly there are two 
types of Bezier surfaces which are rectangular and triangular Bezier patches and they are defined in terms 
of the univariate Bernstein polynomials Bf(s) = (™)s*(l — s) n ~ l and the bivariate Bernstein polynomial 
Bfj k( u , v , w ) = (j ™i^)u l viw k where u + v + w = 1. A triangular Bezier patch of degree n with control points 
T.jfe is defined by 


T(u,v,w)= Tij t kB™j k (u,v,w), u,v,w> 0, u + v + w = 1. 

i-\-j-\-k=n 

and a rectangular Bezier patch of degree n x m with control points Pij is represented by 

n n 

P(s, *) = 0 < s, t < 1, (see [3]) 

i=0j—0 

Since the two patches have different geometric properties it is not easy to use both of them in the same CAD 
system and conversion of one type to another is needed. 


2 Construction of the Conversion Matrices 

The following theorem gives the conversion of degree n triangular Bezier patch to degenerate rectangular 
Bezier patch of degree n x n. 

Definition 1 For all nonnegative integers x the falling factorial is defined by 

n 

( x) n = x{x - l)...(x - n + 1) = R (x - (k - 1)) 

fc =i 
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Theorem 2 A degree n triangular Bezier patch T(u,v,w) can be represented as a degenerate Bezier patch 
of degree n x n : 


i—0j—0 

where the control points Pij are determined by 


0<s,t<l 


( Pi0 \ 

Pn 


V Pi n J 


— A 1 An... A; 


l T “ \ 

T a 


\ T 

\ ^1,71—1 / 


i = 0,1, 2, n. 


and Ai(i = 0,1, ...,n) are degree elevation operators in the form 


Ah — 


1 0 0 

1 n—k n 

n+1 —k n+1 — k 

f) 2 n—k— 1 

n+1 —/e n+1 —k 


o o 

0 0 

0 0 

r» n—k 1 

n+1 —k n+1 —/c 

0 0 1 


J (n—fc+2)x (n—fc+1) 


Until now no one has studied the generalization of the product + + ...+ mentioned in the above theorem 
and indeed the product of these matrices is not easy to calculate for different values of n and k. Here we will 
give the generalization of this product which will make all the computations easier. 


Theorem 3 The following formula is true 

++...+ = Ak = 


Ak) 

l i,3 


(n+1) X (n—fc+1) 


where 


(fc) _ 0-1) “ *0j-i 


= 


(»)« i 


( k) n = k(k — 1 )...(k — n + 1) = {k — (j — 1)) and 

3= 1 


Ah — 


0 

n—k 


n+1—fc n+1—fc 

o 2 


o 

0 

n—k— 1 


n+1 —fc n+1 —fc 


o o n ~ k _ - _ 

u u n+1 —fc n+1 —fc 


0 0 


0 


J (n—fc+2) x (n—fc+1) 


Proof. For k = 1, 

Suppose it is true for k, that is 

We will show that it also true for k + 1, i.e 


+ =+■ 
++...+ = +. 


AkAk+i = Ak+\. 
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Let Cij be the element at the i th row, j th column of the matrix A^A^+i : 


n—k+1 


c ij = E a Y a ' 


-w (k+i) 

m —1 

n—fc+1/i—1 


= E 


(m- l) ( n ^')m-1 (fe+1) 

-^-a' • ' 




'm,j ’ 


where z = {1, 2,n + 1} and j = {1, 2,n — fc} . 
For j = 1 (first column) 


n—fc+1 


- V" a( fc )„( fc+1 ) 

/ j Uj i,m Uj m, 1 
m—1 

n—fe+1/i—l 


= E 


(A-l) ( n - fc )m-l (fe+1) 


( n )i-1 


'*' 771,1 


For i = 1 and j = 1 


n—k +1 


E -(fc) (fc+1) 

°l,m a m,l 

m=l 

n—fc+1/ 0 


= E 


(m-l) (^)l -m ( 71 k)m-1 (fe+1) 

- Wo -^ 


(Ai+l) -j — (fc+1) 
= «!,! = 1 = a l,l • 


For i — 2 and j = 1, 


n— fe+1 


C2 


E -(fe) (fe+1) 

a 2,m a m,l 


m—1 


= "yt 1 L-i) Jfe +1) 


For z = n + 1 and j = 1, 


Cn+1 


(n) x 

m—1 v 71 

k + 1 (fc + l)l 

n (?+) 

n_fc+1 L-i)(%+i- m («-4-i (fe+D 


4= E 




m—1 

(fc + l)fc(fc — 1 — n + 2) 

n(n — l)(n — 2)...l 

(fc + l) n 

( n L 


For j = 2 (second solumn), for z = 1 and j = 2 

n—fc+1 

E -(fc) (fe+ 

«l>m,2 

m=l 

n—fc+1 z' 0 

Cl,2= 

m—1 
(fc+i) 


(m-l) Wl-m ( n ^)o (fe+1) 


( n )c 


*m,2 


, n — (feTl) 

ci ,2 = af 2 = 0 = a) 2 • 
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For i = 2 and j = 2 


n— fc+1 


. _ V" +) ++ 1 ) 

^ 2,2 / v ^7,777^777,2 

m—1 

77—fc +1 z' 1 

= E 

m=l 

n — A: — 1 
= -= a 


(m-l) (W-to ( n ^)m-1 (fc+1) 


n 


Wl 

(fc+1) 

2,2 


x m,2 


For * = n + 1 and j = 2 


n—fc+1 

Cra+1,2 = E 

m —1 
n—fc+1/ n 


= E 


(?=) (fc+i) 

77+1,777 ^777,77+1 

(m-l) Wn+l-m ( n — ^)m-1 (fc+1) 

+) ° m ’ 2 
m=l v 

n(k + l)k(k — l)...(fc — n + 3)(n — k — 1) 
n(n — l)(n — 2 )...l 
n(k + l)„_i(n — fe — l)i _ _(fc+i) 

(n)n _an+1 ’ 2 ' 


For j = n — k (last column), for i = 1 and j = n — k 

n— fc+1 


_(fc) (fc+i) 

,m u m,ri—fc 


E -(fc 

(m-l) Wl-m ( n — ^)m-l (fc+1) 


771—1 
77 —fc + 1 / 0 


= E 


777=1 

Ak+ 1) 

^ 1,77— fc 


= 1 = 0 = d (fe+1) 


Wo 

1,77 — fc * 


-a. 


777,77 —fc 


For i — 2 and j = n — k 


77 —fc + 1 


E -(fc) (fc+1) 

°2 ,m a mj 

(m-l) (W -m ( n — +m-1 (fc+1) 


777=1 
77 —fc + 1 / 1 


= E 


777=1 


Wi 


-a, 


777,77 —fc 


= 0 = a. 


(fc+i) 

2,77—fc’ 


For * = n + 1 and j = n — k 


77 —fc + 1 


C77+I 


,ra-fc — E 


+) a (fe+1) 

77+1,777 777,77 — fc 


777=1 
77 —fc + 1 / 77 


= E 


= 1 = a, 


(m-l) Wn+l-m ( n W-l (fc+1) 

(«)„ 

(fc+1) 

77+1,77— fc * 


-fc 


Hence, ++fc+i — [ c +i](„+i) X (n-fc) — 


d (fc+1) 


J (77+1) X (77 —fc) 


where W +1) = (^) (fc+1)i -+- fc - 1)j - 1 . 
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Remark 4 Sum of the elements in each row of the matrix Ak is equal to 1. 

Now in the following theorem we consider the inverse process 

Theorem 5 A rectangular Bezier patch P(s , t) of degree n x n can be represented as a Triangular Bezier 
patch T(u , v, w) of degree n : 

T(u,v,w) = E Tij t k B™j k (u,v,w), u, v, w > 0, u + v + w = 1. 

i-\-j-\-k=n 

where the control points Ti are determined by 


i = 0 , 1 , 2 , n. 


/ T i0 \ 


( Pi0 \ 

Tn 


Pii 

\ ) 

— BiBi-i...Bi 

\ Pin / 


and Bi(i = 0,1, ...,n) are degree elevation operators in the form 


Proof. Indeed 


Bi. — 


1-t t 0 0 

0 1 -t t 0 

0 0 1-t t 


0 0 
0 0 
0 0 


0 0 0 0 1 -t t 0 

0 0 0 0 0 1-t t 


-I (n—fc+ 1 ) X (n—fc+ 2 ) 


i—0j—0 
n n 

= VV'VCi*) [tB]zl{t) + (1 - t)B?-\t)} 

i—0j—0 

n In n 

= E s "(s) < ^E^r'w +a - oE^r 1 (*) 


n n—r 


where 


Let r = 


=EE p ti 5 »(^r( t )> 

2=0 j =0 

*&■(*) = = Pu 

= tP[J+i + (i - QPij 1 . 


n n—i 


p{ S ,t) = EE^wrw 

i=0 j=0 


= EE^C 

i=0,7=0 


n \ in — i 


s*(l - s) n “¥(l - 
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if we use the following reparametrization 


t = 


V _ V 

1 —u v-\-w 


we get 


n n—i 


p(s,t) = ^E p L 


i—0j—0 


n \ in — i 


u\ 1 - u) r 


v ) (1 v y-i-j 
V + w 1 v + w 


Now if i + j + k = n 

p (^) = EE^ 


n n—i 


n\ n — i 


l\l-u) r 


v + w 


v + w 


i—0j—0 

= T hi+B™ jtk (u,v,w) 

i-\-j-\-k=n 

n n—i 

= Y^yiM 

i=0j=0 

For each value of i, we obtain (n — i + 1) x (n — i + 2) matrix Bi. m 

Theorem 6 The product of the matrices in the above theorem B k B k _i...Bi can be generalized as follows 


Z k = B k B k _,...B, = 


where b k ,j = — t) k ■> and Z k is (n — k + 1) x (n + 1) matrix. 

Proof. For k = 1, 


bk, o 

b k , l 

b k , 2 


bk,k- 1 

b k ,k 

0 

0 

0 

0 

0 

b k , o 

b k , l 

bk, 2 


b k ,k- 1 

bk,k 

0 

0 

0 

0 

0 

bk, o 

bk, l 

b k , 2 


bk,k- 1 

bk,k 

0 

0 

0 

0 

0 

bk, o 

b k , i 

b k , 2 


bk,k- 1 

‘ ‘ ‘ 

0 










0 

0 

0 

0 

0 

0 

bk, o 

bk,i 

b k ,2 


frfc.fc 


Z 1 = B 


i) 


suppose it is true for k, that is 


B k B k _ k ...B x = Z\ 

we will show that it also true for k + 1 , i.e 

B k+x B k B k -i...B x = Z k+1 . 

Let Zi j be the element at the i th row, j th column of the matrix B k+ iB k B k _i...Bi, 

n—k+1 


id = Y, b i 


(fc+l)»(fe) 

m U m,j 


m— 1 


where is the element at the i th row, m th column of the matrix B k+ 1 , b^Jj is the element at the m th 

row, j th column of the matrix B k B k _\...Bi, i = {1, 2,..., n — fc} and j = {1, 2,..., n + 1} . 

For i = 1 (first row) 


n—k+1 


- ST h( k+1 h( k > 

/ y u l,m u m 7 j' 


m= 1 
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For i = 1 and j = 1 


1,1 - 2^ °1 ,m b m, 1 


For i = 1 and j = 2, 


_i(fc+i)t(fc) I t(fc+i)i(fc) , i (fe+i) i (fc) 

°1,1 °1,1 ' °1,2 °2,1 "r ' °l,n_fe+l c 'n_fe+l,l 

= (1 - *) Vo = (1 - t) k+1 = Z*+' 


- ST 

1,2 2^ D l,m b m, 


_ l(^+1)l(^) I » (fe + l)i (fc) _i_ _i_ l(&+1) l(^) 

— u l,l u l,2 "t" w l,2 ^2,2 ••• “T y l,n-fc+l y n-fe+l,2 

— (1 ~ t) bk ,i + tb k o 
= 6*+i,i = Vw 


For i = 1 and j = n + 1, 


E ,(fc+i), (fc) 

+m b m ,n 


For i = 2 (second row) 


For * = 2 and j = 1, 


_ i(fc+l)iYfc) , i\k+l)Ak) , (fc+1) 7 (fc) 

— °1,1 °l,n+l "T" u l,2 y 2,ra+l "P ••• T ll 1)n _fc +1 ll n _fc +1)fl+1 

— n — 7 fe +i 

“ U “ Z (l,n+1)' 


— 2,m 


— 2_^ U 2,m u m, 


For i = 2 and j = 2 


_ 7 (fc + l)l (fc) , 7 (fc + l)7 (fe) , , 7 (fc + 1) 7 (fc) 

— °2,1 °1,1 + °2,2 °2,1 + + °2,n-fc+l°n-fc+X.,l 

= 0 = 4 tiV 


- - (fc+1), (Is) 

— 2_^ U 2 ,m u m, 


_l(^+ . i(k+l)i(k) . . 7 (fc+ 1 ) 7 (fc) 

— w 2,l w l,2 u 2,2 °2,2 ••• "i" +2,n—fc+l^n—fc+1,2 

= (1 - i)6fc, 0 

= (l-i) fc+1 = Z 2 fc + 1 . 


For * = 2 and j = n + 1, 


/,( fc+1 )7,(fc) 

l-l — 2,m 


— /++l)i(fc) I l(fc + l)l(fc) , , L(fc + 1) t(fc) 

— °2,1 °l,n+l T - u 2,2 u 2,n+l "T — 1" t ' 2 , n _fc+ 1 C 'n_fc+ 1 ,n+ 1 


— tbk,k — +n+l- 
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For i = n — k + 1 


For i = n — k and j = 1 


n—fc+1 

7 - V h (k+1) h (k) 

~n-k+l,j — u n -k+l,m u m,j ' 

m =1 


n-k-\-1 

E ,(/c+i) ,(*;) 

b n -k,mPm, 1 

m=l 

= &i*i + 6 (/s+ i 1 ) 2 6 2 fe i + ... + b {k \ 1] , ,,6 (fe) 

n—Ac,11,1 1 n—Ac,2 2,1 1 1 n—fc,n—fc+1 n— 

= o = ^,r 


For i = n — k and j = 2 


n—fc+1 


- e e 


(fc+1) 

k,m u m,2 


, (fc+1) 7 (fc) 7 (fc+1) 7 (fc) , , 7 (fc+1) 7 (fc) 

w n-fc,l w l,2 ~r~ U n-k,2 U 2,2 ••• w n -fc,n-fc+l^n- 


For i = n — k and j = n + 1 


= 0 = ^,2- 


n—fc+1 


E i(fc+ 1 ) i(fc) 

°n-k,m°m,i 


n+1 


m— 1 


_ z,(fc+l) lM _i_ z,(fc+l) l(^) 

— ^n-fc + ^l ™-i-1 *> u 


I I u( k + 1 ) J, 

n-k,l u l,n+l ~r u n-k,2 u 2,n+l T" T- 0 n-fe )n -fe+l 0 


= tb Kk = z k +_l n+ 1 - 


^4fc^4fc+l — ^.fc+1 — 


fc +1 


1 

fc+1 

, n _ 

(fc+l)fc 

n(n—1) 
(fc+l)(fc)(fc-l) 
n(n—l)(n—2) 
(fc+l)fc(fc-l)(fc-2) 
n(n— l)(n—2)(n— 3) 
(fc+l)fc(fc-l)(fc-2)(fc-3) 
n(n— l)(n—2)(n—3) 


(fc+l)fc...(fc—n+3) 
n(n— l)(n—2)... 2 
(fc+l)fc...(fc—n+2) 
n(n— l)(n— 2)...l 


o 

o 

(n—fc— l)(n— k— 2) 
n(n— 1) 

3(fc+l)(n— k— l)(n—fc—2) 
n{n— l)(n—2) 
6(fc+l)fc(n— fc— l)(n—fc—2) 
n(n—l)(n—2)(n—3) 
10(fc+l)fc(fc— l)(n— fc— l)(n— k— 2) 
n(n— 1) (n—2) (n—3) (n—4) 


o 

n—fc— 1 

2(fc+l)pi-fc-l) 
n(n— 1) 

3(fc+l)fc(n— k— 1) 
n(n—l)(n—2) 
4(fc+l)fc(fc-l)(n-fc-l) 
n(n— l)(n—2)(n—3) 
5(fc+l)fc(fc-l)(fc-2)(n-fc-l) 
n(n— l)(n—2)(n—3)(n—4) 


(n— l)(fc+l)fc...(fc—n+4)(n—fc— 1) 
n(n—l)(n—2V..2 
n(fc+l)fc...(fc—n+3)(n—fc—1) 
n(n—l)(n—2)...l 


o 

o 

0 

(n—fc— l)(n—fc—2)(n—fc—3) 
n(n— l)(n—2) 

4(fc+l)(n— fc—l)(n— fc—2)(n— k— 3) 
n(n— l)(n—2)(n—3) 
10(fc+l)fc(n—fc— l)(n—fc—2)(n—fc—3) 
n(n—l)(n—2)(n—3)(n—4) 


fc+1,1 


fc+1,2 


n— fc+1,n+1 
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0 

0 

0 

0 

(n— k— l)(n— k— 2)(n— k— 3)(n— k— 4) 
n(n— 1) (n—2) (n—3) 

5(/c+l)(n— fc—l)(n—fc—2)(n— k— 3)(n— fc—4) 
n(n—l)(n—2)(n—3)(n—4) 


o 

o 0 

o 0 

o 0 

0 0 

(n—k—l){n—k—2)(n—k—3)(n—k—4)(n—k—5) ^ 

n(n— l)(n—2)(n— 3)(n— 4) 0 


0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

0 0 

n—k—1 fc+1 

n n 

0 1 


Conclusion 7 As we mentioned before, mainly there are two types of Bezier surfaces which are rectangular 
and triangular Bezier patches. These two types of patches have different geometric properties so it is difficult 
to use both of them in the same CAD system. One may need to convert one type to another and here in this 
paper we studied on the conversion matrix to convert triangular Bezier patch to a rectangidar Bezier patch 
and a rectangidar Bezier patch to a triangular Bezier patch. We found simple representations for these two 
matrices which will allow the conversion in one step. 
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Permeable values with applications in BE-algebras 
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Abstract. The notions of energetic subsets and (anti) permeable values are introduced, and related properties are 
investigated. These notions are applied to the theory of BE- algebras. Regarding (anti) fuzzy subalgebras/filters 
and energetic subsets are investigated. 


1. Introduction 

As a generalization of a BCK -algebra, the notion of RE-algebras has been introduced by H. 
S. Kim and Y. H. Kim in [5]. The study of BE -algebras has been continued in papers m. a. 
and [6]. Jun et al. [3j introduced the notions of S'-energetic subsets and /-energetic subsets in 
BCKjBCI- algebras, and investigated several properties. Jun et.al [3j defined the notions of 
a C-energetic subset and (anti) permeable C -value in BCK -algebras and studied some related 
properties of them. 

In this paper, we introduce the notions of energetic subsets and (anti) permeable values, and 
investigate some related properties. These notions are applied to the theory of B E-algebras. 
Regarding (anti) fuzzy subalgebras/filters and energetic subsets are investigated. 

2. Preliminaries 

We display basic notions on BE- algebras. We refer the reader to the papers PE] for further 
information regarding BE- algebras. 

By a BE-algebra [5j we mean a system (A"; *, 1) of type (2, 0) which the following axioms hold: 
(BE1) (Vx G X) (x*x = 1), 

(BE2) (Vx G X) (x * 1 = 1), 

(BE3) (Vx eX)(l*x = x), 

(BE4) (Vx, y, z E X) (x * (y * z) = y * (x * z)) (exchange). 
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°Keywords: S'-energetic subset, F-energetic subset, (anti) fuzzy filter ideal, (anti) permeable S-value, (anti) 
permeable F-value. 
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We introduce a relation “ < ” on A by x < y if and only if x * y — 1. 

A £>F-algebra (A;*, 1) is said to be transitive if it satisfies: for any x,y,z G X, y * z < 
(x * y) * (x * z ). A L?F-algebra (A;*, 1) is said to be self distributive if it satisfies: for any 
x,y,z G A", x*(y*z ) = (x*y)*(x*z). Note that every self distributive BE-algebra is transitive, 
but the converse is not true in general |5]. 

Every self distributive BE- algebra (A; *, 1) satisfies the following properties: 

(2.1) (Vx, y,z G A) (x<y=$>z*x<z*y and y * z < x * z), 

(2.2) (Vx, y G A") (x * (x * y) = x*y), 

(2.3) (Vx, y, z G A") (x * y < (z * x) * (z * y)). 

Definition 2 . 1 . Let (A"; *, 1) be a BE- algebra and let F be a non-empty subset of A". Then F 
is a filter [5] of A if 

(i) 1 6 F ; 

(ii) (Vx, y G A)(x * y, x G F =>- y G F). 

The concept of fuzzy sets was introduced by Zadeh |7j. Let A" be a set. The mapping / : A —> 
[0,1] is called a fuzzy set in A". A fuzzy set / in a BE- algebra X is called a fuzzy subalgebra of X 
if it satisfies 

(E 0 ) (Vx, y G A)(/(x *y)> min{/(x), /(y)}). 

A fuzzy set / in a BE -algebra X is called a fuzzy filter of X if it satisfies 

(Fi) (Vs GA)(/(1) >/(*)); 

(F 2 ) (Vs,y G A)(/(y) > min{/(s * y),/(s)}). 

Note that every fuzzy filter / of a FF-algebra A" satisfies 
(Vx, y G A)(s < y =► /(y) > /(s)). 

For a fuzzy set f in X and t G [0,1], the (strong) upper (resp. lower) t-level sets are defined as 
follows: 

U{f;t) := {x G X\f(x) > t}, [/*(/;t) := {x G A|/(x) > t}, 

L{f ; f) := G A|/(x) < t}, L*(f ; t) := {x G A|/(x) < t}. 

3. Energetic subsets 

In what follows, let A denote a FF-algebra unless otherwise specified. 

Definition 3 . 1 . A nonempty subset A of a FF-algebra A is said to be S-energetic if it 
(S) (Va, b G A)(a * b G A {a, 6 } fl A 7 ^ 0). 

Definition 3 . 2 . A nonempty subset A of a FF-algebra X is said to be F-energetic if it 
(F) (Vx, y G A)(y G A =>■ (x * y,x} fl A 7 ^ 0). 


satisfies 


satisfies 
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Permeable values with applications in BE-algebras 


Example 3.3. (1) Let X := {1 ,a,b,c} be a D E-algebra with the following Cayley table: 


* 

1 

a 

b 

c 

1 

1 

a 

b 

c 

a 

1 

1 

a 

a 

b 

1 

1 

1 

a 

c 

1 

1 

a 

1 


It is easy to show that A := {b, c} is a S-energetic subset of X. But B := {a} is not an S- 
energetic subset of X since c * b = a E B and {c, b} D B = 0. It is routine to verify that 
C := {c} is an S-energetic subset of X. But it is not an F-energetic subset of X, since c G C 
and {b * c, b} D C = 0. 

(2) Let X := {1, a, b, c} be a HF-algebra with the following Cayley table: 


* 

1 

a 

b 

c 

1 

1 

a 

b 

c 

a 

1 

1 

a 

a 

b 

1 

1 

1 

a 

c 

1 

a 

a 

1 


It is easy to show that A := {a, b} is an F-energetic subset of X. 


Theorem 3.4. For any nonempty subset A of X, if A is a subalgebra of a BE-algebra X, then 
X \ A is an S-energetic a subset of X. 

Proof. Let a,b E X be such that a * b E X \ A. If {a, b} D (X \ A) = 0, then a,b E A and 
so a * b E A since A is a subalgebra of X. This is a contradiction. Thus {a, b} fl (X \ A) ^ 0. 
Therefore X \ A is an S-energetic subset of X. □ 

Theorem 3.5. For any nonempty subset A of X, if A is a filter of a BE-algebra X, then X \ A 
is an F-energetic a subset of X. 

Proof. Let x,y E X be such that y E X \ A. If {x * y, x} fl X \ A = 0, then x * y,x E A and so 
y E A, since A is a filter of X. This is a contradiction. Therefore {x *y,x}nX\A^ 0. Thus 
X \ A is an F-energetic subset of X. □ 

Theorem 3.6. Let A be a nonempty subset of a BE-algebra X with 1 A. If A is F-energetic, 
then X \ A is a filter of X. 

Proof. Obviously, 1 E X \ A. Let x,y E X be such that x * y,x E X \ A. Assume that y E A. 
Then {x * y, a;} fl A ^ 0 by (F). Hence x*yEA or xE A, which is a contradiction. Therefore 
y E X \ A. This completes the proof. □ 


Theorem 3.7. If f is a fuzzy Liter of a BE-algebra X, then the nonempty lower t-level set 
L(f ; t) is an F-energetic subset of X for all t E [0,1]. 
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Proof. Assume that L(f]t) 7 ^ 0 for t G [0,1] and let x, y G A be such that y G L(f]t). Then 
t > f(y) > min {f(x*y)J(x)}. Hence f(x*y) < t or f(x) < t, i.e., x*y G L(/;t) or x G L(f;t). 
Thus {x * y,x} fl L(f ; t) 7 ^ 0. Therefore L(/; t) is an F-energetic subset of A. □ 

Corollary 3 . 8 . If f is a fuzzy filter of a BE-algebra X, then the nonempty stronger lower t-level 
set L*(f ; t) is an F-energetic subset of X. 

Since L(f ; t) U U*(f; t ) = A" and L(/; t) fl U*(f; t) — 0 for all t G [0,1], we have the following 
corollary. 

Corollary 3 . 9 . If f is a fuzzy hlter of a BE-algebra X, then U*(f ; £) is empty set or a hlter of 
X for all t G [0,1]. 

For any a, b G A, we consider sets 

X\ := {x G A|a * (b * x) = 1} and := A \ A 0 6 . 

Obviously, a, b ^ A^ = A£ and 1 ^ A^. I 11 the following example, we know that there exist 
a, 6 G A such that A b a may not be F-energetic. 

Example 3 . 10 . Let A := {l,a,b,c,d,0} be a FF-algebra [2J with the following Cayley table 


* 

1 

a 

b 

c 

d 

0 

1 

1 

a 

b 

c 

d 

0 

a 

1 

1 

a 

c 

c 

d 

b 

1 

1 

1 

c 

c 

c 

c 

1 

a 

b 

1 

a 

b 

d 

1 

1 

a 

1 

1 

a 

0 

1 

1 

1 

1 

1 

1 


Then Af = {0, b} and it is not F-energetic since 6 g Af but {a * b, a} fl Af = 0. 

We consider conditions for the set A b a to be F-energetic. 

Theorem 3.11. If X is a self distributive BE-algebra A, then A b a is F-energetic for all a, b G A". 

Proof. Let y G A b a for any a,b,y G A. Assume that {x * y, x} fl A b a = 0 for any x G A. Then 
x * y ^ A b a and x ^ A b and so a * (b * (x * y)) = 1 and a * (b * x) — 1. Using (BE3) and the self 
distributivity of A, we have 

1 —a * (b * (x * y)) = a * ((6 * x) * (b * y)) 

—{a * {b * x)) * (a * (b * y)) = 1 * (a * (b * y)) = a * (b * y) 

and so y ^ A b a . This is a contradiction, and therefore {a * b, a} H A b a 7 ^ 0. Hence A b is an 
F-energetic subset of A for all a, 6 G A. □ 
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Definition 3.12. A fuzzy set / in a BE- algebra X is called an anti fuzzy subalgebra of X if 
f(x * y) < max{/(x), f(y)} for all x, y G X. A fuzzy set / in a £>F-algebra X is called an anti 
fuzzy filter of X if it satisfies 
(AFi) (VxGX)(/(l)</(x)); 

(AF 2 ) (Vx,y G X)(f(y) < max{/(x * y ), f(x)}). 

Proposition 3.13. For any anti fuzzy filter of a BE-algebra X, then following are valid. 

(i) (Vx,y G X)(x <y=> f(y) < f(x)); 

(ii) (Vx, y, z G X)(f(x*z) < ma x{/(x * (y * z)), f(y)}); 

(iii) (Va, x G X f)(/((a * x) * x) < /(a)). 

Proof, (i) Let x, y G X be such that x < y. Then x * y — 1. It follows from Definition 3.12 that 
/(S/) < ma x{f(x * y), f(x)} = max{/(l), /(x)} = f(x). 

(ii) Using ( AF 2 ) and (BE4), we have f(x*z ) < ma x{f(y*(x*z)), f(y)} = ma x{f(x*(y*z)), f(y)} 
for any x,y,z G X. 

(iii) Taking y (a * x) * x and x := a in (AF 2 ), we have /((a * x) * x) < max{/(o * ((a * x) * 

x)), /(a)} = max{/((a * x) * (a * x)), /(a)} = max{/(l), /(a)} = /(a) for any a, x G A". □ 

Theorem 3.14. Any fuzzy set of a BE-algebra X satisfying (AF 1 ) and Proposition 3.13 (ii) is 
an anti fuzzy filter of X. 

Proof. Taking x 1 in Proposition 3.13 (ii) and (BE3), we have f(z) = /(I * z) < max{/(l * 
(y * z)), f(y)} = ma x{f(y * z), f(y)j for all y, z G X. Hence / is an anti fuzzy filter of X. □ 

Corollary 3.15. For any fuzzy set f of a BE-algebra X, f is an anti fuzzy filter of X if and 

only if it satisfies (AFi) and Proposition 3.13 (ii). 

Theorem 3.16. Any fuzzy set f of a BE-algebra X is an anti fuzzy filter of X if and only if it 
satisfies the following conditions: 

(i) (Vx, y G X)(f(y*x) < f(x)); 

(ii) (Vx, a, b G X f)(/((a* (b * x)) * x) < max{/(o), /(&)})- 

Proof. Assume that / is an anti fuzzy filter of A". It follows from Definition 3.12 that f(y*x) < 
ma x{/(x * (y * x)), /(x)} = max{/(l), /(x)} = /(x) for all x, y G A". Using Proposition 3.13, we 
have f((a*(b*x))*x) < max{/((a* (b*x)) * (b*x)), f(b)} < max{/(a), f(b)} for any a, b, x G X. 

Conversely, let / be a fuzzy set satisfying conditions (i) and (ii). Setting y x in (i), we have 
/(x*x) = /(1) < /(x) for all x G X. Using (ii), we obtain f(y) = f(l*y) = f((x*y)*(x*y))*y) < 
ma x{/(x * y), f(y)} for all x, y G A". Hence / is an anti fuzzy filter of X. □ 

Proposition 3.17. For any fuzzy set of a BE-algebra X, then f is an anti fuzzy filter of X if 

and only if 

(*) (Vx, y, z G A :)(z <x*y^ f(y) < max{/(x),/(*)}). 
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Proof. Assume that / is an anti fuzzy filter of X. Let x,y,z G X be such that z < x * y. By 
Proposition 3.13, we have f(y) < max{/(x * y ), f(x)} < ma x{f(z), f(x)}. 

Conversely, suppose that / satisfies (*). By (BE2), we have x < x * 1 = 1. Using (*), we have 
/(l) < f{x ) for all x G A". It follows from (BE1) and (BE4) that x < (x *y) *y for all x, y G X. 
Using (*), we have f(y) < max{/(x * y ), f(x)}. Therefore / is an anti fuzzy filter of X. □ 

4. Permeable values in BE-algebras 

Definition 4.1. Let / be a fuzzy set in a BE-algebra X. A number t G [0,1] is called a permeable 
S-value for / if U (/; t) ^ 0 and the following assertion is valid. 

(4.1) (Va, b G X)(f(a *b)>t => max{/(a), f(b)} > t ). 

Example 4.2. Consider a BE- algebra X = {1 ,a,b,c} as in Example 3.3 (1). Let / be a fuzzy 
set of X defined by /(1) = 0.2,/(a) = 0.3, and f(b) = /(c) = 0.6. Take t G (0.3, 0.6]. Then 
t/(/; t ) = {b, c}. It is easy to check that t is a permeable S-value for /. 

Theorem 4.3. Let f be a fuzzy subalgebra of a BE-algebra X. If t G [0,1] is a permeable 
S-value for f , then the nonempty upper t-level set U(f ; t ) is an S-energetic subset of X. 

Proof. Let a, b G X be such that a * b G U(f;t). Then /(a *b) >t and so max{/(a), /(&)} > f. 
Therefore /(a) > t or f{b) > f, i.e., a G U(f',t) or b G t/(/;f). Hence {a, 6 } fl ^ 0. Thus 

1/(/; f) is an A-energetic subset of A". □ 

Since U (/; f) U L*(/; f) = A” and U (/; f) fl L*(/; £) = 0 for all f G [0, 1], we have the following 
corollary. 

Corollary 4.4. Let f be a fuzzy subalgebra of a BE-algebra X. If t G [0,1] is a permeable 
S-value for f , then L*(/; t ) is empty or a subalgebra of X. 

Definition 4.5. Let / be a fuzzy set in a .BE-algebra X. A number t G [0,1] is called an anti 
permeable S-value for / if L(/;t) ^ 0 and the following assertion is valid. 

(4.2) (Va, b G X)(f(a *b) < t => min{/(a), /(&)} < t). 

Example 4.6. Consider a BE-algebra X = {1 ,a,b,c} as in Example 3.3 (1). Let / be a fuzzy 
set of A" defined by /( 1) = 0.4,/(a) = f{b) = 0.5, and /(c) = 0.3. Take t G [0.3, 0.4). Then 
L(/; f) = {c}. It is easy to check that t is an anti permeable S'-value for /. 

Theorem 4.7. Let f be an anti fuzzy subalgebra of a BE-algebra X. For any anti permeable 
S-value t G [0,1] for /, we have L(/; t) ^ 0 £,(/; f) is an S-energetic subset of X. 

Proof. Let a, 6 G X be such that a * b G L(f; t). Then f(a * b) < t and so min{/(a), /(&)} < t. 
Thus /(a) < t or f{b) < t , i.e., a G L(/;t) or 6 G L(/;t). Hence {a, 6 } fl E(/;t) 7 ^ 0. Therefore 
L(/; f) is an S-energetic subset of X. □ 
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Permeable values with applications in BE-algebras 

Theorem 4.8. Let f be a fuzzy subalgebra of a BE-algebra X and let t £ [0,1] be such that 
L(f ; t) 7 ^ 0. Then t is an anti permeable S-value for f. 

Proof. Let a, be A" be such that f(a*b ) < t for all t £ [0,1]. Then min{/(a), fib)} < f(a*b) < t. 
Therefore t is an anti permeable .S-value for /. □ 

Definition 4.9. Let / be a fuzzy set in a FF-algebra X. A number t £ [0,1] is called a permeable 
F-value for / if U (/; t) ^ 0 and the following assertion is valid. 

(4.3) (VT, y £ X)(f(y) > t => rna x{f(x*y),f(x)} > t ). 

Example 4.10. Consider the BE- algebra X = {l,a,b,c,d,0} as in Example 3.10. Let / be 
a fuzzy set in X defined by /(1) = 0.2, f (a) = fib) = 0.4, and /(c) = /(d) = /(0) = 0.7. If 
t £ (0.4, 0.7], then U (/; t) = {0, c, d} and it is easy to check that t is a permeable F-value for /. 

Theorem 4.11. Let f be a fuzzy filter of a BE-algebra X. If t £ [0,1] is a permeable F-value 
for /, then the nonempty upper t-level set U(f ; t ) is an F-energetic subset of X. 

Proof. Assume that U(f;t ) 7 ^ 0 for t £ [0,1]. Let y £ X be such that y £ U(f;t). Then 
t < f(y). It follows from (4.3) that t < max{/(x * y), f(x)} for all x £ X. Hence f(x * y) > t or 
f{x) > t, i.e., x * y £ [/(/; t) or x £ [/(/; t). Hence {x *y,x} fl £/(/; t) 7 ^ 0. Therefore U (/; t) is 
an F-energetic subset of X. □ 

Since U (/; t) U L*(f; t ) = X and U (/; t) fl L*{f; t) — 0 for all t £ [0, 1], we have the following 
corollary. 

Corollary 4.12. Let f be a fuzzy filter of a BE-algebra X. If t £ [0,1] is a permeable F-value 
for f, then L*(f ; t) is empty or a Liter of X. 

Theorem 4.13. For a fuzzy set f in a BE-algebra X, if there exists a subset K of [0,1] such 
that {Uif ; t ), L *(/; t)} is a partition of X and L*(/;f) is a Liter of X for all t £ K, then t is a 
permeable F-value for f. 

Proof. Assume that fiy) > t for any y £ X. Then y £ U if; t) and so {x * y,x} fiU if; t) 7 ^ 0 
for any x £ X, since t/(/;t) is an F-energetic subset of X. Hence x * y £ t/(/; t) or x £ Uif;t ) 
and so max{/(x * y), fix)} > t. Therefore t is a permeable F -value for /. □ 

Theorem 4.14. Let f be a fuzzy set in a BE-algebra X with Uif;t) 7 ^ 0 for t £ [0,1]. If f is 
an anti fuzzy Liter of X, then t is a permeable F-value for f. 

Proof. Let y £ A" be such that fiy) > t. Then t < fiy) < max{/(x * y), fix)} for all x £ X. 
Hence t is a permeable F- value for /. □ 

Theorem 4.15. Let f be an anti fuzzy Liter of a BE-algebra X. Then the following assertion 
is valid. 

(Vt £ [0,1 ])([/(/; t) 7 ^ 0 =>• Uif; t) is an F-energetic subset of X). 
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Proof. Let y G X be such that y G U(f;t). Then f(y) > t. By (AF 2 ), we have t < f(y) < 
max{/(x * y),f(x)} for all x G X. Hence f(x * y) > t or f(x) > t, i.e., x * y G U(f;t) or 
x G U(f-t). Therefore {x * ?/, x} D U (/; t) ^ 0. Thus f/(/; t ) is an F-energetic subset of X. □ 

Definition 4.16. Let / be a fuzzy set in a FF-algebra A". A number t G [0,1] is called an anti 
permeable F-value for / if L(/; t) ^ 0 and the following assertion is valid. 

(4.4) (Vx, y G X)(f(y) < t => mm{f(x*y),f(x)} < t ). 

Theorem 4.17. Let f be a fuzzy set in a BE-algebra X with L(f; t) ^ 0 for t G [0,1]. If f is a 
fuzzy filter of X, then t is an anti permeable F-value for f. 

Proof. Let y G X be such that f(y) < t. Then min {f(x * y), f(x)} < f(y) < t for all x G X. 
Hence t is an anti permeable F-value for /. □ 

Theorem 4.18. Let f be an anti fuzzy filter of a BE-algebra X. Ift G [0,1] is an anti permeable 
F-value for f, then the lower t-level set L(f ; t ) is an F-energetic subset of X. 

Proof. Let y G A" be such that y G L(/; t). Then f(y) < t. It follows from (4.4) that min{/(x * 
y ), f(x)} < t for all x G A". Hence x * y G L(f; t) or x E L(f ; t) and so {x * y,x} f 1 L(f ; t ) ^ 0. 
Therefore L(/; f) is an F-energetic subset of X. □ 

Corollary 4.19. Let f be an anti fuzzy filter of a BE-algebra X. Ift G [0,1] is an anti permeable 
F-value for f, then U*(f ; t) is empty or a filter of X. 

Theorem 4.20. For a fuzzy set f in a BE-algebra X, if there exists a subset K of [0,1] such 
that {£/*(/; t ), L(/; t )} is a partition of X and U*(f ; t ) is a filter of X for all t G K, then t is an 
anti permeable F-value for f. 

Proof. Assume that f(y) < t for any y G X. Then y G L(/; t ) and so {x * y,x} D L(/; t)} ^ 0 
for all x G X, since L(/; t ) is an F-energetic subset of X. Hence f(x * y) <t or f(x) < t and so 
min{/(x * y ), f(x)} < t. Therefore t is anti permeable F-value for /. □ 
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Abstract 

The purposes of this paper are to establish and study the convergence of a new gradient scheme 
with penalization terms called rapid gradient penalty algorithm (RGPA) for minimizing a convex 
differentiable function over the set of minimizers of a convex differentiable constrained function. 
Under the observation of some appropriate choices for the available properties of the considered 
functions and scalars, we can generate a suitable algorithm that weakly converges to a minimal 
solution of the considered constraint minimization problem. Further, we also provide a numerical 
example to compare the rapid gradient penalty algorithm (RGPA) and the algorithm introduced 
by Peypouquet [20]. 

Keywords: Rapid gradient penalty algorithm, penalization, constraint minimization, fenchel 
conjugate 
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1. Introduction 

Let U be a real Hilbert space with the norm and inner product given by || • || and (•,•}, respectively. 
Let / : T~L —> R. and g : U —> R. be convex and (Frechet) differentiable functions on the space H and 
the gradients V/ and V g are Lipschitz continuous operators with constants Lf and L g , respectively. 
We consider the following constrained convex optimization problem 

min f{x). (1-1) 

irEarg min g 

Throughout the paper, we also assume that the solution set S := argmin{/(x) : x £ argming} is 
a nonempty set. Further, without loss of generality, we may assume that ming = 0. 

Due to the interesting applications of (1.1) in many branches of mathematics and sciences, many 
researchers have paid attention to solve the problem (1.1) which can be mentioned briefly as follows: 
In 2010, Attouch and Czarnecki [1] initially presented and studied a numerical algorithm called the 
multiscale asymptotic gradient (MAG) for solving general constrained convex optimization prob¬ 
lem. They proved that every sequence generated by (MAG) converges weakly to a solution of their 
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considered problem. It seems that their representation is the starting point for the development 
of numerical algorithms in the context of solving type of constrained convex optimization problem 
(see, for instance [2-4, 7-10, 18]) and the references therein. Inspired by Attouch and Czarnecki 
[1], in 2012 Peypouquet [20] proposed and analyzed an algorithm called diagonal gradient scheme 
(DGS) via gradient method and exterior penalization scheme for constrained minimization of con¬ 
vex functions. He also provided a weak convergence to find a solution of the considered constrained 
minimization of convex functions. Several applications are provided such as relaxed feasibility, 
mathematical programming with convex inequality constraints, and Stokes equation and signal 
reconstruction, etc. In 2013, Shehu et al. [21] studied the problem (1.1) in the case when the 
constrained set is simple enough and also proposed an algorithm for solving (1.1). In the last two 
decades, intensive research efforts dedicated to algorithms of inertial type and their convergence 
behavior can be noticed (see [6, 11, 13-17, 19]). In 2017, Hot et al. [9] considered the problem of 
minimizing a smooth convex objective function subject to the set of minima of another differentiable 
convex function. They proposed a new algorithm called gradient-type penalty with inertial effects 
method (GPIM) for solving the problem (1.1). They also illustrated the usability of their method 
via a numerical experiment for image classification via support vector machines. 

In the remaining part of this section, we recall some elements of convex analysis. For a function 
h : T~L —> R. := R U {—oo,+oo} we denote by dom h = {x € ji : h(x) < +oo} its effective domain 
and say that h is proper, if dom h ^ 0 and h{x) ^ — oo for all x € ji. The Fenchel conjugate of h 
is h* : ji — > R, which is defined by 


h*(z) = sup{(z,x) — h(x)} for all z £ji. 
xeH 

The subdifferential of h at x £ 77, with h(x) £ R, is the set 

dh(x ) := {u £ ji : h(y) — h(x) > (v , y — x) \/y £ ji}. 


We take by convention dh(x) := 0, if h(x) £ {±oo}. 

The convex and differentiable function T : ji —> R has a Lipschitz continuous gradient with 
Lipschitz constant Lt > 0, if ||VT(a;) — VT(y )|| < Lt\\x — y|| for all x,y £ji. 

Let C C ji be a nonempty closed convex set. The indicator function is defined as: 


Sc(x) 


0 if x £ C 
+oo otherwise. 


The support function of C is defined as: affx) := sup cgC (a;, c) for all x £ ji. The normal cone C at 
a point x is 

, , f \x £ 7i : (x, c — x) < 0 for all c G Cj, if x £ C 
N c (x) := < 

10, otherwise. 


We denote by Ran(A^c) for the range of Nq- Notice that 6£ = <Jc- Moreover, it holds that x £ Nc(x) 
if and only if crc (x) = (x, x). 

Inspired by the research works in this direction, we are interested in the development and 
improvement of the method for finding solutions of the considered problem, that is, we wish to 
establish the algorithm called rapid gradient penalty algorithm (RGPA) for solving (1.1) which is 
generated by a controlling sequence of scalars together with the gradient of objective and feasibility 
gap functions as follows: 

{ X\ £ H; 

Pn — x n A n V/(x n ) A n /3 n Vg(a;„); 

X n +1 =Vn + Oi n (y n ~ X n ) for all n > 1, 
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where {A„} and {/?„} are sequences of positive parameters and {a n } C (0,1). 

For n > 1, we write Sl n := f + f3 n g, which is also (Frechet) differentiable function. Therefore, 
Vfl n is Lipschitz continuous with constant L n := Lf + P n L g . In particular, if we setting a n = 0 for 
all n > 1, the algorithm (RGPA) can be reduced to (DGS) in Peypouquet [20]. 

In order to support our ideas, we also provide a numerical example to simulate an event for 
solving problem (1.1). We also compare the time and the iteration between two algorithms including 
(RGPA) and (DGS). 


2. The Hypotheses 

In this section, we will carry out the main assumptions to prove the convergence results for 
rapid gradient penalty algorithm (RGPA). In order to prove the convergence results, the following 
assumptions will be proposed. 

Assumption A 

(I) The function / is bounded from below; 

(II) There exists a positive I\ > 0 such that p n +i — Pn < KX n +iPn+i, yf — gy- — and 
’ °^~ 1 + (1 + a n ) 2 K < 0 for all n > 1; 

OO 

(III) {a n } £ l 2 \ l 1 , A„ = +oo and liminf X n p n > 0; 

^— J n—tc o 

n =1 

co 

(IV) For each p £ Ran(A argming ), we have ^ A ra /3„ 

n—1 

Remark 2.1. The conditions in Assumption A sparsely extend the hypotheses in [20]. The 
differences are given by the second and third inequality in (II), which here involves a sequence {a n } 
which controls the inertial terms, and by {a n } £ l 2 \ l 1 . 

In the following remark, we present some situations where Assumption A is verified. 

Remark 2.2. Let I\ > 0, q £ (0,1), <5 > 0 and 7 £ (0, gj-) be any given. Then we set a n := 

CO 

for all n > 1, which implies that lim a n = 0, a ^ < +00 and a n < i for all n > 1. We also set 


J arg min g 


Pn 


< + 00 . 


/3 n := 37 * Lf +2 ^ + + jKn q and A n := -J- for all n > 1. 

1 - 3y L g /3 n 

Since /?„ > , we have for each n > 1 


It follows that 


which implies that 


P n {l - 3 7 L 9 ) > 3 7 [L/ + 2(K + <5)]. 


—- P n Lg > Lf + 2 (I< + 6) for all n> 1, 

OA n 


— (K + S) > for all n > 1. 

2 oAn 


According to (2.1), we obtain that 


( 2 . 1 ) 


~K > 


2 2A„ 


and - > 2 A n K for all n > 1. 
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Let us consider, for each n > 1 


- 1 


2A. n 


+ (1 + ot n ) 2 K < 


_3 + 
4 ' 


' 2 A n K 


2A„ 


< 


_3 + 

4 ^ 

2A„, 


= 0 . 


On the other hand, 


Pn +1 - pn = 7 K[{n + l) 9 - n q ] <7 K = KX n+l p n+ i. 

Hence, we can conclude that Assumption A (II) holds. 

OO 1 OO 

Since q £ (0,1), we obtain that ^ — = + 00 , so ^ A„ = + 00 . Notice that X n /3 n = 7 for all 

n— 1 P n n =1 

n > 1. It follows that liminf A n (3 n = liminf 7 > 0. Thus Assumption A (III) holds. 

n—> 00 n—> 00 

! g* ~ CTargmin g > 0. If g{x) > k 

UA\ 2 

Therefore, for each p £ Ran(A argm i ng ), we obtain that 

A 


Finally, since g* — cr argm j ng > 0. If g(x) > |dist 2 (a;, argming) where k > 0, then g*(x) — 

CTargmin g (z) < ^||ai || 2 for all X £ TL. 


A nfin 


g 


- cr. 


arg min g 


< 


2 k/3 7 


Ibll 


Thus, ^ A n /3n 


n—1 


9 


arg min g 


Pn 


converges, if —A converges, which is equivalently 

, Mn 
n=l 


to ^ — converges. This holds for the above choices of {/3 n } and {A„} when q £ (A, 1). 

n=l P™ 


2 P 

g i — I - CL 


2p* 

arg min g ( 


- PnVg(x n ) +p*,x n -x*) = (X7 f(x n ) - X7f(x*),x n - x*) 

>0 , Vro > 1, 


(3.1) 


3. Convergence analysis for convexity 

In this section, we will prove the convergence of the sequence of {x n } generated by (RGPA) 
and of the sequence of objective values {/( x n )}. 

We start the convergence analysis of this section with three technical lemmas. 

Lemma 3.1. Let x* be an arbitrary element in S and set p* := — V/(a;*). Then for each n > 1 

\\x n+1 - cc*|| 2 - \\x n - x*\\ 2 + (1 + a n )Xn/3 n g(x n ) < (1 + a„) 2 ||x„ - y n || 2 

+ (1 + Ol n ) An/3- 

Proof. Applying to the first-order optimality condition, we have 

0 e v/(aj*) + A argming (x*). 

It follows that 

p* = —V/Or*) € A argming (x*). 

Note that for each n > 1, Xn ~ Vn — /3 n S7g(x n ) = V/( x n ). 

By monotonicity of V/, we obtain that 

2-n Vn 
^n 


and hence, for each n > 1 

2 (x„ - y n , x n - x*) > 2X n /3 n (\7g(x n ),x n - x*) - 2X n {p*,x n - x*). 


(3.2) 
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Since g is convex and differentiable, we have for each n > 1 

(Vg{x n ),x* - x n ) + g(x n ) < g(x*) = 0, 


whence 

2A nPng{Xn) — 2A n /3 n (V gi^Xn) , X n X }. (3-3) 

On the other hand, 

2 {x n - y n ,x„ - x*) = \\x n - y n || 2 + \\x n - x *|| 2 - \\y n - x*|| 2 . (3.4) 

Combining (3.2), (3.3) and (3.4), we get that 

\\y n - a?*|| 2 < \\x n - Vn\\ 2 + \\x n - a .’*|| 2 - 2X n /3 n g(x n ) + 2X n (p*,x n - x*). (3.5) 


Since x* € S and p* £ N argm i ng (a;*), we have 


tTargmin g(p*) = (P*,X*). 


In (3.5), we observe that 


2A n {p*,x n - x*} - X n /3 n g(x n ) = 2X n {p*,x n ) - X n /3 n g(x n ) - 2X n (p*,x*) 


— Xnfin 
^nPn 


2p* \ . . / 2 p* 

x n ) - g{x n ) - ( —,x 
2 P 


2 p 

9 


arg min g 


Combining (3.6) and (3.5), we obtain that 


(3.6) 


\\yn - x*\\- < ||x„ - y n \\- + \\x n - x *|| 2 - X n /3 n g{x n ) + X n /3, 


2 p* 

9 ^ ] -^ 


2 p* 
Pn 


(3.7) 


On the other hand, we observe that 


\\x n +i - x*\\ 2 = || y n + a n {y n - x n ) - x*|| 2 = ||(1 + a n )(y n - x*) + a n (x* - a;„)|| 2 

= (1 + a n )\\y n - x*|| 2 - a„||a;„ - x*|| 2 + a n (l + a n )||x n - y n || 2 . (3.8) 

By (3.7) and (3.8), we obtain the desired result. □ 

Lemma 3.2. For all n > 1, we have 


A^ti +1 (Xri+l) ^ fln(^n) T (Pn+1 Pn)g{x n + 1) T 


Cel - l, 


2X„ 


| Vn - X r 


+ 


F n 

~2 


1 

2A n 


||*Tn+l ■ 


Proof. Since Vfl is L„-Lipschitz continuous and by Descent Lemma (see [5, Theorem 18.15]), we 
obtain that 

^71(^71+1) d: fl n (x n ) T (^f^ 7 i(*Tn), *Tn+l X n ) T -^-||x n _{_i X n \\ . 

Recall that — Vn ~ Xri = Vfl„( x n ). 
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It follows that 
f(x n +i) + fi n g(x n+1 ) 

< /On) + /3 n g(x n ) ~ ( j" X Xn ,Xn+l ~ X n \ + ^ \\x n+1 - X n \\ 2 


= /On) + /3 n g{Xn) + 


1 

2A„ 

otl - 1 , 


1 


1 


— f(x n ) + /3 n g{x n ) II Vn X n || ' I0n+1 X n \\‘ + ^ ^ || Un X n +i\\~ + 0 |0n+l ^nll 


2A„ 


On ^n|| A 


Ln_J_ 

2 2A„ 


2A„ 

I0n+1 X n \\ . 


Adding /3 n+ ig(x n +i) to both sides, we have 


/On+l) + Pn+ig(x n+ l) < /On) + Png On) + On+l - /3„)sOn+l) 


- 1 

2A„ 


which means that 


II Vn '■ 


at - 1, 


Ln_J_ 

2 2A„ 


|*^n+l -^n|| ? 


^n+l(^n+l) ^n(^n) H - (/^n+1 /^n)^'(^n+l) H - ^ H^/n %n\\ H” 

ZAn, 


Ln_J_ 
2 2A n 


l-^n+l *^n | 


□ 


For n > 1 and £* G <S, we denote by 

An := f(x n ) + (1 - (1 + a n )K\ n )f3 n g(x n ) + AT||x n - x*|| 2 
= Q n (x n ') (1 H - (y.n^K\ n (5 n g{x n ) + AT||x n x || . 

Lemma 3.3. Let x* € S and set p* := —V/O*). TTien f/iere exists 9 > 0 such that for each n > 1 


A rt+ 1 A„ + 0||j/„ £ n || / ( 1 A ^n) A \ n Pn 


2p* 

9 1 at 


2 p* 

Pn 


Proof. From Lemma 3.2 and Assumption A (II), we obtain that 


^2n+l On+l) ^n(^n) ^ A”A n -|-l/0-t-ll?On-t-l) A 


a; -1 


2 A„ 


I TJn - X r , 

cel - 1 , 


/ (1 t an|l)LA n |l^l3(x n ^-l) I lOn 3-n|| • 

zA n 


(3.9) 


On the other hand, multiplying (3.1) by K , we have 
A'|0n+i ^ *1 2 ^ AT|0„ - a;*|| 2 + (1 + a n )KX n /3 n g(x n ) 
< (1 + a n ) 2 K \\x n — y n || 2 + (1 + a n )K\ n P„ 

Combining (3.9) and (3.10), we have 


2p* 

9 


2 p* 


A„ + i A„ 


«n - 1 

2A„ 


For each n > 1, Ov 1 + (1 A a n ) 2 K < 0, we have there exists 9 > 0 such that 


A (1 A a n )~ K 


II Vn - x n \\ 2 + (1 + a n )K\ n /3 n 


2 p* 

Pn 


- O, 


(3.10) 


2 p* 


(3.11) 


«n ~ 1 

2A„ 


A (1 A ot n ) 2 K < —9. 
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From (3.11), we have 

An + 1 A n T ^||Z/n ^n\\ — (1 T O n ) A" X n (3 n 

This completes the proof. 


2 p* 

Pn 


- O. 


arg min g 


Pn 


□ 


The next lemma is an important role in convergence analysis (see in [3, Lemma 2] or [12, Lemma 
3.1]). 

Lemma 3.4. Let {An} and {e n } be real sequences. Assume that { 7 „} is bounded from below, 

OO 

{<5„} is non-negative and e n < +oo such that 

71=1 

7 n+i - 7„ + S n < e n for all n > 1. 

OO 

Then lim 7 n exists and > S n < + 00 . 

n—>00 * ^ 

n= 1 

Lemma 3.5. Let x* £ S. Then the following statements hold: 

(i) The sequence {A„} is bounded from below and lim A„ exists; 

n —^00 
00 

(ii) W yn ~ Xn W 2 < +°°>' 

n= 1 

00 

(iii) lim ||x n — a;* || 2 exists and > X n p n g(x n ) < + 00 ; 

n—> 00 • 

n= 1 

(iv) lim f l n (x n ) exists; 

n—>00 

(v) lim g(x n ) = 0 and every weak cluster point of the sequence {x n } lies in argming. 

n—>o o 

Proof. We set p* := —S7f(x*). 

(i). From Assumption A (II) implies 1 — (l + a n )K\ n > 0. Since / is convex and differentiable, 
we have for each n > 1 

A„ = f(x n ) + (1 - (1 + a n )K\ n )p n g(x n ) + K\\x n - x*\\ 2 > f(x n ) + K\\x n - x*\\ 2 

> fix*) + (V/( x*),x n - x*) + K\\x n - x*|| 2 = f{x*) - (^==,V2K{x n - x*)^ + K\\x n - x*|| : 

> /OO - - K\\x n x*\\ 2 + K\\x n x*|| 2 = fix*) 

Therefore, {A„} is bounded from below. 

Next, we set = A„, 6 n = 6\\y n - x n \\ 2 and 


En — (1 f CK n )A \ n P n 


9 


2 p* 

Pn 


2 p* 


Recall that ming = 0. Thus g < <5 a rgming- Therefore <7 argm ing = (Margining)* < g* and hence, 
g* ~ (X arg min g > 0. It follows that 


En — (IT ^n) A X r! p n 


9 


2 p* 

Pn 


- CT a 


/v 

\Pn 


< 2K\ n p n 


9 


2 p* 

Pn 


- cr a 


V 

Pn 


By using Assumption A (IV) and p* £ A r argm i ns (a;*), we have ^ e n < +oo. Applying Lemma 


3.3 and Lemma 3.4, we obtain that lim A„ exists. 

n—>oo 


n=l 
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(ii) . Follows immediately from Lemmas 3.3 and 3.4. 

(iii) - We set = \\x n - x*|| 2 , S n = (1 + a n )X n /3 n g(x n ) and 


£•71 


(1 T u n )~\\y n — x n \\ 2 + (1 + a n )X n p n 


* 


9 




From statement (ii), Lemma 3.4 and Lemma 3.1, we get that 


lim ||a; n -a;*|| 

71—^00 


oo 

exists and E An/3 n g{Xn) < +0O. 

71=1 


For (iv) since for each n > 1 fl n (x n ) = A„ + (1 + a n )KX n /3 n g(x n ) - K\\x n - x*|| 2 , by using (i), (iii) 
and lim a n = 0, we have lim Q n (x n ) exists. 

71— >oo n—>oo 

(v). It follows from Assumption A (III) that lim inf \ n / 3 n > 0. According to statement (iii) 

71 —>00 

implies lim g{x n ) = 0. Let x be any weak cluster point of the sequence {x„}. Therefore, there exists 

71—^OO 

subsequence {x nk } of {x n } converges weakly to x as k —> oo. By the weak lower semicontinuity of 
g , we get that 

g(x) < lim inf g(x nk ) < lim g(x n ) = 0, 

k—>oo n—too 

which means that x £ argming. This completes the proof. □ 


Lemma 3.6. Let x* £ S. Then 

OO 

A„ [f i„(x„) - f(x*)] < Too. 

71=1 

Proof. Since / is differentiable and convex function, we obtain that for each n > 1 


f{x*) > f{x n ) + (V/( x n ),x* - x n ). 


Since g is differentiable, convex function and min g = 0 , we obtain that for each n > 1 

0 = g{x*) > g{x n ) T (Vg(x n ),x* - x n ), 


which implies that 

0 > (3 n g{x n ) T (/3 ' n Vg(x n ),x* - x n ), for all n > 1. 

Therefore, we can conclude that 

f(x*) > Ll n (x n ) + (Vn n (x n ),x* - x n ) = fl n (x n ) + ( j H ^ Vn ,x* - x^j . (3.12) 

From (3.12), we obtain that 

2A„ [fi„(x n ) - /(x*)] < 2(x„ - y n ,x n - x*) = \\x n - y n || 2 T \\x n - x*|| 2 - || y n - x*|| 2 . (3.13) 

On the other hand, for each n > 1 
\\yn-x*\\ 2 

— || *Tn+l (//n X n ) X || — || Xn+l X || T CX n \ \yn X n || 2 (u n (x n -f 1 X ), y n X n ) 

— ||Xn+l X || T ^nll/T X n \\ On||31n+l X | WVn X n \\ T ||Un(Xn-|-l X ) ( 9n *Tn)|| 

> \\x n +i - x*\\ 2 + a 2 n \\y n - x n \\ 2 - a 2 ||x n+ i - x*|| 2 - || y n - x„|| 2 , 

which implies that 

\\Vn - x*\\ 2 < -\\x n+1 - x*|| 2 - a 2 Jy n - x„|| 2 T a 2 ||x n+ i - x*|| 2 + ||y„ - x n \\ 2 . (3.14) 
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Combining (3.13) and (3.14), we have for all n > 1 

2A„ |fl„(x„) - f{x*)] < (2 - a 2 )||x n - y n || 2 + \\x n - cc*|| 2 - \\x n+1 - x*\\ 2 + a 2 ||x„+i - x*|| 2 
< 2\\x n - y n || 2 + \\x n - x*|| 2 - ||x„+i - x*|| 2 + a 2 ||x n+ i - x*|| 2 . 

Therefore, according to Lemma 3.5 (iii), we get that the sequence {||x n — x*||} is bounded, which 
means that there exists M > 0 such that \\x n — x*|| < M for all n > 1. 

By Assumption A (III) and Lemma 3.5, we obtain that 

OO OO OO 

2^ \ n [Fl n {x n ) - f{x*)] <2^ II y n - x n || 2 + ||xi - x *|| 2 + M 2 ^ a 2 < +oo. 

n —1 n =1 n =1 

□ 

The following proposition will play an important role in convergence analysis, which is the main 
result of this paper. 

Proposition 3.7 ([5, Opial Lemma]). Let H be a real Hilbert space, C C H be nonempty set and 
{x n } be any given sequence such that: 

(i) For every z € C, lim ||x„ — z\\ exists; 

n—t oo 

(ii) Every weak cluster point of the sequence {x n } lies in C. 

Then the sequence {x n } converges weakly to a point in C. 

Let {x n } be define by (RGPA). Then {x n } converges weakly to a point in S. Moreover, the 
sequence {/(x n )} converges to the optimal objective value of the optimization problem ( 1 . 1 ). 

Proof. From Lemma 3.5 (iii), lim ||x ra — x*|| exists for all x* £ S. Let x be any weak cluster point 

n—> oo 

of {x n }. Then there exists a subsequence {x Uk } of {x n } such that {x n( ,} converges weakly to x as 
k —» oo. According to Lemma 3.5 (v) implies x £ argming. It suffices to show that /(x) < /(x) for 

OO 

all x £ argming. Since X n = +oo, and by Lemma 3.6 and Lemma 3.5 (iv), we have 

n=l 

lim fl„(x n ) — f{x*) < 0 for all x* £ S. 

n—> oo 

Therefore, /(x) < lirninf f(x nk ) < lim Q n (x n ) < /(x*), Vx* £ S , which implies that x £ S. 

k— Kx> n—too 

Applying Opial Lemma, we obtain that {x n } converges weakly to a point in S. The last statement 
follows immediately from the above. □ 

4. Numerical experiments 

In this section, we present the convergence of the algorithm proposed (RGPA) in this paper by 
the minimization problem with linear equality constraints. Firstly, we are given a linear system of 
the form 

Ax = b. 

where A £ anc j ^ ^ j n addition, we assume that n > m. In this section, the system 

has many solutions. This leads us to the question of which solution should be considered. As a 
result, we may consider the following problem, say, the minimization problem with linear equality 
constraints. 

minimize — ||x || 2 
subject to Ax = b, 
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Table 1: Comparison of the convergence of (RGPA) and (DGS) for the parameters K = 0.001 and q S (). 1). 



(RGPA) 

(DGS) 

Q 

Time (sec) 

#(Iters) 

Time (sec) 

#(Iters) 

0.6 

2.38 

566 

10.23 

2221 

0.7 

2.31 

568 

107.78 

25336 

0.8 

2.46 

581 

384.00 

90636 

0.9 

44.96 

11458 

447.11 

103487 


or , equivalently, 

minimize -||x|| 2 

subject to x £ argmin ^||A(-) — b|| 2 . 

The above problem can be written in the form of the problem (1.1) as 

minimize /(x) := -||x|| 2 
subject to g{x) := ^||A(x) - b|| 2 . 

In this setting, we have V/(x) = x and notice that V/ is 1-Lipschitz continuous. 

Furthermore, we get that Vg(x) = A T (Ax—b) and notice that Vg is |j A|| 2 -Lipschitz continuous. 
All the numerical experiments were performed under MATLAB (R2015b). We begin with the 
problem by random matrix A in R mx " , vector xi £ R" and b £ R m with m = 1000 and n = 4000 
generated by using MATLAB command randi, which the entries of A, X\ and b are integer in 
[-10,10]. Next, we are going to compare a performance of the algorithms (RGPA) and (DGS). 
The choice of the parameters for the computational experiment is based on Remark 2.2. We chooses 
7 = 4 pfjj 2 and <5 = 1. We consider different choices of the parameters K £ (0,1] and q £ (|, 1). We 
will terminate the algorithms (RGPA) and (DGS) when the errors become small, i.e., 

|| x n - a;*|| < 10~ 6 , 

where x* = A T (AA T ) -1 b. 

In Table 1 we present a comparison of the convergence between two algorithms including 
(RGPA) and (DGS) for the parameters K = 0.001 and different choices for the parameters 
q £ ( 5 , 1 ). We observe that when q = 0.6 leads to lowest computation time for (RGPA) and 
(DGS) with 2.38 second and 10.23 second, respectively. Furthermore, we also observe that (DGS) 
hit a big number of iterations than (RGPA) for all choices of parameter q. 

In Table 2 we present a comparison of the convergence of (RGPA) and (DGS) for the pa¬ 
rameters q = 0.6 and K £ (0,1]. We observe that the number of iterations and computation time 
for (RGPA) smaller than the number of iterations for (DGS) for each choice of parameters K. 
Furthermore, (RGPA) needs tiny computation time to reach the optimality tolerance than (DGS) 
for each choice of parameter K. 

We observe that our algorithm (RGPA) performs an advantage behavior when comparing 
with algorithm (DGS) for all different choices of parameters. Note that the number of iterations 
for (RGPA) smaller than the number of iterations for (DGS). Furthermore, (RGPA) needs tiny 
computation time to reach optimality tolerance than (DGS) for each different choice of parameters. 

5. Conclusions 

We have presented a new gradient penalty scheme, say, rapid gradient penalty algorithm (RGPA). 
We provide sufficient conditions to guarantee the convergences of (RGPA) for the considered con- 
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Table 2: Comparison of the convergence of (RGPA) and (DGS) for the parameters q = 0.6 and K £ (0,1]. 


K 

(RGPA) 

(DGS) 

Time (sec) 

# (Iters) 

Time (sec) 

#(Iters) 

0.001 

2.38 

566 

10.23 

2221 

0.005 

2.40 

585 

171.46 

40888 

0.01 

6.63 

1612 

254.93 

64469 

0.05 

83.22 

20480 

288.39 

65722 

0.1 

107.41 

26257 

212.02 

52464 

0.5 

79.95 

18606 

100.33 

24419 

1 

51.46 

13414 

67.20 

16616 


strained convex optimization problem (1.1). We also provide a numerical example to compare the 
performance of the algorithms (RGPA) and (DGS). As a result, we observe that our algorithm 
(RGPA) performs an advantage behavior when comparing with (DGS) for all different choices of 
parameters. 
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Abstract 

The purpose of this paper is to introduce a new modification of Lupa§ operators in the 
frame of post quantum setting and to investigate their approximation properties. First using 
the relations between (/-calculus and post quantum calculus, the post quantum analogue of op¬ 
erators constructed will be linear and positive but will not follow Korovkin’s theorem. Hence a 
new modification of (/-Lupa§ operators is constructed which will preserve test functions. Based 
on these modification of operators, approximation properties have been investigated. Further, 
the rate of convergence of operators by mean of modulus of continuity and functions belonging 
to the Lipschitz class as well as Peetre’s K-functional are studied. 


Keywords and phrases: Lupa§ operators; Post quantum analogue; q analogue; Peetre’s 
K-functional; Korovkin’s type theorem; Convergence theorems. 
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1. Introduction and preliminaries 


A. Lupa§ [17] introduced the linear positive operators at the International Dortmund 
Meeting held in Witten (Germany, March, 1995) as follows: 

Lm{f ; «) = (!- «r m “ £ (-) , u > 0, (1.1) 

1=0 ' ' 

with / : [0,oo) -A R. If we impose L m (u ) = u , we get a = g- Thus operators (1.1) becomes 

r,„(/;«) = 2 -"“ E ppf U) • “ > 0. (12) 

1=0 ^ ' 


where ( mu)i is the rising factorial defined as: 

(mu )o = 1, ( mu)i = mu(mu + l)(mu + 2) • • • (mu + l — 1), l > 0. 
The g-analogue of Lupa§ operators (1.2) is defined in [26] as: 


«(/;«) = 2-w.-g<lg^i/(i),„>o. 


(1.3) 
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2 


2 . Construction of new operators and auxiliary results 

Let us recall certain notations and definitions of (p, ^-calculus. Let p > 0, q > 0. For 
each non negative integer l, m, m > l > 0, the (p, g)-integer, (p, g)-binomial are defined, as 


when p q ^ 1, 


\J]p,q=P i 1 +p j 2 q + p 3 3 q 2 + + pq J 2 +q 3 1 = 


where [j] q denotes the (/-integers and m = 0,1, 2, • • •. 


j pi 1 , when p = q ^ 1, 

\j] q , when p = 1, 

j , when p = q = 1. 


The formula for (p. g)-binomial expansion is as follows: 


(au + bv)™ q :=2_^p = q - 

1=0 


m 

l 




J P,Q 


(u + v)£ q = (u + v)(pu + qv)(p 2 u + q 2 v) ■ ■ ■ (p m ^u + q m ~ x v), 
(1 - u)™ q = (1 - u)(p - qu)(p 2 - q 2 u) ■ ■ ■ {p m ~ l - q m l u), 


where ( p , g)-binomial coefficients are clehned by 

= 

p,q — ^]p,9- 

Details on (p. (j)-calculus can be found in [9, 11, 21]. 


TO 

l 


In the case of p = 1, the above notations reduce to (/-analogues and one can easily see that 
[ m ]p,q = P rn l [ m \q/p- Mursaleen et al. [21] introduced (p, g)-calculus in approximation theory 
and constructed post quantum analogue of Bernstein operators. On the other hand Khalid and 
Lobiyal defined the (p, q)- analogue of Lupa§ Bernstein operators in [12] and have shown its 
application in computer aided geometric design for construction of Beizer curves and surfaces. 
For another applications of extra parameters p in the field of approximation on compact disk, 
one can refer [4]. For related literature, one can refer [1, 2, 9, 3, 13, 14, 18, 19, 20, 22, 23, 25, 24] 
papers based on q and (p, q) integers in approximation theory and CAGD. Motivated by the 
above mentioned work, we introduce a new analogue of Lupa§ operators. The post quantum 
analogue of (1.3) are as follows: 


Definition 2.1. Let / : [0, oo) —► R, 0 < q < p < 1 and for any to. £ N. we define the 
(p, g)-analogue of Lupa§ operators as 


L^{f-u) = T 


00 (IW 

x- (K 
(=0 


qU)l 

[l]p,q'2 l 


J-r 


‘[ i] P ,« 


771 . 


u > 0. 


( 2 . 1 ) 


The operators (2.1) are linear and positive. For p = 1, the operators (2.1) turn out to be 
(/-Lupa§ operators defined in (1.3). Next, we prove some auxiliary results for (2.1). 


Lemma 2.2. Let 0 < q < p < 1 and m £ N. We have 

(i) L£9( 1;«) = 1, 

(ii) LPJ(t;u) = 


1 (2-p)I' 


(iii) LPf(t 2 ;u) = 
Proof, we have 


qu 


[rn\ Pjq p 2rn - 2 (2 — p 3 )l m '}P’ ( l U+1 p2m-4(2—p2)[Tn] p ,q-u + 2 


qu 


*( 2 -p 2 y m h,q u + 2 [m\ p 
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3 


(i) 




‘E 

1=0 


([m\p, q u)i 

[l}p,q^ 1 


= 1. 


(ii) 


L p m q (t;u ) = 


( [™]p, q u)lP m [l]p,q 


— c ! Mp,9 !2 ' Mp,<i 


1=0 


2-Mp.«« V + !)i-1 P* 

[^]p,9p — l]p,9' 2( [ m ]p,9 


r [m] M « V' ([ m \p,q u + 1 )l l+l-r. 

h pw* +1 


2-[m] 


— m „ Q u —1 


p ' 5 “ ([m]p, g M + 1);P* 


r>m— 1 


1=0 


Wp )9 !2‘ 


(iii) 


(pm-i)(2 _ p)(W r ,,»+l) ‘ 


WV) = 2 


^wy (H P ,gu)iP 2l - 2m m, 

^ Wp,9 !2Z Nr, 


Wp,,! 2 * 


q-Wp^v (Wp.t^Np,^ + i)i-i p 21 2m Wp,Q 

^ Wp, 9 [^-l]p, 9 !a z Hp, g 

([m]p, g it + 1); p 2l +' 2 ~‘ 2m [l + 1] P ? 


= 2 


— mu 


•E- 

1=0 


\iW* +1 


\m\. 


2 -{m] p , q u-l ^ ^ ([m] M « + 1), + l] Pi 


'E 


p>9 


P 2m " 2 ^ [/]p,g!2 Z 




2-Hp.,«- 1 _ “ (\m} p , q u + \) lP 2l [ P l +q[l\ t 

r/-f2m —2 ^ / v 


Z=0 


2 _ Hp 


n 2m—2 


'E 

1=0 


Wp, 9 !2 ; 

([m]p )9 u+l)i p : 

mp, g !2 z 


TO , 


,31 


2 - [ m ]p 


n 2m —2 


([w] + l)lP 2i aWp,g 


1=0 


Wp,«- 2i 


Jp>9 


= /i+/ 2 (say), 


□ 
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we find that I\ and / 2 are 


h = 


2 -[m\ p , q u-i ~ ([m] Ptq u + l)i p 31 

p 2m ~ 2 u h Pw 


1=0 

u 


h = 


\m] Ptq p 2m - 2 (2 - p 3)Hp,9«+ 1 ' 


P 


2m— 2 


Z=0 


[/] p? g!2 Z 


m 




2 Hp.« u 1 ([m]p iq u+ 1) ([m] p ,^ + 2) / _ip 2Z [/] p?q 

P 2m " 2 ^ Hp, 9 

2-W»,««- 1 ([ m ] M u + 1) ^ ([m]p,qU + tyi-iP 21 

Q u 


'Jp,gF 


,2m—2 


Z=1 




2 Wm» 2 ([m]p, 9 M+ 1) A (Mp,gU + 2) ; p 2i 

. 


l m Jp,gP' 

2 

gw z 


,2m —4 


Z=0 


PW* 

qu 


p2m-4(2 - p2)[”*]p,«“+2 p 2n-4(2 - p2) 

On adding Jiand / 2 , we get 


W 2 ;«) = 


gw" 


gw 


[m] M p 2 - 2 (2 - p3)Mp.«“+l p2m-4(2 - pJ)HM«+J p2m-4(2 - p 2 ) [m] ™ U+2 [m} p , q ' 


The sequence of (p, g)-Lupa§ operators constructed in (2.1) however do not preserve the test 
functions t and t 2 . Hence one can not guarantee approximation via these operators. Therefore, 
we construct the modified (p, q)- Lupa§ operators as follows: 


Lemma 2.3. Let 0 < q < p < 1 and m € N. For f : [0, oo) —> R, we define the ( p, q)-analogue 
of Lupa§ operators as: 


L p J(f',u) 


2-Hm« 


1=0 


(Hp4«)l r 
[IW-a 1 



u> 0. 


( 2 . 2 ) 


The operators (2.2) are linear and positive. For p = 1, the operators (2.2) turn out to be 
g-Lupa§ operator defined in (1.3). 

We shall investigate approximation properties of the operators (2.2). We obtain rate of conver¬ 
gence of the operators via modulus of continuities. We also obtain approximation behaviors of 
the operators for functions belonging to Lipschitz spaces. 


Lemma 2.4. Let 0 < q < p < 1 and in € N. We have 


(i) 1^(1-u) = l, 

(ii) Vm{t\u) =u, 

(iii) L™(t 2 ;u) = - 


[m] P) q 


qu 

[m] P) q 


+ qu 2 . 


Proof. We have 


(i) 


W;«) 


2—Hp 


T 


1=0 


([ m\p, q u)i 

[l}p,q'2 l 


= 1. 
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i.[ m ]p,q u )l Mp,q 


= 2 


— \m\ V nU 


MpN 2 * [ m ]p,q 

([ m] P!q u)([m] Pt qU + l)i-l [ l]p,q 

; =1 Mp,g[^ — [ m }p,q 

OO 


1=0 

OO 

E 


= 2 


= u. 


— \m TJ Q u— 


lw E 

1=0 


([m\p,q u + 1); 


(iii) 


L p ' q (t 2 -u) = 2~[ TO ]* , ’ gM ^ (t m ]p,g M )* Wp.9 


= 2 


— m r> a U 


l=0 Wp,<? !2 ' Hr, 

([TO]p,gU)([m]p,gU + l)z—1 [£]p,(j 


E 

Z=1 


[^]p,<? l]p,9-2 ; N]p,q 

([//ijp gTX + 1)/ [/ + l]p, g 


ts Wp, 9 !2' +1 Nm 




([m]p,gW+ l)i \p l +q[l\ P , q 


1=0 


[^]p,q!2 Z 


771 ■ 


2“H 


— mp 0 u-l 


1=0 


+ 


2“ 1 


l"‘JP-« 1=0 

= h + h(Say). 

After solving I\ and I2, we get 


(Np,; m + l)i 1 

^ Mp,g !2 ' 

([ m ]p,g tt + 1 )iWp,<3 

Wp, 9 !2' 


-«“E 


/1 = 


h = 


2-[m] p ,,u-l 00 

fm 1 


(Np,5 U + 1 )i 1 

U Z^ [11 191 P 

p,<? /=0 [ L \p,q-* 




(2 — p)(l m \p,i u + 1 '> [m]p^ q ' 


2 _ Wp,g u- 1 


m p,q 

2 —[m]p,gW —1 


m 




OO 

^E 

1=0 

00 

^E 

z=i 


([^1l]p.r/17 Y l)l[^]p,(7 


[i]p,,!2‘ 

([m]p i9 M + l)([m]p i9 zt + 2) z _i [Z]p, g 

,<7^ ~ l]p,g!2 z 


JP.<7 


2 Hp,®« 2 ([m]p, g M + l)qu ^ (N]p,g M + 2); 


Nr 

qu , 2 

—; hgw • 


1=0 


[*]p >9 !2« 


JP.9 


On adding Jiand I2 , we get 

W 2 ;«) = 


(2 - p)(Hp.9«+ 1 ) [m] p>g [Np ,<7 


S™ , 2 

+ 7—7-h qu . 


□ 
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Corollary 2.5. Using Lemma 2-4, we get the following central moments. 
L™(t-u-,u)=0 

L n’ q ((t - u) = i2 _ p) am ]p u q v + i) [rn]p q + it + W 2 ~ u2 = M«) (say). 
Remark 2.6. One can observe that 

0, p,q £ (0,1), 


lim [m] p a = 

m—> oo 


Y 3 -, p = 1 andq £ (0,1). 


Thus for approximation processes, one need to choose convergent sequences (p m ) and (q m ) such 
that for each n, 0 < q m < p m < 1 and p m , q m —> 1 so that -> oo as m —> oo. 

Theorem 2.7. Let f € Cb[ 0, oo) and q m £ (0,1), p m £ ( q m , 1] such that q m —► 1, p m —> 1, as 
m —> oo. Then for each u £ [0, oo) we have 

lim L%?’ qm (f;u) = f{u). 

n—> oo 

Proof. By Korovkin’s theorem it is enough to show that 

lim LPff' qm (t rn \ u) = u m , m = 0,1,2. 

m—to o 

By Lemma 2.4, it is clear that 


lim L^’ qm (l;u) = 1 

m—>o o 


and 


lim L% 

m—>o o 


1 (i ; u ) 


= U 


lim u) = lim 


9m« 


m—>o o L (2 — p m )([ m ]prn,?m.' U + 1 ) [m]j 


m , 


9ro« 


= u 2 . 


This completes the proof. 


□ 


3. Direct results 

Let (7s [0, oo) be the space of real-valued continuous and bounded functions / defined on 
the interval [0, oo). The norm || • || on the space Cb[0,oo) is given by 

II / 11= sup | f{x) | . 

0 < x < oo 

Let us consider the KT-functional as: 

K 2 {f,S)= inf {|| / — s || +5 || s' ||}, 

sGW 2 

where <5 > 0 and W 2 = {s £ (7b[ 0, oo) : s ,s £ (7b[ 0, oo)}. 

Then as in ([4], p. 177, Theorem 2.4), there euists an absolute constant C > 0 such that 

K 2 (f,6)<Cu 2 (f,V6). (3.1) 
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Second order modulus of smoothness of / € (7 b [0, oo) is as follows 

w 2 (/, V^)= sup sup | f(u + 2ft) - 2f(u + h) + f(u) \ . 

0<h<VS «e[0,oo) 

The usual modulus of continuity of / € Cb[0,oo) is defined by 

w(/, 6) = sup sup | f(u + h) - f(u) | . 

0<h<8 ii£[0,oo) 

Theorem 3.1. Let f £ Cb[0,oo), p,q e (0,1) such that 0 < q < p < 1. Then for every 
u £ [0, oo) we have 


- f(u ) |< Cw 2 (f-,S m (u)), 


where 


(2 — p)([ m lp.9«+ 1 )[rn] P) g [m] P)1 


qu 2 2 

+ 7—;-h qu — U . 


Proof. Let s £ W 2 . Then from Taylor’s expansion, we get 

s(t) = s(u) + s'(u)(t — u) + f (t — u)s"(u)du, f€[0,.4], A > 0. 

J U 

Now by Corollary 2.5, we have 

Z^ 9 (s; u) = s(u) + Lp? ( [ (t - u)s"(u)du; u) . 


\L™(s;u)(s;u) - s(u)\ < L™ 


(t — u) | | s"(u) | du; u 


hence we get 

|Z™(s;u( S ;u)- S (u)|<|| S " 

By Lemma 2.3, we have 


< ||s" 


_ u _ qu 2 _ 2, 

(2 _ p)(Wp,««+i) [ m ] p<q + [m] p , q + QU U 1 ' 


| r.p’ q ( f- v )\ < 2-W M « (i m ]p,q u )i 

1 m(> ' ,IS |!U® 


/ 


[l\p,q 


’]p,q 


<11/ 


Thus, we have 

|Z™(/; u)| < | L P A q ((/ - «);«) - (/ - s)(u) | +|Z™(s;u) - s(u)|. 

After substituting all values, we get 

u qu 


\L P A q (f;u) f(u) I <11/ *11 + 11* III {2 - p)dm] P . qU +i)[ m ] pq 1 [ m ] vq 

By taking the infimum on the right hand side over all s £ W 2 , we get 

|Z™(/;u)-/(u)| < CK 2 (f,6 2 m (u)). 

By using the property of Jv-functional, we have 

\L^ q (f;u) - f(u)\ < Cu) 2 (f,S m (u)). 

This completes the proof. 


, 2 2 
+ qu — u 


□ 
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4. POINTWISE ESTIMATES 

Theorem 4.1. Let 0 < a < 1 and If be any bounded subset of the interval [0,oo). If f G 
Cb[0,oo), is locally Lip(a), i.e., the condition 

| f(v) — /(u)| < L\v — u\ a , v € If and u G [0, oo) (4.1) 

holds, then, for each u G [0, oo), we have 

fe a (/;«)-/(«)| <£{M«) f + 2(d(u, £))“}, u g [0, oo) 

where L is a constant depending on a and f and d{u\ If) is the distance between u and If defined 
by 

d(u, If) = inf {\t — u\;t G E} and S m (u) = L^[ q ((t — u) 2 ; u). 

Proof. Let E be the closure of E in [0,1). Then, there exists a point to G E such that d(u, E) = 

I u -t 0 \. 

Using the triangle inequality, we have 

I fit) - f(u) | < |/(t) - /(to) I + |/(to) - /(«)]■ 

By using (4.1) we get, 

\L™(f-,u)-f(u)\ < L™(\f(t)-f(t 0 )\;u) + L™(\f(u)-f(t 0 )\-,u) 

5- L (|t — to|“; u) + (|it — fo| a ; u) + |w — to| Q | 

< L{LP m q (\t-u\ a -,u) + 2\u-t 0 \ a }. 

By choosing V=\ and q = 2 f rx , we get d + | = 1. Then by using Holder’s inequality we get 
\LP m q (f-u)-f(u)\ < L{Z^(|t- U |^; M )i[Z^(l«; U )]T+2(d(u,E)r} 

< L{L p m q (((t-u) 2 ;u)y +2(d(«,?))“} 

< L{5 rn («) f +2(d(«, ?))“}• 

Hence the proof is completed. □ 

Now, we recall local approximation in terms of a order Lipschitz-type maximal function 
given by Lenze [16] as 

u a (f;u) = sup u e [O* 00 ) and a e (0,1]. (4.2) 

t^u,t£( 0,oo) h U\ 

Then we get the next result 

Theorem 4.2. Let f G C(b[0,oo) and a G (0,1]. Then, for all u G [0, oo), we have 


\L^r qm {f;u) — f(u)\ < <*>«(/; u)(<M u )) 2 , 

where S m (u) is defined in Corollary 2.5. 

Proof. We know that 

]£“(/;«)-/(«)I < £“(l/(t) -/(«)!;«). 

From equation (4.2), we have 

\I%" 9 m (f-,u)-f(u)\ < £;«(/; «)Z^^(|t-«!“;«). 

From Holder’s inequality with p = ^ and q = , we have 

|Z£r 9 m (/;u) ~f{u)\ < uj a (f-,u)(L%f’ qm (\t-u\ 2 ;u)yP., 
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which proves the desired result. □ 

5. Weighted approximation by L™ 

In this section we shall discuss weighted approximation theorems for the operators 
on the interval [0, oo). 


Theorem 5.1 (cf. [5, 15]). Let ( T m ) be the sequence of linear positive operators from C u 2[0, oo) 
to I3 u 2[0,oo) satisfy 

lim || TrfiKi ftz ||u 2 — 0, i — 0,1, 2. 

m—too 

Then for any function f £ C* 2 [0, oo) 

lim || T m f - f ||„ 2 = 0. 

m—±o o 

Theorem 5.2 (cf. [6, 7]). Let (q m ) and ( p m ) be two sequences such that 0 < q m < p m < 1, for 
all n and both converge to 1. Then for each function f £ C* 2 [0,oo), we get 

lim || L^" q m f — f \\ u 2 = 0. 


Proof. By Theorem 5.1, it is enough to show 

lim || LP™' qm Ki - m ||„2 = 0 

m—>oo 

By Lemma 2.4 (i) and (ii), it is clear that 

|| L “( 1 ; U )- 1|| u 2 = 0 

II -u || U 2 = 0 

and by Lemma 2.4 (iii), we have 

( 


i = 0,1,2. 


(5.1) 


;u)-u || 2 = sup 

u£ [0,oo) 


_ (2—p m )9 m lpn 


“+!)[ 


+ lif-) U + (Q™ ~ 1 )'“ 2 


< 


Qm 


1 + u 2 
+ (dm — !)• 


, (2 Pm) |^]j). m ,q r „ .q n 

Last inequality means that (5.1) holds for i = 2. By Theorem 5.1, the proof is completed. □ 

Theorem 5.3. Let q m £ (0,1), p m £ (q, 1] such that q m —» 1, p m -A 1 as m -A oo. Let 
f £ C* 2 [0,oo), and its modulus of continuity u>d+i(f', 6) be defined on [0,d + l] C [0, oo). Then, 
we have 

\L £*'*"(/; u) - f(u)\\ CM < 6M f (l + d 2 )6 rn (d) + 2to d+1 (f; y/Sjdj), 
where S m {d ) = L™((i - u) 2 ; u) = (2 _ p)(M „% +1)[rokg + ^ ^ ~ « 2 - 

Proof. From ([10] p. 378), for u £ [0, d] and t £ [0, oo), we have 


I fit) - }{u) | < 6M/(1 + d 2 )(t - u) 2 + 1 + 


\t-u\ 


u> d+ i(f;6). 


Applying L™ both the sides, we have 

\I%?{f\u) - f{u)\ < 6M f (l + d 2 )L^ q ((t - u) 2 ;u) + (l 


LPJ(\t-u\;u) 


Applying Caucliy-Schwarz inequality,for u £ [0, d) and t > 0, we get 
\L™(f-,u)-f(u)\ < L™ (|(/;«)- /(«)|;«) 

< 6M f (l + d 2 )LPJ((t-u) 2 ;u) 

+ w d+ i(/;J)A+ *L£f((i-u) 2 ;u) ! 


ujd+i{f;6). 
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Thus, from Lemma 2.4, for u £ [0, d], we get 

m (/;«) - /(«)l < 6M/(1 + d 2 )<W<*) + U d+1 (/; 5) (l + . 

By Choosing 5 = we get the required result. □ 

Now, we prove a theorem to approximate all functions in C* 2 Such type of results are 
given in [8] for locally integrable functions. 


Theorem 5.4. Let 0 < q m < p m < 1 such that q m -A- 1, p rn —l 1 as in —► oo. TTien for each 
function f £ C* 2 [0, oo), and a > 1 


lim sup 

m— *'°° uG [0,oo) 


I -f(u)\ 

(1 + u 2 ) a 


= 0. 


Proof. Let for any fixed uq > 0, 


sup 

laG [0,oo) 


LP- q -(f;u)~f(u) 
(1 + u 2 ) a 


< sup 

U<Uo 


L^(f;u)-f(u) 


(1 + u 


2\a 


I U&-’ qm {f-,u) - f(u) | 

M >r 0 (i+ u 2 ) a 

Z“(1 + *V) 


< II im" 9m (/) - / II [co,»o] + II / ll « 2 SU P n , O) 

u<u 0 \*~ ”r U ) 


sup 


/(«) 


>; 0 (i + « 2 ) c 


(5.2) 


M f 


Since, | f(u) \< Mf( 1 + w 2 ) we have, 

I /(«) I 

u s >p (i + u 2 r ~ !>u 0 (i+« 2 )°- 1 " (i + u 2 r-i ■ 

Let e > 0, and let us choose uq large then we have 


< 


M f 


M f 


e 

< - 


(l+uo 2 ) 0 - 1 3 


and in view of (2.4), we get, 

II / ||« 2 lim 


L£r*»(i + t 2 ; tO 


m—> oo (l + u 2 ) c 


= 11/ 


1 +u 2 
(1 + u 2 ) c 


< 


f 


(1 + (t 0 2 ) a—1 

e 

3' 

By using Theorem 5.3, the first term of inequality (5.2) becomes 


< 

< 


(l + u 2 )"" 1 

II / IU 2 


II i^r ,9m (/)-/ ||[co,uo]< g, as m —i oo. 
Hence we get the required proof by combining (5.3)-(5.5) 

L%r qm {f\u) - f(u) 


sup 

«e[o,oo) (1 + u 2 ) c 


< e. 


(5.3) 


(5.4) 

(5.5) 


□ 
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ADDITIVE-QUADRATIC FUNCTIONAL INEQUALITIES IN 
FUZZY NORMED SPACES AND STABILITY 

YOUNG JU JEON AND CHANG IL KIM* 


Abstract. In this paper, we investigate the following functional inequality 

- y) + f(y - z) + f(z - x) - 2[/(x) + f(y) + f(z)] 

~ f(-x) ~ f(-y) - f(-z),t) > N(f(x + y + z),t) 
and prove the generalized Hyers-Ulam stability for it in fuzzy Banach spaces. 


1. Introduction and preliminaries 

The concept of a fuzzy norm on a linear space was introduced by Katsaras [11] 
in 1984. Later, Cheng and Mordeson [3] gave a new definition of a fuzzy norm in 
such a manner that the corresponding fuzzy metric is of Kramosil and Michalek 
type [13]. 

Definition 1.1. Let A be a real vector space. A function A : A x K —> [0,1] is 
called a fuzzy norm on A if for all x, y £ X and all c,s,t£ R, 

(Nl) N(x, t) = 0 for all t < 0; 

(N2) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(N3) N(cx, t) = N(x, ) if c ^ 0; 

(N4) N(x + y,s + t) > min{A(a;, s), A(y,i)}; 

(N5) N(x, •) is a nondecreasing function on R and lim^oo A(x, t) = 1; 

(N6) for any x ^ 0, N(x,-) is continuous on R. 

In this case, the pair (A, N ) is called a fuzzy normed space. 

Let (A, A) be a fuzzy normed space. A sequence {x n } in X is said to be con¬ 
vergent if there exists an x £ X such that lim„_ > . 00 N{x n — x,t) = 1 for all t > 0. 
In this case, x is called the limit of the sequence {x n } in (A, A) and one denotes 
it by A — linin^oo x n = x. A sequence {x n } in (A, A) is said to be Cauchy if for 
any e > 0, there is an m £ A such that for any n>m and any positive integer p, 
N(x n + P — x n , t) > 1 — e for all t > 0. A fuzzy normed space is said to be complete 
if each Cauchy sequence in it is convergent and a complete fuzzy normed space is 
called a fuzzy Banach space. 

In 1940, Ulam proposed the following stability problem (cf.[21]J: 

“Let G 1 be a group and Gi a metric group with the metric d. Given a constant 
S > 0, does there exist a constant c > 0 such that if a mapping f : G\ —► 
G 2 satisfies d(f(xy),f(x)f(y)) < c for all x, y £ G 1 , then there exists an unique 
homomorphism h : G\ —> G 2 with d{f{x ), h(x)) < 6 for all x £ G\ ?” 

2010 Mathematics Subject Classification. 39B62, 39B72, 54A40, 47H10. 

Key words and phrases. Hyers-Ulam stability, additive-quadratic functional inequality, fuzzy 
normed space, fixed point theorem. 
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In the next year, Hyers [10] gave a partial solution of Ularrv s problem for the case 
of approximate additive mappings. Subsequently, his result was generalized by Aoki 

[1] for additive mappings, and by Rassias [17] for linear mappings, to consider 
the stability problem with unbounded Cauchy differences. A generalization of the 
Rassias’ theorem was obtained by Gavruta [7] by replacing the unbounded Cauchy 
difference by a general control function in the spirit of the Rassias ’ approach. In 
2008, for the first time, Mirmostafaee and Moslehian [14], [15] used the definition 
of a fuzzy norm in [2] to obtain a fuzzy version of stability for the Cauchy functional 
equation 

(1-1) /O + y) = fix) + f{y) 

and the quadratic functional equation 

(1-2) f(x + y) +f(x-y) = 2f(x) + 2f(y). 


Glanyi [8] and Ratz [18] showed that if a mapping f : X —► Y satisfies the 
following functional inequality 

(1-3) ||2/(: e) + 2 f(y) - f{xy~ l )\\ < \\f(xy)\\, 

then f satisfies the following Jordan-Von Neumann functional equation 
2/0) + 2/(j/) - fixy- 1 ) = f(xy). 

for an abelian group X divisible by 2 into an inner product space Y. Glanyi [9] 
and Fechner [6] proved the Hyers-Ulam stability of (1.3). The stability problems of 
several functional equations and inequalities have been extensively investigated by a 
number of authors and there are many interesting results concerning the stability 
of various functional equations and inequalities. 

Now, we consider the following fixed point theorem on generalized metric spaces. 

Definition 1.2. Let X be a non-empty set. Then a mapping d : X 2 —► [0, oo] is 
called a generalized metric on X if d satisfies the following conditions: 

(Dl) d(x, y) = 0 if and only if x = y, 

(D2) d(x,y) = d(y, x), and 
(D3) d(x, y) < d(x, z) + d(z, y). 

In case, (X , d) is called a generalized metric space. 


Theorem 1.3. [4] Let (X,d) be a complete generalized metric space and let J : 
X —> X a strictly contractive mapping with some Lipschitz constant L with 0 < 
L < 1. Then for each given element x £ X, either d(J n x, J n+1 x) = oo for all 
nonnegative integers n or there exists a positive integer Uq such that 

(1) d(J n x , J n+1 x) < oo for all n > no ; 

(2) the sequence {J n x} converges to a fixed point y* of J } 

(3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x , y) < oo} and 

(4) d(y, y*) < d(y, Jy) for all y£Y. 


The following function equation f : X —> Y is called the Drygas functional 
equation : 


f{x + y) + f(x - y) = 2/0) + fiy) + fi~y ) 
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for all x,y G X. The Dry gas functional equation has been studied by Szabo [20] and 
Ebanks, Faiziev and Sahoo [5] . The solutions of the Dry gas functional equation in 
abelian group are obtained by H. Stetkasr in [19]. 

In this paper, we investigate the following functional inequality which is related 
with the Drygas type functional equation 

N{f{x -y) + f(y ~z) + f(z -x)- 2[f{x) + f(y ) + f(z)} 

~ f(~x) - f(-y) - f(-z),t) >N(f(x + y + z),t) 

and prove the generalized Hyers-Ulam stability for it in fuzzy Banach spaces. 

Throughout this paper, we assume that X is a linear space, ( Y , N) is a fuzzy 
Banach space, and (R, N') is a fuzzy normed space. 

2. Solutions and the stability for (1.4) 

In this section, we investigate the functional equation (1-4) and prove the gen¬ 
eralized Hyers-Ulam stability for it in fuzzy Banach spaces. For any mapping 
f : X — >Y, let 

/„(*> = /W ~/ M , f.M = 

In [12], the authors proved the following theorem: 

Lemma 2.1. [12] Let f : X —> Y be a mapping with /( 0) = 0. Then f is quadratic 
if and only if f satisfies the following functional equation 

f{ax + by) + flax - by) - 2 a 2 f(x) - 2 b 2 f(y) = k[f(x + y) + f(x - y) - 2 f{x) - 2 f{y)\ 

for all x, y £ X, a fixed nonzero rational number a and fixed real numbers b, k with 
a 2 ^ b 2 . 

Using this, we have the following theorem: 

Theorem 2.2. If a mapping f : X —> Y saisfies (1-4), then f is an additive- 
quadratic mapping. 

Proof. Suppose that / satisfies (1.4). Setting x = y = ^ = 0in (1.4), by (N3), we 
have 

N{f{0),t) < lV(6/(0),t) = Al(/(0), 0 

for alH > 0 and by (N5), N{f{ 0), |) < iV(/(0),t) for all t > 0. Hence we have 

N(f(0),t) = N(f(0),6t) 
for alH > 0. By induction, we get 

N(f(0),t) = N(m,6 n t) 
for alH > 0 and all neN. By (N5), we get 

N(f(0),t)= lim N{f{0), 6 n t) = 1 

n—>oo 

for alH > 0 and hence by (N2), /( 0) = 0. Letting z = — x — y in (1.4), we have 
N{f{x -y) + fix + 2 y) + /(—2a; - y) - 2fix) - 2fly) - 2/(-x - y) 

~ f(~x) - fl~y) - fix + y),t) > N(0, t) = 1 
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( 2 . 1 ) 


for all x, y € X and all t > 0 and so by (N2), we get 
f(x ~y) + f(x + 2 y) + /(—2a; - y) 

= 2 f(x) + 2/(j/) + 2 f(-x -y)+ /(x + y) + f{-x) + f(-y) 
for all x,y £ X. By (2.1), we have 

(2.2) f Q (x - y) + f 0 (x + 2y) - f a (2x + y) = -f 0 (x + y) + / 0 (x) + / 0 (j/) 
for all x,y £ X and interchanging x and y in (2.2), we have 

(2.3) —fo{x -y) + fo(2x + y)~ f a (x + 2 y) = -f a (x + y) + f a {x) + f a (y) 
for all x,y £ X. By (2.2) and (2.3), we have 

fo(x + y) = fo(x) + f 0 (y) 

for all x,y £ X and hence f 0 is an additive mapping. By (2.1), we have 

(2.4) f e [x - y) + f e (2.x + y) + f e {x + 2y) = 3f e (x + y) + 3 f e (x) + 3f e (y) 
for all x, y £ X and letting y = —y in (2.4), we have 

(2.5) f e (x + y) + f e (2.x -y) + f e (x - 2y) = 3 f e (x - y) + 3 f e (x) + 3f e (y) 
for all x,y £ X. By (2.4) and (2.5), we have 

f e {2x + y) + f e {2x -y) + f e {x + 2 y) + f e (x - 2 y) 

= 2/ e (x + y) + 2/e (a; - y) + 6/ e (ar) + 6 f e (y) 
for all x, y £ X. Letting y = 0 in (2.6), we get 
(2.7) f e (2x) = 4/ e (x) 

for all x £ X and letting y = 2y in (2.6), by (2.7), we have 

4/e(x + y) + 4 / e {x -y) + f e {x + Ay) + f e (x - Ay) 

= 2 fe(x + 2y) + 2/g(x - 2 y) + 6 f e (x) + 2Af e (y) 
for all x,y £ X. By (2.6) and (2.8), we have 

(2.9) 2/ e (2x + y)+ 2f e (2x - y) + f e (x + Ay) + f e (x - Ay) = 18 f e (x) + 36 f e (y) 

for all x,y £ X. Letting y = 2y in (2.9), by (2.7), we have 

f e (x + 8 y) + f e {x- 8 y) + 8 f e (x + y) + 8 f e (x - y) = 18 f e {x) + lAAf e (y) 

for all x, y £ X. By Lemma 2.1, f e is a quadratic mapping. Thus / is an additive- 
quadratic mapping. □ 


( 2 . 6 ) 


( 2 . 8 ) 


Now, we will prove the generalized Hyers-Ulam stability of (1-4) in fuzzy normed 
spaces. For any mapping f : X —> Y, let 

Df(x, y , z) = f(x-y)+f(y-z)+f{z-x)-2[f(x)+f(y)+f(z)\-f(-x)-f(-y)-f(-z). 
Theorem 2.3. Assume that : X 3 — > [0, oo) is a function such that 

(2.10) 

for all x,y, z £ X, t > 0 and some L with 0 < L < 1. Let f : X —> Y be a 
mapping such that /(0) =0 and 

(2.11) N(Df(x,y,z),t) > min{N{f(x + y + z),t),N'((l)(x,y,z),t)} 
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for all x,y,z £ X and all t > 0. Then there exists an unique additive-quadratic 
mapping F : X —> Y such that 

(2.12) N^f(x) - F(x), tj > min {N'(<j>(x, -x, 0 ),t), N'(<j)(-x, x, 0 ),t)} 

for all x £ X and all t > 0. Further, we have 

2 n (2 n + 1) / x \ 2” (2” — 1) 


(2.13) 
for all x £ X. 


F{x) = N — lim 

n—¥ oo L 




f( 


x 

2 n 


Proof. Consider the set S = {g \ g : X —> Y} and the generalized metric d on S 
defined by 

d(g, h) = inf{c £ [0, oo)| N(g(x) — h(x),ct) > min —x, 0 ),t), N'(<p(—x, x, 0), t)}, 
\/x £ X, Vi > 0}. 


Then (S,d) is a complete metric space([16]). Define a mapping J : S —> S by 
Jg(x) = 3^(1) + g{— f) for all g £ S and all x £ X. Let g,h £ S and d(g, h) < c 
for some c £ [0, oo). Then by (2.10), we have 

N(Jg(x) — Jh(x), cLt ) 

> min {JV( 9 (|) - /.(|), \cLt), »( 9 ( - |) - h(- f), \cLt) } 

>min{w'(^(|,-|,o), jii),W'(^(-|,|,o), jii)} 

> min{7V , (0(a;, —x, 0), t),N'(</>(—x, x, 0), t)} 


for all x £ X and all t > 0. Hence we have d{Jg, Jh) < Ld(g, h) for any g,h £ S 
and so J is a strictly contractive mapping. 

Putting y = —x and z = 0 in (2.11), we get 

(2.14) N(f(2x) - 3 f(x) - f(-x),t) > N'(<j>(x, -x, 0 ),t) 

for all x £ X, t > 0 and hence 


N^f{x) - Jf(x), |tj = N^f(x) -3/(|) - /( - |),^) 

> > rnm{N'—x, 0), f), N\cj>(—x, x, 0), t)} 


for all x £ X, t > 0 and so we have d(f, J /) < j < oo. By Theorem 1.3, there 
exists a mapping F : X — > Y which is a fixed point of J such that d(J n /, F) —> 0 
as n —> oo. By induction, we have 


J n f{x) = 


2 n (2 n + 1 ) 


/(|f) + 


2 n (2 n - 1) 


f(~f) 


for all x £ X and all n £ N and hence we have (2.13). 
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Replacing x, y, z, and t by and ^ in (2.11), respectively, by (2.11), 

we have 


(2.15) 


> mm{N'(L n <f>(x, y, z ), t),N\L n (j)(-x, -y, z),t)} 


y_ 

2 "’ 



for all x,y,z G X and all n G N. Letting n —> oo in (2.15), we have 

DF e (x,y,z ) = 0 

for all x,y,z G X and by Lemma 2.1, F e is an quadratic mapping. Similarly, 
F 0 is an additive mapping and thus F is an additive-quadratic mapping. Since 
< y, by Theorem 1.3, we have (2.12). 

Now, we show the uniqueness of F. Let G be another additive-quadratic mapping 
with (2.12). Then clearly, G is a fixed point of J and 

(2.16) d(Jf, G ) = d(Jf, JG ) < Ld(f, G ) < ^ < oo 

and hence by (3) in Theorem 1.3, F = G. □ 


Similar to Theorem 2.3, we have the following threoem: 

Theorem 2.4. Assume that 4> : X 3 —► [0, oo) is a function such that 

(2.17) 2x, 2y, 2 z),t) > N'(2L<j>(x, y, z),t) 


for all x, y, z G X, t > 0 and some L with 0 < L < 1. Let f : X —► Y be a 
mapping with /( 0) = 0 and (2.11). Then there exists an unique additive-quadratic 
mapping F : X —> Y such that 

(2.18) N^f(x) - F(x), \ L ^ tj > min{A f, (</>(a;, -x, 0 ),t), N'(<j>(-x, x, 0 ),t)} 

for all x G X and all t > 0. Further, we have 


r 2 n 4- 1 2 n — 1 

n*)= Hm + /(2^)-—-/(-2^) 


n—t oo L 2 2n+1 


22n+l 


for all x G X. 


Proof. Consider the set S' = {g \ g : X —> Y} and the generalized metric d on S 
defined by 

d{g , h) = inf{c G [0, oo)| N(g(x) — h(x),ct) > min{A r, (</>(a;, —x, 0),t), N 1 ((/)(—x, x, 0), f)}, 
Mx GX,\/t> 0}. 


Then (S,d) is a complete metric space([16]). Define a mapping J : S —> S by 
Jg(x) = ^g(2x) — ^g(—2x) for all g G S and all x G X. Let g,h G S and d(g, h) < c 
for some c G [0, oo). Then by (2.10), we have 

N(Jg(x) — Jh(x), cLt) 

= N{^g{2x) - ^s(- 2x) - ^h(2x) + ^h(-2x),cLtj 

> min{N(g(2x) — h{2x),2cLt),N(g(—2x) — h(—2x),2cLt)} 

> mm{N'(cfr(2x, -2x, 0), 2 Lt), N'(<)>(-2x, 2x, 0), 2 Lt)} 

> min {N'<j>(x, —x, 0), t), N 1 (<(>(—x, x, 0), t)} 
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for all x £ X. Hence we have d(Jg, Jh) < Ld(g, h) for any g,h £ S and since 
0<L<l,Jisa strictly contractive mapping. By (2.14), we get 

N [f{x)-Jf{x ),£) 

= N d[f( 2x ) - 3 /0) - f(~ x )\ - ^[/(- 2a 0 - 3 f(-x) - f(x)], ^ 

> min{N'(cf)(x, —x, 0),t), x, x, 0), t)} 

for all x £ X and all t > 0. Thus d(f , Jf) < \ < oo. The rest of proof the proof is 
similar to Theorem 2.3. □ 


As examples of <f>(x,y,z) and N'(x,t) in Theorem 2.3 and Theorem 2-4, we can 
take cj>(x, y, z) = e(||a:|| p + Hyp + pp) and 


= i/t>0 
\o, ift< 0 


for all x £ R, t > 0, and for some e > 0, where k = 1,2. Then we can formulate 
the following corollary: 

Corollary 2.5. Let X be a normed space and ( Y,N ) a fuzzy Banach space. Let 
f : X —> Y be a mapping such that 


N{Df(x, y, z),t)> min jfV(/( x + y + z), t), 


v l n t + ke(\\x\\P + \\y\\P + \\z\\P)) 

for all x,y, z £ X, t > 0, a fixed real number p with 0 < p < 1 or2<p. Then there 
is an unique additive-quadratic mapping F : X — > Y such that 

(2P-4)f 

- 2 < r) 

(2P-4)t + 2fce|Pp’ J 1 


(2.19) N(f(x) — F(x),t) > 


for all x £ X and all t > 0. 


(2 - 2 P)t 

(2-2P)t + 2ke\\x\\P’ 


if 0 < p < 1 


For any f : X —» Y, let 

Dif(x, y) =f(x -y) + f{x + 2 y) + /(-2a: - y) 

~ 2/p) - 2f{y) - 2f(-x - y) - f{-x) - f(-y) - f(x + y) 
Using Corollary 2.5, we have the following corollary: 

Corollary 2.6. Let X be a normed space and ( Y,N ) a fuzzy Banach space. Let 
f : X —> Y be a mapping such that 


N(D 1 f(x,y),t) > 


t + ke(\\x\\P + \\y\\P + \\x + y\\P) 


for all x, y, z £ X, t > 0, a fixed real number p with 0<p<l or2<p. Then there 
is an unique additive-quadratic mapping F : X —> Y with (2.19). 

We remark that the functional inequality (1-4) is not stable for p = 1 in Corollary 
2.6. The following example shows that the inequality (2.21) is not stable for p = 1. 
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Example 2.7. Define 

mappings t. s 

: R - 

-A R by 



(x, 

if x < 1 


t(x) = l 

-i. 

if x < — 1 



Lu 

if 1 < x. 



(x 2 , 

if x < 1 


S{X) — < 

l 1 ’ 

ortherwise 

and a mapping / : R — 

—y R by 






We will show that / satisfies the following inequality 

(2.22) \D 1 f{x,y)\ < 112(|x| + \y\ + \x + y\) 

for all i,y£l and so / satisfies (2.21). But there do not exist an additive-quadratic 
mapping F : R —> R and a non-negative constant K such that 

(2.23) \F(x) - f(x)\ < K\x\ 
for all 


Proof. Note that t a (x) = t(x), s 0 (x) = 0, and \f 0 {x)\ < 2 for all x € R. First, 
suppose that \ < |ar| + \y\ + \x + y\. Then \Dif a (x,y)\ < 48(|x| + \y\ + \x + y\). Now 
suppose that | > \x\ + \y\ + \x + y\. Then there is a non-negative integer m such 
that 

^n+3 ^ \ X \ + \y\ + \ X + V\ < ^n+2 

and so 

2 m M<^, 2 m |y|<i, 2 m \x + y\<\. 

Hence we have 


{2 m x,2 m y,2 m (x-y), 2 m (x + y), 2 m (x + 2y), 2 m (2x + y)j C (-1, 1) 
and so for any n = 0,1, 2, • • m, 

\DMZ n x,2 n y)\ =0, 

because t(x) = t 0 (x) = x on (—1,1). Thus 

oo 1 

\Dif 0 (x,y)\ = I E —D 1 t 0 (2 n x,2 n y) 

n =0 


m 1 oo 1 

< Y^^oWy) + E ^dm^xXv) 


< 


n—0 
12 


2m+l 

because \Dit 0 (2 n x,2 n y)\ < 6. 


n=m+1 

< 48(|x| + \y\ + \x + y\), 
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Note that t e (x) = 0, s e (x) = s(x), and \f e {x)\ < | for all x € R. First, suppose 
that j < 1*1 + \y\ + \x + y\- Then \Dif e (x, y)\ < 64(|a;| + \y\ + \x + y\). Now suppose 


that \ > \x\ + \y\ + \x + y\. Then there is a non-negative integer k such that 

< |*| + \y\ + \x + y\< 


22fc+4 


22fc+2 


and so 


2 2k \x\<\, 2 2k \y\ < i, 2 2k \x + y\<\. 


Hence we have 

{2 k x,2 k y,2 k (x-y),2 k (x + y), 2 k {x + 2y), 2 k (2x + y)} C (-1, 1) 
and so for any n = 0,1, 2, • • •, k, 

\D lSe (2 n x,2 n y)\ = 0. 

Thus 

1 


\D 1 f e {x,y)\ = \'52—D 1 s e (2 n x,2 n y) 

n —0 

k i oo 

— I T^ D i s e(2 n x,2 n y)\ + I Y, ^D lSe (2 n x,2 n y) 


n —0 
16 


n=k -\-1 


< < 64(|x| + \y\ + |* + 2 /|), 

because \Dis e (2 n x,2 n y)\ < 12. Hence we have 

\Dif 0 (x,y)\ < 48(|a;| + \y\ + I*+ 2/1). \Dif e (x, y)\ < 64(|x| + \y\ + \x + y\) 
for all x, y £ X and so we have (2.22). 

Suppose that there exist an additive mapping A : R —> R, a quadratic mapping 
Q : R —> R, and a non-negative constant K such that A + Q satisfies (2.23). Since 
|/(*)| < py. by (2.23), we have 

w 0(x) < “ +k M 

3n z n n on n 

for all x £ X and all positive integers n and so Q(x) = 0 for all x £ X. Since A is 
additive, 

-f n -K\x\<A { x)<f n+ K\x | 

for all x £ X and all n £ N and hence |^4(*)| < K\x\. By (2.23), we have 
(2.24) |/0)| < 2K\x\ 

for all x £ X. Take a positive integer l such that l > 2 K and ieR with 0 < 2 l x < 1. 
Since x > 0, 

„ , O t( 2 n x) O/( 2 n x) , 

f(x ) > V-> V- = lx > 2Kx 

J v y ^ On — / -j On 


n—0 


n —0 


which contradicts to (2.24). 


□ 
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GENERALIZED ADDITIVE-CUBIC FUCNTIONAL EQUATION 

AND ITS STABILITY 

CHANG IL KIM 


Abstract. In this paper, we establish some stability results for the following 
additive-cubic functional equation with an extra term Gf 

f(2x + y) + /( 2x - y) + Gf(x, y) = 2 f(x + y) + 2 f(x - y) + 2f{2x) - 4 f(x). 

in Banach spaces, where Gf is a functional operator of /. Using these, we give 
new additive-cubic functional equations and prove their stability. 


1. Introduction 

In 1940, Ulam [12] raised the following question concerning the stability of group 
homomorphisms: “Under what conditions does there is an additive mapping near 
an approximately additive mapping between a group and a metric group ? ” 

In the next year, Hyers [5] gave a partial solution of Ulanrs problem for the case of 
additive mappings. Hyers ’s result, using unbounded Cauchy different, was gener¬ 
alized for additive mappings in [1] and for a linera mapping in [11]. Some stability 
results for additive, quardartic and mixed additve-cubic functional equations were 
investigated ([2], [3], [4], [6], [7], [8], [9], [10]). 

The generalized Hyers-Ulam stability for the mixed additive-cubic functional 
equation 

(1.1) f(2x + y) + /( 2x - y) = 2 f(x + y) + 2 f(x - y) + 2/(2*) - 4/(*) 

in quasi-Banach spaces has been investigated by Najati and Eskandani [8]. Func¬ 
tional equation (1.1) is called an additive-cubic functional equation, since the func¬ 
tion /(*) = ax 3 + bx is its solution. Every solution of this mixed additive-cubic 
functional equation is said to be an additive-cubic mapping. 

In this paper, we are interested in what kind of a term Gf{x,y) can be added 
to (1.1) while the solution of the new functional equation is also an additive-cubic 
funtional equation and the generalized Hyers-Ulam stability for it still holds, where 
Gf{x,y) is a functional operator depending on the variables x,y, and function /. 
The new functional equation can be written as 

(1.2) f(2x + y) + f(2x -y) + G f (x, y) = 2f(x + y) + 2f(x -y) + 2/(2*) - 4 /(*). 

We give some new functional equations in section 3 as examples of our results and 
prove the generalized Hyers-Ulam stability for these. 


2010 Mathematics Subject Classification. 39B62, 39B72. 

Key words and phrases. Hyers-Ulam stability, additive-cubic functional inequality. 
* Corresponding author. 
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2. The generalized Hyers-Ulam stability for (1.2) 

Let X be a real norrned linear space and Y a real Banach space. For given l € N 
and any i G {1,2, • • •, l}, let a, : X x X —> X be a binary operation such that 

cTi(rx,ry) = r<Ji(x,y) 

for all x, y G X and all r G R. Also let F : Y l —> Y be a linear, continuous 
function. For a map / : X —»• Y, define 

G f (x, y) = F(f(a 1 {x,y)),f(a 2 {x,y)),-- ■, f(ai(x,y))). 

Throughout this section we always assume that G / satisfies the following two con¬ 
ditions unless a specific expression for Gf is given. 

Condition Pi: Suppose that / : X —> Y is a mapping satisfying /( 2x) = 2 f{x) 
and 

(2.1) f(2x + y) + /( 2x -y) + Gf{x, y ) = 2 f(x + y) + 2 f(x - y) 
for all x,y G X. Then / is an additive mapping. 

Condition P 2 : Suppose that / : X — > Y is a mapping satisfying /( 2x) = 8 f(x) 
and 

(2.2) f(2x + y) + /( 2x - y) + Gf{x, y) = 2f(x + y) + 2 f(x - y) + 12 f(x) 
for all x, y G X. Then / is a cubic mapping. 

For any / : X —> Y, let 

fa(x ) = ^f(x) - ^/( 2x), f c (x) = + \f( 2x ) 

Now, we prove the following main theorem. 

Theorem 2.1. Let Gt be a functional operator satisfying Condition Pi and 
Condition P 2 . Further, suppose that there is a real number X(X ^ — 1) such that 

(2.3) G t {x , 2x) + 2 G t (x, x) — 2G t (0, x) = A[t(4x) — 10t(2x) + 16t(x)] 

for all x € X and all mapping t : X —> Y. Let <f> : X 2 —> [0, oo) be a function 
such that 

OO 

(2.4) s ^2- n cj ) (2 n x,2 n y) <oo 

n =0 

for all x, y G X. Let f : X —> Y be a mapping such that /(0) = 0 and 
\\f( 2x + y) + f( 2x — y) + G f (x, y) 

- 2 f{x + y)~ 2 f(x - y)- 2f(2x) + 4/(x)|| < <f>(x, y) 

for all x,y G X. Then there exists an unique additive-cubic mapping F : X —> Y 
such that 

ll-Fafa) - f a (x )|| 

(2 61 1 00 

- 121A + 1 ^ 2 ~ n \^ 2n ^ T+lx ) + 2^>(2 n a;, 2 n x) + 20(0,2"*)] 

1 1 n —0 
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and 


(2.7) 


< 


\Fc{x) - fc{x 

1 


—— £ 2-^{2 n x, 2 n+1 x) + 2<f>(2 n x, 2 n x) + 20(0, 2"*)] 

I I n =0 


for all x £ X. 

Proof. By (2.5), we have 

(2.8) ||/(;r) + /(- x) - G f { 0, x)|| < 0(0, x), 


(2.9) 

and 


||/(3x)-4/(2x) + 5/(x) + G/(x,x)|| < <t>{x,x), 


(2.10) ||/(4x) - 2/(3x) - 2f(2x) - 2 /(-x) + 4 f(x) + G f (x, 2x)|| < 0(x, 2x) 

for all x £ X. By (2.3), (2.8), (2.9), and (2.10), we have 

1 


( 2 . 11 ) 


2 /a(2x) - /a(x)|| < 


(x, 2x) + 2 0(x, x) + 20(0, x)] 


12|A+1| 

for all x £ X. By (2.11), for to, n £ N U {0} with 0 < m < n, we have 
||2 _ "/a(2 rl x) — 2~ m f a (2 m x)\\ 

= 2- m ||2-( r! - m )/a(2"“ m • 2 m x) - /a(2 m x)|| 


( 2 . 12 ) 


n— 1 

< T^r—r. V 2 _fc [0(2 fc x, 2 fc+1 x) + 20(2 fc x, 2 fe x) + 20(0, 2 fc x)] 
I + I k=m 


for all x £ X. By (2.12), {2 ™/ 0 (2"x)} is a Cauchy sequence in Y and since Y is 
a Banach space, there exists a mapping A : X —> Y such that 

A{x) = lim 2~ n f a (2 n x) 

n—too 

for all x £ X . Moreover, by (2.12), we have 

PW - /a(a0|| 

(2.13) 


< 


12 \X + i\ E 2-”P(2 n x, 2" +1 x) + 20(2"x, 2"x) + 20(0, 2"*)] 

1 1 n—0 


for all x £ X. By (2.5), we have 

||/a(2x + y) + f a (2x -y) + G fa (x,y) - 2f a (x + y)~ 2 f a (x - y) 

(2.14) 4 1 

- 2/ 0 (2x) +4/ a (x)|| < -0(x, y) + -cj>(2x,2y) 

for all x,y £ X. Replacing x and y by 2 n x and 2 n y in (2.14), respectively and 
deviding (2.5) by 2 n , we have 

||2- n / 0 (2 n (2* + y)) + 2~ n f a (2 n {2x - j/)) + 2~ n G fa (2 n x, 2 n y) 

- 2 • 2~ n f a (2 n (x + 2 /)) - 2 • 2~ n f a (2 n (x - y)) - 2 • 2~ n f a (2 n+1 x) 

+ 4 • 2 _n / a (2"x)|| < \ ■ 2~ n (f>(2 n x, 2 n y) + * • 2-"0(2" +1 x, 2 n+1 y) 

3 6 
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(2.15) 


for all x, y £ X. Letting n —> oo in the last inequality, we have 

A{2x A y) A A(2x - y) A lim 2~ n G u {2 n x,2 n y) 

n—t oo 

— 2A(x + y) — 2A(x — y) — 2A(2x) A AA(x) = 0 
for all x, y £ X and since F is continuous, 
lim 2 ~ n G f (2”x, 2 n y) 

n—to o 

= lim F(2- n f a (2 n <j 1 (x, y )),2- n f a (2 n a 2 (x,y)),--;2- n f a (2 n a l (x,y))) 

n—too 

= G a {x, y) 

for all x,y € X. Hence by (2.15), we have 

(2.16) A(2xAy) +A(2x — y)AG A {x 1 y) = 2A{xAy) +2A(x — y) + 2A(2x) — AA{x) 
for all x,y £ X. Relpacing x by 2 n x in (2.11) and deviding (2.11) by 2", we have 
||2 - " -1 / a (2” • 2x) — 2~ n f a (2 n x)\\ 

2 -n 


< 


[0(2 n x, 2 n+1 x) A 20(2”x, 2 n x) A 20(0, 2 n x )] 


12|A + 1| 

for all x € X and letting n —> oo in the above inequality, we have 

(2.17) A( 2x) = 2 A(x) 

for all x,y € X. By (2.16) and (2.17), A satisfies (2.1). By Condition Pi, A is 
an additive mapping . 

By (2.3), (2.8), (2.9), and (2.10), we have 

(2.18) ||8 _1 / c (2x) -/ c (x)|| < 48 1 ^ [0(x, 2x) A 20(x, x) + 20(0, x)\ 

for all x € X. By (2.18), for m, n £ NU {0} with 0 < m < n, we have 
\\2- 3n f c (2 n x)-2- 3m f c (2 m x)\\ 

= 2 - 3m \\2-^ n - m '>f c (2 n - m ■ 2 m x) - f c (2 m x)\\ 


(2.19) 


n—1 


< 


48|A + 1| E 2- 3fc [0(2 fc o:, 2 k+1 x) A 20(2 fe x, 2 k x) A 20(0, 2 k x)} 


k—m 

for all x € X. By (2.19), {2 _3n / c (2"x)} is a Cauchy sequence in Y and since Y is 
a Banach space, there exists a mapping C : X —► Y such that 

C(x) = lim 2~ 3n h(2 n x) 

n—to o 

for all x £ X . Moreover, by (2.19), we have 
II C(x) - f c {x )|| 

( 2 . 20 ) 


< 


<g , * V 2 -3 " [0(2 n x, 2 n+1 x) A 20(2"x, 2 n x) A 20(0, 2 n x)\ 

I I n =0 

for all x G X. By (2.5), we have 

ll/c(2ar + y) + f c (2x - y) A G fc (x, y) - 2f c (x Ay)- 2f c (x - y) 

( 2 . 21 ) 1 1 

- 2/ c (2x) + 4/ c (x)|| < -0(x, y) A -0(2x, 2 y) 

3 6 
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for all x, y £ X. Replacing x and y by 2 n x and 2 n y in (2.21), respectively and 
deviding (2.21) by 2 3n , we have 

||2 _3 "/ c (2 n (2a; + y)) + 2~ 3n f c (2 n {2x - y)) + 2~ 3n G fc (2 n x, 2 n y) 

- 2 • 2~ 3n f c (2 n (x + y))-2- 2~ 3n f c (2 n (x -y))- 2 • 2~ n f c (2 n+1 x ) 

+ 4 • 2 _3 "/ c (2 n a;)| < - • 2~ 3n (j)(2 n x, 2 n y) + - ■ 2~ 3n m n+l x, 2 n+1 y) 

3 6 

for all x, y G X. Letting n —> oo in the last inequality, we have 

C(2x + y) + C{2x - y) + lim 2- 3n G fo {2 n x,2 n y) 

(n n —>oo 

- 2 C(x + y)- 2C(x -y)- 2C{2x) + 4 C(x) = 0 
for all x,y £ X and since F is continuous, 
lim 2~ 3n G fc (2 n x,2 n y ) 

n—>o o 

= lim F(2~ 3n h(2 n a 1 (x, y)),2~ 3n h(2 n a 2 (x, y)), ■ ■ ;2~ 3n h(2 n a l (x, y))) 

n—too 

= G c (x,y) 

for all x,y G X. Hence by (2.22), we have 

(2.23) C(2x + y) + C(2x-y) + G c (x,y ) = 2C(x + y) + 2C(x-y) + 2C(2x)~4G(x ) 
for all x,y G X. Relpacing x by 2 n x in (2.18) and deviding (2.18) by 2 3n , we have 

||2-3. 2 _3 ”/ c (2 ra • 2x) - 2~ 3n f c (2 n x)\\ 

o-3n 

< 48|A+1| m n x, 2 n+1 x) + 2^(2 n x, 2 n x) + 20(0, 2 n x )] 

for all x € X and letting n -A oo in the above inequality, we have 

(2.24) C(2x) = 8C(x) 

for all x, y € X. By (2.23) and (2.24), C satisifes (2.2). By Condition P 2 , C is a 
cubic mapping. 

Let F = A + C. Then F is an additive-cubic mapping, F a = A, and F c = C. By 
(2.13) and (2.20), we have (2.6) and (2.7). 

For the uniqueness of F, let H be another additive-cubic mapping with (2.6) 
and (2.7). Then F a and H a are additive mappings and hence 

| \F a (x) - H a {x )|| = 2~ k \\F a (2 k x) - H a (2 k x)\\ 

. OO 

< AjvyuTT E 2-”[0(2”ar, 2 n+1 x) + 2cj>{2 n x, 2 n x) + 2<^(0, 2 n x )] 

6 l A + 1 l n tl- 

for all x £ X. Hence, letting fc —> oo in the above inequality, we have F a = H a and 
similarly, we have F c = H c . Thus F = H. □ 

Similarly, we have the following theorem: 

Theorem 2.2. Let Gt be a functional operator satisfying Condition Pi, 
Condition P 2 , and 

(2.25) G t (x,0) = —G t (0,x). 
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for all x £ X and all mapping t : X —> Y. Further, suppose that there are real 
numbers \,S(\^—1) such that 

G t {x , 2x) + 2G t (x, x) — 2G i (0, x) 

= X[t(Ax) — 10t(2x) + 16f (cc)] + 5[f{ x) + f(—x)] 

for all x £ X and all mapping t : X —> Y. Let 0 : X 2 —> [0, oo) be a function with 
(2-4). Let f : X —> Y be a mapping with /(0) = 0 and (2.5). Then there exists 
an unique additive-cubic mapping F : X —> Y such that 

1 OO 

\\F a (x) - f a (x)\\ < —— ^ 2~"[0(2"a, 2"+ 1 s) 

' ' n —0 

+ 2<f(2 n x, 2 n x ) + \5\<f>(2 n x, 0) + (2 + |<5|)0(O, 2 n x )] 

and 

1 OO 

\\F c (x)-f c (x)\\ < 2- 3n m n x,2^x) 

' ' n—0 

+ 2(f>(2 n x, 2 n x) + \S\(j)(2 n x, 0) + (2 + |5|)0(0, 2 n x )] 

for all x £ X. 

Proof. By (2.8) and (2.25), we have 

11/0*0 + f(~x) || < 0) + (j>{ 0, x) 

for all x £ X, because ||G/(a:,0)|| < 4>{x,0) and Gf(x, 0) = —G/(0, a;). Similar to 
the proof of Theorem 2.1, we have 

IK 1 + A)[/(4a;) - 10/(2a;) + 16/(a;)]|| 

< <j>(x, 2x) + 2cj)(x, x) + 20(0, x) + \S\\\f(x) + f(-x )|| 

< f)(x, 2x) + 2 <f>(x, x) + \6\(j)(x, 0) + (2 + |5|)0(O, x) 
for all x £ X and so we get 

||2' 1 /a(2a;) - / 0 (ar)|| < —[0(ar, 2ar) + 20(ar, a:) + |5|0(a:,O) + (2 + |5|)0(O, x)} 
for all x £ X. The rest of this proof is similar to the proof of Theorem 2.1. □ 

3. Applications 

In this section, using Theorem 2.1 and Theorem 2.2, we will prove the generalized 
Hyers-Ulam stability for some additive-cubic functional equations. 

First, we consider the following functional equation : 

(3.1) f(2x + y) + /( 2x -y)- /(4a;) = 2f(x + y) + 2f(x - y) - 8f{2x) + 12 f(x). 

Theorem 3.1. Let 0 : X 2 —> [0, oo) be a function with (2-4). Let f : X —> Y be 
a mapping such that /(0) = 0 and 

II/(2a; + y) + /( 2x - y) - /(4a;) - 2 f(x + y)~ 2f(x - y) 

+ 8f(2x) — 12/(a;)|| < <j)(x,y) 

for all x,y £ X. Then there exists an unique additive-cubic mapping F : X —> Y 
such that 

1 OO 

(3.3) 11.F a (a;) - / a (a;)|| < ^ E 2" n [0(2 n a;, 2" +1 a;) + 20(2"x, 2”a;) + 20(0, 2 n x)} 

n—0 
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and 

oo 

(3.4) \\F c (x) - f c (x)\\ <-J2^ 3n [^ n x,2 n+1 x) + 2^2 n x,2 n x) + m0,2 n x)} 

n —0 

for all x £ X. 

Proof. Let Gf(x,y) = —/(4a;) + 10/(2a;) — 16 f(x). Then / satisfies (2.5) and 

Gt(x,2x) + 2 Gt(x,x) — 2Gt(0,x) = —3[t(4a;) — 10t(2a;) + 16 t(x)] 

for all x £ X and all mapping t : X —► Y. If t : X —> Y is a mapping with 
t(2x) = 2t{x) for all x £ X and (2.1), then G t (x,y) = 0 for all x,y £ X and 
so t is an additive mapping. Hence G t satifies Condition Pj, and similarly G t 
satifies Condition P 2 . By Theroem 2.1, there is an unique additive-cubic mapping 
F : X —> Y with (3.3) and (3.4). □ 


Using the above theorem, we have the following corollaries: 

Corollary 3.2. Let f : X —> Y be a mapping. Then f satisfies (3.1) if and only 
if f is an additive-cubic mapping. 

Ostadbashi and Kazemzadelr [9] investigated the following additive-cubic functi- 
nal equation : 

f(‘2x + y) + f{2x-y)-f{Ax) 

= 2/(x + y) + 2 f(x -y)- 8f(2x) + 10/(a;) - 2 f{-x). 


Corollary 3.3. Let <j> : X 2 —> [0, oo) be a function with (2-4). Let f : X —> Y 
be a mapping such that /(0) = 0 and 

11/(2* + y) + /( 2x -y)- /(4a;) - 2 f(x + y)~ 2f(x - y) 

+ 8/(2a;) - 10/(ar) + 2/(-a;)|| < (/>(x, y) 

for all x,y £ X. Then there exists an unique additive-cubic mapping F : X —> Y 
such that 

OO 

(3.7) ||F a (a;)-/ a (a;)|| < ^ ^ 2-' l [/. 1 (2”a;,2"+ 1 x) + 2 ( /» 1 (2”a;,2' l a;)+2 ( /» 1 (0,2^)] 


(3.8) \\F c (x)-f c (x)\\ < -^2- 3 "[</ 1 (2”a;,2"+ 1 a;)+20 1 (2"a;,2”a;) + 2/» 1 (O,2"a;)] 

n—0 

for all x £ X, where (fi (x, y) = 4>{x, y) + x). 

Proof. By (3.6), we have 

11/0*0 + /(-*)ll < <t>(fi,x) 
for all x £ X and hence we have 

II/(2a; + y) + f(2x - y) - /(4a;) - 2f{x + y) - 2f(x - y) 

+ 8/(2a;) - 12/(x)|| < </>(x,y) + <j>(0,x) = <f>i{x,y) 
for all x,y £ X. By Theorem 3.3, we have the results. □ 
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Finally, we consider the following new functional equation : 

f(2x + y) + /( 2x -y)- 2f(x + y) + 3 f(x - y) - 5 f(y - x) 

{ ■ ’ - 10(z) + 14/(|,) - 2/(23,) = 0. 

Lemma 3.4. Let Gf be a functional operator such that 

(3.10) G f {x,y) =-G f (y,x) 

for all mapping f : X —► Y and all x,y £ X. Then Condition Pi and 
Condition P 2 hold. 

Proof. Suppose that / : X —> Y is a mapping with /( 2x) = 2f{x) and (2.1). 
Letting y = 0 in (2.1), we have 

(3.11) G f (x, 0) = 0 
for all x € X and by (3.10) and (3.11), we get 

Gf(x, 0) = -G f (0,x) = ~[f{x) + f(-x)] = 0 
for all x £ X. Hence 

(3.12) f(-x) = -/(*) 

for all x £ X. Interchaging x and y in (2.1), by (3.12), we have 

(3.13) f(x + 2y) - /( x - 2y) + G f (y, x) = 2f(x + y)~ 2f(x - y) 
for all x,y £ X and by (2.1), (3.10), and (3.13), we have 

(3.14) f(2x + y) + f(2x - y) + f(x + 2y) - f(x - 2 y) = 4 f(x + y) 
for all x,y £ X. Letting y = — y in (3.14), we have 

(3.15) /( 2x + y) + f(2x - y) + f(x - 2y) - f(x + 2y) = 4 f(x - y) 
for all x,y £ X. By (3.14) and (3.15), we have 

(3.16) f(x + y) + f{x -y) = f{x + 2y) + f(x - 2y) 
for all x, y £ X. Letting x = x + y in (3.16), we get 

(3.17) f[x + 2 y) + f{x) = fix + 3 y) + fix - y) 
for all x, y £ X and letting x = 2x in (3.16), we get 

(3.18) /( 2.x + y) + fi 2x - y) = 2 fix + y) + 2 fix - y) 
for all x, y £ X. Letting y = x + y in (3.18), we get 

(3.19) fi3x + y) + fix -y) = 2f{2x + y) - 2f{y) 
for all x,y £ X and interchaging x and y in (3.19), we have 

(3.20) fix + 3 y) - f{x - y) = 2fix + 2y) - 2 fix) 
for all x,y £ X. By (3.17) and (3.20), we have 

(3.21) /(* + 2y) - 3/Or) + 2/(® — y) = 0 
for all x,y £ X. Letting x = x — y in (3.21), we get 

(3.22) fix + y)- 3fix - y) + 2fix -2y) = 0 
for all x, y £ X and letting y = —y in (3.22), we get 

(3.23) fix -y)~ 3fix + y) + 2fix + 2y) = 0 
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for all x,y £ X. By (3.21) and (3.23), we have 

f(x + y) + f(x -y)~ 2 f(x) = 0 

for all x,y £ X and hence f is an additive mapping. Thus Condition P x holds. 

(2) Suppose that / : X —* Y is a mapping with f(2x) = 8f(x) and (2.2). 
Similar to (1), we have 

G/(®, 0) = —G/(0, x) = 0, f(-x) = —f(x) 
for all x,y € X. Interchaging x and y in (2.2), we have 

(3.24) /( x + 2 y) - f(x - 2 y) + G f (y,x) = 2 f(x + y) - 2 f(x - y) + 12 f(y) 
for all x,y € X and by (2.2), (3.10), and (3.24), we have 

(3.25) f(2x + y)+f(2x-y) + f(x + 2y)-f(x-2y) = Af(x + y) + 12f(x) + 12f(y) 
for all x,y € X. Letting y = —y in (3.25), we have 

(3.26) /( 2x + y) + f{2x - y) + f(x -2y)-f(x + 2y) = 4 f(x -y) +12 f(x) - 12f(y) 
for all x,y G X. By (3.25) and (3.26), we have 

/(2® + y) + /( 2x -y) = 2f(x + y) + 2f(x - y) + 12/(x) 
for all x, y £ X and hence / is a cubic mapping. Thus Condition P 2 holds. □ 


Using Lemma 3.4, we investigate solutions and the generalized Hyers-Ulam sta¬ 
bility for (3.9). 

Theorem 3.5. Let 4> : X 2 —> [0, oo) be a function with (2-4)- Let f : X —> Y be 
a mapping such that /(0) = 0 and 

11/(2® + y) + f (2® - y) - 2 f(x + y) + 3 f(x - y) - 5 f{y - x) 

- 10(x) + 14/(2/) - 2/(22/) || < /'(®> y) 


(3.27) 


for all x,y £ X. Then there exists an unique additive-cubic mapping F : X —► Y 
such that 


F a (x) - f a (x)\\ 2 ~ n l^ n x, 2 n+1 ®) + 2(f>(2 n x, 2 n x) 


(3.28) 
and 

(3.29) ' 
for all x £ X. 


12 


n —0 


+ 5(f(2 n x, 0) + 7<j>(0,2 n x)\ 


Fc(x) - fc(x )II < ^ E 2- 3r! [/-(2 n ®, 2 n+1 x) + 2(j>(2 n x, 2 n x ) 

+ 5cj)(2 n x, 0) + 70(0, 2 n x)} 


n —0 


Proof. Let G f {x, y) = 5 [f(x - y) - f(y - ®)] - 14[/(a;) - f(y)] + 2[f(2x) - f{2y)}. 
Then / satisfies (2.5) and 

G t (x, 2x) + 2 G t (x, x) - 2G t (0, x) 

= — 2\t{Ax) — 10t(2x) + 16 t(x)] — 5[/(x) + /(— x)\ 

for all x £ X and all mapping t : X —> Y. Since G/ satifies (3.10), by Lemma 3.4, 
Condition Px and Condition P 2 satisfy. By Theroem 2.2, there is an unique 
additive-cubic mapping F : X —> Y with (3.28) and (3.29). □ 
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Corollary 3.6. Let f : X —> Y be a mapping. Then / satisfies (3.9) if and only 
if f is an additive-cubic mapping. 
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TOEPLITZ DUALS OF FIBONACCI SEQUENCE SPACES 

KULDIP RAJ, SURUCHI PANDOH AND KAVITA SAINI 


Abstract. In this paper we introduce and study some classes of almost strongly 
convergent difference sequences of Fibonacci numbers defined by a sequence of modulus 
functions. We also make an effort to study some topological properties and inclusion 
relations between these classes of sequences. Further, we compute toeplitz duals of 
theses classes and study matrix transformations on these classes of sequences. 


1. Introduction and Preliminaries 


Let w be the vector space of all real sequences. We shall write c, cq and for the sequence 
spaces of all convergent, null and bounded sequences. Moreover, we write bs and cs for 
the spaces of all bounded and convergent series, respectively. Also, we use the conventions 
that e = (1,1,1,...) and e^ is the sequence whose only non-zero term is 1 in the nth 
place for each n £ N. 

Let X and Y be two sequence spaces and A = ( a nk ) be an infinite matrix of real numbers 
a nkl where n, k £ N. Then we say that A defines a matrix transformation from X into Y 
and we denote it by writing A : X —> Y if for every sequence x = (x k ) £ X , the sequence 
Ax = {A n (x)} and the A-transform of x is in Y, where 

OO 

(1.1) A n (x) ='^2a nk x k (n£N). 

k=0 

By (A, Y) we denote the class of all matrices A such that A : X —> Y. Thus, A £ (X,Y) 
if and only if the series on the right-hand side of (1.1) converges for each n £ N and every 
x £ X, and we have Ax £ Y for all x £ X. The matrix domain Xa of an infinite matrix 
A in a sequence space X is defined by 

(1.2) Xa = {x = (x k ) £ w : Ax £ X} 


which is a sequence space. By using the matrix domain of a triangle infinite matrix, so 
many sequence spaces have recently been defined by several authors, (see [1], [2], [15], 
[25]). In the literature, the matrix domain Xa is called the difference sequence space 
whenever A is a normed or paranormed sequence space, where A denotes the backward 
difference matrix A = ( A nk ) and A' = (A' nk ) denotes the forward difference matrix (the 
transpose of the matrix A), which are defined by 


f ( ~l) n ~ k , n — 1 < fc < n, 

( 0 , 0 < k < n — 1 or k > n 

( (—l) n_fe , n < k < n + 1, 

( 0 , 0<k<nork>n + l 


2010 Mathematics Subject Classification. 11B39, 46A45, 46B45. 

Key words and phrases. Fibonacci numbers, difference matrix, modulus function, paranorm space, 
a—,/3—, 7 — duals, matrix transformations. 
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for all fc, n G N respectively. The notion of difference sequence spaces was introduced by 
Kizmaz [16], who defined the sequence spaces 

A(A) = {x = (xk) G w : (x k - Xk+i) G A'} 

for X = Zoo, c and cq. The difference space bu p , consisting of all sequences ( Xk ) such that 
(Xk — Xk- i) is in the sequence space Z p , was studied in the case 0 < p < 1 by Altay and 
Ba§ar [3] and in the case 1 < p < oo by Ba§ar and Altay [7] and Qolak et al. [9]. Kiri§gi 
and Ba§ar [15] have been introduced and studied the generalized difference sequence spaces 

X = {x = ( Xk ) G w : B)r, s)x G X} 


where X denotes any of the spaces Zoo, Z p , c and Co, (1 < p < oo) and B(r, s)x = ( sxk-i + 
rxk ) with r, s G R\{0}. Following Kiri§gi and Ba§ar [15], Sonmez [31] have been examined 
the sequence space X(13) as the set of all sequences whose B(r, s, i)-transforms are in 
the space X G {Zoo, Z p , c, Co}, where B(r,s,t) denotes the triple band matrix B(r,s,t) = 
{b n k(r,s,t)} defined by 


b nk {r , s, t) 


r, n = k 

s, n = k + 1 

t , n = k + 2 
0, otherwise 


for all k, n G N and r,s,t£ R\{0}. Also in ([10-13], [26]) authors studied certain difference 
sequence spaces. 

A 13-space is a complete normed space. A topological sequence space in which all co¬ 
ordinate functionals TTk,iTk{x) = Xk, are continuous is called a A'-space. A BK-space is 
defined as a A'-space which is also a 13-space, that is, a BK-space is a Banach space 
with continuous coordinates. For example, the space l p ( 1 < p < oo) is a 131\-space with 

OO 1 

IMIp = (E \xk\ p ^j P and Co, c and Z^ are BK-spaces with H^Hoo = sup \xk\- The sequence 
k= o k 

space X is said to be solid (see [17, p. 48]) if and only if 

X = {(vk) G w : 3(xk) G X such that \vk\ < \xk\ for all k G N} C X. 

A sequence ( b n ) in a normed space X is called a Schauder basis for X if for every 
x € X there is a unique sequence ( a n ) of scalars such that x = a nb n , he., lim m ||a; — 

m 

^ ^ cr n 5 n || 0. 

n =0 

The following lemma (known as the Toeplitz Theorem) contains necessary and sufficient 
condition for regularity of a matrix. 

Lemma 1.1. (Wilansky, 1984): Matrix A = (a n fc)^° fe=1 is regular if and only if the 
following three conditions hold: 

(1) There exists M > 0 such that for every n = 1, 2,... the following inequality holds: 

OO 

Y, \ a nk\ < M; 
k=l 

(2) lim a n k = 0 for every k = 1,2,... 

n—to o 

oo 

(3) lim y^a nk = 1. 

n—> oo z ' 
k =1 
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The sequence {/ ra }^_ 0 of Fibonacci numbers is given by the linear recurrence relations 
fo = fi = 1 and f n = fn— i + fn- 2 , n > 2. Fibonacci numbers have many interesting 
properties and applications in arts, sciences and architecture. For example, the ratio se¬ 
quences of Fibonacci numbers converges to the golden ratio which is important in sciences 
and arts. Also, in [18] some basic properties of Fibonacci numbers are given as follows: 

lim '^” +1 = 1 ^ = <fi (golden ratio), 

n ^°° fn 2 

n 

'52fk = fn+ 2 - 1 (n £ N), 

k= 0 

— converges, 
k 

fn-ifn +1 - fn = (-1)” +1 (n > 1) (Cassini formula). 

Substituting for f n+ 1 in Cassini’s formula yields + fnfn-i — fn — (—l) n+1 . 

Now, let A = ( a n k ) be an infinite matrix and list the following conditions: 


(1.3) 

sup \a nk <oo 

neN V 

(1.4) 

lim a n k = 0 for each k £ N 

n—¥ oo 

(1.5) 

3 a k £ C 9 lim a nk = a k for each 

n—>oo 

(1.6) 

lim Va„ fe = 0 

n—toc z ' 
k 

(1.7) 

3a £ C 9 lim \ a nk = a 

n—>o o • ^ 
k 

(1.8) 

sup a nk < oo 

k ^ U n 


where C and TL denote the set of all complex numbers and the collection of all finite sub¬ 
sets of N, respectively. 

Now, we may give the following lemma on the characterization of the matrix transforma¬ 
tions between some classical sequence spaces. 

Lemma 1.2. The following statements hold: 

(a) A = (a n k) £ (co,co) if and only if (1.3) and (1-4) hold. 

(b) A = ( a nk ) £ (co,c) if and only if (1.3) and (1.5) hold. 

(c) A= (a n k) £ (c, Co) if and only if (1.3), (1-4) and (1.6) hold. 

(d) A = (a n k) £ (c, c) if and only if (1.3), (1.5) and (1.7) hold. 

(e) A = (a n k) £ (co,Zoo) = (c, Zoo) if and only if condition (1.3) holds. 

(f) A = (a n k) £ (co,Zi) = (c, Zi) if and only if condition (1.8) holds. 

Recently, Kara [19] has defined the sequence spaces l p (F) as follows: 

l p (F) = {x £ w : Fx £ l p }, (1 < p < oo) 
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where F = ( f n k ) is the double band matrix defined by the sequence (/„) of Fibonacci 
numbers as follows 


_ fn+1 

f nk= i TwT ’ 

0 , 0 < k < n — 1 or k > n 


k = n — 1, 
k = n, 


( k, n € N). 


Also, in [20] Kara et al. have characterized some classes of compact operators on the 
spaces l p (F) and loo{F), where 1 < p < oo. 

The inverse F _1 = {g n k) of the Fibonacci matrix F is given by 


that is, 



f 2 

J n+l 


0 < k < n, 


= { 

fkfk + 1 

i 

(fc, n 

l 

0 

? 

k > n 

' 1 

0 

0 

0 0 

0 ...' 

4 

1 

4 

2 

0 

0 0 

0 ... 

9 

1 

9 

2 

9 

6 

0 0 

0 ... 

25 

25 

25 

25 o 

15 u 

0 ... 

1 

2 

6 

64 

64 

64 

64 64 

0 ... 

1 

2 

6 

15 40 


It is obvious that the matrix F is a triangular matrix, that is, f nn ^ 0 and f n k = 0 for 
k > n (n = 1, 2, 3...). Also, it follows by Lemma 1.1 that the method F is regular. 

In [8] Ba§arir et al. introduce the Fibonacci difference sequence spaces cq(F) and c{F) as 
the set of all sequences whose F-transforms are in the spaces eg and c, respectively, i.e., 


c 0 (F) = < x = ( x n ) Gw: lim ( 

n—> oo \ 


fn fn -\-1 


n+l 


X n -i ] = 0 


and 


c(F) = < x = (x„) G w : 31 G C 3 lim ( -J^—x n - 

n—> oo \ 


-! )=l 


'fn+1 fn 

Define the sequence y = ( y n ) by the F-transforai of a seciuence x = (x n ), i.e., 

( 

X 0 


(1.9) 


Vn = F n (x)= i 

l /n+l 


Xn j X n —1: n Gl 


n = 0 

1 ( n G 


A linear functional L on l^ is said to be a Banach limit if it has the following properties: 

(1) L{x) > 0 if n > 0 (i.e. x n > 0 for all n), 

(2) L(e) = 1, where e = (1,1,...), 

(3) L(Dx) = L(x), 

where the shift operator D is defined by D{x n ) = {x n+ \} (see [6]). 

Let B be the set of all Banach limits on l^. A sequence x = (xk) € loo is said to be almost 
convergent if all Banach limits of x = (xk) coincide. In [22], it was shown that 

f 1 n ' 1 

c = < x = (xk) '■ lim — ) Xk+ S exits, uniformly in s > 

l k =1 ) 

In ([23], [24]) Maddox defined strongly almost convergent sequences. Recall that a se¬ 
quence x = (xk) is strongly almost convergent if there is a number l such that 

1 n 

lim — N l^fc+s — Z| = 0, uniformly in s. 

).—Vno n ' ^ 


n—>o o 77, 


k =1 
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Let X be a linear metric space. A function p : X —> M is called paranorm, if 


(1) p(x) > 0 for all x € X, 

(2) p(—x) = p(x) for all x € X, 

(3) p(x + y) < p(x) + p(y) for all x, y £ X, 

(4) if (A„) is a sequence of scalars with A„ — 1 - A as n —> oo and ( x n ) is a sequence of 
vectors with p(x n — x) —> 0 as n —> oo, then p(X n x n — Xx) -A 0 asn-> oo. 

A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm and the pair 
(X,p) is called a total paranormed space. It is well known that the metric of any linear 
metric space is given by some total paranorm (see [33], Theorem 10.4.2, pp. 183). 

A modulus function is a function / : [0, oo) -A [0, oo) such that 

(1) f(x) = 0 if and only if x = 0, 

(2) f {x + y)< f(x) + f(y), for all x, y > 0, 

(3) / is increasing, 

(4) / is continuous from the right at 0. 


It follows that / must be continuous everywhere on [0, oo). The modulus function may 
be bounded or unbounded. For example, if we take f(x) = then f{x) is bounded. 
If /( x) = x p ,0 < p < 1 then the modulus function f(x) is unbounded. Subsequently, 
modulus function has been discussed in ([4], [27], [28], [29], [30]) and references therein. 
Let F — (F k ) be a sequence of modulus functions, p = ( pk) be any bounded sequence of 
positive real numbers and u = (u k ) be a sequence of strictly positive real numbers. In this 
paper we define the following sequence spaces: 


1 

c 0 (F, F,u,p) = < x = (x k ) G w : lim V' 

I n—>-oo 77, L ' 

k=l 


u k F k 


fk 


fk+ 


f fc+1 

% k 1 


= 0 


and 


c(F, J : 1 u,p) = < x = (x k ) £ w : 31 £ C 9 lim V 

I n—> oo 77, ' 


k =1 


u k F k 


fk 


fk+ 


x k - 


fk +1 
fk 


%k—l 


= 1 


If F k (x) = x, for all k £ N. Then above sequence spaces reduces to co(F,u,p) and 
c(F , u,p). 

By taking p k = 1 and u k = 1, for all k G N, then we get the sequence spaces cq(F, F) and 
c(F,F). 

With the notation of (1.2), the sequence spaces c 0 (F,F,u,p) and c(F,F,u,p) can be 
redefined as follows: 


(1.10) c 0 (F,F,u,p) = {c 0 (F : u,p)}p and c{F,F,u,p) = {c(F,u,p)}p. 

The following inequality will be used throughout the paper. If 0 < p k < sup p k = iL, 
K = max(l,2 ff ” 1 ) then 

(1.11) \a k + b k r <K{\a k \ Pk + |&fcp} 
for all k and a k , b k £ C. Also |a| Pfc < max(l, \a\ H ) for all a £ C. 


In this paper, we introduce the sequence spaces co(F,F, u,p) and c(F,F,u,p). We in¬ 
vestigate some topological properties of these new sequence spaces and establish some 
inclusion relations between these spaces. Also we determine the a— ,/3— and 7 — duals of 
these spaces and construct the matrix transformation of the spaces (co(F,F,u,p),X) and 
( c(F , F, u,p),X), where X denote the spaces l oo, /, c, /o, Cq, bs, fs and l\. 
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2. Some topological properties of the spaces Cq(F , F,u,p) and c(F , F,u,p) 

Theorem 2.1. Let F = (Fk) be a sequence of modulus functions, p = (pk) be a bounded 
sequence of positive real numbers and u = (uk) be a sequence of strictly positive real 
numbers. Then co(F,F,u,p) and c(F,F,u,p) are linear spaces over the field R of real 
numbers. 


Proof. Let x = (xk), y = (pk) G co(F,F,u,p) and A, fi € C. Then there exist integers 
M\ and such that |A| < M\ and \p\ < N M . Using inequality (1.11) and definition of 
modulus function, we have 


E 

k=1 


UkFk 


' fk 
' fk-\-l 


f fc+1 

X k —j> X}~— i 


) + K 


fk 
fk+1 


Vk 


fk+1 
fk 


Vk-1 


<-£ 

n 4—/ 


k=1 


Uk F k | A | 


fk fk-\-1 

Xk 7 Xfc—i 


fk+ 


fk 


+ 


E 

k=1 


u k F k \p\ 


fk 


fk+ 


lIk 


fk A 1 
fk 


Vk -1 


< K -E 

71 < ^ 


k=1 


UkFkM\ 


fk fk-\-1 

Xk ^ Xk— 1 


A-+ 


.fk 


i ” 

+/Ev 


fc=l 


HkFkNij 


fk 


fk+ 


Vk' 


fk — I 
fk 


-yk -1 


<“LE 


fc=l L 




fk fk+1 

Xk 7 Xk —1 


fk+ 


fk 


+KN"-V 

M n ^ 

fe=i 


Ufc-Ffc 


fk 


fk+ 


Vk- 


fk — I 
fk 


-yk -1 


—> 0 as n —> oo. 

Thus Ax + py £ co(F,F,u,p). This proves that Co(F,F,u,p) is a linear space. Similarly 
we can prove that c(F, Jy u,p) is a linear space over the real field R. □ 


Theorem 2.2. Let F = (Fk ) be a sequence of modulus functions andp = ( pk ) be a bounded 
sequence of positive real numbers and u = ( Uk ) be a sequence of strictly positive real 
numbers. Then co(F,F,u,p) and c(F,F,u,p) are paranormed space with the paranorm 
defined by 

P k \ w 


where 0 < pk < supp*, = Ft, M = max(l, Ft). 


g(x) = sup - V 

71 ^' 


k=1 


UkFk 


fk fk-\-1 

Xk » Xk — 1 


fk+ 


fk 


Proof. Since the proof is similar for the space c(F,F,u,p), we consider only the space 
co(F,F, u,p). Clearly g{—x) = g(x), for all x € Co(F,F,u,p). It is trivial that jj+Xk — 

fj^-Xk-i = 0, for x = 0. Hence we get g{ 0) = 0. Since < 1, using Minkowski’s 
inequality, we have 


n / + 
v k—1 


UkFk 


' fk 
" fk+1 


-Xk 


f k I 
fk 


~Xk— 1 


M 


fk 

fk+1 


-yk 


fk +1 
fk 


1 Pk\ 


-yk -1 


l 

M 


< 



Wfc-Ffc 


.fk 

fk +1 


- 


fk+1 

fk 


Xk— 1 


+ UkFk 


fk 

fk +1 


Vk - 


*/*fc+i 

fk 


yk-1 



1 

M 


< 


n 


E 


Wfc-Ffc 


.fk 

fk+1 




fk+1 

fk 


Xk— 1 



l 

M 


1 

n 


n 


E 


WfcAc 


fk 

fk +1 


Vk- 


fk +1 

fk 


Vk-l 



1 

M 
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Now it follows that g(x) is subadditive. Finally to check the continuity of scalar multipli¬ 
cation let us take any real number p. By definition of modulus function Fk, we have 

1 Pk\ W 


g{px) = sup(-]T 


k=1 


u k F k 


fk fk+1 

P~£ X k - X k — \ 


f fc +1 


.fk 


< C p M g{x). 

where C p is a positive integer such that \p\ < C p . Now, Let p —> 0 for any fixed x with 
g{x) = 0. By definition for \p\ < 1, we have 

l Pk 


( 2 . 1 ) 


1 E 

k =i 


u k F k 


fk fk+1 

X k 7 X k — 1 


fk+ 


fk 


< e for n > N(e). 


Also for 1 < n < N, taking p small enough. Since F k is continuous, we have 


( 2 . 2 ) 


1 n 

-V 

n ' 
k=1 


u k F k 


fk fk+1 

X k z X k —1 


fk+ 


fk 


< e. 


Now from equation (2.1) and (2.2), we have 

g(px) —> 0 as p -A 0. 

This completes the proof. 


□ 


Theorem 2.3. Let F = (Fk) be a sequence of modulus functions, u = (uk) be a sequence 
of strictly positive real numbers. If p = (pk) and q = ( q k ) are bounded sequences of positive 
real numbers with 0 < pk < qk < oo for each k, then cq(F , F,u,p) C c(F,F,u,q). 


Proof. Let x G Cg(F,F,u,p). Then 

A L 77 I fk 


k=1 


'U'kFjz 


f fc+3 


fk -\-1 

X k —j, X k — 1 


This implies that 


u k F k 


fk fk-\-1 

~X k - X k —\ 


I fk+1 fk 

for sufficiently large values of k. Since F k is increasing and pk < qk we have 


0 as n —>• oo. 


< 1 , 


iV 

n ' 
k=1 




fk fk-\-1 

Xk » X k — 1 


fk+ 


fk 


1 


< -V 

n ' 


u k F k 

i 

/c=l 

0 as n —> oo. 


fk fk-\-1 

*£/c Z X k — 1 


fk+ 


fk 


Hence a; G c(F,F,u,q). This completes the proof. 


F k (t) 


Theorem 2.4. Let F = (F k ) be a sequence of modulus functions and g = lim 

t—>oo t 

Then cq(F , F,u,p) C co(F,u,p). 


□ 


> 0 . 


Proof. In order to prove that Cq(F,F, u,p) C co(F,u,p). Let g > 0. By dehnition of g, we 
have F k (t) > g(t), for all t > 0. Since g > 0, we have t < ^F k (t ) for all t > 0. 

Let x = (xk) G Cq(F,F,u,p). Thus, we have 


1 n 

‘y 

n ' 
fe=i 




fk fk-\-1 

X k « X k — i 


/fe+ 


fk 


Pk 


<-E 




fk fk+1 

Xk 7 X k — 1 


/fc+ 


fk 


Pk 


which implies that a: = (x k ) G co(F,u,p). This completes the proof. 


□ 
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Theorem 2.5. Let T' = {F' k ) and F" = (F k ) are sequences of modulus functions, then 
c 0 (F,F',u,p) nc 0 (F, F" ,u,p) C c 0 (F,F' + F",u,p). 

Proof. Let x = ( Xk ) G Cq(F,F' ,u,p) fl Cq(F,F" ,u,p). Therefore 


and 


Then we have 


1 " 

iv 

n ' 
fc =1 


E 

k=1 


UkFl 


UkFf 


fk fk+1 

£fc 7 Xk— 1 


fk+l 

fk 


fk+ 


fk 


fk+l 

Xk r Xk—1 


fk 


0asn-> oo. 


0 as n —> oo. 


n / ^ 


fe=l L 


U k{F'k + 


fk fk+l 

Xk 7 Xk— i 


/fc+ 


fk 


S * + 


fc=l 


K £ 

l fe=l 

Oasn-> oo. 


UkF k 

u kF'k 


fk 

f fc+l 

, Xk 

/fc+l 

fk 

fk 

f fc+l 

, x k 
/fc+l 

fk 


Thus 1 V 

n / j 


k=1 




/fc fk+l 

~Xk ^ •Tfc—1 


Pfc 


0 as n -> oo. 


□ 


I /fc+l fk 

Therefore x = (xfc) G c 0 (F,F' + F",u,p) and this completes the proof. 

Theorem 2.6. Let T = (Fk) and T' = (F' k ) he two sequences of modulus functions, then 

c 0 (F,F',u,p) C co(F, FoF', u,p). 

Proof. Let x = (xk) G cq(F,F', u,p). Then we have 


1 n 
lim — y 

n—> oo n • ^ 


k=1 


UkFL 


fk fk+l 

Xk 7 X k — 1 


fk+ 


.fk 


= 0 . 


Let e > 0 and choose <5 > 0 with 0 < 6 < 1 such that Fk(t) < e for 0 < t < S. 


Write y k = 


u k F! 


J±_ Xk _ f+^Xk-l 


and consider 


1 Pk 


- Ei^wr = - E[^)r + - E^(^)] ? 

n z —' n z —' n z —' 

fc=l 1 2 

where the first summation is over yk < 5 and second summation is over yk>F Since Fk 
is continuous, we have 


(2.3) 


1 


y[Fk(y k )f 


< e 


H 


and for yk > S, we use the fact that 


Vk , . Vk 

w< T sl+ r 
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By the definition, we have for y k > 5 

F k (y k ) <2F k {l) V -j. 

Hence 

(2.4) - < max f 1 ’ (2^(l)r 1 )") - ^> fc p. 

n ' V / n 

2 k 

From equation (2.3) and (2.4), we have 

c 0 {F,F',u,p) C c 0 (F, FoF', u,p). 


This completes the proof. □ 

Theorem 2.7. The sets co(F,F,u,p) and c(F,F,u,p) are BK-spaces with the norm 

INIcot-F.-F.'u.p) = ll 3 '!! c(F,F,u,p) = Halloo - 

Proof. Since (1.10) holds, Co and c are the BK-spaces with respect to their natural norms 
and the matrix F is a triangle; Theorem 4.3.12 of Wilansky [33, p.63] gives the fact that the 
spaces Co (F, F,u,p) and c(F,F, u, p) are BK-spaces with the given norms. This completes 
the proof. □ 


Remark 2.8. One can easily check that the absolute property does not hold on the spaces 
c 0 {F,F,u,p)sm& c(F, F, u,p), that is, p|| Co( #^„ jP) ^ IINII Co (f,.t>,p) and \\ x Wc(F^,u, P ) ¥> 
IIM llc(F t u p) f° r l eas l one sequence in the spaces co(F,F,u,p) and c(F,F,u,p ), and 
this shows that Co(F,F,u,p) and c(F,F,u,p) are the sequence spaces of non-absolute 
type, where |cc| = (|x fc |). 

Theorem 2.9. The Fibonacci difference sequence spaces co(F,F, u,p) and c(F,F,u,p) 
of non-absolute type are linearly isomorphic to the spaces Co and c respectively, i.e., 
Co (F, F, p , u) = Co and c(F, F, p, u) = c. 

Proof. To prove this, we should show the existence of a linear bijection between the spaces 
co(F,F,u,p) and cq. Consider the transformation T defined with the notation of (1.9), 
from co(F,F,u,p) to Co by x —> y = Tx. The linearity of T is clear. Further it is trivial 
that x = 0 whenever Tx = 0 and hence T is injective. 

We assume that y = ( y k ) € Co, for 1 < p < oo and defined the sequence x = (x k ) by 


Xk 


k 


E 


f f yp 


for all k € N. 


Then we have 


lim 

k—yoo 


1 

n 


E 


k=1 


u k F k 


fk 

f fc+i 


E 


3=0 


fl + 1 


Vj ^ 


fk-(-1 
fk 


E 


3=0 


fk 

fjfj+1 


Vj 



lim y k = 0 

k—yoo 
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which shows that x € Cq(F,F,p,u). Additionally, we have for every x € c${F,F,p,u) 
that 


Icol-F.-Ttp.-u) 


sup 

ke N 

1 n 
iv 

n ^ 

k= 1 

£ 

?r 

£ 

fk 
f fc+1 

Xk - 

fk+1 

fk 

■ Pk 

sup 

ke N 

1 n 
-V 

7 / 7 Fl 

fk 

k 

v 

fk+1 

f fc+1 

n ^ 

k= 1 

uk r k 

f fc+1 

3=0 

fifj + 

fk 

sup 

(l y k r 

) 





ke N 

\ / 






IMIoo < OO. 







k-1 


3=0 


fjfj+i 


Vi 


Consequently, we see from here that T is surjective and norm preserving. Hence, T is a 
linear bijection which shows that the spaces Cq{F, F, u,p) and Cq are linearly isomorphic. 

It is clear here that if the spaces co(F,F,u,p) and Co are respectively replaced by the 
spaces c(F,F,u,p) and c, then we obtain the fact that c(F,F,p,u) = c. This concludes 
the proof. □ 

Now, we give some inclusion relations concerning with the space cq(F,F,u, p) and c(F,F , u,p). 

Theorem 2.10. The inclusion Cq(F,F,u,p) C c(F,F,u,p) strictly holds. 

Proof. It is clear that the inclusion cq(F, F, u,p) C c(F,F,u,p) holds. Further, to show 

fc p 

that this inclusion is strict, consider the sequence x = (xk) = k J 2 1 ■ Then, we obtain 

j=o ■C 

(1.9) for all k G N that 


1 

-F 

n ' 
k =1 


UkF k 


fk 


k f 2 

Jk+i 


fk+if^ fj 


n k~l r2 

Jfc+1 Jk+1 

fk ^ f 2 

j =o J 3 


P k i n 

= -V 

n t ^ 


k =1 


UkFk (^J~) 


Pk 


which shows that - 

n / v 


k =1 


UkFk (^) 


ip, as k —> oo. This is to say that F(x) £ c\cq. 


Thus, the sequence x is in the c(F,F+u,p) but not in Co(F,F,u,p). Hence, the inclusion 
c 0 (F,F,u,p) C c(F,F,u,p) is strict. □ 


Theorem 2.11. The space l^ does not include the spaces cq{F, F, u,p) and c(F, F, u,p). 

Proof. Let us consider the sequence x = (xk) = (f k +i)- Since f k +i —> oo as k —> oo and 
F(x) = e = (1,0,0,...), the sequence x is in the space cq(F,F, u,p) but is not in the 
space Zoo- This shows that the space l does not include the space Co(F,F,u,p) and the 
space c(F, F, u,p), as desired. □ 

Theorem 2.12. The inclusions Cq C co(F,F,u,p) and c C c(F,F, u,p) strictly holds. 

Proof. Let X = cq or c. Since the matrix F = (f n k) satisfies the conditions 

fn fn +1 \ _ , 


supV|/„ fc | = sup ( 

nSN v 


lhn f nk = 0, 

n—>■ oo 

lim S'] f nk = lim ( 

n—too £ ' n—>o o \ 


fn+l ' fn > 
fn f, 


„ 1 5 

2 + - = 

2 2 


_ w+l \ _ 1 

fn+l fn ' & 




T 
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we conclude by parts (a) and (c) of Lemma 1.2 that (F,F,u,p) € {X, X). This leads that 
(F, F, u, p)x £ X for any x £ X. Thus, x £ X^p -p u . This shows that X C X^p -p u . 
Now, let x = (xk) = {fk+i)- Then, it is clear that x € X^p T u P )\X- This says that the 
inclusion X C X^p ^ u is strict. □ 

Theorem 2.13. The spaces Cq(F,F,u,p) and c(F,F,u,p) are not solid. 

Proof. Consider the sequences r = (■r*,) and s = (sk) defined by r*, = f£+i and Sfc = 
(—l) fe+1 for all k € N. Then, it is clear that r £ co(F,F,u,p) and s £ Zoo- Nevertheless 
rs = {(—l) fe+1 /| +1 } is not in the space co(F,F,u,p), since 

n f "I Pk 

1 n r 

= -E «fc^fc( 2 (-l) fc+ 1 /fc/fc + i) 

1 k —1 . 

This shows that the multiplication 1 oc cq(F,F,u,p) of the spaces l ^ and c$(F, F ,u,p) is 
not a subset of co(F,F,u,p). Hence, the space Cq(F,F,u,p) is not solid. 

It is clear here that if the spaces cq{F,F,u,p) is replaced by the space c(F,F,u,p), then 
we obtain the fact c(F,F,u,p) is not solid. This completes the proof. □ 

It is known from Theorem 2.3 of Jarrah and Malkowsky [14] that the domain Xt of an 
infinite matrix T = (t n k) in a normed sequence space X has a basis if and only if X has 
a basis, if T is a triangle. As a direct consequence of this fact, we have 


for all k £ N. 


Corollary 2.14. Define the sequences c ( ^ = {c[. 1) }fceN an d c ^ = {c^HeN f or ever D 
fixed n € N by 



0 , 

Sl +1 

fnfn +1 ’ 


0 < k < n — 1 
k > n 


Then, the following statements hold: 

(a) The sequence is a basis for the space c$(F ,F ,u,p) and every sequence x € 

co(F, T, u,p) has a unique representation x = F n {x)c^. 

(b) The sequence is a basis for the space c(F,F,u,p) and every sequence z = 

(z n ) £ c(F, F,u,p) has a unique representation z = Ic + ^2 n [F n (z) — Z]c^ n \ where 
l = lim F n (z). 

n—t oo 


3. The a—,/3— and 7 — duals of the spaces Cq(F , F,u,p) and c{F ,F ,u,p) and 

some matrix transformations 


The a— ,/3— and 7 — duals of the sequence space X are respectively defined by 
X a = {a = ( ak ) £ w : ax = ( 0 ^, 27 ) £ h for all x = (xk) £ X}, 

X 13 = {a = (at) £ w : ax = (akXk ) £ cs for all x = (xk) £ X} 

and 

X 7 = {a = (afc) £ w : ax = ( akXk ) £ bs for all x = (27) £ X} 

In this section, we determine a—, (3— and 7 — duals of the sequence spaces Cq(F, F, u, p) and 
c(F,F,u,p ), and characterize the classes of infinite matrices from the spaces co{F,F,u,p) 
and c(F, F , u,p) to the spaces cq, c, Z^, /, /o, bs, fs , cs and 1 1 , and from the space / to the 
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spaces cq(F,F,u,p) and c(F,F,u,p). 

The following two lemmas are essential for our results. 

Lemma 3.1. [ 8 ] Let X be any of the spaces Co or c and a = (a n ) £ w, and the matrix 
B = (b„k) he defined by B n = a n F~ l , that is , 

, _/ a n g nk , 0 <k<n, 

° nk ~ \ 0 , k > n 

for all k,n £ N. Then a £ Xp if and only if B £ (X,li). 

Lemma 3.2 (5, Theorem 3.1). Let C = ( c nk ) be defined via a sequence a = (a k ) £ w and 
the inverse matrix V = (■ v nk ) of the triangle matrix Z = ( z nk ) by 

„ _/ EL k a i v jk, 0 <k<n, 


k > n 


for all k, neN. Then for any sequence space X, 


X z = {° = ( a k ) £ w : C £ {XJoo)}, 
x z = { a = (at) £ w : C £ (X, c)}. 
Combining Lemmas (1.2), (3.1), and (3.2), we have 
Corollary 3.3. Consider the sets d\,d 2 ,dz and d 4 defined as follows: 


d\ = < a = (a k ) £ w : sup V' - V' u k F k V' ' n+1 a n 
1 tl,hfk +1 


< 00 >, 


n ^ n 


d 2 = <a = (a k ) € w : sup ^ ^ u k F k ^ 




-Ltd 

fkfk+l 


< 00 >, 


r n n y j 

c ?3 = < a. = (afc) £ w : lim — Y^ u k F k Y^ - J+1 a. exists for each k £ N >, 

I ^ ^ /fc/fc+i 1 


n ^ n 


d 4 = S a = (a fe ) G w : lim V' - V' V' 

n—Vnn ^' n z —* z ' 


n—yoc z —' 77, z ' 
fc =0 fc=l 


n 1*2 

ST* / J+ 1 


fkfk+\ 


ad exists 


Then the following statements hold: 

(a) {c 0 (F,F,u,p)} a = {c(F,F,u,p)} a = d\. 

(b) {co(F,F,u,p)}P = d 2 Cd 3 and {c{F ,F ,u,p)}^ = ci 2 D cfo H d 4 . 

(c) {c 0 (F, F,u,p)}~ 1 = {c{F,F,u,p)}' y = d 2 . 

Theorem 3.4. Let X = Cq or c and Y be an arbitrary subset of w. Then, we have 
A = (a nk ) £ (. Xp,Y ) if and only if 

(3.1) D ("*) = (4T } ) € (X, c) for all n £ N, 


D = (d nk ) £ (X,Y), 


where 


d y ’ — 

a nk — 


_ J s J2\ ukFk Y2 


f f u nj 

JkJk+1 


, 0 < k < m 


k > m 
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13 


and 


dnk — ^ ^ I 'U'k.F'k 


1 


E 

j—k 


fhl 

fkfk+1 


for all k, to, n G N. 


By changing the roles of the spaces Xp and X with Y in Theorem 3.4, we have 


Theorem 3.5. Suppose that the elements of the infinite matrices A = ( a n k ) and B = ( b n k) 
are connected with the relation 

f Y k 

i J n 

k i j, (Ink 

Jn +1 


(3.3) 


hnk — ^ ' 

n z—z 


fc =1 


UkFk 


Tn+1 


C,n— 1 , 


for all k,n € N and Y be any given sequence space. Then, A € (Y,Xp) if and only if 
B G (Y,X). 


Proof. Let z = (zk) G Y. Then, by taking into account the relation (3.3) one can easily 
derive the following equality 


m 

^ ^ bnk^k 
k=0 




fc =0 


k—l 


UkF k 



«n-l ,fc + 




Zk for all to, n G N 


which yields as to —> oo that ( Bz) n = [F(Az)\ n . Therefore, we conclude that Az G Xp 
whenever z G Y if and only if Bz G X whenever z G Y. This completes the proof. □ 


By /o, / and fs we denote the spaces of almost null and almost convergent sequences and 
series respectively. Now, the following two lemmas characterizing the strongly and almost 
conservative matrices: 

Lemma 3.6. (see [32]) A = (a n k) G (/, c) if and only if (1.3), (1.5), and (1.7) hold, and 

(3.4) lim V' A (a nk - a k ) = 0 

n—>o o z ' 
k 

also holds, where A (a n k — a k ) = CL n k — a k — (a n p+i — a k +i) for all k,n G N. 

Lemma 3.7. (see [21]) A = (a nk ) G (c, /) z/ and only if (1.3) holds, and 

(3.5) 3ak G C 9 / — lima„fc = a k for each fixed k G N, 


(3.6) 


3a G C 9 / — lim E &nk — (%• 

k 


Now, we list the following conditions: 


m 


(3.7) 

su pE \ d ml <0 ° 

m6N fe=0 

(3.8) 

3 d„k G C 9 lim difl = d nk for each tiiGN 

m—>-oo 

(3.9) 

supV d„fe < 00 

n&i k 

(3.10) 

3a k G C 9 lim d n k = ctk f° r each k G N 


n—> oo 
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(3.11) 


(3.12) 


sup 

N,Ken 


yi yi ^ nk 

nSN feeA 


< 00 


3/3 n G C 9 lim = (3 n for each n G N 

m—>o o ^ 

k—0 


(3.13) 3a G C 9 lim d n k = a 

k 

It is trivial that Theorem 3.4 and Theorem 3.5 have several consequences. Indeed, com¬ 
bining Theorem 3.4, 3.5 and Lemmas 1.1, 3.6 and 3.7 we derive the following results: 


n 


Corollary 3.8. Let A = ( a n k ) be an infinite matrix and a(n , k) 


Y, aj n for all k, n G N. 


j=0 


Then, the following statements hold: 

(a) A = (a n k) G (c 0 (F,F,u,p),c 0 ) if and only if (3.7), (3.8), (3.9) hold and (3.10) also 
holds with ak = 0 for all k G N. 

(b) A = ( a n k ) G ( co(F,T,u,p),cso) if and only if (3.7), (3.8), (3.9) hold and (3.10) also 
holds with ak = 0 for all k G N with a(n , k) instead of a n k- 

(c) A = ( a n k ) G ( c 0 (F,F,u,p),c ) if and only if (3.7), (3.8), (3.9) and (3.10) hold. 

(d) A = ( a n k ) G ( c 0 (F,F,u,p),cs) if and only if (3.7), (3.8), (3.9) and (3.10) hold with 
a(n,k) instead of a n k- 

(e) A= ( a n k) G (cq(F, F, u,p),loo) if and only if (3.7), (3.8) and (3.9) hold. 

(f) A = ( a n k) G ( Co(F,F,u,p),bs ) if and only if (3.7), (3.8) and (3.9) hold with a(n,k) 

instead of a n k- 

(g) A= ( a n k) G (cq(F, F, u,p),l±) if and only if (3.7), (3.8) and (3.11) hold. 

(h) A = (a„k) G (co(F,F,u,p),bvi) if and only if (3.7), (3.8) and (3.11) hold with 

Unfc &n—i,k instead of a n k- 


Corollary 3.9. Let A = ( a n k ) be an infinite matrix. Then, the following statements hold: 

(a) A= ( a n k ) G (c(F,F,u,p),loo) if and only if (3.7), (3.8), (3.9) and (3.12) hold. 

(b) A = ( a n k ) G ( c(F,F,u,p),bs ) if and only if (3.7), (3.8), (3.9) and (3.12) hold with 
a(n,k) instead of a n k- 

(c) A = ( a n k) G ( c(F,F,u,p),c ) if and only if (3.7), (3.8), (3.9), (3.10), (3.12) and 

(3.13) hold. 

(d) A = (a„k) G ( c(F,F,u,p),cs ) if and only if (3.7), (3.8), (3.9), (3.10), (3.12) and 

(3.13) hold with a(n,k) instead of a n k- 

(e) A = (a„fc) G (c(F,F,u,p),co) if and only if (3.7), (3.8), (3.9) and (3.10) hold with 
o-k = 0 for all k G N, (3.12) and (3.13) also hold with a = 0. 

(f) A = ( a n k ) G (c(F,F,u,p),cso) if and only if (3.7), (3.8), (3.9) and (3.10) hold with 
ak = 0 for all k G N, (3.12) and (3.13) also hold with a = 0 with a(n, k) instead of a n k- 

(g) A= ( a n k) G ( c{F,F,u,p),l \) if and only if (3.7), (3.8), (3.11) and (3.12)hold. 

(h) A = ( a„k ) G (c(F,F,u,p),bv i) if and only if (3.7), (3.8), (3.11) and (3.12) hold with 

Unfc Un—i,fc instead of a n k-. 

Corollary 3.10. A = ( a n u ) G (c(F,F,u,p), f) if and only if (3.7), (3.8), (3.12) and 

(3.13) hold, and (3.9), (3.10) also hold with d n k instead of a n k- 

Corollary 3.11. A = ( a n k) G (c(F, F, u,p), fo) if and only if (3.7), (3.8), (3.12) and 

(3.13) hold, and (3.9), (3.10) also hold with d n k instead of a n k and ak = 0 for all k G N. 
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Corollary 3.12. A = ( a n /.) € (c(F, F, u,p), f s ) if and only if (3.7), (3.8), (3.9), (3.10), 
(3.12) and (3.13) hold with a(n,k) instead of a n k and (3.9), (3.10) also hold with d(n,k) 
instead ofd n k- 

Corollary 3.13. A = ( a„k) € (f,c(F,F,u,p)) if and only if (1.3), (1.5), (1.7) and (3.8) 
hold with b n k instead of a n k, where b(n,k) is defined by (3.3) . 

Corollary 3.14. A = ( a n k) € ( f,co(F,F,u,p )) if and only if (1.3) and (1.7) hold, (1.5) 
and (3.8) also hold with b n k instead of a n k and otk = 0 for all k £ N, where b(n,k) is 
defined by (3.3). 
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Abstract 

In this paper, we prove the complete monotonicity of some functions involving Bateman’s 
G —function and show that 


1 , . _ 1 1 

2x 2 + a X x < 2x 2 + (5 ’ 


x > 0 


where a = 1 and j3 = 0 are the best possible constants, which is a refinement of a recent 
result. Then, we give a new proof of Slavic inequality about Wallis ratio W m and provide 
a new inequality for W m . Our new inequality improves some recent related works. We also 
present two inequalities for the hyperbolic tangent function. 


2010 Mathematics Subject Classification: 26A48, 26D15, 33B15. 


Key Words: Bateman’s G— function, completely monotonic, best possible constant, Bernoulli 
numbers, Wallis ratio, hyperbolic tangent function. 


1 Introduction 


A function H : J —» M is said to be completely monotonic (see [45] and [11]), if H (m ' 1 (x) exists 
on J for all m > 0 and 

(—l) m H^ m \x) > 0 x G J; rn > 0. (1) 
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For x > 0, the necessary and sufficient condition for the function H(x) to be completely mono¬ 
tonic is the convergence of the following integral 


H(x)= f 
Jo 


—xt 


dv(t), 


( 2 ) 


where v(t) is a nonnegative measure on t > 0. The function H(x) is said to be strictly completely 
monotonic if the inequality (1) is strict for all x G J and m > 0. The concept of completely 
monotonic function is the continuous analogue of the totally monotone sequence presented by 
Hausdorff in 1921 [15] (see also [45]). These functions find applications in several diverse fields 
such as in the theory of special functions, asymptotic analysis, probability, physics, and the list 
continues, see [2], [5], [6], [12] , [13], [32], [34], [35], [38], [44] and the references therein. 


The Bateman’s G— function is defined by (see Erdelyi [10]) 

G{t) = V> Q + 0 -"0 (0 , 0, -1, —2,... 

where is the digamma (Psi) function which is defined by 

</«) = 4 h^) 

and T(z) is the classical Euler gamma function which is defined for Re(z) > 0 by 

rw= I 


(3) 


z~ w w z ~ l dw. 


For more details on bounds, identities, properties and applications of Bateman’s G— function, 
refer to [10], [21]-[25], [31], [39] and the references therein. The following relations hold for the 
function G(x) [10]: 

G(x + 1) = —G{x) + 2a; -1 , (4) 

r oc 2e~ xv 

-dv, x > 0 (5) 


G(x) = 


1 + e~ 


G(x)=x 2 Fi 1,1;1 + x;- , 


( 6 ) 


where 


iF m (v u -i%vi;wi^,.,w m ;z) = t -7-riT 

^ (Wi)k-{Wm)k 


k=0 


is the generalized hypergeometric function [3] defined for l,m G N, Vj,Wj € C, Wj ^ 0, —1, —2, 
and 

(f)o = l and (tOn= r * 1+ " 1 * 


r(«) 

Qiu and Vuorinen [39] established the inequality 

(6 — 4 In 4) . 1 1 

a; 2 °^ x < 2a; 2 ’ 


n e N. 


x > 1/2 


(7) 
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and Mortici [25] improved the inequality (7) to the double inequality 

0 < ij){x + h) — ip(x) < - 0 (h) + 7 — h + h -1 , x > 1; h e ( 0 ,1) ( 8 ) 

where 7 is the Euler constant. Mahmoud and Agarwal [21] deduced the following asymptotic 
formula for x —» 00 




1 ^(2“-l)B 2t „ 


-X 


fc=l 


where B m 's are the Bernoulli numbers [17] and they also presented the following inequality 

X 1 

—--< G(x) — xx > 0 

2x 2 + l V ; 2 a; 2 ’ 


(9) 


( 10 ) 


1 /9 

which improves the lower bound of the inequality (7) for x > ( i^ln 2 -n ) • I * 1 [22] Mahmoud 

and Almuashi proved the following inequality 


(r\2n _ 1 \ 7 " 1 - 1 (r\2n _ i \ 

V -- B 2n x~ 2n < G(x) - x- 1 < V -- —B 2n x~ 2n , me N 


71—1 


71 — 1 


n 


in) 


where ^ — 1 ' > B 2n are the best possible constants. Also, Mahmoud, Talat and Moustafa [23] 
studied the following family of approximations of Bateman’s G— function 

x(p, x) = In ( 1 + z~e~) + 1 \ , l<p<2;a:>0 


X + p J x(x + 1) ’ 
which is asymptotically equivalent to the function G(x) for x —> 00 . 


Recently, Mahmoud and Almuashi [24] presented some identities, functional equations and 
an asymptotic expansion of the generalized Bateman’s G— function G^^x) defined by 

G*{x) = il) ^ (|) , x — 2r , —2 r - a; a e (0, 2); for r = 0, 1, 2,... . 

Also, they presented the double inequality 


In 1 + 


a 


x + 


< GJx) - 


2a 


x(x + a) 


< In 1 + 


a 


x + 9 


, x > 0 ; a e ( 0 , 2 ) 


where 0 = 


P'+I+Af)-! 


and 9 = 1 are the best possible constants. 


In this paper, we will study the complete monotonicity of some functions involving the func¬ 
tion G(x) and as a consequence, we will deduce a double inequality of it. Also, we will prove 
that the function 


q(x) 



2x 2 


x > 0 


is strictly increasing and present a refinement of the lower bound of the inequality (10). We will 
apply our results to present a new proof of Slavic inequality about Wallis ratio W m = 
for m E N. We will also present a new inequality of W m , which improves some recent results. 
Further, we will present two inequalities involving the hyperbolic tangent function. 
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2 Main Results 


We begin by proving some auxiliary results involving Bernoulli numbers. 
Lemma 2.1. For any positive integer s > 1, we have 

S— 1 


B 2s ~ 


1 


2(2 2s - 1) 


2s + 1 


^ 2(2“ - 1) g* +1 ) B 2k 


k=1 


and, 


Proof. The identity [30] 


B-2s — 


2(2 2s - 1) 


S — 1 


£( 2 “ - !) © 


k=1 


m— 1 


B rn = — - 

2(1 - 2 r 


a* (t) B i . 


m e N 


t=o 


can be rewritten as 


1^1 


Bm 2(1 - 2 m ) 


[1 -m+Y. 22j {Z) B 2 j \, 

i=i 


m > 1 


where i? 2 r+i = 0 for r G N and hence 

= 2 s , »>1 

fc=l 
s —1 

^2 2fc ( 2 *)£? 2fc = (2s — 1) + 2(1 — 2 2s )B 2s , s > 2. 

fc=i 

Also, Bernoulli numbers satisfy [4] 

= E 

k=l 
s—1 

= ^2Qk) B 2k, s - 2 - 

fc=l 

From the two identities (15) and (17), we get 

S 

^2(2 2fc -l)( 2 * +1 )£? 2fc = 2s + l s > 1 

k= 1 

and the two identities (16) and (18) give us 

s-l 

2(2 2s - 1 )B 2s + ^(2 2fc - 1) ( 2 *) B 2k = s s > 1. 

fc=i 


(12) 

(13) 

(14) 


(15) 

(16) 

( 17 ) 

(18) 

(19) 

( 20 ) 
□ 
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Lemma 2.2. For v = 2, 3,4, • • •, Bernoulli numbers satisfy 


( 2 2 ”+ 2 -l) 2 

7T < 


I B. 


2v\ 


(2 2v - 1 ) 

Proof. The function 


I B 


2v+2\ 


-(2v + l)( 2 u + 2 ) < 


( 2 2u+2 - 1 ) 


(n 2 + 1 ). 


f(x) = x(8x — (9 + 37 t 2 )) + 1, 
is increasing and positive, and hence 


x > 


(2 2v - 1 ) 

9 + 37t 2 + \/49 + 547T 2 + 97t 4 
16 

v>2. 


(21) 


4.80006... 


Then 


or 


2 2„-l( 2 2<,+2 _ (g + 3 7r 2 )) + 1 > 0, 

(tt 2 + l)( 2 2l,+2 - l)(2 2v ~ 1 - 1 ) - n 2 (2 2v+1 - 1 )( 2 2,; - 1 ) > 0 , 

7T" < ^ 7 ^ 7 — 7 T^(vr 2 + l), v > 2. 


v > 2 


(2 2v+1 - l) 2 ^ (2 2i, + 2 _ i) 2 


( 2 2 «- 1 - 1 ) 

From the Qi’s result [36] 

( 2 2^+ 2 - 1) tt 2 


(2 2v - 1 ) 


( 22 ) 


< 


I B. 


2v\ 


< 


(2 2u+1 - 1) 7T 2 


V > 1 


(23) 

□ 


(2 2v — 1 ) (2v + l)( 2 u + 2 ) |B 2 , +2 | ( 2 2u_1 — 1 ) (2i> + l)(2u + 2 ) ’ 

and the inequality ( 22 ), we complete the proof. 

Now we will prove the complete monotonicity of some functions involving the function G(x). 
Lemma 2.3. For a positive integer m, the function 

{2 2k - 1 )B 2k 


2 2m (o2k 


F(x) = G(x) -^ 

X “ 


k =1 


kx 2k 


x > 0 


(24) 


is strictly completely monotonic. 
Proof. Using the formula [1] 

1 


t k ~ x e~ xt dt , k e N 


x k (k — 1 )! 


(25) 


and the integral representation of G(x), we get 

/ CX 


2m (r\2k i \ D j.2fc—1 


^ k(2k — 1 )! 


~>—xt 


1 + e f 


-dt 


fOO e -xt 


where 


2 m 


v (t) = e ‘-l-(l + e‘)J2 — 


k =1 


( 2 *)! 


(26) 
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°° j-r - J ' m o/o2fc -|\ D _ m o/o2fc i’i D °° +r+2k— 1 

_ AZ ~ 1 J-P2fc 2 fc-i _ AZ ~ t _ 

^ ] 2^ r \ 2^ (2k)\ ' 2^ ( 2 fc)! Z- r! 

r=l fc=l ' ' k =1 ' ' r=0 


oo , r 2m r)(c\2k i \ D ^m c\(r)2k i \ R v 

_\ ^ AZ ~ l )&2k .2k-l _ \ AZ ~ i J-P2fc \ ^ 

r! Z^ ( 2 fc)! Z^ ( 2 fc)! Z^ 

r=l k=l v 7 1 — 1 v ' c,—ou_ 


Y t r Y 2(2 2fc - 1)5 : 


EZE 

r =1 fc=l 


^ ( 2 fc)! ^ (s — 2 /c + 1 )! 

fc=l v ' s=2k-l v ' 


~ — k)r>2k 2k-i _ 2(2 2k — l)5 2 fc i~ 

m\ ' Y ( 2A; ) ! s ^-A s - 2k+i y- 


OO , r zm r\fr\2k 1\D :v 

E l — ^ z(/ — V)r>2k 

r*! / f9M! / 


r=4m+l /c=l 


s=4m+l 


(s -2Jfc+ 1)!' 


Rewrite infinite summations from 0 and split finite summations by even and odd power of t we 
obtain 

J.2.S—1 2m r,/r)2s -| \ R o/o2fc i \ R J.2s—1 

= y- _v _ ~~ 1 ^ 2s a~i _ y zlz ~ y —_ 

Y (2. -1)! Y ( 25 ) ! ' Y ( 2fc ) ! h( 2s - 2k v 


^(2s-iy. tr ( 2s ) ! tr ( 2fc ) ! tt 2s - 2A; ) ! 

f^s 2(2 2fc _ l)52fc A s °°^ js+4m+l 

( 2 fc)T Z (25-24+1)! + Z( s + 4 m+ i)! 

°° o/o2fc 1 \ R 

V- AZ - lj-P2fc is+4m.+l 

Y Y (2/c)!(s + 4m — 2k + 2)! 


which can be rewritten as 


1 ZZ 2(2 2fc — l)(2s!)5 2 fc Rs-i 


= Y gt ^ 2(2 2 ^1)5 2 , .2,-r Y 1 ^ 2(2^-l)(A05g, 

tr ( 2 * - x ) ! tr ( 2 ®) ! tr( 2s ) ! tr 
Y Y 1 y 2(22fe " i)((2s+i)!)s 2fc 2. y t s+Am+i 

+ h (A “ A(^VT)! A (24)!(2s — 24 + 1)! ‘ + A (s + 4m + 


t^ (s + 4m + 1)! 


v-v- / 2(2 4fc — 1)5^ 2f2‘ ± '" ^ — l)54fc_2 

Y Y \ (^) ■ ( s + 4(m — A:) + 2)! (4 k — 2)! (s + 4(m — k) + 4)! 


l)-S 4 fe-2 


»s+4m+l 


XI 2s — 4(2 2s — 1)B 2s — 2(2 2fc — 1) (^) S 2 


E as+i-E^-oGr 1 )^ 


£S+4ra+l 


(25 + 1)! (5 + 4m + 1)! 


EE 1 + 


s =0 fc=l 


_ (2 4fc ~ 2 — l)(4fc)(4fc — l)5 4 fc- 2 _ 

(2 4fc — l)(s + 4(m — k) + 3)(s + 4(m — k) + 4)5 4fc 

2(2 4fc - l)t s+4m+1 5 4A: 

(4/c)!(s + 4(m — k) + 2)! 
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Using the identities (12) and (13) with the relation 

(-1 ) r+1 B 2r >0, r e N 

we obtain 

(2 4fc_2 _ l)(4/c)(4/c — 1) |-B 4 fc— 2 1 


( 27 ) 


?(*) = 5353 


s =0 k= 1 L 


l - 


(2 4fc — l)(s + 4 (m — k) + 3)(s + 4 (m — k) +4)\B. 


4 fc 


2(2 4fc - l)\B 4k \t s+4m+1 


+E 


^s+4m+l 


^ (s + 4m + 1)!' 


(4/j)!(s + 4 (m — k) + 2)! 

For s > 0 and m > k > 1, we have 

(s + 4(m — A:) + 3)(s + 4(m — /c) + 4) > (s + 3)(s + 4) > 12 


and then 


vQ) ^ 5353 


2(2 4/c - 1)|U, 


4fc 


( 4 ^)K s + 4 (m- k) + 2)! 

00 ^ is+4m+l 

^3 (s + 4 m + 1)! 


1 - 


(2 4 fc-2 _ l)(4fc)(4fc — 1) | i?4A;—21 
12(2 4fc -l)|£? 4fc | 


s+4m+l 


> 


oo m 

EE 

s=0 k= 2 
oo 

+E 


2(2 4fc - 1)|U, 


4 fc 


(4/c)!(s + 4(m — /c) + 2)! 


x _ (2 4fc ~ 2 — l)(4fc)(4fc — l)|^ 4 fc_ 2 | ] tS+4m+1 


12(2 4fe — l)|-B 4fc | 


30|U 4 


^(4!)( S + 4m-2)!) V 5|B 4 | 


1 - 


I Bo 


21 \ »s+4m+l 


E 


^s+4m+l 


“ (s + 4 m + 1)! 


Using inequality (21) with v — 2k — 1 for k e N, we get 


¥>(*) >1^13 


2(2 4fc - 1)| B. 


Ak\ 


WKs + 4 (m -k) + 2)! 


4~ 1 \ ^ S -)_ 4m ,-)-l 


12 


°°' js+4m+l 

+ y 7---TTT > 0, 

“ (s + 4m + 1)! 


which complete the proof. 

Lemma 2.4. For a positive integer m, the function 


2m ~ 1 ( r\2k 


M(x) = 4 - G (x) + £ (2 ~'.~l )gifc , x > 0 


k =1 


kx 2k 


is strictly completely monotonic. 

Proof. Using the formula (25) and the integral representation of G(x), we have 

„—xt 


M(x) = 


2m— 1 




k =1 


k(2k - 1)! 


(e* - 1) 


1 + e t 


7 (it 


fOO -Xt 


p(t)——dti 
1 + e* 


□ 


(28) 
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where 


(*(t) = (! + e *) X 




2™_1 r\(r)2k i \ D 2m 1 r ) /r ) 2fc i \ D 00 j.r+2k— 1 00 j. r 

mo - E + v EV-I 


2m 1 c.(c\2k i\d 2m 1 r,/r)2k 1 \ R 00 j.s 00 j.r 

— -hLPgfc 2 fc-i , \ ^ ~ jJjQgfc \ t _\y 

(2 k)\ ^ (2k)! 2s (s-2k + l)\ 2s r \ 

fc=l v ' fc=l v ' s=2k-\ v ' r=l 


2(2 2fc - 1 )B- 


2fc ,2fc-l 


+ E 


2(2 2fc - 1)5 2 


E 7— 


-E 


(2/c)! ^ (s — 2k + l)\ 21^ r \ 

=1 v ’ s=2k-\ v ’ r =1 


~ 2 ™ 1 2(2 2fc - l)R 2fc b s t r 

2s X (2/1;)! (s-2fc + l)! ~ X H' 

s=4m-l fc=l ' ' ' ' r=4m—1 


Rewrite infinite summations from 0 and split finite summations by even and odd power of t, we 
obtain 

2m—1 r\(r)2k i\R 2m— 1 2k i\R 2m—1 .2s— 1 2m—1 >2)— 1 

. /,\ 212 - JJ-D2fc 2 fc-l , 2^ - lj£*2fc t 


M*) = X] 


±2k—l , \ ^ 2 ^ - \y _\ ^ 

^ (2Jfe)! ^ (2s-2Jfe)! 2s (2r — 1)! 


2(2 2fc - l)R 2fe y4 f 2s y7 t 2r 

W X (2s — 2/c + 1)! ~~ X J2r)\ 


which can be rewritten as 


°°^ 2m 1 2^ 2k l)i?2fc f-s+4m—l ' jr+4m-1 

(2/c)! (s + 4m — 2k)\ (r + 4m — 1)! ’ 


00 ^ j.r-\-Am—l 

^ ^ f r* 4- 4 m — 


= \-' 2 ( 2 2 - 1 i/■ >> 2 .- , 2 .s 1 y' 1 v^ 2(2 2fc -l)(2s!)R 2fc 2,-1 'y fX 

X (2«)! ' ^ (2:s)jX (2k)\(2s-2k)\ js (2,- 1)! 

y4 1 ^ 2(2 2fc — l)(2s + l)!R 2 fc , 2s _ t 2s 

(2s + 1)! 2s (2k)\(2s - 2k + 1)\ js (2s)! 


00 2m— 1 

EE 

s=0 k= 1 


2(2 2fc - 1 )B 2k t s+4m -' 


j-s-\-4m- 


(2k)! (s + 4m — 2k)\ ^ (5 + 4m - 1)! 


E 2(2 2s - 1 )B 2s - s + E( 2 “ - 1) ® B 2 

s= 1 _ /c=l 

2m—1 T s 

fX *-(2s + 1) + 2(2 2fc — 1) ( 2 fe +1 ) B 2 k 


(2s+ 1)! 


1 s + 4 m — 3 2(2 2fc -l)R 2 


2 (s + 4m — 1)! ■(--( (2/c)!(s + 4m — 2/c)! 


2fc is+4m—1 
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Using the identities (12) and (13) with the relation (27), /i(t) satisfies 


oo m —1 

m*) > ^2^2 


s =0 k= 1 
oo m —1 


2(2 4fc - 1 )B. 


Ak 


+ 


2( 2 «+2 _ i ) B 4k+2 


> 


EEl 1 

s=0 fc=l 


(4fc)!(s + 4(m — k))\ (Ak + 2)!(s + 4(m — k) — 2)! 

(2 4fc — 1) (4A; + 1) (4A; + 2)|5 4 fe| 


s+4m-1 


(2 4fc+2 - l)(s + 4(m -k) - l)(s + 4(m - A;))^ 4 ^+ 2 1 


2 (2 4fc+2 -l)|g 4 fc +2|U +4m - 1 ' 

(4/c + 2)!(s + 4(m — k) — 2)! 

For s > 0 and m — k > 1, we have 

(s + 4(m — k) — l)(s + 4(m — k)) > (s + 3)(s + 4) > 12 


and then /j satisfies 


00 m—1 


„7 t W W / l - d±U 2(2- fc+z - l)|B a+2 |i-+ 4 "- 1 

h(^) ^ / , / , ( ^ 10 ) t A 1, , r> M / _ , /I / 7. \ n\l ^ I 


S=0 k= 1 

which complete the proof. 


12 y (4fc + 2)!(s + 4(m - k) - 2)! 


□ 


From the complete monotonicity of the two functions F(x) and M(x) with the asymptotic 
expansion (9), we get the following double inequality which posed as a conjecture in [21]. 

Lemma 2.5. The following double inequality holds 


2m 


Y ~ 1)g2t x- 2t < G(x) - X-' < J2 (2 ' 2t y 1)Ba x- 2t , l,m £ N; x > 0. (29) 


k= 1 


fc=l 


k 


From the positivity of the two functions ip(t) and fi(t) in the proofs of Lemmas 2.3 and 2.4, 
we obtain the following result: 


Lemma 2.6. The following double inequality holds 

2l ~ 1 o2fc/o2fc 


E 


2 ^(2 ^-l)B a 

( 2 *)! 


___ r\2k(r\2k 1\ D 

* * E 




l,m & N-, x > 0 (30) 


fc=i v ' fc=i 

and the inequality is reversed if x < 0. Equality holds if x = 0. 

Remark 1. In the case |x| < | and l or m = tends to oo, in the inequality (30) in fact equality 
holds, since 


°° o2fc/o2fc i\r 

tanh(x) = Y ~ ~ 


k =1 


(2 k)< 


71 

1*1 < 2' 


Elbert and Laforgia established the following lemma to study the monotonicity of some 
functions involving gamma function [9] (see also [48]). 
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Lemma 2.7. Let K be a real-valued function defined on x > a, a G M with lirn^oo K(x) = 0. 
Then K(x) > 0, if K(x) > K(x + 1) for all x > a arid K(x) < 0, if K(x) < K(x + 1) for all 
x > a. 

To present our next result, we can easily prove the following simple modification on Lemma 
2.7: 

Corollary 2.8. Let K be a real-valued function defined on x > a, a G M with Hindoo K(x) = 0. 
Then for m G N, K(x) > 0, if K(x) > K(x+m) for all x > a and K(x) < 0 7 if K{x) < K(x+m) 
for all x > a. 

Proof. For m G N, if we have K(x) > K(x + m) and lirn^oo K(x) = 0, then 

K(x) > K(x + m) > ... > K(x + rm) > ... > lim K(x + rm ) = lim K(y) = 0. 

r—>oo y —S'-oo 


The other case is similarly treated. 
Lemma 2.9. The function 


q(x) 



2x 2 


x > 0 


is strictly increasing. 
Proof. For x > 0, we have 


where 

Now, 


L(x) 


q'(x) 


L (x) 

[G(x) - 


112 ’ 
x■ 


-G\x) - 4 xG 2 (x) + 8 G(x) 


(Ax + 1) 


□ 


(31) 


L(x + 1) — L(x) = G'(x ) — G'(x + 1) + Ax [G 2 (x) — G 2 (x + 1)] — AG 2 (x + 1) 

„ Ax 2 + 6x + 1 

- 8 [G(x) - G(x + 1)| + x2(i + 1)2 


and using equation (4) and its derivative, we get 


L(x + 1) — L(x) 


2G'(x) — AG 2 (x + 1) + 


6a: 2 + 10a: + 3 
x 2 (x + l) 2 


A 


^l^- 


Consider the difference 

Lfix + 2) — Lfix) = 2 [G'(x + 2) — G'(x)\ — A \G 2 (x + 3) — G 2 (x + 1)] 

4 (27 + 135a: + 220a: 2 + 158a: 3 + 51a: 4 + 6a: 5 ) 
x 2 (x + l) 2 (a: + 2) 2 (a: + 3) 2 
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and using equation (4) and its derivative, we obtain 


Li(x + 2) - Li(x) = 


16 


(x + l)(a: + 2) 
16 


G(x + 1) 


L 2 (x). 


4x 5 + 34a: 4 + 98a: 3 + 99a: 2 + 3a: — 9 
4a: 2 (a: + l)(a: + 2) (a: + 3) 2 


(x + l)(a: + 2)' 
Using equation (4), the function L 2 (x ) satisfies 

L 2 (x + 2) - L 2 ( x) = 


3(7a: + 15)(7a: + 20) 


2a: 2 (a: + l)(a: + 2) 2 (a: + 3) 2 (a: + 4) (a: + 5) 2 
From the asymptotic formula (9) and its derivative 


< 0 . 


^>~4-e 2( )Ba 

k= 1 


x 2 fc +1 


x —> oo 


(32) 


we have 


lim L(x) = lim Li(x) = lim L 2 (x) = 0. 

x—>OC X —S'-OO x^-oo 

Hence, using Corollary 2.8, we get that L(x) > 0 for all x > 0 which completes the proof. □ 

As a consequence of the monotonicity of the function q(x) with the asymptotic expansion 
(9), we obtain the following inequality: 


Lemma 2.10. The following double inequality holds 

1 < G(x) --< 1 


x > 0 


2 a: 2 + a x 2 x 2 + fT 

where a = 1 arid (3 = 0 are the best possible constants. 

Remark 2. The double inequality (33) is a refinement of the double inequality (10). 
Lemma 2.11. The function 


(33) 


U(x) = G(x) — - — 


x 2x 2 + 1 ’ 


x > 0 


(34) 


is strictly completely monotonic. 


Proof. Using the formula (25), the integral representation of G(x) and the Laplace transform of 
sine function, we have 

/ OO 

A (t)e~ xt dt, 


where 


m = 


°} — i i 


-— sm 


e* + l 


980 


Mahmoud 970-986 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


Since sin z < 1, we get 


w x e* — 1 1 , ( y/2 +1 

A (t) > 1 -> 0, t > In 


1.76275 . 


e* + l V2 ’ \V2-1 

Also, from the generalization of Reclheffer-Williams’s inequality [40], [41], [42], [46] 


7r 2 — x 2 , sin x , 12 — x 2 


< 


< 


7T 2 + X 2 X 12 + X 2 ’ 


0 < a; < 7T 

f 5 (2352—240f 2 —17t 4 ) 


□ 


and the inequality (30) for m = 4, we obtain A(t) > 40320(2 1 +t 2 ) > 0 for 0 < t < 

^ 4>/3399-120 ^ 2.58051. 

As a consequence of the Lemma 2.11, we get 

Lemma 2.12. 

1. For odd positive integer r , we have 


Et- 1 )' Gt 1 ,) t^r 2 ' 42 * > 0 


r+1 

r 2 


(35) 


A For even positive integer r , we have 


Kv 2 ?) 


i+1 


G(r F) > + (2x i; /),. +1 B-i)' +1 Gti) (V2xr« 2 x > 0 

Also, as a consequence of the proof of Lemma 2.11, we obtain the following inequality: 
Lemma 2.13. The following double inequality holds 


(36) 


tanh(x) > —— sin(\/2a;), 


x > 0. 


(37) 


Equality holds iff x = 0. 


3 Applications: Some inequalities of Wallis ratio 

The Wallis ratio 

1.3.5...(2 m- 1) r(m +1/2) _ . , 

W m = - —-= —= — 7 — '-F-, rn G N (38) 

2.4.6...(2m) v /7rr(m + l)' 

plays an important role in mathematics especially in special functions, combinatorics, graph 
theory and many other branches. For further details about its history and applications, we refer 
to [7], [16], [18], [20], [26]-[29]. 
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Guo, Xu and Qi [14] deduced the inequality 


— (l- m Vrn^l < W m < — fl - m y/rn^l, m> 2 
m \ 2 m) m \ 2m) 


with the best possible constants C\ = yf^ and C 2 — |. 

Recently, Qi and Mortici [37] presented the following improvement of the double inequality 


- 1 - 7 -rw 

7 r m |_ 2(m + 1/3) 


1 m+ 1/3 


< W'm < 


n m l 2(m + 1/3) 


- m+1/3 ^ 

-—— e 144m3 ; m G IV. 


Also, Zhang, Xu and Situ [47] presented the inequality 


Recently, Cristea [8] improved the upper bound of the inequality (41) by 


\ f \ \ 12m \ / 1 \ “ 12m+16 

7Sm{ 1+ 2^) <Wm ~ ’ m€N ' 


Wm ~ CTiS { 1 + 2 m 


\ \ m 12m 48m 2 2880m 3 


m G N 


which is better than the upper bound of the inequality (40). 

3.1 New proof of Slavic inequality 

Slavic [43] presented the following double inequality 


fy- (1-2 - 2k )B 2k \ ^ T(x + l/2) ^ 1 ^ (1 - 2 ~ 2k )B 2k \ 

x 6XP k{ 1 - 2k)x 2k ~ 1 J T(x + 1) 6XP k{ 1 - 2k)x 2k ~ 1 J ’ ( 3) 


where x > 0 and l,m G N. In the following sequel, we will present a new proof of Slavic 
inequality (43). Consider the two functions 


C , , r(z + 1 / 2 ) r ^ (1 - 2 -™)B 2t \ 
Sl{x) = TjT+IT^ p ( x m - iys=T J . 


I 6 AT 


C , , r(x + 1 / 2 ) r /G- (1 - 1 

= TGTTT^ p (+ J ’ 


Using Lemma 2.5, we obtain 


m G IV. 


■%(*) 

-Sl(x) 


g (^)-77- £ 


(1 - 2-“)S 2 


<0, / G IV 
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meN - 

Then the function Sl(x ) is decreasing and the function Sjj(x) is increasing and using the asymp¬ 
totic expansion of the ratio of two gamma functions [19] 

T(x + a) „ h L (a — b)(a + b — 1) 2 . , ^ . tS 

1 + --^- L + 0(x 2 ) , a,b> 0 44 

1 (x + b) [_ 2x 


as x —> oo, we have 


lim Sr(x) = lim SrAx) = 1. 


Hence we get 

Sl(x) > 1 and Su(x ) < 1, 
which complete the proof of Slavic inequality (43). 

Remark 3. In the case of / = 1, m — 1 and x = m, the inequality (43) will gives 


<W m < 


-i | i 
g 8m ~ 192m 3 


rn G N 


which is better than inequality (40) of Qi and Mortici [37]. 


3.2 New upper bound of W n 


Consider the function 


M l (x) = 2 ^)-f], x > 0. 

T{x + 1) 

Using the inequality (33), we get 

= g(2x) - —-^-> 0 

M l (x) 2x 8x 2 +1 

and using the expansion (44), we have lim x ^. 0O M L (x) = 1. Then 

M r Ax) < 1 

and we obtain the following result: 

Lemma 3.1. The following double inequality holds 

T(x + 1/2) e ^[ tan “ 1(2 ^ )_f ] 

L 'J <- 7 =-, *> 0 . 

i (x + l) A x 

Remark 4. In the case of x = m in the inequality (46), we have 

e 27 l[ tan “ 1 ( 2 ^ m )-f] 


W m < 


m e N 


which is better than inequality (42) of Cristea [8]. 
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Abstract 

In this paper, we present the following new asymptotic formula of factorial n 


n\ 


/ Tl\ n a 1 

y/n ( — ) \ 8n 3 + 4ro 2 + n H- U (n), 

V e / V 30 


n —> oo 


where TT(r>\ — f — n -I- 9480 -I- 919466 1455925 _ 630130140029 ,1 1 

wnere U{n) 1 n n + 847 + 65219 n + 5021863 ri 2 92804028240 n 3 + "v ctepenamg on ±ta 

manujan’s approximation formula for n! and we deduce the following upper bound for 

1 l/ 6 


8x 3 + 4 ar + x + ^ + 240 a! 1 9480 


gamma function r(x + 1) < y/ir (x/e) 

2010 Mathematics Subject Classification: 41A60, 41A25, 33B15 


x > 0. 


Key Words: Factorial, Ramanujan’s formula, asymptotic formula, best possible constant, 
rate of convergence,bounds. 


1 Introduction. 


In many science branches, we need estimations of big factorials. Stirling’s formula 

_ _ / Tl\ n 

n\ ~ v 27m y—J , n —> oo 

is the most well known and used approximation formula for factorial n, which is satisfactory in 
many branches such as statistical physics and statistics but we need more precise estimates in 
many pure mathematics studies. For more details about Stirling’s formula refinements and its 
related inequalities, we refer to [2], [12], [22], 


Other known formula for estimating n\ for large values of n is Ramanujan formula: 


n\ ~ 


8 n 3 + 4n 2 + n + 


1 

30’ 


( 1 ) 
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which is a refinement of Stirling’s formula and was recorded in the book ’’The lost notebook 
and other unpublished papers” as a conjecture of Srinivasa Ramanujan based on some numerical 
evidence. For more details please refer to [1], [4], [13], [24], [29]. 


[13] 


Starting from Ramanujan formula (1), Karatsuba presented the following asymptotic formula 


r(a; + 1) ~ y/w (x/e)' 1 


8x 3 + 4x 2 + x H- 


11 


+ 


79 


+ 


3539 


30 240x 3360a: 2 201600a: 3 


+ .. 


1/6 


( 2 ) 


where T(a:) = J 0 °° e r r x 1 dr, x > 0 is the ordinary gamma function and n\ = Y (n + 1) for n G N. 
Mortici [23] improve the Ramanujan formula by establishing the following asymptotic formula: 


T(a: + 1) ~ y/n ( x/e) x 


8 a: 3 + 4a: 2 + x + 



exp 


which is faster than formula (2). 


11 , 13 , 1 

11520a: 4 + 3440a: 5 + 691200a: 6 + "J ’ 

(3) 


Dumitrescu and Mortici [9] introduced the following class of approximations: 

a,/3,6eR (4) 


T(a: + 1) ~ V2tcx (xjef a 1 + 


+ 


a 


+ 


0 


2 (x — 5) 2 (x — 5) 2 2(x — <5) 3 ’ 

which is a generalization of the Ramanujan’s formula (1) at 8 — 0, a — 1/8 and /3 = 1/240. 


More various results involving approximations for the gamma function and the factorial can 
be found in [7], [8], [15], [16], [25], [26], [30] and the references therein. 


In sequel, we need the following important Lemma, which is due to Mortici in 2010 and is a 
very useful tool for constructing asymptotic expansions and measuring the convergence rate of 
a family of null sequences [19]: 

Lemma 1.1. If {cr m }m£N is a null sequence and there is s G R and n > 1 such that 

lim m n (a m - a m+1 ) = s, (5) 

m—>oo 

then we have 

v n— 1 $ 

lim m a m = - 

m—>oo Tl — 1 

From Lemma (1.1), we can conclude that the convergence rate of the sequence {a m } me jv will 
increase with the increasing of the value of n in relation (5). Several approximations, formulas 
and inequalities have been produced using the technique developed by this Lemma. For more 
details please refer to [5], [6], [11], [14], [17], [20], [21], [28] and the references therein. 

In the rest of this paper, we will present a new asymptotic formula of n\ depending on 
Ramanujan’s asymptotic formula (1) and we deduce a new upper bound for the ordinary gamma 
function related to our new asymptotic formula. 
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2 Main results. 


In our first step, we will try to find the best possible constants k\ and k 2 in the approximation 
formula 


n 

n\ ~ V7T [ — 
. e 


1 1 

6 / 8 n 3 + 4n 2 + n H- 


30 kin + k 2 ’ 


n —> 00 


by defining a sequence 7L n satisfies 


Then 


71! = v 7T — 


^4n+l 


fn\ n I i 

( — ) \ 8 n 3 + 4n 2 + n H- 

Ve/ V 30 


11 


km + k 2 
5 k 2 


25 29 ^ 1 


12 fci 2880 / n 5 \ 48 k\ 96fci 2016 J n 6 


-9031/c 3 + 158200A; 2 + 100800 A;i£; 2 + 33600A; 2 \ 1 


268800A; 3 




n‘ 


If (— - 

y 12fci 2880 

worse than n -6 . So, we will consider 


( 6 ) 


j 7 ^ 0 and — g§fy + 2 §fgj 7^ 0, then the sequence A n — A n+ 1 has a rate 


of 


— 1 _ 1 ^ = 0 

12fci 2880 

5 ko _ 25 , 29 _ n 

' 48 k'f 96fci 2016 U 


that is, ki = -jy~ and k 2 = Now by Lemma (1.1), we obtain the following result: 
Lemma 2.1. The sequence 

— 1 

A n = In n\ — In — n In n — n -In n ( 8 n 3 + 4n 2 + n H- 


6 


has a rate of convergence equal to n 6 , where 


Qf) ?40 t7 J- 9480 
11 n + 847 


(7) 


lim n 7 (A n - A n+1 ) = 


459733 

124185600' 


In our second step, we will try to find the best possible constants Ti,T 2 and T 3 in the 
approximation formula 


/n\ n 1 

n\ ~ \ff\ ( — ) , 6 / 8 n 3 + 4n 2 + n 4- 

V e/ y 30 


240 , 9480 , II i 12 , Ts - 

11 n ~r 847 ” r n ' n 2 ' n 3 


n —> oo 


( 8 ) 


by defining a sequence satisfies 


/n\ n 1 

n! = 1/77 ( — ) , 6 / 8 n 3 + 4n 2 + n H- 

V e / y 30 




240 , 9480 1 Tl 1 Zk 1 I 3 ’ 

11 n " l_ 847 n " l_ n 2 " l_ n 3 


n > 1. 
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Hence 


B n - B 


n +1 


(919466 - 65219Ti) (4545764371 - 10043726T 2 - 637955952) 

" + 32784998400 n 8 

(42535179617? - 1277759560770^ + 466430635440T 2 


248371200 n 7 
1 


265066712064000 n 9 
92804028240T 3 + 16394247383595) 

-----—(—59336575555957? + 19651252979822177 

54427031543808000 n 10 v 1 

75073579806248lTi - 361540539736530T 2 + 118464342048360T 3 
8420494064916176) 

1 -2774101878984597? + 1431360261443828107? 


301743462878871552000 n 11 
791552470027149607\7 1 2 + 121051718355691207\7 1 3 


1055004771223149285071 + 60525859177845607? + 618055213645719696071 
267999751163556720071 + 101393364617835255540) 

0(n~ 12 ). 


To obtain the best possible values of the constants 7\, T 2 and T 3 , we put 


6521971 = 919466 

4545764371 - 1004372671 = 637955952 

42535179617? - 1277759560770^ + 466430635440T 2 - 92804028240T 3 = -16394247383595 


that is, T\ = 


919466 

65219 


, t 2 = 


1455925 

5021863 


and T 3 = 


639130140029 

92804028240 


. Hence by Lemma (1.1), we get the 


following result: 

Lemma 2.2. The sequence 


B 


n 


In n\ — In \ fii — n In n 


n -In n 

6 


^8n 3 + 4n 2 + n + 


1 

30 


1 


240 , 9480 , 919466 , 1455925 

11 n ' 847 ' 65219 n ' 5021863 n 2 

has a rate of convergence equal to n~ 9 , where 


639130140029 
92804028240 n 3 


(9) 


lim n 10 (B n - B n+1 ) 

n—too 


142970656174139 

108854063087616000' 


In our third step, we can follow the same technique to get the following result: 


Lemma 2.3. The sequence C n defined by 


n\ = 



8n 3 + 4n 2 + n + 


1 

30 


V ( n ) e Cn , 


where 


V{n) 


1 


240 , 9480 , 919466 , 1455925 _ 639130140029 , T 4 , T 5 , Tg > 

11 1 ' 847 _l_ 65219 n ~ l ” 5021863 n 2 92804028240 n 3 ' n* ' n 5 _l_ n 6 
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converges to zero as n 12 with the best possible constants T 4 


and T 6 = 


5422052608484409095873 

396565429333244371200 


since 


142970656174139 j, 
42875461046880 ’ 15 


288878734012247231 

22009403337398400 


lim n l3 (C n - C n+1 ) 


384377015548794481311979 
19141959578859903385600000' 


Hence, we get the asymptotic formula 


n! ~ 


n 

7T I - 

e 


8n 3 + 4n 2 + n+ — — U(n), 

OU 


n —> 00 


( 10 ) 


where 

rr/ , /240 9480 919466 1455925 639130140029 142970656174139 

y J V 11 847 65219 n 5021863 n 2 92804028240 n 3 42875461046880 n 4 

288878734012247231 5422052608484409095873 \ 

+ 22009403337398400 n 5 ~ 396565429333244371200 n 6 + ) 


3 An inequality of Gamma function. 

In this section, we will follow a method presented by Elbert and Laforgia in their paper [10] (see 
also, [3], [27], [32] and its simple modification in [18]): 

Corollary 3.1. Let T(t ) be a real-valued function defined on t > t 0 G M with lim i ^. 0O T(t) = 0. 
Then T(t ) > 0, ifT(t ) > T{t + 1) for all t > t 0 arid T(t ) < 0, ifT(t ) < T(t + 1) for all t > to. 

Now, Consider the following function 

F(x) = 111 ( 8x 3 + 4x 2 + X + 240x | 9480 + ) +x-x ln(x) +ln T(x +1) -ln(0r), x > 0 

b V 11 ' 847 

which satisfies 

lim F(x) = 0. 

x—>oo 


F(x) — F(x + 1) = 


— 1 In ( 8x 3 + Ax 2 + x + 
6 


847 1 , , / N 

-1--xin x +iln x + 1 

18480a; + 9480 30 1 { J { J 


+ ^ln(8(x+l) 3 + 4(i + l) 2 + i + 
= H(x) 


847 31' 

18480a; + 27960 + 30 1 ” f 


The function H(x) satisfies 


H"(x) 


Hfix) 

H 2 {x) 


< 0 , 


x > 0 
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where 
H^x) = 


1.84724 x 10 2 V 6 - 2.37023 x 10 3 V 5 - 1.39723 x 10 3 V 4 - 5.01631 x 10 3 V 3 
1.22596 x 10 3 V 2 - 2.15964 x 10 32 x n - 2.83269 x 10 3 V° - 2.81806 x 10 3 V 
2.14586 x 10 3 V - 1.25283 x 10 3 V - 5.57791 x 10 31 a; 6 - 1.86841 x 10 3 V 
4.59618 x 10 3 V - 7.9786 x 10 2 V - 9.149 x 10 2 V - 6.15 185 x 10 27 a; 

1.83421 x 10 26 < 0 


and 


H 2 (x) = 3a;(a;+l) 2 (154a;+79) 2 (154a;+233) 2 (147840a; 4 + 149760a; 3 + 56400a; 2 + 10096a; + 1163)' 

(147840a; 4 + 741120a; 3 + 1392720a; 2 + 1163536a; + 365259) 2 . 

Then H(x ) is strictly concave function satisfies 


Tr/ x 1 / /28855461 \ \ 

Inn H(x ) = - ( log ( —-- — 6 < 0 

; 6 V V 270979 ) J 


and 


lim H(x) = 0. 

X —S'-OO 

So, F(x) < 0 for x > 0 and hence we get the following inequality 

Lemma 3.2. 


T(a; + 1) < v^r (x/e) Q 


8 x 3 + 4a; 2 + x + — + 240x 9480 

11 + 847 


1/6 


Remark 1. In 2018, Yang and Tian [31] presented the inequality 


T(a; + 1) < 


a; 2 -hi 


67 / 


7T 2 —127 


7T^ — 12^7 


X + 


67 

7T 2 —127 


0 < x < 1 


x > 0. 


(ip 


( 12 ) 


which is not included in inequality (11). 

Remark 2. From the spirit of the previous inequality (11), we can suggest the following inequality: 

1 1 1V 6 


T(a; + 1) > 


9480 

1163 


x/e) 


8x 3 + 4a; + x + — + 


on ' 240a: . 9480 

~TT + W 


x > 0 
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Abstract 

In this paper, we propose an algorithm by combining an inertial term with the extragradient 
subgradient method for finding some solutions of bilevel equilibrium problems in a real Hilbert 
space. Then, we establish a strongly convergent theorem of the proposed algorithm under some 
sufficient assumptions on the bifunctions involving pseudomonotone and Lipschitz-type conditions. 
Some numerical experiments are tested to illustrate the advantage performance of our algorithm. 

Keywords: Bilevel equilibrium problem; Extragradient subgradient method; Inertial method; 
Strong convergence 


1. Introduction 

Let C be a nonempty closed convex subset of a real Hilbert space H , and let / and g be 
bifunctions from H x H to R. such that /( x, x) = 0 and g(x , z) = 0 for all x £ H. The equilibrium 

problem associated with g and C is denoted by EP(C, g) : Find x* £ C such that 

g(x*,y) > 0 for every y £ C, (1.1) 

which was considered by Blum and Oettli [4J. The solution set of problem (1.1) is denoted by 12. 

It can be seen that the equilibrium problem is related to science in various fields and is very 
important because many problems arise in applied areas such as the fixed point problem, the 
(generalized) Nash equilibrium problem in game theory, the saddle point problem, the variational 
inequality problem, the optimization problem and others. 

The simple basic method for solving some monotone equilibrium problems is the proximal point 
method (see [20, 22, 27 ). In 2008, Tran et al. [37 proposed the extragradient algorithm for solving 
the equilibrium problem by using the strongly convex minimization problem to solve at each iter¬ 
ation. Furthermore, Hieu [16 introduced subgradient extragradient methods for pseudomonotone 
equilibrium problem and the other methods (see the details in 1, 12, 21, 23, 31, 39 ). 

In this paper, we consider the bilevel equilibrium problems, that is, the equilibrium problem 
whose constraints are the solution sets of equilibrium problems: Find x* £ 12 such that 

f(x*,y) >0 for every y £ 12. (1.2) 

The solution set of problem (1.2) is denoted by 12*. 


* Corresponding author. Tel.:+66 55963250; fax:+66 55963201. 
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The bilevel equilibrium problems were introduced by Chadli et al. [7 in 2000. This kind of 
problems is very important and interesting because it is a generalization class of problems such 
as optimization problems over equilibrium constraints, variational inequality over equilibrium con¬ 
straints, hierarchical minimization problems, and complementarity problems. Furthermore, the 
particular case of the bilevel equilibrium can be applied to a real word model such as the varia¬ 
tional inequality over the fixed point set of a firmly nonexpansive mapping applied to the power 
control problem of CDMA networks which were introduced by Iiduka [18 . For more on the relation 
of bilevel equilibrium with particular cases, see 10, 19, 30 . 

Methods for solving bilevel equilibrium problems have been studied extensively by many authors. 
In 2010, Moudafi [28 introduced a simple proximal method and proved the weak convergence 
to a solution of problem (1.2). In 2014, Quy [33 introduced the algorithm by combining the 
proximal method with the Halpern method for solving bilevel monotone equilibrium and fixed point 
problem. For more details and most recent works on the methods for solving bilevel equilibrium 
problems, we refer the reader to [2, 8, 36 . The authors considered the method for monotone and 
pseudoparamonotone equilibrium problem. If a bifunction is more generally monotone, we cannot 
use the above methods for solving bilevel equilibrium problem, for example, the pseudomonotone 
property. 

In 2018, Yuying et. al [40 proposed a method for finding the solution for bilevel equilibrium 
problems where / is strongly monotone and g is pseudomonotone and Lipschitz-type continuous. 
They obtained the convergent sequence by combining an extragradient subgradient method with 
the Halpern method. 

On the other hand, an inertial-type algorithm was first proposed by Polyak [32 as an acceleration 
process in solving a smooth convex minimisation problem. An inertial-type algorithm is a two-step 
iterative method in which the next iterate is defined by making use of the previous two iterates. It 
is well known that incorporating an inertial term in an algorithm speeds up or accelerates the rate 
of convergence of the sequence generated by the algorithm. Consequently, a lot of research interest 
is now devoted to the inertial-type algorithm(see e.g. |5, 13, 24 and the references contained in 
them). 

Motivated and inspired by the research work in this direction, in this work, we provide an algo¬ 
rithm which is generated by an inertial term and the extragradient subgradient method for solving 
bilevel equilibrium problems in a real Hilbert space. Then, the strong convergence theorem of the 
proposed algorithm are established under some sufficient assumptions on the bifunctions involv¬ 
ing pseudomonotone and Lipschitz-type conditions. The numerical experiments are investigated to 
illustrate the advantage performance together with some improvement of our algorithm. 

2. Preliminaries 

Throughout this paper, H is a real Hilbert space, C is a nonempty closed convex subset of 
H. Denote that x n —*■ x and x n —> x are the weak convergence and the strong convergence of a 
sequence {x n } to x, respectively. For every x £ IF, there exists a unique element Pcx defined by 

P c x = argmin{||a; - y\\ : y £ C}, 

which can be found, e.g., in [[6], Sect. 1.2.2, Theorem 1.7], [.llj, Theorem 3.4(2)], [[14 , Theorem 
7.43], [[17 , Chap. Ill, Sect. 3.1] or [[29 , Theorem 8.25]. 

Lemma 2.1 ([15J. The metric projection Pc has the following basic properties: 

(i) ||a: — y|| 2 > ||a; — Pcx\\ 2 + || y — -Pc^ll 2 for all x £ H and y £ C; 

(ii) (x — P c x, P c x — y) > 0 for all x £ H and y £ C; 

(iii) ||Pc(aO - P c (y) || < [|z - y\\ for all x,y £ H. 
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We now recall the concept of proximity operator introduced by Moreau 26 . For a proper, 
convex and lower semicontinuous function g : H —> (—oo, oo] and 7 > 0, the Moreau envelope of g 
of parameter 7 is the convex function 

7 ff(z) = jg(y) + ^\\y - x || 2 j Vx € H. 


For all x £ H, the function y 1 —> g(y)+j^\\y—x\\ 2 is proper, strongly convex and lowe semicontinuous, 
thus the infimum is attained, i.e. 1 g : H —> R. 

The unique minimum of y 1 —> g(y) + ^\\y — x\\ 2 is called proximal point of g at x and it is 
denoted by prox g (x). The operator 

prox g (x) : H —> H 

x argmin \g{y) + - x || 2 

yen { 2 7 

is well-defined and is said to be the proximity operator of g. When g = ic (the indicator function 
of the convex set C), one has 

prox ic (s) = P c (x) 


for all x £ H. 

We also recall that the subdifferential of g : H —> (— 00 , 00 ] at x £ dome/ is defined as the set of 
all subgradient of g at x 


dg( x ) '■= i w e H : g(y) - g{x) > (w, y - x) My G H}. 

The function g is called subdifferentiable at x if dg(x) ^ 0, g is said to be subdifferentiable on 
a subset C C H if it is subdifferentiable at each point x £ C, and it is said to be subdifferentiable, 
if it is subdifferentiable at each point x € H, i.e., if dom{dg) = H. 

The normal cone of C at x £ C is defined by 


N c {x) := {q £ H : (q,y - x) < 0, My £ C}. 

Definition 2.2 ( 34, 35j). A bifunction if) : H x H —» K is called: 

(i) /3-strongly monotone on C if there exists (3 > 0 such that 

ip(x,y)+i>(y,x) <-P\\x - y\\ 2 Mx,y£C\ 

(ii) monotone on C if 

i>{x,y)+ij){y,x) < 0 Vx, y £ C; 

(iii) pseudomonotone on C if 

V>(x, y) > 0 => ijj(y, x) < 0 Vx, y £ C. 

(iv) /3-strongly pseudomonotone on C if there exists (3 > 0 such that 

y)> 0=> tp{y, x) < -(3\\x - y\\ 2 Vx, y £ C. 


It is easy to see from the aforementioned definitions that the following implications hold, 

(i) =7 (ii) => (iii) and (i) =7 (iv) => (iii) 


The converses in general are not true. 

In this paper, we consider the bifunctions / and g under the following conditions. 

Condition A 
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(Al) /( x, •) is convex, weakly lower semicontinuous and subdifferentiable on H for every fixed 
x £ H. 

(A2) f(-,y) is weakly upper semicontinuous on H for every fixed y £ H. 

(A3) / is /3-strongly monotone on H x H. 

(A4) For each x,y £ H, there exists L > 0 such that 

||w-w|| < L\\x — y\\, \/w <E df(x,-)(x),v £ df(y,-)(y). 

(A5) The function x e-> df(x,-)(x) is bounded on the bounded subsets of H. 

Condition B 

(Bl) g(x,-) is convex, weakly lower semicontinuous and subdifferentiable on H for every fixed 
x £ H. 

(B2) g(-,y) is weakly upper semicontinuous on H for every fixed y £ H. 

(B3) g is pseudomonotone on C with respect to f l, i.e., 

g(x,x*)< 0, Vx£C,x*£n. 

(B4) g is Lipschitz-type continuous, i.e., there exist two positive constants Li,L 2 such that 

g(x,y) + g(y,z) > g(x,z ) - L x \\x - y\\ 2 - L 2 \\y - z\\ 2 , Wx,y,z£ H. 

(B5) g is jointly weakly continuous on H x H in the sense that, if x,y £ H and {x n },{y n } £ H 
converge weakly to x and y, respectively, then g(x n ,y n ) g(x,y) as n —> +oo. 

Example 2.3 ([40 ). Let /,j:Rxl^lbe defined by f(x, y) = 5 y 1 — 7x 2 + 2xy and g{x, y) = 
2 y 2 — 7x 2 + 5xy. It follows that / and g satisfy Condition A and Condition B, respectively. 

Lemma 2.4 ([3 , Propositions 3.1, 3.2). If the bifunction g satisfies Assumptions (Bl), (B2), and 
(B3), then the solution set f l is closed and convex. 

Remark 2.5. Let the bifunction / satisfy Condition A and the bifunction g satisfy Condition B. 
If f1 fy 0, then the bilevel equilibrium problem (1.2) has a unique solution, see the details in [33 . 

Lemma 2.6 ([9 ). Let (f>: C —> R be a convex, lower semicontinuous, and subdifferentiable function 
on C. Then x* is a solution to the convex optimization problem 

min{/(a;) : x £ C} 


if and only if 

0 G dc/)(x*) + N c {x*). 

The following lemmas will be used in the proof of the convergence result. 

Lemma 2.7 ([38J. Let {a„} be a sequence of nonnegative real numbers, {a n } be a sequence in 
( 0 , 1 ), and {fy,} be a sequence in R satisfying the condition 

^n+l — (1 o n )u n T cx n fy, Vn ^ 0, 

where = 00 ant ^ ^ msu Pn^oo fy 0- Then lim^^oo a n = 0. 

Lemma 2.8 ([25J. Let {a n } be a sequence of real numbers that does not decrease at infinity, in 
the sense that there exists a subsequence {a raj } of {a n } such that 

a Uj < a nj+ i for all j > 0 . 
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Also consider the sequence of integers {T(n)} n > no defined, for all n > no, by 

r{n) = max{fc < n | a& < a.fc_(_i}. 

Then {r(n)}„> no is a nondecreasing sequence verifying 

lim r(n) = oo, 


and, for all n > no, the following two estimates hold: 


Qr{n ) — ^r(n) +1 and a n ^ 0'r(n) + 1* 

Lemma 2.9 ([40 ). Suppose that f is (3-strongly monotone on H and satisfies (Af). Let 0 < a < 1, 
0 < ?? < 1 — a, and 0 < y < For each x,y £ H, w £ df(x,-)(x), and v £ df(y, -)(y), we have 

||(1 - rf)x - ayw - [(1 - rf)y - ayv}\\ < (1 - r? - aa)\\x - y ||, 


where a = 1 — \Jl — y{2(3 — yL 2 ) £ (0,1]. 


3. Main Result 


In this section, we propose the algorithm for finding the solution of a bilevel equilibrium problem 


under the strong monotonicity of / and the pseudomonotonicity and Lipschitztype continuous 
conditions on g. 

Algorithm 3.1. Initialization: Choose Xq,xi £ H, 0 < y < 0 £ [0,1), the sequences 

{a n } C (0,1), {e„} C [0,+oo) and {77^} are such that 


! 


lim n —»oo e^n — 0, y OL n OO, 


0 < T)n < 1 - Ct n Vn > 0, limn^oo y n = 77 < 1, 



n =0 


Select initial Xq,x\ £ C and set n> 1. 

Step 1.: Given x n -\ and x n (n > 1), choose 6 n such that 0 < 9 n < 9 n , where 



(3.1) 


Choose {A„} such that 



Compute 





Step 2. Compute w n £ df(z n ,-)(z n ) and 


x n+1 = r/ n x n + (1 - r/n)zn ~ a n yw n . 
Set n := n + 1 and return to Step 1. 
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Remark 3.2. Some remarks on the algorithm are in order now. 

(1) Evidently, we have from (3.1) that 

E OO 

9n\\x n — X n -i\\ < 00, (3.2) 

n—0 

d.U6 to %n— 1|| — ^n— 1|| — 

(2) When 6 n = 0, Algorithm 3.1 reduces to Algorithm 1 of [40 . 

Theorem 3.3. Let bifunctions f and g satisfy Condition A and Condition B, respectively. Assume 
that 12 yf 0. Then the sequence {x n } generated by Algorithm 3.1 converges strongly to the unique 
solution of the bilevel equilibrium problem (1-2). 

Proof. Under assumptions of two bifunctions / and g , we get the unique solution of the bilevel 
equilibrium problem (1.2), denoted by x*. 

Step 1: Show that 

\\z n -x*\\ 2 < \\x n -x*\\ 2 -(l+d n -2X n L 1 )\\x n -y n \\ 2 -(l+e 7l -2X n L2)\\yn-Zn\\ 2 -9n\\xn~x n -i\\ 2 . 

(3.3) 

The definition of y n and Lemma 2.6 imply that 

0 e d^\ n g(x n ,y) + ^||y - s„|| 2 j ( y n ) + N c (y n )• 

There are w £ dg(x n , •)( y n ) and w £ Nc{y n ) such that 

A n w + y n - s n +w = 0. (3.4) 

Since w £ Nc(y n ), w e have 

(w, y - y n ) < 0 for ally e C. (3.5) 

By using (3.4) and (3.5), we obtain A n (w,y - y n ) > ( s n — y n ,y — y n ) for all y £ C. Since z n £ C , 
we have 

X n {w, z n - y n ) > (s n - y n ,z n - y n ). (3.6) 

It follows from w £ dg(x n , -){y n ) that 

g(x n ,y) - g(x n ,y n ) > (w,y - y n ) for ally £ H. (3.7) 

By using (3.6) and (3.7), we get 

X n {g(x n , Zn) - g{x n , y n )} > (s n - y n , z n - y n ). (3.8) 

Similarly, the definition of z n implies that 

0 <E d I^X n g(y n ,y) + ^||y-a; n || 2 | (z n ) + N c {z n ). 

There are u £ dg(y n , -)(z n ) and u £ Nc{x) such that 

A n u + z n — x n + u = 0. (3-9) 

Since u £ Nc{z n ), we have 

(u, y — z n ) < 0 for ally £ C. (3.10) 
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By using (3.9) and (3.10), we obtain A n (u, y — z n ) > ( x n — z n , y — z n ) for all y £ C. Since x* £ C, 
we have 

An(fo Z n ) — (*Tn Zm Z n ) (3.11) 

It follows from u £ dg(y n , -)( 2 : n ) that 

g{yn,y) - g(y n ,z n ) > (u 7 y - z n ) for ally £ H. (3.12) 

By using (3.11) and (3.12), we get 

A n{g(Um ) g(Vn, Zn )} (%n Z n , X Z n ). 

Since a;* £ £2, we have g (a;*, y n ) >0. If follows from the pseudomonotonicity of g on C with respect 
to £2 that g(y n ,x*) < 0. This implies that 

{%n Z ni Z n X ) A ngigjnt Zn) ■ (3.13) 

Since g is Lipschitz-type continuous, there exist two positive constants L lt L 2 such that 

g(y n ,z n ) > g(x n ,z n ) - g(x n ,y n ) - Lx\\x n - y n || 2 - L 2 \\y n - z n || 2 . (3-14) 

By using (3.13) and (3.14), we get 

Z n , X ) )^_ An{l?(^n, ^n) gi^m 2/n)} A||x n y n || “ X n L 2 ||?/n || • 

From (3.8) and the above inequality, we obtain 

2{x n z n , x ) > 2{s n y n , ?/ n ) 2X n Li \ \x n 2 /n|| 2X n L 2 1| yn z n || ■ (3.15) 

By the definition of s„, we have that 

2{s n y n , Z n y n ) = 2{x n T 0 n {x n X n —l) yni Zn Vn) 

= 2i{x n yn ; yn Z n ) 29 n {x n X n — 1, Z n yn) ■ 

We know that 

2{x n ~ z n ,z n - x*) = \\x n - x*\\ 2 - || z n - x n \\ 2 - || z n - a:*|| 2 
2{x n yn-,yn Z n ) = j|a^n Z n || T \\x n yn || T || 9n Z n || 

29 n {x n %n—l: Z n yn) — 9 n { ||^n yn || ~ ||^n %n+l || || ?/n Z n || ). 

From (3.15), we can conclude that 

\\z n -X*\\ 2 < \\x n -X*\\ 2 - (l + 9n-2XnL 1 )\\x n -yn\\ 2 ~ (l + 0n-2XnL 2 )\\yn- Z n \\ 2 - 0 n \\x n -X n -l\\ 2 ■ 

(3.16) 

Step 2: The sequences {x n }, {u> n }, {y n } and {z n } are bounded. 

Since 0 < A n < a, where a = min | > ^l" } > we h &ve 

(1 + 9 n — 2A„Li) > 0 and (1 + 9 n — 2X n L 2 ) > 0. 

It follows from (3.3) and the above inequalities that 

\\z n — x*|| < ||a; n — a;*1 1 for alln £ N. (3-17) 


1001 


Munkong 995-1010 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 

By Lemma 2.9 and (3.17), we obtain 

||^ra+l - Z*|| = \\VnX n + (1 - T) n )z n - a^W n - X* + T] n X* - T] n X* + OL n [lV - a n fiv\\ 


= ||(1 - r)n)z n - a n nw n - (1 - y n )x* + a n /iv + r] n (x n - x*) - cx n \iv || 

< 11(1 - r\n)z n - a n fj,w n - [(1 - r]n)x* + a n fiv]\\ + y n \\x n - x*|| + a n /j,\\v\\ 

< (1 - ri„ - a n a)\\z n - x*\\ + r] n \\x n - x*|| + a n n\\v\\ 

<{l-r] n - a n a)\\x n - x*|| + r) n \\x n - x*|| + a n n\\v\\ 



(3.18) 


where w n £ df(z n , •)(;?„) and v £ df(x*, -)(x*). This implies that 



By induction, we obtain 



Thus the sequence {x n } is bounded. By using (3.17), we have {z n }, and using Condition (A5), we 
can conclude that {w ra } is also bounded. 

Step 3: Show that the sequence {x„} converges strongly to x*. 

Since x* £ fl*, we have f(x*,y) > 0 for all y £ fl. Note that f(x*, x*) = 0. Thus x* is a minimum 
of the convex function f[x*, •) over fl. By Lemma 2.6, we obtain 0 £ df(x*, -)(x*) + Nq(x*). Then 
there exists v £ df(x*,-)(x*) such that 


(v, z — x*) > 0 for all 2 £ fl. 


(3.19) 


Note that 


\\x-y\\ 2 < ||x|| 2 - 2 (y,x- y) for alia :,y £ H. 


(3.20) 


From Lemma 2.9 and (3.20), we obtain 
||x„+i - x *|| 2 

= ||VnXn + (1 - Vn)Zn ~ a/J,W n - X*|| 2 


= 11(1 - r]n)Zn a n nw n - [(1 - r]n)x* + a n /iv\ + r) n (x n - x*) - a ni 

— 10 Vn.)Z n U n pw n [(1 77 n )x T OL n y,v\ T T]n(.Xn X )|| A 

< {||(1 - rin)zn - a n yw n - [(1 - T) n )x* + a n y,v\ + r] n (x n - £*)|| 2 } 

< [(1 -T) n - a n a)\\z n - x*|| + 77„||x„ - x*||] 2 - 2a n /j,(v, x n+1 - x*} 

< (1 - Vn - a n a)\\z n - x*\\ 2 + T) n ||x n - x*|| 2 - 2a n /a(u,x n+ i - x*) 

0 (1 Vn d-n <0 11 X n X || T T] n \ \x n X || 2 OC n y J (^V, X n j r \ X ) 

— (1 OL n fj) ||x„ X || 2 CX n fl(v, X n -\-\ X ) 


x*) - a n nv\\ 2 

x*)|| 2 - 2a n /j,(v,x n+1 - x*) 

- x*)|| 2 } - 2a„n(v,x n+ i - x*) 


(3.21) 


It follows that 


||x n+ i - x*|| 2 < (1 - a n a)\\x n - x*|| 2 + 2 a n y,{v,x* - x n+1 ). 


(3.22) 


Let us consider two cases. 
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Case 1: There exists no such that ||x n — x*|| is decreasing for n > no- Therefore the limit of 
sequence \\x n — x*|| exists. By using (3.17) and (3.22), we obtain 


0 < Wxn - x*\\ 2 - I \z n - X 


* II2 


< - 


OinO" 

1 - Vn 
1 

1 - Vn 


\z n - a-’* II 2 - 


2a n )a 

1 - Vn 


{v,x n+1 - X*) 


X n-X *\\ 2 -\\x n+ 1 -x*r). 


Since linin^oo = r] n < 1, linin^oo a n = 0 and the limit of [|x n — x*|| exists, we have 

lim (||x n — x*\\ 2 — \\z n — x*|| 2 ) = 0. (3.23) 

n—>oo 

From 0 < X n < a and inequality (3.3), we get 

(1 + 6 n - a)\\x n - y n || 2 < (1 + 9 n - 2A„Li)||x„ - y„|| 2 < ||x„ - x*|| 2 - \\z n - x*\\ 2 . 

By using (3.23), we obtain linin^oo ||x n — y„|| = 0. Next, we show that 

limsup(x,x* — x n+ \) < 0. (3.24) 

n—too 

Take a subsequence {x nk } of {x n } such that 

limsup(v,x* — x n +i) = limsup(x,x* — x Uk ). 

n—too k —>-oo 

Since {x Uk } is bounded, we may assume that {x nk } converges weakly to some x £ H. Therefore 
limsup(u,x* — x n+ i) = limsup(u,x* — x nk ) = (v,x* — x). (3.25) 

n—>oo k —>oo 

Since linin^^ ||x ra — y n || = 0 and x nk x, we have y nk —>■ x. Let us consider that 
lim ||s n — y n \\ < lim ||s„-x„|| + lim ||x n -y„||. 

n —>oo n —>oo n—too 

By the definition of s n , we have that 


lim ||s„ — x n || = lim ||x„ - 6 n (x n - x„_ x ) - x„|| 

n — too n —too 

= lim 6 n \\x n - x n —i ||. 

n —>-oo 

Using the assumption 9 n \\x n — x„_i|| < oo, it implies that linin^oo 9 n \\x n — x n _i|| = 0. Thus 

limn^oo ||s n — x„|| = 0. Since lim,,^^ ||s n — x n || = 0 and x nk — 1 x, we have s nk —*• x. Since C is 
closed and convex, it is also weakly closed and thus x £ C. Next, we show that x £ Cl. From the 
definition of {y n } and Lemma 2.6, we obtain 

0 <E <9 |a n g(x n ,y) + ^||s n - y|| 2 | (y n ) + N c {y n )• 

There exist ui £ Nc(y n ) and w £ dg(x n , ■)(?/„) such that 

X n w + y n -s n + w = 0. (3.26) 

Since w £ Nc{y n ), we have (w,y — y n ) < 0 for all y £ C. From (3.26), we obtain 

A n {w,y - y n ) > (s n -y n ,y - y n ) for ally £ C. (3.27) 
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Since w £ dg(x n , -)(y n ), we have 

g(x n ,y) - g(x n ,y n ) > {w,y - y n ) for all y £ H. (3.28) 

Combining (3.27) and (3.28), we get 

X n {g(x n , y) - g(x n ,y n )} > (s n -y n ,y~ y n ) for all y £ C. (3.29) 

Taking n = rik and fc —> oo in (3.29), the assumption of X n and (B5), we obtain g(x,y) = 0 for all 
y £ C. This implies that x £ Cl. By inequality (3.19), we obtain (v,x — x*) > 0. It follows from 
(3.25) that 

lim sup(v, x* — x n+ \) < 0. (3.30) 

n —kx> 

We can write inequality (3.22) in the following form: 

\\x n+ i - x *||^ < (1 - a n a)\\x n - x*\\ 2 + a n cr£ n , 

where = =^(v,x* — x n +i). It follows from (3.30) that limsup n ^ oc < 0. By Lemma 2.7, we 
can conclude that linin^^ ||x n — x*\\ 2 = 0. Hence x n —> x* as n —> oo. 

Case 2: There exists a subsequence {x n .} of { x n } such that ||a; n . — x*|| < ||xn j+1 — x*|| for all 
j £ N. By Lemma 2.8, there exists a nondecreasing sequence {t(t 7,)} of N such that linin^oo r(n) = 
oo, and for each sufficiently large n £ N, we have 


ll*r(n) ~**|| < ll*r(n)+i “**11 and - x *|| < ||x t( „ )+1 - x *||. (3.31) 

Combining (3.18) and (3.31), we have 

||*r(n) - **|| < ||*r(n)+l “ **|| 

— (1 Vr(n) ^r(nW) II T-(n) * |j T ^r(n) ||*r(n) X || "b 0! T ^ Tl )//|[u||. (3.32) 

From (3.17) and (3.32), we get 


~ M *ii II *11 ^ ^r(n)^ || || 

0 < ||a: T (n) - * II - \\z T (n) - * II < -z - \\z T (n)-x*\\ + --Ifoll 


1 ^?r(n) 


1 Vr(n) 


(3.33) 


Since linin^oo a n = 0, lim^oo r) n = rj < 1, {z n } is bounded, and (3.33), we have lim n _ >00 (||a; T ( n ) — 
**11 — ||z r (n) — **||) = 0. It follows from the boundedness of {x n } and {z n } that 


lim 


|*r(n) - **|| 2 - | \Zr(n) ~ **" 2 


)= 0 . 


(3.34) 


By using the assumption of {A„}, we get the following two inequalities: 


1 T 0 n — 2A> 1 T 0 n — 2nLi > 0 and 1 + 0 n — ‘2X T ^ n ^L/2 > 1 T 0 n — 2aL/2 > 0. 
From (3.3), we obtain 

\\z T (n) - x*\\ 2 < ||x r(n) - a;*|| 2 - (1 + 0 n - 2A r(n) Li)||a; T(n) - y r(n) || 2 
— (1 + 0 n — 2A T („)i2)||2/r(n) _ fo-(n)ll“ 

< ||*r(n) - **H 2 - (1 + On - 2aZq) ||a5 r(n) - y T (n)\\ 2 
(IT 0 n 2ctZ/2) ||yr(n) Z T { n ) || • 

This implies that 

0 < (1 + 0 n — 2aLi)||x T („) — y r ( n )|| 2 T (1 T 0 n — 2aL2)\\y T ( n ) — z T ( n )|| 2 

< ||*rW-*l 2 -|K(fo-*l 2 - 


1004 


Munkong 995-1010 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


It follows from (3.34) and the above inequality that 

lim ||air(n) - VT(n)\\ = 0 and lim \\y T ( n ) ~ z T ( n ) || = 0. (3.35) 

Note that ||a: T(n) - z r(n) || < ||aj T ( n) - y T ( n )\\ + \\y T (n) - z T[n) \\. From (3.35), we have 

lim ||a,’ T ( n ) - z T(n) || = 0. (3.36) 

By using the definition of £ n +i and Lemma 2.9, we obtain 

||*^'r(n)+l *^r(n)|| ||^?r(n)*^'r(n) "L (1 ^7r(n))'2'r(n) ^r(n)/^^r(n) *^r(n)|| 

11(1 ^?r(n))-^'r(n) ^r(n)M^r(n) 

[(1 Tf r (n))^'r(n) ^r(n)^r(n)] ^r(n)^r(n)|| 

— ||(1 ^?r(n))-2’r(n) ^r(n)^r(n) 

[(1 7 7r(n))^r(n) ^r(n)^r(n)] || “I - ^r(n) ||^V(n) || 

— (1 V r(n) ^T(n)^) II-^r(n) *^r(n)|| “1“ ^r(n) ||^r(n) II 

— 11^(71) *^r(n)|| "b ^r(n) ||^T(n) || 5 

where t r(n) G df(z rM , -)(^r(n)) and ^r(n) ^ df(x T ( n ), -)0*V(n))- Since lim n ^oo a n = 0, the bound¬ 
edness of {tc r ( n )} and (3.36), we have lim n ^ oc ||£ r ( n )+i — x T ( n )|| = 0. As proved in the first case, 
we can conclude that 

limsup^,£* — £ r ( n )+i) = limsup(u,x* — £ r ( n )) < 0. (3.37) 

n —»oo n —►oo 

Combining (3.22) and (3.31), we obtain 

||*^r(n)+l X || 5: (1 ^n(r)^') ll*^r(n) X || 2 QL n (j^[l(v, X ^r(n)+l) 

— (1 ^n(r)^") ||*^r(n)-|-l X || ~b 2Q n ( r )/i('U, X *^r(n)-|-l)’ 

By using (3.31) again, we have 

||®n - x *\\ 2 < \\ x r(n)+l ~ X*\\ 2 < ~^( v , x * ~ x r{n)+ 1)- 

From (3.37), we can conclude that limsup n _ >00 \\x n — x*\\ 2 < 0. Hence x n —> x* as n —> oo. This 
completes the proof. ■ 

4. Numerical example 

In this section, we provide a numerical example to test our algorithm. All Matlab colds were 
performed on a computer with CPU Intel Core i7-7500U, up to 3.5GHz, 4GB of RAM under 
version MATLAB R2015b. In the following example, we use the standard Euclidean norm and 
inner product. 

Example 4.1. We compare our algorithm with Algorithm 1 proposed in Yuying et al. [40 . Let 
us consider a problem when H = R™ and C = {x £ R” : — 5 < Xi < 5, Vi £ {1,2, ...,n}}. Let the 
bifunction g : R 71 x R” —> R be defined by 

g{x,y) = (Px + Qy,y — x) for all x,y £ R", 

where P and Q are randomly symmetric positive semidefinite matrices such that P — Q is positive 
semidefinite. Then g is pseudomonotone on R™. Next, we obtain that g is Lipschitz-type continuous 
with Li = L 2 = \\\P — <5||. Furthermore, we define the bifunction / : R n x R" —> R as 

f(x,y) = {Ax + By,y — x) for all x, y £ R n , 
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Table 1: 
1, 2 ,n 

Comparison: proposed Algorithm 3.1 and Yuying et al. 40 with 
}• 

xo = xi e {x 

S K n : Xi = 1, Vi 


Algorithm 3.1 


Yuying et al. Algorithm 

6 = 0.6 

6 

= 0.9 


No. of Iter. CPU (Time) 

No. of Iter. 

CPU (Time) 

No. of Iter. 

CPU (Time) 

5 

29 1.0015 

28 

1.0178 

34 

1.3618 

10 

43 1.7310 

38 

1.3645 

54 

1.9099 

50 

90 4.3222 

88 

4.6822 

98 

5.5028 


Table 2: 
1, 2,n 

Comparison: 

}• 

proposed Algorithm 3.1 and Yuying et al. 40 with 

xg = x\ e {x 

G : Xi = i, \/i 

n 


Algorithm 3.1 


Yuying et al. Algorithm 

6 

= 0.6 

6 

= 0.9 

No. of Iter. 

CPU (Time) 

No. of Iter. 

CPU (Time) 

No. of Iter. 

CPU (Time) 

5 

32 

1.1074 

30 

1.0388 

37 

1.3528 

10 

50 

1.8239 

45 

1.8472 

61 

2.3260 

50 

108 

6.6858 

105 

6.5254 

116 

6.7247 


with A and B being positive definite matices defined by 

B = N T N + nl n and A = B + M T M + nl n , (4.1) 

where M, N are randomly n X n matrices and I n is the identity matrix. 

Moreover, df(x, -)(x) = {(A + B)x} and \\(A + B)x — (A + B)y\\ < ||A + i?||||£ — y\\ for all x,y £ R n . 
Thus the mapping x —> df(x, -)(aj) is bounded and || A+ £?||-Lipschitz continuous on every bounded 
subset of H. 

It is easy to see that all the conditions of Theorem 3.3 and of Theorem 3.1 in [40 are satisfied. 
New, we compare the performance of our algorithm and algorithm of Yuying et al. [40J, we take 
, 1 1 fc+1 2 . . 

Afe = k + l’ ak = % = 3 (fc + 4 ) » ^ = \\A + B\\ 2 ’ the Same Startmg p0mt *o = x 1 £{x£ 

R” : Xi = 1, Vi = 1, 2, ...,n} and x 0 = X\ £ {x £ R" : Xi = i, Vi = 1,2,..., n} for all the algorithms. 

For Algorithm 3.1, we choose e* = yyj’ 0 £ [0,1) and 6k such that 0 < 6k < 6k-, where 

rZ 

I 6 if otherwise. 

To terminate the algorithm, we used the stopping criteria ||a?fc+i — Xfc|| < e with e = 10 -6 is 
a tolerance. The results are reported in the Table 1 and Table 2, we can see that the number of 
iterations (No. of Iter.) by Algorithm 3.1 with different inertial parameters (6 = 0.6 and 6 = 0.9) 
is less than that of Yuying et al. Algorithm [40 , for two different starting points, we can see 
that in this example the starting points Xq = x\ £ {x £ R n : Xi = l,Vi = 1,2, ...,n} give better 
performance than Xq = xi £ {x £ R" : Xi = i,\/i = 1,2, ...,n}. Moreover, Figure 1 and Figure 2 
illustrate the numerical behavior of both algorithms. In these figures, the value of errors ||a;fc+i — a;* || 
is represented by the y- axis, number of iterations is represented by the x-axis. 


1006 


Munkong 995-1010 


















J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.5, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 



Figure 1: Comparison of proposed Algorithm 3.1 and Yuying et al. 40 with xg = (1,1,...., 1) T and n=50. 



Figure 2: Comparison of proposed Algorithm 3.1 and Yuying et al. 


40 with xg = (1, 2,50) T and n=50. 


5. Conclusions 

In this article, we introduced an iterative algorithm for finding the solution of a bilevel equi¬ 
librium problem in real Hilbert space. Under some suitable conditions imposed on parameters, we 
proved the strong convergence of the algorithm. We showed the efficiency of the proposed algorithm 
is verified by a numerical experiment and preliminary comparison. These numerical results have 
also confirmed that the algorithm with inertial effects seems to work better than without inertial 
effects. 
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Daubechies Wavelet Method for Second Kind 
Fredholm Integral Equations with Weakly Singular 

Kernel * 

Xin Luo t Jin Huang^ 


Abstract 

In this paper, the weakly singular Fredholm integral equations of the second 
kind are solved by the periodized Daubechies wavelets method. In order to 
obtain a good degree of accuracy of the numerical solutions, the Sidi-Israeli 
quadrature formulae are used to construct the approximation of the singular 
kernel functions. By applying the asymptotically compact theory, we prove the 
convergence of approximate solutions. In addition, the sidi transformation can 
be used to degrade the singidarities when the kernel function is non-periodic. 
At last, numerical examples show the method is efficient and errors of the 
numerical solutions possess high accuracy order O (h 3+a ), where h is the mesh 
size. 

Keyword: Daubechies wavelets; weakly singular kernel; Fredholm integral 
equation of the second; linear and nonlinear integral equations; convergence 
rate. 


1 Introduction 


Many problems in science and engineering such as Lapalace’s equation, problems in 
elasticity, conformal mapping, free surface flows and so on, result in Fredholm inte¬ 
gral equations with singular or weakly singular (in general logarithmic) and periodic 
kernels [11], Therefore, singular or weakly Singular Fredholm linear equations and its 
nonlinear counterparts are most frequently studied for decades. 

*This work is supported by Project (NO. KYTZ201505) Supported by the Scientific Research 
Foundation of CUIT 

'College of Applied Mathematics, Chengdu University of Information Technology, Chengdu 
610225, P.R. China, corresponding author: luoxin919@163.com 

I School of Mathematical Sciences, University of Electronic Science and Technology of China, 
Chengdu 611731, P.R.China 
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Generally, the weakly singular Fredholm integral equation of the second can be 
converted into the following form 

u(x)-[ k{x,y)g{u{y))dy = f{x)i are [0,1], (1.1) 

Jo 

where 

k(x,y) = H^x^y^x - y\ a (\n\x - y\) p + H 2 (x,y), a > -1, f3 > 0, (1.2) 

u(x) is an unknown function and / G L 2 [0,1], and Hj(x,y ) (j = 1,2) are continu¬ 
ous on [0,1]. The integral equation (1.1) is linear when g(u(y )) = u(y ), and when 
g(u(y )) ^ u(y) the equation is nonlinear. 

As is known, several different orthonormal basis functions, for example, Chebyshev 
polynomial [8], Fourier functions [2], and wavelets [3, 4, 5, 6, 7, 9, 10, 13, 14, 16, 17], 
can be used to approximate the solutions of integral equations. However, for large 
scale problems, the most attractive one among them may be the wavelet bases, in 
which the kernel can be transformed to a sparse matrix after discretization. This 
is mainly due to functions with fast oscillations, or even discontinuities, in localized 
regions may be approximated well by a linear combination of relatively few wavelets 

[ 3 ]- 

This paper is organized as follows: in Section 2, the periodized Daubechies wavelets 
is introduced for solving weakly singular Fredholm integral equations of the second 
in detail. In Section 3, the convergence and error analysis are investigated. In Sec¬ 
tion 4, numerical examples are provided to verify the theoretical results. Some useful 
conclusions are made in Section 5. 


2 Periodized Daubechies wavelets method 

2.1 Multiresolution analysis and function expansions 

Wavelets are attractive for the numerical solution of integrations, because their van¬ 
ishing moments property leads to operator compression. Especially, Daubechies 
wavelets [12, 15] have many good properties and can deal with some types of kernels 
arising from boundary integral formulation of elliptic PDEs, and the coefficient are 
often numerically sparse. In fact, there are only O (n log n) significant elements. Sup¬ 
posed that if} and (j) be the the wavelet of genus N and Daubechies scaling function 
respectively. Thus their support are supp(0) = supp(^) = [0, N— 1], For any j, k € Z , 
we introduce the notations 4>j,k(x) = 2jl 2 $(2?x — k) and Vh,fe( x ) = 2^ 2 i\){2?x — k), then 
their periodic kin with period-1 can be described by 

<i>j,ki x ) = X^ + n )’ $J,k( x ) = X^ ^( x + n ), x G R, 0 < k < 2h (2.1) 

nEZ nEZ 

Here {4>j,k(x)}k^z and {^j,k( x )}kez are orthogonal [17]. Defining the periodic spaces 
Vj = spanl^y;}^ 1 and W 3 = spanj^fc}^ 1 . A chain of spaces V 0 c V\ ■ ■ ■ C 
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L 2 [ 0,1] can be constructed, which subject to the following conditions: (a) Uj>o Vj- = 
L 2 [ 0,1], n jeZ Vj = {0}; ( b ) h(x) G Vj /i(2x) G V j+1 ] (c) Vj- © Wj- = Vj +1 , IVj JL Vj-. 
The Daubechies wavelets and scaling functions described above result in the wavelet 
theory (i.e., multiresolution analysis (MR.A)) of L 2 [0,1]. 

Supposed that function p(x) G L 2 [ 0,1] be approximated by scaling series at reso¬ 
lution J as 

2 J -1 

p( x ) = ^2 Cj^j )k (x) = $*(x)c, x G [0,1], (2.2) 

k =0 


where 

$0*0 = (2.3) 


and 


c = (cyo, Cji, • • • , Cj^j-i) 1 , c Jk = / p(x)0j, fc (a;)da;. 


(2.4) 


First, we calculate the wavelet coefficient cj )k for nonsingular function p(x) G 
L 2 [0,1]. Let x t = i/2 7 , i = 0,1, • • • , 2 J ~V Substituting x = Xi into Eq. (2.2), we 
have 

2 J -1 2 J -1 

p( x ) = 22 c J,khA i / 2 ' J ) = 2 J/2 22 Cj ’ fc 22 ^',fe(2 Jn + * - A:). (2.5) 

fc=0 /c=0 nEZ 


By using the relationship between supp(d) and [0,1], we know when J > J 0 only 
finite terms of the inner summation in (2.5) contribute the following result 


f Oorl, if 2 J -lV + 2 < N- 1, 
\ 0, if 0 <k < 2 J s - N + 1. 


Now we write (2.5) as the matrix form 


V = Tc, (2.6) 

where p = [p(0), p(l/2 J ), ■ ■ ■ ,p((2 J — 1)/2 7 )]*, T is the nonsingular matrix which 
entries are the function values of (j>(x) at integers (i.e., 0(0),0(1),- • • ,<j)(N — 2)) appear 
in it, and hence it satisfies 


2 J 2 J 

22 = 22 = 2 J/2 , i, j = 1, 2, • • • , 2 J . (2.7) 

i=l j =1 

Consequently, the function k(x, y ) G L 2 ([0,1] x [0,1]) in Eq.(l.l) can be approximated 
at resolution J as 

k(x,y) = &(x)Q$(y), (2.8) 

where Q is the 2 J x 2 J coefficient matrix. Eq. (2.8) can be written as the following 
form 

Q = T~ 1 KT~ t , (2.9) 

where K is the 2 J x 2 J kernel matrix with K %] = k(i/2 J : j/2 J ). 
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Secondly, if the function p(x) is singular on [0,1], some values of p(x) at the 
dyadic points Xi = i/2 J , i = 0,1, • • • , 2 J — 1 may be unbounded and then c can not 
be immediately solved from the Eq.(2.6). In order to avoid the Eq.(2.6) being invalid, 
we can use the method in the literature [17] to compute the values of p(x). Without 
loss of generality, we assumed that function p(x) G L 2 [ 0,1] has only one singular point 
Xi = if 2 J , % G {0,1, • • • , 2 J — 1}. Then the function value p(xf} in Eq.(2.6) can be 
computed via on the following ( see [17]) 

„1 2 J —1 

p(i/2 J )=2 J p(x)dx- ^ p(jf 2 J ), 2 G (0,1, • • • , 2 J — 1}, (2.10) 

0 l=o jW 

where integration f*p(x)dx can be calculated by Sidi-Israeli quadrature formulae 
[11]- 

2.2 Kernel function approximation and discretization of sin¬ 
gular integral equation 

Motivated by the Eq.(2.10) and by thinking k(x,y ) as a one-dimensional function of 
variable x and y respectively, we also have 

rl 2 J -1 

k(x,m/2 J ) — 2 J k(x,y)dy — ^ k(x : j/2 J ), m G (0,1, • • • , 2 J — 1}. (2.11) 

° j=0,j^m 

The following Theorem 2.1 can be used to construct the kernel approximation of 
Eq.(l.l). 

Theorem 2.1 [11] Assume that the functions Hi(x,y) and H- 2 (x,y) are 21 times 
differentiable on [a, b\. Assume also that the functions k(x, y) are periodic with period 
T = b — a, and that they are 2d times differentiable on R = (—oo, oo)\{a; + jT }°T_ 0O . 
If k(x,y ) = Hi(x, y)\x — y|"(ln \x — y\) ,s + H 2 (x, y), s > —1, (3 = 0,1, then the 
quadrature rules of the following integral 

I[k(x,y)\ = f k(x,y)dy, (2.12) 

J a 

are 

n 

I n [k(x,y)\ = h ^2 k(x,yj) + 2[/3('(-ai) ^{-a)(\nhY]H 1 {x,x)h a+1 + H 2 (x, x)h, 

(2.13) 

and the quadrature errors are 

t 1 j-j- f2/i) / \ 

E n [k(x,y)} = 2^[/3C'(-« ~ 2 /i) - C(-« - 2 /a)(I n h ) /3 ] 1 —^j — h 2fl+a+1 + o ( h 21 ), 

(2.14) 
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where E n [k(x,y] = I[k(x,y)\ — I n [k(x,y)], and the mesh size is h — (b — a)/n. 

Let n = 2 J and by (2.13), we can get the Nystrom approximation for the kernel 
function k(x,y ) 


k D {xi,yj) 


2[/?C'(-a) - C(-ct){lnh)^}Hi(xi,Xi)h a + H 2 {x h Xi), if i = j, 
k(xi,yj), if 


Supposed that the kernel function k(x,y), u(x) 
resolution J as 


(2.15) 

and f(x) be approximated at 


k(x,y) = ^ t (x)Q^(y), f(x) = <h t (a:)6 and u(x) = <h < (a;)c, (2-16) 

where c = [c(0), c(l/2 J ), • • • ,c((2 J — l)/2 J )] t is the expansion coefficient vector of 
u(x). By the orthonormality of periodized wavelets, the integration of the product of 
the same two scaling function vectors is achieved as 

<h(a;) < h i (a;)da; = /, (2-17) 

where I is the 2 J by 2 J identity matrix. For the linear integral equation, we have 

&(x)c— f &(x)Q$(y)&(y)c(\.y = &\x)b. (2-18) 

Jo 

Substituting (2.15), (2.16) and (2.17) into (2.18), and by invoking (2.9), we get a 
linear system 

(I-K D (T t T)~ 1 )u D = f, (2.19) 

where / = [/(0),/(1/2 J ), • • • ,/(( 2 J — 1)/2 J )]* and K D = T l QT. Similarly, the 
nonlinear case for Eq. (1.1) can be transformed into the following by the wavelet 
method 

u D -K D {TT t )~ 1 g{u D ) = f, (2.20) 

Eq. (2.20) is a system of nonlinear equations about u and can be computed by Newton 
iteration method. 



3 Convergence and error analysis 

In this section, we mainly study the convergence and error for the linear case of (1.1) 
by wavelet method. 

We write Eq. (1.1) as the operate form 

(■ I~K)u = f , (3.1) 

where 

(Ku)(x)= f k(x,y)u(y)dy, (3.2) 

Jo 
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with the kernel 

k(x,y) = H^x^^x - y\ a (\n\x - y\f + H 2 (x,y), a > -1, (3 > 0, (3.3) 

and the approximation of K is defined by 

n 

(K n u)(x) = h ^2 k(x,yj) u (yj) + LJ n (x)u(x), (3.4) 

where the weight function 

u(x) = 2[/3( (—a) — C(—a)(lnh) l3 ]Hi(x,x)h a+1 + H 2 (x,x)h. (3.5) 

Supposed that the approximation of (3.1) is 

(/ - K n )u n (x) = g. (3.6) 

Lemma 3.1 Supposed the the operator K n is defined by (3.4), then the operator 
sequence {K n } is asymptotically compactly convergent to K, i.e., 


K„ ™ K, 


where —> denotes the asymptotically compact convergence. 

Proof. Let the continuous kernel approximation of K be defined by 

, c , \ f k(x,y ), if \x — y\ > h, 

" X, V \ Hi(x,x)h a (]nh)P + H 2 (x,x), if\x — y\<h, 

and the corresponding operator approximation be 

n 

(K°u)(x) = h^2kl(x,yj)u(yj). 
j =i 

For any v G C[0,1], we have 


(3.7) 


(3.8) 


(3.9) 


II (K - K c n )v\\ = sup / \(k(x,y)mk c n (x,y))v(y)\iy 

lhl|oo<i do 

< / \k(x,y)-k°(x,y)\dy\\v\\ 0O 
Jo 

< [ \Hi(x,y)\\\x — y|“(ln \x — y\Y — h“(ln/i)^|d7/||n|| 0O 

J\x-y\<h 

< max \Hi(x,y)\ [ \\x — ?/| a (hi \x — y\Y — h a (\n /i)^|d?/||i;| 

x,yec[ o,i] J\x-y\<h 


= 0((lnfc)' , fc“)IMU 


(3.10) 
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hence, we can obtain 

|| K - K c n || = 0((\nhfh a ) -> 0, as h -> 0. 

On the other hand, we know uj{x) —> 0 as h —> 0 by (3.5), then 

||A£ — A^JI —■> 0, as h —> 0. 


(3.11) 


(3.12) 


First, there exists a subsequence in {A'^7/ n } for any y n C C[0,1] by (3.11),. Without 
loss of generality, assumed that K^y n —> z and by (3.12), then 


\K n yn - z\\ < II K n y n - K c n y n \\ + \\K c n y n 


< II K n - Ki 


+ WKVn 


Z\\ 

z I 


0, 


(3.13) 


that is to say, the sequence {K n } is asymptotically compactly convergent. Secondly, 
for any y G (7[0,1], we have 

IIA n y - Ky\\ < || K n - K c J\\y\\ + \\K c n y - Ky\\ ^ 0. (3.14) 

The proof of Lemma 3.1 is completed. □ 

Corollary 3.2 The operator sequence {K n (I — o(h)E)} is asymptotically com¬ 
pactly convergent to K, be., 

K n (I - o(h)E) ™ k. (3.15) 

where A is a matrix and every element in it is one. 

Proof. By Lemma 3.1, we know 

Kn ^ A, (3.16) 

that is, 

|| A n - A||-0. (3.17) 

Hence, we immediately have 

|| A n (j - o(h)E) - K II < II K n - A|| + || A n || ||o(h)A||—^0. (3.18) 

The proof of Corollary 3.2 is completed. □ 

Let x = (i — 1 )h, i — 1, 2, • • • , 2 J , where h = 1/2 J . Using the trapezoidal rule to 
approximate Eq.(2.17), then we have hTT* = I + o(h)E, where E is a matrix and 
every element in it is one. By ( hTT *) _1 = I + o(h)E , (2.15) and (2.19), we get 

{I-k n {hT kt T)~ 1 )u D = f, (3.19) 

which is equivalent to 

(I - K n (I - o(h)E)u D = f. (3.20) 

Hence, by the Corollary 3.2 we get the following remark. 

Remark 1 According to the Corollary 3.2, the solutions kb of Eq.(3.20) by 
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Daubechies wavelet method are convergent to the solutions u n of Eq.(3.6) when h—>0. 
Theorem 3.3 The solutions of Eq.(3.6) have asymptotic expansions hold at nodes 

u n (x) = u(x) + a^h^ 3 + a 2 (x)h a+3 lnh + o{h a+5 \nh), (3.21) 

where <Jj(x) £ C[0,1], j = 1,2 are independent of h, and <j 2 = 0 when (3 = 0 and 
a > —1, or (3 — 1 and a = 0. 

Proof. We construct the auxiliary equation 

(I - K)a = P(x), (3.22) 

where 

P(x) = \/3( '(-a - 2) -<(-« - 2)(\nhf](H 1 u) {2) h 3+a . (3.23) 

By invoking Eq.(2.14), we have 

(K n - K)u(x) = -P{x) + o(h 5+Q In h). (3.24) 

Using (3.22), we get 

(/ - K n )(u n -u- h 3+a a ) = / - u + K n u + h 3+Q {I - K n )a 
= (K n - K)u + h 3+a (I - K)a + h 3+a (k n - K)a (3.25) 

= o(h a+5 lnh), 


that is, 


u n — u — h 3+a a = o(h a+5 \nh). 

(3.26) 

From (3.22), we obtain 


a = -ay - <7 2 (ln h)^, 

(3.27) 

where 



<T! = ~(3('(-a-2)(I-k)-\H lU ) {2 \ and a 2 = ((-a-2 )(/-/?)- 1 (i/ 1 u) (2) . (3.28) 

Substituting (3.28) into (3.26), and by £(—2) = 0 (see [1]), we know that (3.21) holds. 
The proof of Theorem 3.3 is completed. □ 

Remark 2 According to the Theorem 3.3 and Remark 1, the numerical solutions 
ud of Eq.(3.19) possess high accuracy order O ( h 3+a ) as h—* 0. 


4 Numerical experiments 

In this section, two numerical examples about the Fredholm equations are com¬ 
puted by Daubechies wavelet method. Let err“(x) = | u(x) — u n (x)\ be the er¬ 
rors by Daubechies wavelet method using n (= 2 J J = 3, • • • , 8) nodes, and let 
EOC = log(err n /err 2n )/log 2 be the estimated order of convergence. 
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If the kernel function k(x,y ) of Eq.(l.l) is not periodic, we can apply the Sidi 
transformation for Eq.(l.l) and make the kernel be periodic. The Sidi transformation 
is defined by (see [18]) 




(siii7rT) 7 dr( / (sin7TT) 7 dr) 1 : [0,1] 


[ 0 , 1 ], 7 > 1 - 


In the following three examples, the errors and error ratio of numerical solutions 
at the selected points X\ = 0, X 2 = 0.25 and X 3 = 0.5 by Daubechies wavelet method 
using transformation ife(t) are listed in tables. 

Example 1 . Consider the linear Fredholm equation of the first kind 


u(x) 



y\u(y)dy = g(x) 


where g(x) = x 2 In x/2 + (1 — x 2 ) ln(l — x)/2 + x/2 — 1/4 and the exact solution is 
u(x) = x. We use periodic Daubechies wavelet of genus D = 12 as basis functions to 
compute the errors for Example 1 using different resolutions. The plots of computed 
errors are shown in Figure 1 and the errors and error ratio of numerical solutions are 
listed in Table 1. From the results in Table 1, we can see EOC ~ 3. 


Table 1: The Errors of u. 


J 

3 

4 

5 

6 

7 

8 

err^(xi) 

2.058-02 

2.111-03 

3.214-04 

3.935-05 

4.896-06 

6.116-07 

EOC(x 1 ) 

— 

3.2857 

2.715 

3.030 

3.007 

3.001 

err%(x 2 ) 

2.328-02 

2.485-03 

3.607-04 

4.401-05 

5.481-06 

6.847-07 

EOC(x 2 ) 

— 

3.228 

2.784 

3.035 

3.006 

3.001 

err“(x 3 ) 

2.278-02 

9.764-05 

1.752-05 

2.222-06 

2.778-07 

3.474-08 

EOC{x 3 ) 

— 

7.866 

2.478 

2.979 

3.000 

3.000 




Figure 1: The error distributions of Example 1 at different resolutions. 
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Example 2. Solving the following non-periodic second kind Fredholm integral 
equation with algebraic singular kernel 


u(x) + 



1/2 u(y)dy = g(x), 


where g(x) = x + 2(x^/(x) — x 2 / 3 /3+Xy/(l—x) + {1 — x) 2 ^ 3 / 3) and the exact solution 
is u{x) = x. We also use periodic Daubechies wavelet of genus D = 12 as basis 
functions to compute the errors using different resolutions. The plots of computed 
errors are shown in Figure 2 and the errors and error ratio of numerical solutions are 
listed in Table 2. From the results in Table 2, we can see EOC ~ 2.5. 


Table 2: The Errors of u. 


J 

3 

4 

5 

6 

7 

8 

err^(xi) 

1.713-03 

3.964-05 

1.638-05 

2.627-06 

4.505-07 

7.898-08 

EOC(xf) 

— 

5.433 

1.275 

2.640 

2.544 

2.512 

errf(x 2 ) 

8.526-03 

3.899-04 

3.847-05 

4.843-06 

8.529-07 

1.508-07 

EOC{x 2 ) 

— 

4.451 

3.341 

2.990 

2.505 

2.500 

err“(x 3 ) 

4.698-03 

2.975-04 

6.878-05 

1.216-05 

2.150-06 

3.800-07 

EOCfx 3 ) 

— 

3.981 

2.113 

2.499 

2.500 

2.500 




Figure 2: The error distributions of Example 2 at different resolutions. 

Example 3. Solving the following nonlinear second kind Fredholm integral equa¬ 
tion with weakly singular kernel 


u(x)+ ln|x - y\g(u(y))dy = f(x), 
■Jo 
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where 

f(x) — (x — 0.5) 2//3 + ^-(x 2 — x + 1/3) —x(x 2 /3 — x/2 + 0.25) ln(—^-—) — ln(l — x). 

O J. 0C 1 . Z 

The exact solution is u(x) — (x — 0.5) 2 / 3 . The periodic Daubechies wavelets of genus 
D = 12 as basis functions are used to compute the errors. The Newton iteration 
method is used for solve Example 3 and the initial vector of u$ is given by Uq = 
(1, i, - - - A)\j r After 4 iterations the errors are shown in Fig.3. The errors and 
error ratio of numerical solutions are listed in Table 3. From Table 3, we can see 
EOC « 3. 


Table 3: The Errors of u. 


J 3 4 5 6 7 8 

err“(xr) 4.900-04 4.755-05 4.371-06 5.481-07 6.865-08 8.582-09 

EOC(x i) - 3.365 3.443 2.996 2.997 3.000 

err“(x 2 ) 1.659-03 1.565-04 1.714-05 2.141-06 2.673-07 3.340-08 

EOC{x 2 ) - 3.407 3.190 3.001 3.002 3.001 

errl(x 3 ) 6.442-04 2.102-04 6.570-05 8.145-06 1.004-06 1.252-07 

EOC(x 3 ) - 1.616 1.678 3.012 3.019 3.003 




Figure 3: The error distributions of Example 3 at different resolutions. 


5 Conclusions 

In this paper, the Sidi-Israeli quadrature formula is used to construct the approxima¬ 
tion of kernel functions and then the Daubechies wavelet method is used to solve Eq. 
(1.1). when the kernel functions are not periodic, we can apply the Sidi transforma¬ 
tion for Eq.(l.l) and make the kernels be periodic. Because the wavelet integrations 
are completely avoided and the expansion coefficients obtained here are exact, which 
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makes the wavelets method has a good degree of accuracy. In addition, the Danbechies 
wavelets method is used for linear Fredholm integration equation, the discrete matrix 
of the associated linear system can be transformed into a very sparse and symmetri¬ 
cal one. Accordingly, many preconditioners can be used to reduce the computational 
cost. 
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Some fixed point results in ordered complete dislocated 
quasi G d metric space 

Abdullah Shoaib 1 , Muhammad Arshad 2 , Tahair Rasham 3 

Abstract: In this paper, we discuss the fixed points of mappings satisfying 
contractive type condition on a closed ball in an ordered complete dislocated 
quasi G metric space. The notion of dominated mappings is applied to approx¬ 
imate the unique solution of non linear functional equations. An example is 
given to show the validity of our work. Our results improve/generalize several 
well known recent and classical results. 

2010 Mathematics Subjects Classification: 46S70; 47H10; 54H25. 

Keywords and phrases: fixed point; contractive dominated mappings; closed 
ball; ordered complete dislocated quasi metric spaces. 

1 Introduction and Preliminaries 

Let T : X —> X be a mapping. A point igTis called a fixed point of T if x = 
Tx. Let xq be an arbitrary chosen point in X. Define a sequence {x n } in X by 
a simple iterative method given by x n+ \ = Tx n , where n € {0,1,2,3,...}. Such 
a sequence is called a picard iterative sequence and its convergence plays a 
very important role in proving existence of fixed point of a mapping T. A self 
mapping T on a metric space X is said to be a Banach contraction mapping if, 

d(Tx,Ty) < kd(x,y) 

holds for all x,y € X where 0 < k < 1. Recently, many results appeared in 
literature related to fixed point results in complete metric spaces endowed with 
a partial ordering . Ran and Reurings [17] proved an analogue of Banach’s fixed 
point theorem in metric space endowed with partial order and gave applications 
to matrix equations. Subsequently, Nieto et. al. [12] extended the results of [17] 
for non decreasing mappings and applied this results obtain a unique solution 
for a 1st order ordinary differential equation with periodic boundary conditions. 
On the other hand in 2005, Mustafa and Sims in [14] introduce the notion of a 
generalized metric space as generalization the usual metric space. Mustafa and 
others studied fixed point theorems for mappings satisfying different contrac¬ 
tive conditions for further useful results can be seen in [3, 8, 9, 10, 15, 16, 21]. 
Recently, Arshad et. al. [4] proved a result concerning the existence of fixed 
points of a mapping satisfying a contractive condition on closed ball in a com¬ 
plete dislocated metric space. For further results on closed ball we refer the 
reader to [5, 6, 7, 13, 20] and references their in. The dominated mapping [2] 
which satisfies the condition fx^x occurs very naturally in several practical 
problems . For example x denotes the total quantity of food produced over a 
certain period of time and f(x) gives the quantity of food consumed over the 
same period in a certain town, then we must have fx A x. 

In this paper we have obtained fixed point results for dominated self- map¬ 
pings in an ordered complete dislocated quasi G d metric space on a closed ball 
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under contractive condition to generalize, extend and improve some classical 
fixed point results. We have used weaker contractive condition and weaker re¬ 
strictions to obtain unique fixed point. Our results do not exists even yet in 
metric spaces. An example shows how this result can be used when the corre¬ 
sponding results cannot. 


Definition 1 Let X be a nonempty set and let G d : X x X x X —> R + be a 
function satisfying the 

following axioms: 

(i) If G d (x, y, z) = Gd{y, z, x) = G d (z, x, y) = 0,then x = y = z, 

(ii) G d {x,y,z) < G d (x,a,a) + G d (a,y,z ) for all x,y,z,a £ X (rectangle 
inequality). 

Then the pair (X, G d ) is called the dislocated quasi G^-metric space. It is 
clear that if 

G d (x,y,z ) = G d (y,z,x ) = G d (z,x,y) = 0 then from (i) x = y = z. But if 
x = y = z then G d (x,y,z) may not be 0. It is observed that if G d {x,y,z) = 
G d (y,z,x) = G d {z,x,y) for all x,y,z £ X, then ( X,G d ) becomes a dislocated 
Gd-metric space. 

Example 2 If X = R + U {0} then G d {x,y,z) = x + max{x,y, z} defines a 
dislocated quasi metric G on X. 

Definition 3 Let (X, G d ) be a G d -metric space, and let {x n } be a sequence 
of points in X, a point x in X is said to be the limit of the sequence {x„} if 
G d {x,x n ,x m ) = 0, and one says that sequence {x n } is G d -convergent 
to x.Thus, if x n —> x in a G d -metric space (X,G d ), then for any £ > 0, there 
exists n, m £ N such that G d (x,x n ,x m ) < £, for all n,m> N. 

Definition 4 Let (X,G d ) be a G d -metric space. A sequence {x n } is called 
G d -Cauchy sequence if, for each £ > 0 there exists a positive integer n* £ N 
such that G d (x n ,x mt xi) < £ for all n,l,m > n*\ i.e. if G d (x n ,x m ,xi) —> 0 as 
n, m, l —> oo. 

Definition 5 G d -metric space ( X , G d ) is said to be G d -complete if every G d - 
Cauchy sequence in (X, G d ) is G d -convergent in X. 

Proposition 6 Let (X, G d ) be a G d -metric space, then the following are equiv¬ 
alent: 

(1) {x n } is G d convergent to x. 

(2) G d {x n , x n , x) —> 0 as n —> oo. 

(3) G d {x n ,x,x) —> 0 as n —> oo. 

(4) G d (x n , x m , x) —> 0 as m n —> oo. 

Definition 7 Let ( X,G d ) be a G d -metric space then for Xq £ X, r > 0, the 
closed ball with centre xq and radius r is, 

B{xo,r) = {y £ X : G d (x 0 ,y,y ) < r}. 
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Definition 8 [2] Let (X, X) be a partial ordered set. Then x,y £ X are called 
comparable if x -< y or y S x holds. 

Definition 9 [2] Let ( X, be a partially ordered set. A self mapping f on X 
is called dominated if fx <x for each x in X. 

Example 10 [2] Let X = [0,1] be endowed with usual ordering and f : X X 
be defined by fx = x n for some n £ N. Since fx = x n < x for all x £ X, 
therefore f is a dominated map. 


2 Fixed Points of Contractive Mapping 

Theorem 11 Let (X, A, Gd) be an ordered complete dislocated quasi Gd metric 
space, and T : X —+ X be a dominated mapping. Suppose there exists a, b such 
that a + 3b < 1 and for all comparable elements x,y and z in B(xo,r), with 
xo £ B(x 0 ,r), r > 0,. 


G d (Tx,Ty,Tz ) < a G d {x, y, z) + b [G d (x, Tx, Tx) (2.1) 

+G d (y,Ty,Ty) + G d {z,Tz,Tz)} 


where A = 


a + b 
1 - 2b 


and Gd(xo,Txo,Txo) < (1 — A )r. 


( 2 . 2 ) 


If for a nonincreasing sequence {x n } in B(xo,r), {x n } —> u implies that u S x n 
and 


G(x o, Txo,Txq) + G(v,Tv, Tv) + G(v, Tv, Tv) 

< G{x 0 ,v,v) + G{Tx 0 ,Tv,Tv) + G(Tx 0 ,Tv,Tv) (2.3) 


then there exists a point x * in B(xo,r) such that Gd{x*,x*,x*) = 0 and x* = 
Tx*. 

Proof. Consider a picard sequence x n +i = Tx n with initial guess Xo. As x n +i = 
Tx n A x n for all n £ {0}UN. By inequality (2.2), Gd{x o,Xi,Xi) < r. It implies 
that x\ £ B{Xo, r). Similarly X 2 ■ ■ ■ Xj £ B(x o, r) for some j £ N. 


G d (xj, Xj- )_i , Xj-\- 1) 


(1 2b)Gd(xj,Xj-\-i,Xj-\-i) 

G d (xj, Xj- |_i , Xj-\- 1) 


= G d {Txj-i,Txj,Txj) < a G d {xj-\,Xj,Xj) 

I~h[Gd(xj-.i, Txj-i, Txj—i ) T Gd^Xj, Xj-^-i, Xj- j_i) 

~\~G d(xj, Xj-\- 1 , Xj-^-i )] 

< (a + b)Gd(xj-i,Xj,Xj) 

— p _ 2b) ^ d ^ X; >- 1, Xj, x j) 


Gd(.Xj, Xjx- 1 , Xj-\- 1 ) 


< X 3 Gd{xo,xi,xi). 


(2.4) 
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Now by using the inequality (2.2) and (2.4) we have 


G d {ptj i +1 5 •Ej +1) 

< 

G d { xq, X\, X\) 4~ G d [x\, X 2 ; X 2 ) 4~ * * * 4~ G d ( Xj, Xj^-i * Xj^-i ) 

G d (Xj , Xj i, Xj -|-1) 

< 

(1 — A )r + A(1 — A )r + • • • 4- A J (1 — A )r 

G d (ptj 5 •Ej +1 i 3Cj +1) 

< 

r(l — A)[l 4- A 4- A 2 + • • • 4- A J ] 

G d (ptj •> •Kj +1 > %j +1) 

< 

r<1 A > ( ( 1 - A) ) - r 


=> 

G d (xj,Xj + i,Xj+i) < r. 


Thus Xj +1 £ B(xo,r). Hence x n € B(xo,r) for all n € N. Now inequality (2.4) 
can be written as in the form of 

Gd(x n ,Xn+i,x n +i) < X n Gd{x 0 ,x 1 ,x 1 ) for all n £ N. (2.5) 


By using inequality (2.5) we get 

G d {x n i Xn+ij *Tn+i) G d (x n , X n ^-\, X n -\- 1) 4“ * * * 4~ G d(Xn+i— 1; X n -\-i, ^n+i) 

A ™(1 — A*) 

Gd(x n ,x n +i,Xn+i) < —f. - G d (x 0 ,x 1 ,x 1 )-> 0 as n 00 (2.6) 

U - AJ 


Notice that the sequence {x„} is Cauchy sequence in ( B(xo,r) ,Gd)■ Therefore 
there exist a point x* £ B(xo,r). 


lim G d (x n ,x*,x*) 

n —>oo 


G d (x*,Tx*,Tx*) 


< 


lim G d {x*,x*,x n ) = 0 

n—> oo 


G d (x*,x n ,x n ) + G d (x n ,Tx*,Tx*) 


By assumption x* -< x n -< x n -\, therefore, 


G d {x*,Tx*,Tx*) 
G d {x*,Tx*,Tx *) 


G d {x*,Tx*,Tx*) 
(1 - 2b)G d (x*, Tx*, Tx*) 


< G d (x*,x n ,x n ) + Gd(Tx n ^i,Tx*,Tx*) 

C G d (x , x n , x n ) “P a G d )x n — i, x , x ) 

+b[G d (x n -i,Tx n -i,Tx n -i) + G d (x*,Tx*,Tx *) 
G d (x*,Tx*,Tx*)] 

'G G d {x , x n , x n ) + a G d {,x n —\, x , x ) 

+b[G d (x n -i,Tx n -i,Tx n -i) + 2G d {x*, Tx*, Tx*) 
C G d {x , x n , x n ) + a G d )x n —\, x , x ) 

4 ~b G d {x n — i, x n , x n ) 


Taking linin^oo both sides and using (2.6) we have 

(l-2b)G d {x*,Tx*,Tx*) < 0 4- a(0) 4- 5(0) 

=> G d (x* ,Tx* ,Tx*) < 0 
=> x*=Tx *. (2.7) 
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Similarly Gd(Tx*,Tx*,x*) = 0 and G d (Tx*,x*,Tx*) = 0 and hence x * = 
Tx* .Now 

G d (x*,x*,x*) = G d (Tx*,Tx*,Tx*) < a G d (x*,x*,x*) 

+3bG d (x*,Tx*,Tx*) 

(1 — a — 3b)G d (x* ,x* ,x*) < 0 

=> G d (x*,x*,x*) < 0. 

This implies that G d {x*,x*,x*) = 0. 

Uniqueness: 

Let y* be another point in B(xo,r) such that 

V* = Ty*. (2.8) 

Gd(y\ y\ y *) = G d (Ty*, Ty*, Ty*) < a G d (y*, y*, y*) 

+3 b[G d (y*,Ty*,Ty*)} 

(1- a-3b)G d (y*,y*,y*) < 0 

=► G d (y*,y*,y*)< 0. 

=► G d (y*,y*,y*) = 0. 

If x* and y* are comparable then 

G d (x*,y*,y*) = G d (Tx*,Ty*,Ty*)<aG d (x*,y*,y*) 

+b[G d (x*, Tx*, Tx*) + 2 G d (y*, Ty*, Ty*)} 

(1 -a)G d (x*,y*,y*) < 0 

=► G d (x*,y*,y*) = 0. 

Similarly, G d (y*,y*,x*) = 0. This shows that x* = y*. 

If x* and y* are not comparable then there exist a point v £ B(xo,r) which is 
a lower bound of both x* and y*. Now we will to prove that T n v € B(xo,r). 
Moreover by assumptions v ^ x* ^ x n -< ■ ■ ■ ^ Xo. Now by using (2.1), we have, 

G d (Tx 0 ,Tv,Tv) < a G d (x 0 ,v,v) + b \G d (x 0 ,xi,xi) + 2 G d (v,Tv,Tv)\. 

By using (2.3), we have 

G d (Tx 0 ,Tv,Tv) < a G d (x 0 ,v,v)+b [G d (x 0 ,v,v)+ 2G d (xi,Tv,Tv)} 
(l-2b)G d (Tx 0 ,Tv,Tv) < (a + b) G d (x 0 ,v,v) 

G d (Tx 0 ,Tv,Tv) < ^^b) Gd(x 0 ,v,v) 

G d (Tx 0 ,Tv,Tv) < A G d (x 0 ,v,v). (2.9) 

Now, 

G d (x 0 ,Tv,Tv) < G d (x 0 ,x 1 ,x 1 ) + G d (x 1 ,Tv,Tv) 

G d (x 0 ,Tv,Tv) < G d {x 0 ,xi,xi) + A G d (x 0 ,v,v) by (2.9) 
G d (xo,Tv,Tv) < (1 — X)r + Xr 

G d (x 0 ,Tv,Tv) < r. 
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It follows that Tv £ B(xo,r). Now we will prove that T n v £ B(xo,r). By us¬ 
ing mathematical induction to apply inequality (2.1). Let T 2 v, T 3 v, ■ ■ ■ T J v £ 
B(xo,r) for some j £ N. As 

T^v -A T-’~ 1 v V X* X„ Xn. 

Then, 

G d {T j v,T j+1 v,T j+1 v) 

G d (T j v,T j+1 v,T j+1 v) 

(1 - 2 b)G d (T j v, T j+1 v, T j+1 v) 

G d (T j v,T j+1 v,T j+1 v) 

G d (T j v,T j+1 v,T j+1 v) 

G d (T j v,T j+1 v,T j+1 v) 

G d (T j v,T j+1 v,T j+1 v) 

G d (T j v,T j+1 v,T j+1 v) 

Now, 

G d (x j+1 ,T j+1 v,T j+1 v) < G d (Txj,T(T j V ),T(T j v)) 

G d (x j+1 ,T j+1 v,T j+1 v) < a G d { Xj ,T j v,T j v) 

+b [G d (x j ,Tx j ,Tx j ) + 2G d {T j v i T j+1 v,T j+1 v)\. 

By using (2.4) and (2.10) 

G d {x j+ uT j+1 v,Ti +1 v) < a\ j G d (x 0 ,v,v) 

+b[X j G d (x 0 ,x 1 ,x 1 ) + 2X j G d (v,Tv,Tv)} 
GAxi.t^'vTr-i'v) < aX j G d (x 0 ,v,v) 

+bX° [G d (xo, x\,x\) + 2G d (v,Tv,Tv)\ 

By using the condition (2.3) 

G,/(.t, ,.j . T' { T-' 1 r) < aX j G d (x 0 ,v,v) 

+bX J [G d (x o, v, v ) + 2XG d (x 0 , v, u)] 
G d (x m ,T j+1 v,T j+1 v) < X j (a + b + 2bX)G d (x 0 ,v,v) 
G d (x j+t ,T j+1 v,T j+1 v) < X j+1 G d (x 0 ,v,v) (2.11) 


= G d {T(T 3 ~ l v), T(T j v),T(T j v)) 

< a GdiT’-'v, T j v, T j v) + b [G d (T j_1 v, T j v, T j v ) 
+2 G d (T j v,T j+1 v,T j+1 v)} 

< (a + 6)G d (T i " 1 w,T%, T j v) 

< XG d (T j ~ 1 v,T j v,T j v) 

< X 2 G d (T j - 2 v,T j - 1 v,T j - 1 v) 

< X 3 G d (T j - 3 v,T j - 2 v,T j - 2 v) 

< X j G d (T j ~ j v, T j ~( j Wv, T^-^v) 

< X j G d {v,Tv,Tv) (2.10) 
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Now , 


G d (x 0 ,Ti +1 v,Ti +1 v) 

G d (x 0 ,T j+1 v,T j+1 v) 

G d (x 0 ,T j+1 v,T j+1 v) 

G d (x 0 ,T j+1 v,T j+1 v) 
G d (x 0 ,T* +1 v,T j+1 v) 
G d (x 0 ,T j+1 v,T j+1 v) 


< G d (x 0 ,x j+ 1 Xj+i) + G d (x j+1 ,T J+1 v,T J+1 v) 

< G d (x 0 ,x i ; xi) H-h G d (xj,Xj +1 x j+1 ) 

+G d (x j+1 ,Ti +1 v,T j+1 v) 

< G d {xo, xix\) + \G d (xo, X\X\) 

+ ■ ■ ■ + N +1 G d (xQ, v, v) by (2.5) and (2.11) 

< G d (x o, a;i ) xi)[l + A + A 2 + • • • + X j ] + A j+1 r as v £ B{x o, r) 

< (1 - A)r ^ 'V ^ + A j+1 r = r 

(1 - A) 

< r. 


It follows that T J+1 v £ B(xo,r) and hence T J v £ B(xo,r). Now the inequality 
(2.10) can be written as 

G d (T n v , T n+1 v, T n+1 v ) < A n G d (v, Tv, Tv) -> 0 os n -» oo (2.12) 


Now, 

= G d (Tx*,Ty*,Ty*) 

< G d (Tx*,T n+1 v, T n+1 v) + G d {T n+1 v, Ty *, Ty*) 

< a G d (x*,T n v, T n v) + b [G d {x*, Tx*, Tx *) 

+2 G d (T n v,T n+1 v,T n+1 v)}+ a G d {T n v,Ty*,Ty*) 
+b [G d (T n v, T n+1 v, T n+1 v) + 2 G d (y*,Ty*, Ty*)} 

By using (2.7), (2.8) and (2.12) we have 

G d {x*, y*, y*) < a G d (x*, T n v, T n v) + a G d (T n v, y*, y*) 

G d {x*, y*, y*) < a [G d (Tx*,T n v, T n v) + G d (T n v, Ty*,Ty*)} 

G d {x*, y*, y*) < a [a G d (x*, T n ~ 1 v, T n ~ 1 v) + b G d {x*, Tx *, Tx*) 

+26 G d {T n ~ l v,T n v,T n v) + aG d {T n - 1 v,y*,y*) 
+b G d (T n ~ 1 v,T n v,T n v) + 2b G d (y*,Ty*,Ty*)]. 

By using (2.7), (2.8) and (2.12) we have 


G d (x*,y*,y*) 

< 

a 2 [G d [x*,T n ~ 1 v, T n ~ l v) + G^T^v, y*. 

<y*)] 

G d (x*,y*,y*) 

< 

a 3 [G d (x*,T n ~ 2 v, T n ~ 2 v) + G d (T n ~ 2 v, y*, 

.y*)} 

G d (x*,y*,y*) 

< 

a n [G d (x*,Tv,Tv)+G d (Tv,y*,y *)] 


G d (x*,y*,y*) 


0 as n —> oo 


G d {x*,y*,y*) 

= 

0 


x* 

= 

y*- 



G d (x*,y*,y*) 
G d {x*,y*,y*) 
G d (x*,y*,y*) 
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This proves the uniqueness of the fixed point. ■ 

Now we give an example of an ordered complete dislocated quasi G^-metric 
space in which the contraction does not hold on the whole space rather it holds 
on a closed ball only. 

Example 12 Let X = R + U {0} he endowed with usual order and Gd : X x X x 
X —> X he a complete dislocated quasi Gd metric space defined by, 


Gd{x,y,z) 


0 if x = y = z 
max {2 x,y,z} otherwise. 


Then ( X , Gd) is a Gd complete G dislocated quasi metric space. 
Let T : X —+ X be defined by, 


Tx = 


f if * G [0, §] 1 

x — | if x € [§, oo) J ' 


Clearly, T is a dominated mappings. Take Xo = g, r = B(xo,r ) = [0, |] and 

A = j, a + 36 < 1, where a = and b = yg. 


G d (x 0 ,Tx 0 ,Tx 0 ) < (1 - A )r 


G 4 T b T b = "““<§• 1T4 1 

Since (l-A)r = (i - ^ ^ 



=>• 16 < 27 


2 

3 


Also if x, y and 2 € [§, oo). We assume that x > y, and y > z, then 


r 2 1 1, 
max{2x — —, 2 / — -,z- -} 


G d (Tx,Ty,Tz) 


> ^max{2 x,y,z} 

1 r 1 1, 

1Q [max(2a;, x - 

r 1 1 
+ max{2 y,y- -,y - -} 

r 1 1 

+ max{2 z,z- -,z- -}} 

> a G d {x,y,z) +b [G d (x,Tx,Tx) 
+G d (y,Ty,Ty) + Gd(z,Tz,Tz)] 


So the contractive conditions does not holds in X. Now if x,y and z € B(xo,r) 
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then, 

f 2x y z, 1 , , 

max{ —, < — {2x,y,z\ 

1 . , xx , , u y. 

+ 1 () [max{2x, -} + max{2 y, -} 

+ ma x{z, -}] 

G d (Tx,Ty,Tz ) < a G d (x,y,z) + b [G d (x,Tx,Tx) 
+G d {y,Ty,Ty) + G d (z,Tz,Tz)]. 

Hence it satisfies all the requirements of Tlieoremll. If we take b = 0 in in¬ 
equality (2.1) then we obtain the following corollary. 

Corollary 13 Let ( X , G) be an ordered complete dislocated quasi G— metric 
space, T : X —> X be a dominated mapping and Xo be any arbitrary point in X. 
Suppose there exists a £ [0,1) with, 

G(TxTyTz ) < a G(x,y,z), for all x, y and z GY = B(xo,r), 


G d (Tx,Ty,Tz ) = 


=> 


and 

G(xqTxoTxq) < (1 — a)r. 

If for a nonincreasing sequence {x n } —> u implies that u S x n . Then there exists 
a point x * in B(xor) such that x* = Sx * and G(x*, x*, x*) = 0. Moreover if for 
any three points x, y and z in B(x o, r) such that there exists a point v £ B(xo,r) 
such that v S x, v S y and v S z, that is, every three of elements in B(xo,r) 
has a lower bound, then the point x* is unique. 

Similarly if we take a = 0 in inequality (2.1) then we obtain the following corol¬ 
lary. 

Corollary 14 Let (X,<,G) be an ordered complete dislocated quasi G-metric 
space T : X —> R be a mapping and xo be an arbitrary point in X. Suppose there 
exists b £ [0, |) with 

G(Tx, Ty, Tz) < b (G(x, Tx, Tx) + G(y , Ty, Ty) + G(z, Tz , Tz)) 
for all comparable elements x,y,z £ B{x$r) and 


G(x 0 ,Tx 0 ,Tx 0 ) < (1 - A)r, 


where A = If for non increasing sequence {a:„} —> u implies that u S x n . 

Then there exists a point x* in B(xo,r) such that x* = Sx*and G(x*,x*,x*) = 
0. Moreover, if for any three points x,y,z £ B{x 0 ,r), there exists a point v in 
B{xo, r) such that v S x and v S y, v S z. 
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MIZOGUCHI- TAKAHASHI’S FIXED POINT THEOREM IN TV- 
GENERALIZED METRIC SPACES 

SALHA ALSHAIKEY *, SAUD M. ALSULAMI AND MONAIRAH ALANSARI 


Abstract. Our main work is to prove Mizogchi- Takahashi theorem in //- 
generalized metric space in the sense of Brancairi. In the same setting we 
prove two more theorems which are generalizations of the main one. 


1. Introduction 

A metric is defined as a mapping d : A x A —> [0, oo), for any non-empty set A 
which satisfying the following axioms, for any x,y, z £ X 

(i) d(x, y) = 0 iff x = y 

(ii) d(x, y) = d{y, x) 

(iii) d(x, y) < d(x, z) + d(z, y). 

We said that the pair (A, d) is a metric space. The theory of metric spaces form a 
basic environment for a lot of concepts in mathematics such as the fixed point the¬ 
orems which have an important rules in various branches of mathematical analysis. 
One of the famous result of fixed point theorems is Banach Contraction Principle 
which state that, 

Theorem 1.1. [11] (Banach Contraction Principle) 

Let (A, d) be a complete metric space. Let T : X —> X be a self map on X such 
that 

d(Tx,Ty) < rd(x,y), 

hold for any x, y € A, where r £ [0,1). Then T has a unique fixed point. 

Many authors explored the importance of this theorem and extended it in differ¬ 
ent directions. For examples, we refer the reader to the following papers [2, 9, 8, 6], 
and the references therein. In (1969) Nadler extended theorem 1.1 for multi-valued 
mapping. Recall that the set of all non- empty, closed and bounded subsets of A 
is denoted by CB( A) and let A, B be any sets in CB{ A). A Hausdorff metric is 
defined as 

H(A,B) = max{supd(a, B),supc?(6, A)} 
a£A b£B 

Theorem 1.2. [12] (Nadler's theorem) Let (A, d) be a complete metric space. Let 
T : X —> CB( A) be a multi-valued map. Assume that 

H{Tx,Ty) < rd(x, y), 

holds for each x,y £ X and r € [0,1). Then T has a fixed point. 

Key words and phrases. Mizoguchi-Takahashi’s theorem, v- generalized metric 
space,Generalized of MT- theorem, Fixed point theory. 
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Many attempts have been done to generalize Nadler’s theorem. One of these 
generalizations is Mizoguchi- Takahashi’s theorem which stats that: 

Theorem 1.3. [10] Let (X,d) be a complete metric space. Let T : X —► CB(X) 
be a multi-valued mapping. Assume that 

TL(Tx,Ty) < fi(d(x,y))d(x,y), 

hold for each x , y € X, where (3 : [0, oo) -A [0,1) is a function such that lim sup s _^ t + (3(s) < 
1. Then T has a fixed point. 

Remark 1.4. The function (3 in theorem 1.3, which satisfies limsup s _ >t + /3(s) < 1 
is called Mizoguchi- Takahashi function (MT- function for short). 

Starting with Mizoguchi and Takahashi’s paper, many generalizations of their 
theorem have been established see [3, 13]. Recently, Eldred et al [4], claimed that 
Nadler’s and Mizoguchi- Takahashi’s theorems are equivalent. However, in [14], 
Suzuki proved that their claim is not true and he shown that Mizoguchi- Takahashi’s 
theorem (1.3) is a real extension of Nadler’s theorem. This is why we are interesting 
in such theorem. 

In another direction, in (2000) Branciari created a new concept of generalized 
metric spaces by modifying the triangle inequality to involve more points. 

Definition 1.5. [1] Let X be a non- empty set and d : X x X —> [0, oo). For veN, 
a pair (X, d) is called a v- generalized metric space if the following hold: 

(Ml) d(x,y) = 0 iff x = y 
(M2) d(x, y) = d(y, x) 

(MS) d(x, y) < d(x, ui) + d(u\, uff) + ... + d(u v , y), 

for any x, «i, M 2 , —u v , y £ X, such that x, Mi, M 2 , ■■■u v , y are all different. 

It is not difficult to show that the new space is not the same as the original 
one. Moreover, the new space is hard to deal with because it does not satisfy all 
topological properties that metric space has, see [15] for more details. Recently, 
in [16], Suzuki proved Nadler’s theorem in v- generalized metric spaces. The main 
work of this paper is to prove Mizoguchi -Takahashi’s theorem in v- generalized 
metric spaces. Firstly, we will list all the necessary definitions and some results 
that wc will need. Then, we will be able to prove our main results. 

2. Preliminary 

Definition 2.1. A point x € X is said to be a fixed point of multi-valued map T if 
x G Tx. 

Definition 2.2. [1] Let (X, d) be a v- generalized metric space. A sequence {:Cn}neN € 

X is said to be Cauchy sequence if 

lim sup d(x n , x m ) = 0 

n nf>m 

Definition 2.3. [16] A sequence {a: n }„gN is said to be (^,y^)- Cauchy sequence if 
all x n ’s are different and 

OO 

y d(xj,xj + 1) < 00 

3 =1 

Definition 2.4. [16] Let (X, d) be a v- generalized metric space. We said that, X 
is a (22, t^)- complete if every (X^ 7 ^) - Cauchy sequence converges. 
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Lemma 2.5. [16, 5] Let ( X , d) be a v- generalized metric space. 

• Every converge (^,^)- Cauchy sequence is Cauchy. 

• Let {x n }n 6 N be a Cauchy sequence converges to some y £ X and {y n } £ X 
be a sequence such that lim n ^ 00 d{x n ,y n ) = 0. Then, {y n } also converges 
to y. 

Lemma 2.6. [14] Let (3 : [0, oo) — > [0,1) is a MT-function. Then, for all s £ [0, oo), 
there exist r s £ [0,1) and e s > 0 such that (3(t) < r s for all t £ [s, s + e 3 ) 

Lemma 2.7. [12] Let ( X , d) be a metric space. For any A,B £ CB(X) and e > 0, 
there exist a £ A and b £ B such that d(a , b) < TL(A, B) + e 


3. Main Result 

In this section we prove Mizoguchi -Takahashi’s theorem in v -generalized metric 
spaces and some of its generalizations in the space. 

Theorem 3.1. Let (X,d) be a complete, v- generalized metric space, and 

let T be a multi-valued map defined from X into CB(X) satisfies the following: 

(i) If {y n } £ Tx and {y n } converges to y then y £ Tx. 

(ii) For any x,y £ X, TL(Tx,Ty) < a(d(x,y))d(x,y), 
where a is MT-function. Then T has a fixed point. 

1 + aft) 

Proof. Let define a function 7 : [0, 00 ) -A- [0, 1) as 7 ft) = -—-. It is not difficult 

to show that aft) < 7 (t), for any t £ [0,oo) and lim s _ ) . i + sup 7 (s) < 1. Moreover, 
for each x, y £ X and v £ Tx, there exist u £ Ty such that 

d(v,u) < 7 (d(x,y))d(x,y). 

Putting v = y, we will get that 


d(y,u) < 7 {d(x,y))d(x,y) 

Define f{x) = inf{<i(a;, b) : b £ Tx} and suppose that T does not have a fixed point 
( i.e., for all x £ X,ffx) > 0). Let x\ £ X be arbitrary and choose X 2 £ Tx\ 
satisfying 

(!) d(x\,x%) < —j—j - —ffx\). 

'y{d(x 1 ,x 2 )) 

Since Tx 2 7 ^ 0, we can choose an arbitrary element X 3 £ Tx 2 such that 
(2) /( x 2 ) < d(x 2 , x 3 ) < y(d(x 1 ,x 2 ))d(x ll x 2 ). 

Also, as in equation ( 1 ), we have 


<3) d(n -* 3>< ^hs) /(X2) - 

From (2) and (3), we have 

d(x 2 ,x 3 ) < min{'y(d(x 1 , x 2 ))d(x 1 , x 2 ), 

Thus 


1 


V.f(X2)j- 


j(d(x 2 ,x 3 )) 

7 (d(x 2 , x 3 ))d(x 2 , x 3 ) < f(x 2 ) < 7 (d(xi,, x 2 ))d(x lt x 2 ) < f(x 1 ). 
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Continuously, {xnjneN £ X is a sequence constructed such that x n +\ G Tx n and 
satisfying 

(4) 

r y{d{x n -\.\^X n J t 2 ^)d{x n J r \^X n J r 2 ) ^ f( x n+l) y(d(x n , X n _|_i))d(x n , X n _|_i) <C ,A(x n ), 

and 

(5) d(x n+ i,x n+ 2 ) ^ y(d(x n _|_i, x n ))d(x n _|-i, x n ). 

Since 7 (f) < 1, we have d(x ra -t_i, x n + 2 ) < d(x„,x„+i). Hence, from (4) and (5), the 
sequences {/(x„)} and {d(x n , x„+i)} are strictly decreasing. Next, we show that 
{x„} ne N is a (Y, 7 ^)- Cauchy sequence in two steps: 

Step 1 we show that all terms different. Suppose not i.e suppose x n = x m for some 
n > m, where m, n G N. Hence 

f(x m ) = inf {d(x m ,b) : b G Tx m } 

= inf {d(x n ,b) : b G Tx n } 

= f( x n), 

which contradicts {f(x n )} being strictly decreasing. 

Step 2 We show that Y d(x n , x n +i) < 00 . Since {d(x n ,x n + 1 )} is an decreasing 
sequence in R and bounded below, it converges to some positive real number (say 
5). Also, we have lim s _ >t + sup 7 (s) < 1, thus, there exist r G [0,1) and £ > 0 such 
that 7 (s) < r for all s G [<5, S + e). For any n G N, we can choose p G N satisfying 

5 < d(x n , x n+ i) < 6 + e with n> p. So, 

00 /ft 00 

d(x n , x n+1 ) < Y d{Xni %n-\- 1) “1“ ^ ^ d(x n ^ X n _|_i) 

n—1 n—1 n=fj,-\- 1 

At oo 

< Y d{x n ,x n+1 ) + Y r n d{x tl ,x ll+ 1 ) 

n—1 n—1 

< 00 . 

Thus {x n } is a (Yii^)~ Cauchy sequence in (Y^) complete v- generalize metric 
space. Then, it is converge to some z £ X and by lemma (2.5), {x n } is a Cauchy 
sequence. From our assumption we choose { u n } G Tz satisfy 

d{x n+ 1 ,u n ) < H(Tx n ,Tz) < 7 (d(x n ,z))d(x n ,z), 

for any n G N. But {x n } converges to z, so d(x n+ i,u n ) —> 0 as n —> oo. Thus we 
have x n+ i —> z and x„+i —> u n . Therefore, by lemma(2.5) d(u n , z) = 0 as n —> oo. 
So d(Tz,z) = 0 implies f(z) = 0 which is a contradiction. Therefore, there exist 
z G X such that f(z) = 0 and hence z G Tz is a fixed point. □ 

Definition 3.2. [7] A multi- valued map T from X into CB(X) is called a- ad¬ 
missible if for any x G X and y G Tx, a(x,y) > 1 implies a(y,z) > 1 for any 
z G Ty, where a : X x X —> [0, oo). 

The up coming lemma proved in [18], for single-valued map here, we prove it for 
multi- valued map. 


1050 


ALSHAIKEY 1047-1054 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


5 

Lemma 3.3. Let (X,d) be a v- generalized metric space. Let T be a multi-valued 
mapping from X into 2 X and {a; n }„ e N be a sequence in X defined by x n+ i £ Tx n 
such that x n ^ ar n +i. Assume that 

(6) d(x n ,x n + 1) ^ 6d(x n —i,x n 'j 

hold for any 5 £ [0,1). Then x n ^ x m Vn ^ m € N. 

Proof. We prove that x n +(, ^ x n for all n £ N and £ > 1. Suppose the contrary 
that is x n +i = x n for some n £ N and £ > 1. By assumption, we have that 
Xn+t+i = x n +\. Then from (6) we get 

(7) 

d{x n ,x n + 1) — d(x n +£, ^ 6 d(x n +g—i, T-n-t-t) ^ ... ^ 6 d{x n ,x n + 1) <C d(x n ,x n + 1) 

which is contradiction. Thus, we get x m ^ x n for all m ^ n in N. □ 


Let $ be the family of all functions p : [0, oo) —> [0, oo) which satisfying the 
following conditions: 


(a) <yj(s) = 0 iff s = 0. 

(b) p is non-decreasing and lower semi-continuous 

s 

(c) lim s _ >0 + sup — T < oo. 


Theorem 3.4. Let (X,d) be a (22, complete v- generalized metric space. Let 
T : X —> CB{X ) be an a- admissible multi-valued mapping satisfying: 

(i) There exist xq £ X and X\ £ Tx o such that a( xq,Xi) > 1 

(ii) If ( y n ) £ Tx and ( y n ) converge to y then y £ Tx 

(Hi) a(x , y)TL(T x, Ty) < <f>(d(x, y))d( x, y) for any x,y £ X, and </> is MT-function. 
Then T has a fixed point. 


Proof. Let /3 : [0, oo) 


1 + <f>(t) 

[0,1) as /3(f) = ---such that lim s _^+ sup/3(s) < 1. 


Clearly (f>(t) < (5{t) for each t £ [0, oo). Let x 0 £ X and choose X\ £ Tx 0 such that 

a(xo,x\) > 1. Assume Xq ^ X\ so, - ^ ^ °’ ‘ ^ d(xo, X\) > 0. Since Tx i ^ 0, 

choose 'X'i £ Tx i such that 


d(x i,x 2 ) < TL{Txq,Txi) 4-— 1 —d(xo,x\) 

< a(xo,x 1 )'H(Tx 0 ,Tx 1 ) 4- ^ ^ — 1 ^ d(x 0 ,a:i) 

< 4>(d(x 0 ,xi))d(x 0 ,xi) 4- ^ I, °’ 1 ^ d(x 0 ,xi) 

< /3(d(x 0 , xi))d(x 0 , x\). 


Since T is a- admissible, X\ £ Tx o and a(a:o,xi) > 1 then, a(Txo,Tx\) > 1 which 

1 — (f>(d(xi, X 2 )) 

implies a(x\, X2) > 1. Similarly assume X\ yt X2 we have-—- d(x 1 , 2 : 2 ) > 
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0 and choose 13 € such that 

d(x 2 ,x 3 ) < 'H(Txi,Tx 2 ) H- ^ ^ 11 2 ^ d(xi,x 2 ) 

< a(xi,x 2 )'H(Txi,Tx 2 ) H- ^ ^ 1? 2 ^ d(xi,x 2 ) 

< <j>(d(x 1 ,x 2 ))d(x 1 ,x 2 ) H- ^ ^ 11 2 ^ d(xi,x 2 ) 

< /3(d(xi,a;2))d(xi,a;2). 

Similarly, using the same method of proving theorem (3.1), we have our result. 

□ 


Theorem 3.5. Let (X,d) be a (^, 7 ^) complete v- generalized metric space. Let 
T : X —» CB{X ) 6 e a multi-valued map satisfying: 

ip(H(Tx, Ty)) < a(p(d(x,y)))p(d(x,y)), 


for each x, y G X, where a is a MT- function and p G $. Then T has a fixed point. 


Proof. Let 7 : [0, 00 ) -A [0,1) defined by 7 (f) 
function, then 


1 + Oi{t) 
2 


Since p is non- decreasing 


( 8 ) 


max -j sup p(d(v,Ty)), sup p(d(u,Tx)) 

ueTy 


= max < p( sup d(v,Ty)),p( sup d(u,Tx)) 

L veTx uGTy 

= p(H{Tx,Ty)) < 7 (p(d(x,y)))p(d{x,y)). 


There exist an element z € Ty such that 

V>{d{y, z)) < 7 (<p{d(x, y)))p(d(x, y)), 

for each x G X and y G Tx. Thus, in the same way a sequence {;r n } ne N € X 
defined as x n +i € Tx n is constructed such that 

(9) p{d(x n , x n+ i) < 'y(ip(d(x n -i,x n ))p{d(x n -i,x n )) 

for all n € N. Since 7 (f) < 1 for any t G [0, 00 ), hence from (9) we get 

(10) p(d(x n ,x n+ 1 ) < p{d(x n -i,x n )). 

Clearly {p(d(x n -i,x n ))} is decreasing sequence of positive real numbers. Hence 
it is converge to some non- negative real number, say e. By contradiction, it is 
easy to show that e = 0. Note that, p is a non- decreasing function which implies 
to d(x n ,x n+ 1 ) < d(x n -i,x n ). Thus the sequence {d(x n , x n+ i)} is also decreasing. 
Hence by lemma (3.3), the terms of the sequence all are different. Now, show that 
d(x n , x n +i) < 00 . Note that the sequence {d(x n ,x n +i)} is decreasing and 
bounded. Thus, it is converges to a positive real number (say 5) which implies that 
p(S) < p(d(x n ,x n+ 1 )). Thus, 

p(6) < lim p(d{x n ,x n +i)) = e = 0. 
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Since ip(s) = 0 if and only if s = 0 then, <5 = 0. By lemma (2.6), there exist 
r € [0,1) such that, ip(d(x n ,x n+ 1 )) < rip(d(x n -i,x n )). Therefore, 

OO /-£ oo 

Y<P(d{x n ,x n+ 1 )) < Y <p(d(x n ,x n+ i)) + Y <p{d(x n ,x n+ 1 )) 

n— 1 n= 1 

H oo 

< Y x n+l)) + Y rn( P( d ( x l*i X H+ 1)) 

n= 1 n—1 

< 00 . 


By defintion of ip, we have 


lim sup 

n—>o o 


d{x n , ) 

ip(d(x n ,x n+1 )) 


< lim —— < oo. 

s->0+ <p{S) 


Thus, the sequence {x„} is a (^, 7 ^)- Cauchy sequence. Since X is a (^, 7 ^) 
complete v- generalized metric space and by lemma (2.5), it is Cauchy and then it 
is converge to some z € X. From the definition of ip and its increasing we conclude 
that, 


<pd(z,Tz)) < lim inf <p(d(x n +i, Tz) < lim inf ip('H(Tx n , Tz)) 

n—)• 00 n—too 

< lim inf ^(tp(d(x n , z)))<p(d(x n , z)) < lim inf ip(d(x n , z)) 

n—to o n —>00 

= lim tp(s) = lim ip{d(x n , x n+1 )) = 0 . 

s—>• 0+ n-¥ 00 


Therefore, (p(d(z,Tz)) = 0. Thus by the definition of ip and since Tz closed we 
have z G Tz is a fixed point. □ 
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On Multiresolution Analyses Of Multiplicity n 

Richard A. Zalik * 


Abstract 

This paper studies multiresolution analyses in L 2 (M d ) that have more than one scal¬ 
ing function and are generated by an arbitrary dilation matrix. It provides a further 
analysis of a representation theorem obtained by the author for such MRA’s. 


1 Introduction 

The concept of multiresolution analysis of multiplicity n is due to Alpert [1, 2, 3] who 
introduced his now well known dyadic multiresolution analysis with an arbitrary num¬ 
ber of filters in L 2 (R). Alpert’s results motivated a number of papers, focused on the 
univariate case, such as Herve [12, 13], Donovan, Geronimo and Hardin [6, 7], Geronimo 
and Marcellan [10], Goodman, Lee and Tang [9], Goodman and Lee [8], and Hardin, 
Kessler and Massopoust [11]. Multiresolution analyses of multiplicity 1 (i.e., with a sin¬ 
gle scaling function) with arbitrary expansive matrices in L 2 (R) were studied by Lemarie 
[15, 16] and Madych [17], among others, and we should also mention Wojtaszczyk’s ex¬ 
cellent textbook [25]. Properties of low pass Liters and scaling functions in this context 
were studied by San Antolfn [19, 20, 21, 22] and Cifuentes, Kazarian and San Antolfn 
[5]. Saliani [18] extended these results to multiresolution analyses of multiplicity n gen¬ 
erated by an expansive matrix. These results were further extended by Soto-Bajo [24] 
to multiresolution analyses having an arbitrary (not necessarily finite) set of generator 
functions. In [4], Behera studied multiwavelet packets and frame packets of L 2 (M rf ) asso¬ 
ciated with multiresolution analyses of multiplicity n generated by an expansive matrix. 
In [26] the author presented a representation theorem for such multiresolution analyses, 
in [27] he gave some simple examples for the case n = 1, and in [23] San Antolfn and the 
author obtained representation theorems for vector valued wavelets. Some of the authors 
cited above have showed that by using more than one scaling function it is possible to 

* Department of Mathematics and Statistics, Auburn University, AL 36849-5310, zalik@auburn.edu 
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construct wavelets that have a set of properties not available for wavelets associated 
with a multiresolution analysis having a single scaling function; for instance in [ 6 ] they 
constructed wavelets associated with more than two scaling functions having compact 
support, arbitrary regularity, orthogonality, and symmetry. These results would indicate 
that the further study of multiresolution analyses of multiplicity n may lead to other 
interesting results. 

In what follows, Z will denote the set of integers, Z+ the set of strictly positive 
integers and M the set of real numbers; C will denote the set of complex numbers, and 
I will stand for the identity matrix. Boldface lowcase letters will denote elements of M rf ; 
x • y will stand for the standard dot product of the vectors x and y; the vector norm 
|| • || is defined by | |x|| 2 := x • x. If A is a matrix ||A|| will denote the matrix norm 
induced by the vector norm || • ||. The inner product of two functions /, g E L 2 (R d ) will 
be denoted by ( f,g }, their bracket product by [f,g], and the norm of / by ||/||; thus, 

(f,g) ■= f /(t)s(t)dt, 

J R d 


[f,g](t) ■= Y /( t + k )5( t + k )> 

kez d 

and 

\\f\\--= VUJ)- 

The Fourier transform of a function / will be denoted by f. If / € 

/(x):= [ e- i2m “7(t)dt. 

J R d 

Let A 6 C dxd and |a| := det(A). For every j G Z and k 6 7L d the dilation operator D 
and the translation operator T k are defined on L 2 (M rf ) by 

Dff(t) := \a\i' 2 f(AH) 

and 

T k /(t) :=/(t + k) 

respectively. Let T := [0,1], and let T d denote the d-fold cartesian product of T. A 
function / will be called 7* d -periodic if it is defined on and T^f = f for every k G 7L d 

Let u = {ui, • • • , u m } C L 2 (M d ); then 

T(u) = T(ui, • • • , u m ) := {T k n; «£u,k£ Z d } 


and 

S( u) = S(m, ■ ■ ■ ,u m ) := spanT(u), 


where the closure is in L 2 (M rf ). 5(u) is called a finitely generated shift-invariant space 
or FSI and the functions ug are called the generators of S{ u). In this case we will also 
use the symbols T(ui, • • • , u n ) and S(u±, • • • , u n ) to denote S(u) and T(u) respectively. 
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We also define 

T( A*'; u) = T(A>; u u • • • , u m ) := {D^T k u f , i = 1, • ■ • m, k € Z d }, 

and 

S( A- 7 ; u) = Sj(A^; ui, • • • , w m ) := spanT(A j '; u). 

Given a sequence of functions u := {iq, • • • , u m } in L 2 (M rf ), by G[u\, • • • , u m ](x), G u (x) 
or G(x) we will denote its Gramian matrix , viz. 

G(x) := ([«f,%](x)j^ =i . 

Let A C Z and u = G A} C 5 C L 2 (M rf ). If 5 is a shift-invariant space then u 

is called a 6asis generator of S, if for every / G S there are 7L d - periodic functions pk , 
uniquely determined by / (up to a set of measure 0), such that 

/ = 

fce A 

In what follows we will assume that A is a fixed matrix preserving the lattice Z d , i.e. 
AZ d C 7L d . We will also assume that A is expansive, that is, there exist constants C > 0 
and 5 > 1 such that for every j G Z + and x G 

11 A- 7 x11 > C'(P||x||. 


Lemma 1. A is expansive if and only if all its eigenvalues have modulus larger that 1. 

Proof. Suppose first that all the eigenvalues of A have modulus larger that 1. If A is a 
Jordan block, then A = AI + N, where N has l’s on the superdiagonal and 0’s elsewhere, 
and from e.g. [14, Lemma 3.1.4] we deduce that 


A J x 


d 


E 




whence the assertion readily follows, and therefore it also follows when A is in Jordan 
canonical form. In general, if Q is the Jordan form of A, then Q = B _1 AB and we 
have 

CP ||y|| < ||Q J y|| = 11B— 1 A J By11 < HE- 1 ]] 11A- 7 By11. 

Setting x = By the assertion readily follows. 

Conversely, if A has an eigenvalue A with modulus less or equal to 1 and v is an 
eigenvector for A with ||v|| = 1, then Av = AI; hence ||A J v|| = |Ap < |A|, and ||A J v|| 
remains bounded. So A is not expansive. □ 


The previous proof was suggested by Wayne Lawton. An elementary proof may be 
found in San Antolfn’s thesis [19, Lema A. 12]. 
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A multiresolution analysis (MRA) of multiplicity n in L 2 (M d ) (generated by A) is a 
sequence {Vj]j £ Z} of closed linear subspaces of L 2 (M d ) such that: 

(i) Vj C Vj + 1 for every j £ Z. 

(ii) For every j £ Z, /(t) £ V) if and only if /(At) £ Vj+\. 

(iii) \Jj £Z Vj is dense in L 2 (R d ). 

(iv) There are functions u := {iq, • • • , u n } such that T(u) is an orthonormal basis of Vo- 
From [18, Lemma 17] we know that if { Vj ; j £ Z} is a multiresolution analysis, then 

f| = {°>- (!) 

This generalizes a result of Cifuentes, Kazarian and San Antolin, which was established 
for multiresolution analyses of multiplicity 1 (cf. [5, Lemma 4]). 

It follows from the definition of multiresolution analysis that there are Z rf -periodic 
functions £ L 2 (T d ) such that the functions ug satisfy the scaling identity 

n 

M A *x) = ^i>4j(x)%(x), j,e = l,---,n a.e., 

3 = 1 

where A* is the transpose of A. The functions ug are called scaling functions for the 
multiresolution analysis, and the functions pgj are called the low pass filters associated 
with u. 

A finite set of functions if = {ifi, ■ • • , if m } £ L 2 (M. d ) will be called an orthonormal 
wavelet system if the affine sequence 

j £Z,k£Z d ,^= l,--- , m} 

is an orthonormal basis of L 2 (M <i ). 

Let if := {V’i, • • • ,ipm} be an orthogonal wavelet system in L 2 (M‘ i ) generated by a 
matrix A, let M := { Vj ; j £ Z} be a multiresolution analysis and let Wj denote the 
orthogonal complement of Vj in Vj. |_i. We say that if is associated with an MRA, if 
T(if ) is an orthonormal basis of Wo- 


2 Representation of orthonormal wavelets. 

For k > 1 let diag {—e 1 ^, 1, • • • , l}k denote the k x k diagonal matrix with — e lU} , 1, • • • , 1 
as its diagonal entries. With the convention that Arg 0 = 0 we have 


Theorem 1. Let M := { Vj]j £ Z } be a multiresolution analysis of midtiplicity n with 
scaling functions u := {iq, • • • ,u n }, generated by a matrix A that preserves the lattice 
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Z d . For 1 < l < n, let {vg t \, • • • , i>^| a |} be an orthonormal basis generator of S(A,ug), 
let e := (1, 0, • • • , 0) G M fc , and 


«H X ) = ^J'( x )^j( x )> 

i=i 


( 2 ) 


M x ) 


(^,i( x )>‘“ >^,|o|( x )) T , M x ) : = e lAr9be ’ l[x) , q*(x) := b £ (x) + <^(x)e, 

v(x) := (Tpi (x), * * * ,V 1> | a |(x),--- ,9n,l(x),--- ^n,|a|( x )) T , 


and 

Qt(x) := diag { —<^(x), 1, • • • , l}| a | 
Let a := det A, m := \a\n, and let 


I - 2q^(x)q^(x)VqH x )*q«( x ) 


Q(x) = (««(*))” =1 

be the m x m block diagonal matrix 


Qi(x) © Q 2 (x) © • • • © Q m (x) 


( Qi(x) 

V 0 



If 



(yi( x ),--- 

,2/to( x )) T : 

= Q(x)v(x) 

then 





y(t-l)\a\+l = U L 

1 < I < n, 

and 





{y(£— l)|a|+/c> 

1 < £ < n 

, 2 < k < |a 


is an orthonormal wavelet system associated with M. 


(3) 


The preceding theorem was proved in [26, Theorem 9] but there was arguably a gap 
in the proof, which is bridged by the following 

Lemma 2. Let m = n(\a\ — 1), let {Vj\j G Z } be a multiresolution analysis and assume 
that {ui ; i = 1, • • • , n} is an orthonormal basis generator of Vq. Then 


Vi = S(A,ui) © S(A,u 2 ) © • • • © S(A,u n ). 


Proof. From [26, Theorem 3] we know that there exist functions vgk, I = 1, • • • n, such 
that {vg, i, • • • Vg t \ a \} is an orthonormal basis generator of S( A, ug). Therefore {vg^\ 1 < 
t < n, 1 < k < |a|} is an orthogonal basis generator of S(A, u{) © S(A, u 2 ) © ••• © 
S(A,u n ), which is a subspace of V\. But [26, Theorem 3] also tells us that every Riesz 
generator of V\ has |a|n functions, and the assertion readily follows from [26, Theorem 
!]■ □ 
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We can actually say more: the following theorem elucidates the structure of a mul¬ 
tiresolution analysis of multiplicity n: 

Theorem 2. Let {V);j G Z } be a multiresolution analysis and assume that {uf. £ = 
1 ,■■■ ,n} is an orthonormal basis generator of Vo. Then 

(a) If j > 0, 

Vj = S(A*,ui) 0 S( A>,u 2 ) 0 • • • 0 S(A*,Un). 

(b) 


oo oo oo 

L 2 (R d ) = [J 5(AJ;«i)+|J S(Ai;it 2 )+.+ IJ S(Al;u n ) 

3=0 3=0 j =0 


Proof. From [26, Theorem 4] we know that every orthonormal basis generator of Vj,j > 
0 , must have n\a\ 3 functions, and an argument similar to the one employed in the proof 
of Lemma 2 yields (a). 

To prove (b), let / G L 2 (M . d ) and let e > 0 be given; then there is a j € Z + and a 
g G Vj such that \\f — g\\ < e. Since a fortiori g belongs to the closed set 


[J 5 (ALui)+lJ 5(Ai;n 2 )+ .+ IJ S(Ai;u n ) 

3=0 j =0 3=0 

and £ is arbitrary, the assertion follows. □ 

Theorem 3. Let m = n(|a| — 1), let the functions yk, k = 1 • • • |a|n be constructed as 
in Theorem 1, and let qj = yj + g for £ = 1, • • • n, j = l\a\ , • • • , (£ + l)(|a| — 1). Then 
{ini, • • ■ w r } is an orthonormal wavelet system if and only if r = m and there exists an 
orthogonal matrix Q(x ) such that 


(wi, ■ • • w m ) T = Q(x)(qi, ■ ■ ■ q m ) T . 

Proof. From Theorem 1 we know that {qi, ■ ■ ■ q m } is an orthonormal basis system or, 
equivalently, that it is an orthonormal basis generator of S'(u). The assertion now readily 
follows from [26, Corollary 3 and Theorem 5]. □ 
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Abstract 

Here we give a very general fractional Bochner integral representation 
formula for Banach space valued functions. We derive generalized left and 
righ fractional Opial type inequalities, fractional Ostrowski type inequali¬ 
ties and fractional Grass type inequalities. All these inequalities are very 
general having in their background Bochner type integrals. 
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fractional derivative, Caputo fractional derivative, generalized vector fractional 
integral inequalities, Bochner integral, fractional vector representation formula. 


1 Background 

We need 

Definition 1 ([2]) Let [a, b] C ffi, (X, ||-||) a Banach space, g £ C 1 ([a, 6]) and 
increasing , / € C ([a, b] , V), v > 0. 

We define the left Riemann-Liouville generalized fractional Bochner integral 
operator 


Fa+^Z) ( x ) : = J {g (x) - g (z)Y 1 g'(z) f (z) dz, ( 1 ) 

[a,i], where T is the gamma function. 

The last integral is of Bochner type. Since f £ C ([a, b],X), then f £ 
Loo ([«,&]) X). By [2] we get that I" + . g f £ C ([a, b] ,X). Above we set I® + . g f := 
/ and see that (/„ +;fl /) (a) = 0. 
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When g is the identity function id, we get that I^ + . id = I%+, the ordinary 
left Riemann-Liouville fractional integral 

(/„+/) (x) = — ^ J (x - i)" _1 f (t) dt, (2) 


V x £ [a, 6 ], ( I v a+ f ) (a) = 0 . 


We need 


Theorem 2 ([2]) Let g, v > 0 and f £ C ([a, b\ ,X). Then 
tu tv f — tu+ v f __ tv tu f 


(3) 


We need 


Definition 3 ([2]) Let [a,b] C ffi, ( X , ||-||) a Banach space, g £ C 1 ([a, 6]) and 
increasing, f £ C ([a, b], X), u > 0. 

We define the right Riemann-Liouville generalized fractional Bochner inte¬ 
gral operator 

{Ib-- g f) (z) := —^ J (g(z) - gix))^ 1 g' (z) f (z)dz, (4) 

[a,t], where T is the gamma function. 

The last integral is of Bochner type. Since f £ C ([a, b],X), then f € 
Loo ([a, b\ , X). By [2] we get that Ib~. g f £ C ([a, b ], X). Above we set := 

/ and see that (^I£_. g f^J (b ) = 0. 

When g is the identity function id, we get that = I%_, the ordinary 

right Riemann-Liouville fractional integral 

(Ib-f) (x) = J (t - x)"- 1 f (f) dt, (5) 

V x € [a, b\, with (l%_f) (b) = 0. 

We need 


Theorem 4 ([2]) Let g, v > 0 and f £ C ([a, b\ ,X). Then 


TV TV f _ TV + V r __ TV JU r 

^b—iQ^b—'.qJ 1 b—\qJ 6—5—;a«/ 


( 6 ) 


We will use 

Definition 5 ([2]) Let a > 0, [a] = n, [■] the ceiling of the number. Let 
f £ C n ([a,b\, X), where [a,b] C R, and (X, ||-||) is a Banach space. Let g £ 
C 1 ([a, b\), strictly increasing, such that g^ 1 £ C n {[g (a) ,g ( 6 )]). 
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We define the left generalized g-fractional derivative X-valued of f of order 
a as follows: 

{Da+.gf) {x) := T 77 - 1 —r [ (d (*) “ 9 (f )) n “ a_1 g' (t) (/ ° g- 1 ) ( ” } (g (t)) dt, 
i [n aj j a 

(7) 

[a,i]. The last integral is of Bochner type. 

If a ^ N, by [2], we have that (D% + . g f) £ C ([a, 6 ], X). 

We see that 



(c + -;(</° 

9 ^ °9 )) (x) = 

{D a a+ ;gf) (X) , 

Vie 

[a, b] . 

( 8 ) 

We set 









= [{f°9~ 1 ) (n) °g) 

(x) e C ([a, b\ 

,X), n 

£ N, 

(9) 



D a+-,gf (■ X ) = f (X) 

, V x £ [a, b] . 




When g 

= id, then 








Da+-gf = D a a+ , id f = DfJ, 



( 10 ) 

the usual left X-valued Caputo fractional 

derivative, see 

[3]. 




We will use 


Definition 6 ([2]) Let a > 0, [a] = n, [•] the ceiling of the number. Let 
f £ C n ([a, b], X), where [a, b] C R, and (X, ||-||) is a Banach space. Let g £ 
C 1 ([a, b\), strictly increasing, such that g^ 1 € C n ([g (a) ,g (6)]). 

We define the right generalized g-fractional derivative X-valued of f of order 
a as follows: 

( D b-,gf) (x) ■■= fTT-^—T [ (g(t) - g{x)) n ~ a ~ 1 g'(t) (jog- 1 )'"’ (g(t))dt, 
i [Ti a) j x 

(ii) 

[a,i]. The last integral is of Bochner type. 

If a £ N, by [2], we have that (^Dff_. g f^ £ C ([a, b] ,X). 

We see that 

K-? g ((-1 )” (/ ° 9- X ) {n) ° g) (X) = (DZ_.J) (x), a < x < b. (12) 


We set 

D]f_. g f{x) := (-l) n ((/orToj) (x) £ C{[a,b],X), n£ N, (13) 
D b-, g f( x ) '■= f( x ), V x £ [a, 6 ]. 

When g = id, then 

DZ_.J (x) = Dg_. id f Or) = Dt_f, (14) 

the usual right X-valued Caputo fractional derivative, see [3]. 
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We make 

Remark 7 All as in Definition 5. We have (by Theorem 2.5, p. 7, [5]) 

\\( D a+-j) (*)|| < r (n 1 _ a) J a (3W-5(‘)r tt " 1 3'W|(/ 0 3" 1 ) W 0 

|(/o^ 1 ) ( ” ) Off|| f g(D 

oo,[a,h] / _ 


r (n — a) 

(/°ff _1 ) (n) °9 

C 

T (n — a + 1) 


/■sw 

J a(a) 


— (5 (a) -3(a))" 


That is 

\\(d: + .j) (*)||< 


° 3 ) 0 3 


T (n — a + 1) 




Vie [a, 6]. 

If a N, t/ien (D%+.J) (a) = 0. 
Similarly, by Definition 6 we derive 


II ( D b-,gf) (*)|| 

1 r 

- r (n - a) J x 

(3 (i) 

-30 

(/ 

S' 

°3 ) ° 3 

OO. 

,[a,fc] 

r3( & ) 

J ( 


T (n — a) 

J 

gi x ) 



0 £ 

oo,[a,b] 


r (n — a 

+ i) 


That is 





(/■ 

1 

O 

) (n) o 

\\( D Z-, 

a/) (*)H ^ 

r(n 

— a 




/■sW 

IgD) 

3(6)-3 (*))""“ • 


I oo,[a,6] 


(3 (b)~g(x))' 


Vie [a, 6 ]. 

If a i N, tften (.D£_ ;g /) ( b) = 0. 
Notation 8 We denote by 


and 

(n times), neN. 


n na — n 01 n 

, “ +;s ...£)“ +;s (n times), neN, 

(19) 

jna 
1 a-\--,g ’ 

_ ret ja ja 

(20) 

nna 

U b-,g ■ = 

- D a D a D a 

“ ■ u b-\g JJ b-\g— u b-\g> 

(21) 

rna 

_ ja ja ja 

— 1 b-;g 1 b-;g'-- 1 b-;gi 

(22) 
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We are motivated by the following generalized fractional Ostrowski type 
inequality: 


Theorem 9 ([2]) Let g £ C 1 ([a, 6 ]) and strictly increasing, such that g~ x € 
C 1 ([g (a), g ( 6 )]), and 0 < a < 1, n £ N, f £ C 1 ([a, b ], X), where (X, ||-||) 
is a Banach space. Let Xo £ [a, b] be fixed. Assume that F£° := D™f_. g f, for 
k = 1, • n, fulfill Fjf° £ C 1 ([a, x 0 ], X ) and ( D l x a o _. g f) (x 0 ) = 0, * = 2, n. 

Similarly, we assume that Gl° := D*“, f, for k = 1 fulfill Gf° £ 

C 1 ([ 6 ], X) and (D% + . g f) (x 0 ) =0 ,i = 2 ,..., n. 

Then 


1 

b — a 


f (x) dx- f (x 0 ) 


1 

— (b - a) T ((n + 1 ) a + 1 ) 


(g (b) - g (x 0 )) (n+1)a (b-x 0 ) 
(.9 ( x o) - g (a)) (n+1) “ (x 0 - a) 


n (n+l)a n 
^xo + -g J 


x 0 -;g J 


OO, [#(),&] 

oo,[a,a?o] 


(23) 


In this work we will present several generalized fractional Bochner integral 
inequalities. 

We mention the following ( 7 -left generalized X-valued Taylor’s formula: 


Theorem 10 ([2]) Let a > 0, n= [a], and f £ C n ([a, b] , X), where [a, 6 ]cK 
and ( X, ||-||) is a Banach space. Let g £ C 1 ([a, 6 ]), strictly increasing, such that 
g 1 £ C n ([<7 (a), g (&)]). Then 


n—1 


f(x) = f (a) + 




J (g(x) - 1 9 ' {*) ( D a+,gf) (*) dt = 

/( ,) + yW!h!M( / „ f -.)<» ( , ( , ))+ (24) 

i—1 


[ ( g{x)-z) a 1 ((Da+-,gf) °g X ) ( 2 ) dz, \/x£[a,b\. 

J g(a) 


We mention the following g-right generalized X-valued Taylor’s formula: 


Theorem 11 ([2]) Let a > 0, n = [a], and f £ C n ([a, b ], X), where [a, 6 ]cK 
and (X, ||-||) is a Banach space. Let g £ C 1 ([a, b ]), strictly increasing, such that 
g~ l £C n {[g{a) ,g(b)]). Then 


f(x) = f ( b ) + 


n—1 

E 

i= 1 


(g (x)-g(b)f 


(fog-T ( 9(b)) + 
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J (s ( ( ) “ 9 MY 1 s'(t) ( D b-;gf) (t) di = 

/w + g toM-»(W (/og -)<0( gW ) + (25) 

i=l 

—- / ( z-g{x)) a ((D£_. g f) og- 1 ) {z)dz, Vie [a, b\ . 

* y®) J g(x) 

For the Bochner integral excellent resources are [4], [6], [7] and [1], pp. 422- 
428. 


2 Main Results 


We give the following representation formula: 
Theorem 12 All as in Theorem 10. Then 

n_1 (/°5 _1 ) (fe) (g(y)) f b 


f (■ y ) = t~~ I f (x) dx~Y^ 

b - aJ * ti 


k\ (b — a) 


for any y £ [ a,b ], where 


G 9 O) - 9 (y)) ~ dx+Ri {y), 
(26) 


Ri (y) = 


r (a) (b — a) 

J X[a,y){x)(^J | g(x)-g(t)\ a ~ 1 g , (t)(D^_. g f){t)dt^dx 
J X[ y ,b] (■ x ) | g (x) - g (t) I" -1 g' (t) (D% + . g f) (t) dtj dx 


(27) 


here Xa stands for the characteristic function set A, where A is an arbitrary 
set. 

One may write also that 


Ri iv) = - 


l 


r (a) (6 — a) 


J (y (g (t) - 9 ( x)) a 1 g' ( t ) {Dy_. g f) (t) dtj dx 

(28) 


/ (/ ^ ^ ~~ 9 ^ 1 9 ' (*) 


for any y £ [a, 6]. 

Putting things together, one has 


f(y) = 


1 

b — a , 


n—1 


( f°g 1 ) (A,) (gfa)) 

A;! (6 — a) 


/ (a) dx-^2 


k—1 


(3 (x)-g(y)) dx 
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J X[a,y ) {x) i^J 1 9 {x) - g [t) |“ 1 g' ( t ) (D°_. g f) { t ) dt^j dx 

(29) 


r (a) (b — a) 

J X[y,b\ (• x ) 1 9 (x) - g (t)|“ _1 5' (*) ( D y +- gf ) W 


/n particular, one has 




1 


b — a 
for any y G [a, 6 ] 


n—1 ( £ _i 

f(x)dx+J2~' 9 


,(fc) 


fe=l 


A;! (6 — a) 


^ [ (g (x) - g (y)) k dx = R x (y). 


Proof. Here x,y £ [a, 6 ]. We keep y as fixed. 
By Theorem 10 we get: 


f(x)=f (y) + Y 


(. f°g 1 ) (A) (5(y)) 


k =1 


fc! 


(g {x)-g{y)\ 


J ( 9 {x) - g (t)) a 1 y' (t) (D% + . g f) (t) dt, for any x > y. 
By Theorem 11 we get: 

f ( \ ,/ ^ | p(/°S ^ (y)) ( ( \ / \\ k | 

f[x) = f (y) + Y -M-(s w ^ ( 2 /)) + 


fc=l 


[ (g (t) - (£))“ 1 g' (t) ( D“_. g f) (*) dt, for any a; < y. 

J X 


1 rv 

r>) 

By (31), (32) we notice that 

rb 


ro ny nO 

/ / (x) dx= f (x) dx-\- f (x) dx = 

J a J a J v 


/M<te + £ r {g (x) ^ 

fc=l ' 



(30) 


(31) 


(32) 


(33) 
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Hence it holds 


n -1 ( r _-i\( fe ) 


- [ f (x) dx = f(y) + ^2 — fiTT — [ ( 9 (x) - g ( y)) k dx+ 
aj a “ k\(b-a ) J a 

(3 

r (»)(>-.) [r(f 19 w - 9<t)r ‘ ■ 9 ' (t)(f) *) tfa+ 

J (^j \g (x) - 9 (tT -1 g'(t) (Dy +W f) (t) d?J dx 


ly \Jy 

Therefore we obtain 


1 

T (a) (6 — a) 


'y \ J y 
Hence the remainder 
1 


fw=v-ft w ^ - £ n;rr f « 9 <*> - * w)‘ ■ 

b~aj a ^ /c! (6 — a) / 0 

(35) 

J (y Is (z) - 3 (i) r _1 s' (i) ( D y--gf) (t) dtfj dx+ 

J (J \g(x)-g(t)\ a ~ 1 g'(t)(D^ + . g f)(t)d?jdx . 

r (a) (6 - a) [/” (£ 19 (I) - 9( '> r ‘ 9 ' (f) W-»'> ( ' )d ') * 

J (J \g(x)-gttT -1 g'(t)(D* + . g f) (t)dt^J dx = 

J X[a,y ) ( X ) (J Is 0*0 - S (*)r _1 s' (*) ( D y-,gf) W ^ dx 


Ri iv) : = - 


T (a) (6 — a) 


(36) 


+ J X[y,b] (x) I g (x) - g (t) r 1 5' (i) (Dy + . g f) ( t ) d^ dz 

The theorem is proved. ■ 

Next we present a left fractional Opial type inequality: 

Theorem 13 All as in Theorem 10. Additionally assume that 01 > 1, g G 
C 1 ([a, 6 ]), and (ff(a)) = 0, fork = 0, — 1. Let p,q > 1 : 


- + - = 1 . TTien 
p 9 


a? / pw 


/ 11/Mil || ( D a+;gf) M||s'M dw < 

J a 

(g M - g (t)) p(a_1) dt) dw 


(37) 


'a W a 


T(a)2T 

(s'M) 9 1|(£>“+;»/) M|| 9 ^) , 


Vie [a, b]. 
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Proof. By Theorem 10, we have that 

f( x ) = fJ ( 9 (x)-g(t)) a ~ 1 g'(t)(D^ + . g f)(t)dt, Vie [a,b\. (38) 

Then, by Holder’s inequality we obtain, 



J (s (x) - g (t)) p(a :) dtj (^J {g'(t)) v :|(D“ +;s 

,/) (t)fdty 


(39) 

Call 

pX 



z{x):= / (g 1 (t)) q \\(D% + . g f) (t) 9 dt, 

J a 

(40) 

z (a) = 0. 



Thus 




(x) = (g' ( X)) q \\(D% + . g f) (x) 9 > 0, 

(41) 


and 

(z 1 (x)) q = g {x) ||(£>“+;<,/) 0*0 |'j >0, Vie [a, b\ . (42) 

Consequently, we get 


\\f (w)\\g' {w)\\(D% + . g f) (w)\\ < (43) 

i / r w \ p 1 

(g ( w ) — g (t)) 3 ^ 0-1 ^ dt ) (z (w) z’ (w)) q , V w e [a, b\. 


T(a) 


Then 


r (c 


/ 11/Mil ||(D“ +;s /) < (44) 

J a 

l 

J (/ (ffM - g{t)) p(a ~ 1] dtj (z (w) z'(w)) q dw < 


1 


X / 


r(a) a 


r (a) Via 


(5 M - 5 (t)) p( “ :) dtj dw 

(. g(w ) - g(t)) p ^ 1] dt) dw 


z (w) z! (w) dw J = 

(45) 


X / pW 


Z 2 (x ) 


X / /»U> 


T(a) 


a \J a 


(g M - g (t)) p(a 1} dtj dw 

2 

(g'(t))* \\(DZ + .J) (t)\\ q dt) g ■ 


(46) 


The theorem is proved. ■ 

We also give a right fractional Opial type inequality: 


9 
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Theorem 14 All as in Theorem 11. Additionally assume that a > 1, g € 
C 1 ([a, b]), mid (/og _1 ) W (g (b)) = 0 , k = 0,1,..., n- 1. Letp,q> 1 : i + i = 
1. Then 

I WfM\\\\(DZ_. g f)(w)\\g'(w)dw< * • (47) 

Jx 2iT{a) 

(/ (/ ^(*) dwS j W ( W )) Q \\( D b-;gf) ( w )\\ q dw ^J 

all a < x < b. 

Proof. By Theorem 11, we have that 

= ^la) J - s(a))“ _ V 0 ) ( D b-, g f) (t) dt , all a < x <b. (48) 

Then, by Holder’s inequality we obtain, 


11/0*011 < (g(t)-g( x )) p{a 1 ’ dt'j (j {g'{t)) q \\(D%_. g f) (t)\\ q dt^j 


Call 

pb 

(49) 


z(x):= / (g 1 {t)) q \\(D%_. g f) (t) 9 dt, 

J X 

(50) 

2 ( 6 ) = 0 . 
Hence 

z' {x) = - {g' {x)) q \\(D%_. g f) (x) 9 < 0, 

(51) 

and 

-z' (x) = ( g ' ( x)) q \\(Db-,gf) M 9 ^ °> 

(52) 

and 

(~z'(x))° =g'(x) \\(D%_. g f) (x)| >0, V x e [a,b\. 

(53) 


Consequently, we get 


T(a 

Then 


\\f(w)\\g'(w) || (D£_. g f) (w)|| < 

1 

1 ^ f (g{t) - jW) P( “' 1) dt] (z(w) {-z' (w)))° , \/w€[a,b\. (54) 


T(a) 



11 / Mil || (Db-, g f) {w)\\g'(w)dw < (55) 

(.g (f) — g (w)) p< ' a ~ 1 ' 1 dt\ (—z ( w ) z 1 (w)) q dw < 


X \Jw 


10 
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— j z (w) z' (w) dw j = 
(58) 

P / z 2 ( x )' 


1 


[ ([ (g (t) - g (w)) p(a 1} dt) dw 

J X \J W J J 

2 

j\g'(t)) q \\(DZ_.J) (t)\\ 9 dt\ . 


2 «r (a) \Jx 


(57) 


The theorem is proved. ■ 

Two extreme fractional Opial type inequalities follow (case p = 1, q = oo). 

Theorem 15 All as in Theorem 10. Assume that (/° (<? (a)) = 0, 

k = 0,1, n — 1. Then 

J ll/MII \\D“ + . g f (w)\\ dw < (/ (9 M ~ 9 (a)) a dv?J , (58) 

all a < x < b. 

Proof. For any w £ [a, b], we have that 


and 


I f w 

/ ( x ) = yy J (,9 M - g M“ _1 g' ( t ) (D% + . g f) (t) dt, 
11/0*011 < yy (yj (jW-ffWr 1 / (t)dt^ \\D% + . g f\\ 


(59) 


T)a f 

^a+^gJ Q, 

T (a + 1 ) 


{g M - <?(a)) c 


(60) 


Hence we obtain 


(61) 


ll/MII \\ D a+-,gf ( w )\\ < (9 (w) - 9 (a)) a . 

Integrating (61) over [a, a;] we derive (58). ■ 

Theorem 16 All as in Theorem 11. Assume that (f ° g~ x ) ^ {g (&)) = 0 , k = 
0,1,..., n — 1. Then 


/ \\f(w)\\\\ D b-, g f(w)\\dw< 

J X 

all a < x < b. 


D Z-J 


T(eH-l) 


J (9 (5) - 9 ( w)) a dw j , (62) 


11 
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Proof. For any w £ [a, b], we have 


and 


/ (x) = J (fl 0) - 9 0))“ 1 9 (t) (■ Db-, g f) 0) dt, 


[ (9 (t) ~ 9 (w)) a 1 g' (t) dt \ \\D£_. g f\ 

\ Jw J 


(63) 


ll/(*)ll< 


F(«) 


D Z-J 


r(a + l) 


(9 (b) - 9 (w)) a . 


(64) 


Hence we obtain 


11/Mil < 


D ?-J 
r(a+l) 


(9 ( b ) - 9 (w)) c 


(65) 


Integrating (65) over [x,b\ we derive (62). ■ 

Next we present three fractional Ostrowski type inequalities: 

Theorem 17 All as in Theorem 10. Then 

* ( \ 1 f b f / s j . y~^ (/ ° 9 1 ) < ‘ ^ (fl ( U )) [ b r i \ ( \\k j 


1 


< 

( 66 ) 


r (a + 1 ) (6 — a) 

(5 (y) - 3 (a))“ (y - a) + (g {b) - 9 (y)) a (& - y) ||£>y +;s /{ 

V y e [a, 6 ]. 

Proof. Define 

(Dy+.gf) (t) = 0 , for t < y, 
and 

( D v-;gf) W = °> for t > y- 
Notice for 0 < a ^ N by Remark 7 we have 

(DZ+.J) (a) = 0 . 

Similarly it holds (0 < a (j N) by Remark 7 that 

(£?-*/) (&) = o. 

Thus 

(D“ +; 5 /)(y)= 0, (D«_.j)(y) = 0, 

0 < a ^ N, any y € [a, 6]. 


(67) 

( 68 ) 

(69) 

(70) 


12 
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We observe that 

( 28 ) 1 

\\Ri(y)\\ < ^TTn - 1 

I (a) (b — a) 


C 9 (*) - 9 0*0)“ g' (t) dtj dxj WD^.gfW^ 

(71) 


(9 (x) - g (t)) a g' (t) dt dx D% + . 


(.9 (y)-g(x)Y 


T{a){b-a) (Via 

, ( [ b (9 (x) - g (y)) c 




dx D y+J oo ^ 


r (a + 1) (6 — a) 


-9{a)) a (v~a) £“- ;s /L + 


(.9 (b) ~ 9 ( y)T (b - y) ||£>“ +;s /|| c 


We have proved that 


l|i?1 (2/)l1 - r (a + 1) (6 — a) V s {y) ~ 9 (a)) “ {y ~ a) II D y-’° 
+ ( 9 (b)-g(y)) a (b-y)\\D% + . g f\\ <xi , 

any y G [a, b\. 

We have established the theorem. ■ 


Theorem 18 All as in Theorem 10. Here we take a > 1. Then 

f ( \ 1 f b f < ~\rl , (/ ° 5 1 ) ( ^ (5 (y)) [ b ( ( \ / \\fc . 

fiv) -b^J„ /W<fe+ 2-.-- 1 (*(■)->(»)) * 


r (a) (6 — a) 


D v-J)°9~ X 




( 2 /- a) (5 (y) -5(a)) C 


+ II ( D y+; S /) 0 3 1 1| i, [ff(y ), ff ( 6 )] ( 6 - 3) (3 (&) - 3 (2/))“ '] , (74) 

V y e [a, 6 ]. 

Proof. We can rewrite 

Rifa) = Y[,)(-«) I" (£!”’ ( *- 9 wr 1 0 9_I > w *) dx 


+ [ ( [ (9 ( X ) - z)“ 1 ((D.y +;s /) o g !) ( 2 ) dz ] dx 

dy \9g(y) ) 
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We assumed a > 1, then 


\\Ri (3)11 < 


r (a) (b — a) 



(76) 


< 


\\((Dy-, g f) °g *) (z)\\dz dx (g (y) - g (a)) 


ol — 1 


+ 





v \ J g(y) 


\\(( D y+;gf) °3 *) (z)|| dz dx {g (b) - g (y)) 


a — 1 


< 


1 


F (a) (6 — a) L 


|| (£»-*/) ° 9 1 || lj[ff(a)>ff(y)] (y ~ «) (5 (2/) - 9 (a)) 


O'— 1 


(77) 


+ II ( D v+J ) 0 9 1 1| i, [s(y) , ff(6) ] ( b - y ) (3 (ft) - 9 (y)) 


a — 1 


So when a > 1, we obtained 
1 


\\Ri (3)11 < 


r ( a ) (6 — a) L 


HW-sfloj - 1 




(y-a) {g (y)-g(a)) 


a— 1 


(78) 


+ II ( D y+J ) 0 3 1 II iMv),g<fi)] (6 “ (5 (6) “ 5 (2/)) “" 

Clearly here g _1 is continuous, thus (£)“_/) o g -1 G C ([g(a) , g(g)] , X), and 
{Dy + . g f) o g _1 € C ([g (g), g (6)], X). Therefore 


K D y-j)°9 blli, [s( a),„(„)]’ II ( D y+J) ° 9 1 1: 
The proof of the theorem now is complete. ■ 


[g(y),g(b)} 


< oo. 


(79) 


Theorem 19 All as in Theorem 10. Letp.q >1:^ + ^ = 1, a>^. Then 
* / \ 1 f b f < \j sr^ {f °9 1 ) ( } (9 (y)) [ b ( / \ r \\ k j 


(80) 


< -r- 

T (a) (6 - a) (p (a — 1) + 1) p 

\g (: y ) - 3 ( a )) Q_1+ ^ (3 - a) || (^- ;s /) ° 3” 1 1 

+ (3 (■ b ) - 3 (3)) a_1+l (6 - y) || (!>“+;„/) o g’ 1 1 
V y e [a, 6]. 


l9.[9(“),9(y)l 

9,[9(y),9(b)]_ 


14 
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Proof. Here we use (75). 
We get that 


F (a) (b — a) 


Pi(y)ll < - t [ V ( j 9 {V \z-g{x)Y^- 1 ) d^\ 

r(a)(6-a) J a \J g{x ) J 

1 

ra(y ) \ 9 r b ( rai.*) 

/ \\{{D«_. g f) O g-1) (z)\\ q dz) dx + / 0 g{x)-zf 

Jg(x) J Jy \Jg(v) 

(/ \l(( D y+-J) °9~ 1 ) dx < 


x) — z) p{ ~ a ^ dz 


r (a) (b - a) [i 0 7(a- ( 1)11)* ^ H'^ /} ° 9 ~^ UwMv)] 


r y ( g (x) -g(y)) (a 1)+p 
i (p(ot- l) + l)p 


dx U D y+;af)°9~ 


•«.[ a(y),a(b)] 


(here it is a — 1 + 1 >0) 
Hence it holds 


\Ri (2/)ll< 


r (a) (b - a) (p (a — 1) + 1) p 


(g(y) -g{o)) a 1+1 (y - «) \\(Dy-J) °g 'll qMa ), g m 
(g (b) - g (y)) Q - 1+p (6 - y) || {D a y+ .J) ° g- 1 \\ qMv)Mb)] 


Clearly here 


(Dy-J)°g II ( D y+-J)°9 1 


?>[s(lO>sW] 


We have proved the theorem. ■ 

Next we give some fractional Grass type inequalities: 

Theorem 20 Let /, h as in Theorem 10. Here R\ (y) will be renamed as 
Ri (f,y), so we can consider R\ ( h,y ). Then 
1) ‘ 


A„ (/, h) := — 1 — f f (x) h (x) dx - 
b~a J a 


(.fa f (*) dx ) (/« h (*) dx ) 


(b-a) 


i ^ i f r b ( r b 


2{b-afti k - 


( h{y) (fog X ) (M (g(y)) 
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/ (y) {hog *) ( *° (g (j/))) (g (x) - g ( y)) k dx 


2 (b — a) 
2) it holds 


l|A„(/,/i)|| < 


(h (y) Ri (/, y) + f (y) Ri (h, y))dy \ =: K n (/, h) , (83) 


(g ( b)-g(a)) c 


2T (a + 1) 


syp (Felloe + 

ye[a,b] v 


*yp (Felloe + II I W 

ye[a,b] v 


3) if ot> 1, we get' 


ll A n ( /^)||< 2 r (Q )( 6 - a ) (g( ft )-g(°)) c 


!l ( y ^ b] (ll ( D y-’af) ° S ,_1 |l l,[ s (a),3(6)] + S D :>J)°y 


sup (\\(D%_. g h) og ^| li[g(a))g(fe)] + \\{D a y+ . g h) O g- 


1 1,^(0)^)] 


4) ifP, Q > 1 : \ + \ = !; a > we get: 


l|A n (/,/i)||< 


{g{b)-g(g)) a 1+lp 
2T (a)(p(a- 1) + 1)* 


( ^P] °S' 1 |l, >[ff (a), fl (6 )] + ll(^+; 5 /) °^ 1 |l 9)[s (a), S (6)])) + 


sup o,y x | 

ye[a,fc] v 


9.[9(«)i9(f>)] 


+ ll( I) 9+;9 /j ) °5 1 


9. [9(a), 9(b)] 


All right hand sides of (84)-(86) are finite. 
Proof. By Theorem 10 we have 


h (2/) / (l/) = [ f {x) dx- 

0 - a J a 

^ h(y) {f°g~ % ) ik) {g{y)) f b , , , , j lMD( , ^ 

2_,- A ,, ^ ^ - J {g {x) - g (y)) dx + h (y) R x (/, y) , (87) 
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and 


/ {y) h {y) = 


f{y) 

b — a 


h (. x ) dx— 


l ^f(y){ h °g 1 ) lk) ( 9 (y)) [ b , , , , ^ kj , ,, AI> fu ^ , 00 ^ 

2_, - A ,| ^ - J {g(x)-g{y)) dx + f{y)Ri(h,y), (88) 


V y e [a, b]. 

Then integrating (87) we find 


(//«<**)- 

1 /*& /*& ,,s 

E fci (5 _ a) 7 J (/°S”T (9 (y)) (g (x) - 9 {y)) k dxdy 

+ f h{y) Rx (/, y) dy, 

J a 

and integrating (88) we obtain 

(fa / (tf) dj/) (Ja h (*) 


(89) 


/ (y) h (y) dy = 


b-> 


^ 1 -j /»6 /»£> 

Xj fc! (fr _ a ) J J f(y)( ho 2 ” 1 ) * (2 (?/)) (s 0*0 - y (y)) k dxd y 


+ / f{y)R\{h,y)dy. 

J a 

Adding the last two equalities (89) and (90), we get: 


(90) 


71—1 

E 


f b 2 (fa f ( X ) dx ) (/a h (X) dx) 

2 J f (x)h (x) dx = --- 

[ [ h(y)(fog- 1 ) {k \g(y))+f(y)(hog- 1 ) {k) (g(y)) 

J a J a 


k\(b — a) 


{g (x) - g {y))‘ dxdy + / (h(y)R 1 (f,y) +f(y)R 1 (h,y))dy. (91) 

Divide the last (91) by 2 (6 — a) to obtain (83). 

Then, we upper bound K n (/, h) using Theorems 17, 18, 19, to obtain (84)- 
(86), respectively. 

We use also that a norm is a continuous function. The theorem is proved. 


We make 


17 
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Remark 21 (in support, of the proof of Theorem 20) Leta > 0, a ef N, [a] = n. 
We have 

( D y+;gf) 0*0 = r a ) j (9 0*0 - g ( t ))" _a_1 g' (f) (/ o 5 “ 1 ) (n) (g (t)) dt, 

(92) 

V i £ [y, b ], and 

( D v-;gf) ( x ) = J (S (*) - 9 ( x ))"- Q ' 1 g' (t) (/ o g- 1 ) {n) (g (t)) dt, 

(93) 

Vi£ [a, y], both are Bochner type integrals. 

By change of variables for Bochner integrals, see [6], Lemma B. 4 .10 and 
[7], p. 158, we get: 

{Dy+.gf) (x) = — -T f (5 (x) - z) n-Q_1 (/ O g- 1 ) {n) (2) dz = 

r (n - a) J g{y) 

( D g(y)+ (f°9~ 1 )) (g(x)), \/xe[y,b], (94) 

and 

r_11 ra r9(v) , , , 

(Dy_.gf) (x) = =-r- - [z - g {x)) n ~ a ~ (fog- 1 )^ (z)dz = 

r (n - a) J g{x) 

( D g(y)- (fog' 1 )) (g(x)), V x € [a,y\. (95) 

Here D g ^ + , D g ^ y )_ are the left and right X-valued Caputo fractional differen¬ 
tiation operators. 

Fix w : w > x 0 > yoi w,xo,yo £ [a, b], then g (w) > g (a’o) > g (2/0)- Hence 


{Dy 0 + J) M ~ (DZo+-J) M 


{ D g(yo)+(f °9 1 ))(g( w ))-( D g( X 0 )+(f°g 1 ))( 5 M)| 

t tt -x / {9 M - z) n ~ a ~ (/off“ 1 ) (n) (z)dz < 

T (n — a) J g(yo) 

I rg( x o) „ , x 

ttt -x / ( g(w)-z) n “ (/off" 1 ) (2) c?2< 

T (n - a) y ff(W)) 


(/°ff X ) 


_ II oo,[g(n),g(b)] 

r (n — a) 


rg( x 0 ) 

/ (ffW - 2) n_a_1 rf2 = 

Ja(vn) 


(fog 1 )^ n ' 

- r (n _ a + i ) 0),g(h)1 {yo) ~ zr ~ a ~ {9 {xo) ~ * r 1 °’ 


(96) 
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as y 0 -> xo, then g (y 0 ) -> g (x 0 ), proving continuity of y)+ (fog x ) ) (g (x)) 
with respect to g ( y), and of course continuity of ( Df + . g f ) (x) in y £ [a, b]. 

Similarly, it is proved that ( Dy_. g f ) (x) is continuous in y £ [a, b], the proof 
is omitted. 


Remark 22 Some examples for g follow: 


g (x) = e x , x £ [a, b] C 
g (x) = sin x, 
g (x) = tan x, 

\ TT 7T ' 

where x £ — —+£,— —£ 


where £ > 0 small. 


Indeed, the above examples of g are strictly increasing and contimuous functions. 

One can apply all of our results here for the above specific choices of g. We 
choose to omit this job. 
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Abstract 

This paper deals with the regularity for solutions of second-order semilin¬ 
ear impulsive differential equations contained the nonlinear convolution with 
cosine families, and obtain a variation of constant formula for solutions of the 
given equations. 
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1 Introduction 

In this paper we are concerned with the regularity of the following second-order 
semilinear impulsive differential system 


{ w"(t) = Aw(t) + f* k(t — s)g(s,w(s))ds + /(f), 0 < t < T, 

w( Q)=x 0 , w'(0) = yo, (1.1) 

Aw(t k ) = Il(w(t k )), A w'(t k ) = /£(«/(<£)), k = 1,2, ...,m 

in a Banach space X. Here k belongs to L 2 (0,T) and g : [0 ,T] x D(A) —> X is 
a nonlinear mapping such that w K > g(t,w ) satisfies Lipschitz continuous. In (1.1), 
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the principal operator A is the infinitesimal generator of a strongly continuous cosine 
family C(t), t € I. The impulsive condition 

A w(t k ) = ll(w(t k )), A w'(t k ) = ll(w'(t^)), k = 1,2, ...,m 

is combination of traditional evolution systems whose duration is negligible in com¬ 
parison with duration of the process, such as biology, medicine, bioengineering etc. 

In recent years the theory of impulsive differential systems has been emerging 
as an important area of investigation in applied sciences. The reason is that it is 
richer than the corresponding theory of classical differential equations and it is more 
adequate to represent some processes arising in various disciplines. The theory of 
impulsive systems provides a general framework for mathematical modeling of many 
real world phenomena(see [1, 2] and references therein). The theory of impulsive 
differential equations has seen considerable development. Impulsive differential sys¬ 
tems have been studied in [3, 4, 5, 6], second-order impulsive integrodifferential 
systems in [7, 8], and Stochastic differential systems with impulsive conditions in 
[9, 10, 11], 

In this paper, we allow implicit arguments about L 2 -regularity results for semilin- 
ear hyperbolic equations with impulsive condition. These consequences are obtained 
by showing that results of the linear cases [12, 13] and semilinear case [14] on the 
/^-regularity remain valid under the above formulation of (1.1). Earlier works prove 
existence of solution by using Azera Ascoli theorem. But we propose a different ap¬ 
proach from that of earlier works to study mild, strong and classical solutions of 
Cauchy problems by using the properties of the linear equation in the hereditary 
part. 

This paper is organized as follows. In Section 2, we give some definition, notation 
and the regularity for the corresponding linear equations. In Section 3, by using 
properties of the strict solutions of linear equations in dealt in Section 2, we will 
obtain the L 2 -regularity of solutions of (1.1), and a variation of constant formula of 
solutions of (1.1). Finally, we also give an example to illustrate the applications of 
the abstract results.. 


2 Preliminaries 

In this section, we give some definitions, notations, hypotheses and Lemmas. Let X 
be a Banach space with norm denoted by j | • j j. 

Definition 2.1. [15] A one parameter family C(t), t G M, of bounded linear opera¬ 
tors in X is called a strongly continuous cosine family if 
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c(l) C(s + t) + C(s — t) — 2C(s)C(t), for all s, t G M, 
c(2) C(0) = I, 

c(3) C{t)x is continuous in t on R for each fixed, x G X. 

If C(t), t G M is a strongly continuous cosine family in X , then S(t), t G M is 
the one parameter family of operators in X defined by 

S(t)x = f C(s)xds, x E X, t G 1. (2.1) 

Jo 

The infinitesimal generator of a strongly continuous cosine family C(t), t G 1 
is the operator A : X —>■ X defined by 

Ax=fi C ( 0)x. 

We endow with the domain D(A ) = {x G X : C{t)x is a twice continuously differ¬ 
entiable function of t} with norm 

IMId(A) = INI + siip{||^C(t)a;|| : t G M} + ||Ac||. 

We shall also make use of the set 

E = {x G X : C(t)x is a once continuously differentiable function of t} 
with norm 

IMU = | |x|| + sup{j | —— C(t)x\\ : t G R}. 

LLL 

It is not difficult to show that D(A) and E with given norms are Banach spaces. 
The following Lemma is from Proposition 2.1 and Proposition 2.2 of [1], 

Lemma 2.1. Let C(t)(t G M) be a strongly continuous cosine family in X. The 
following are true : 

c(4) C{t) = C(—t ) for all t G M, 

c(5) C(s), S(s),C(t) and S[t) commute for all s,t G M, 
c(6) S(t)x is continuous in t on M for each fixed x G X , 
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c(7) there exist constants K > 1 and oj > 0 such that 
||C(t)|| < Ar |(| for allte R, 


WSih) - S(t 2 )\\ < K 




^2 


for all ti,t 2 e 


c(8) if x e E, then S(t)x e D(A ) and 

—C(t)x = AS{t)x = S(t)Ax = — S( I ).r. 

c(9) if x e D(A), then C(t)x e D(A) and 

d 2 

-j-^C(t)x = AC{t)x = C(t)Ax, 


c(10) if x e X and r,s e M, then 



S{r)xdr e D(A) 


and A{ f S{r)xdr) = C(s)x 


C(r)x, 


c(ll) C(s + t) + C(s — t) — 2 C(s)C(t) for all s,t e M, 

c(12) S(s + t) = S(s)C(t ) + S(t)C(s) for all s, t e M, 

c(13) C(s + t) = C{t)C(s) - S(t)S(s) for all s, t e R, 

c(lf) C(s + t) — C{t — s) — 2AS(t)S(s) for all s,t e M. 

The following Lemma is from Proposition 2.4 of [15]. 

Lemma 2.2. Let C(t)(t e M) be a strongly continuous cosine family in X with 
infinitesimal generator A. If f : RX is continuously differentiable, xo e D(A), 
yo e E, and 

w(t) — C(t)xo + S(t)yo + f S(t — s)f(s)ds, teR, 

Jo 

then w(t) e D(A) for t eK, w is twice continuously differentiable, and w satisfies 

w"(t) = Aw(t) + /(f), teR, w(0)=x 0 , w'(0 ) = 2/o- (2.2) 

Conversely, if f : M —>• X is continuous, w(t) : M —» X is twice continuously 
differentiable, w(t) e D(A ) fort e M, and w satisfies (2.2), then 

w(t) — C(t)xo + S(t)yo + f S(t — s)f(s)ds, teR. 

Jo 
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Proposition 2.1. Let f : M —> X is continuously differentiable, x Q G D(A), y 0 G E. 
Then 


w{t ) = C(t)x o + S(t)yo + / S(t — s)f(s)ds, t G M 


is a solution of (2.2) belonging to L 2 (0, T; D(A)) nW 1,2 (0, T; E). Moreover, we have 
that there exists a positive constant C\ such that for any T > 0, 


w\\l 2 (q,t-d{A)) < Ci[l + |4o||d(A) + WvoWe + WfWw^io^x))- (2.3) 


3 Nonlinear equations 

This section is to investigate the regularity of solutions of a second-order nonlinear 
impulsive differential system 

{ w"(t) = Aw(t) + k(t — s)g(s,w(s))ds + fit), 0 <t<T, 

w{ 0)=x 0 , w'(0)=yo, (3.1) 

Aw(t k ) = Il(w(t k )), A w'(t k ) = Il(w'(tD), k = 1,2 ,„.,m 

in a Banach space X. 

Assumption (G) Let g : [0, T] x D(A) —> X be a nonlinear mapping such that 
t i-G g(t,w) is measurable and 

(gl) ||c/(t,wi) - g(t,w 2 )\\ D (A) < L\\w 1 -w 2 \\, 

for a positive constant L. 

Assumption (I) Let I) : D(A) —>X,I%:E—> X be continuous and there 
exist positive constants L(I\), L(I%) such that 

(i!) WHM - HMW < L{Il)\\w l -w 2 \\ D {A), for each W\ ,w 2 G D{A) 

II4MII < L lH), for w e D(A) 

( i2 ) II4 2 K) -4 2 K)II < L (4)IK for each w[,w' 2 G E 

ll4V)!l<£(4 2 )ll,for w>eE. 


For w G L 2 (0, T : D(A)), we set 


F(t, w) — / k(t — s)g(s,w(s))ds 
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where k belongs to L 2 (0,T). Then we will seek a mild solution of (3.1), that is, a 
solution of the integral equation 

w(t) =C(t)x 0 + S(t)y 0 + [ S(t — s){F(s, w) + f(s)}ds 

Jo 

+ Y c(t-t k )ii(w(t k ))+ y ( 3 - 2 ) 

0 <tk<t 0 <tk<t 


Remark 3.1. If g : [0, T] x X —> X is a nonlinear mapping satisfying 

\\g(t,wi) - g(t,w 2 )|| < L||«;i - w 2 \\ 

for a positive constant L, then our results can be obtained immediately. 

Lemma 3.1. Let w G L 2 (0, T; D(A)), T > 0. Then F(-,w) G L 2 (0, T; X) and 

\\F{-,^)\\l 2 (0,T-,X) < L\\k\\L 2 (0,T)VT\\w\\L2(0,T-,D(A))- 

Moreover if w i, w 2 G L 2 (0,T] D(A)), then 

l|-^(')' u; l) — F{'i w 2)\\l 2 (0,T;X) < -^11^| U 2 (0,T) VT\\u>i — W 2 \ \ L 2 (0,T-,D(A)) ■ 

Lemma 3.2. If k G VF 1,2 (0, T) ; T > 0, then 

A f S(t — s)F(s,w)ds — —F(t,w) (3.3) 

Jo 

+ [ (C(t — s) — I) [ —k(s — T)g(T,w(T))dTds 

Jo Jo ds 

+ I (C(t — s) — l)k(0)g(s,w(s))ds. 

Jo 

Theorem 3.1. Suppose that the Assumptions (G) and Assumption (I) are satisfied. 
/// : M —>• J X is continuously differentiable, x 0 G D(A), y 0 G E, and k G hh 1,2 (0, T), 
T > 0, then there exists a time T > T 0 > 0 such that the functional differential 
equation (3.1) admits a unique solution w in L 2 (0, T 0 ; D(A)) fl hL 1,2 (0, T 0 ; E). 
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Proof. Let us fix T 0 > 0 so that 

C 2 =uj~ 1 KLT^ 2 {e uT ° - 1)11*11^(0,^) (3.4) 

+ {u~ 1 K(e uT ° - 1) + l}T* /2 /V3L\\Ke“ T ° + 11111A:11^i, 2(0 , ro) 

+ {uj~ 1 K(e uT ° - 1) + l}T 0 /V2L\\Ke“ To + l||||fc(0)|| 

+ {w~ l K{e wT ° - l) + 2} Y L ( I l) KeWT ° 

o <tk<t 

+ {2w~ 1 K(e wT ° - 1) + 1} Y < 1 

o <tk<t 

where K , L, L(I\) and L(I%) are constants in c(7), (gl) and Assumption (I) re¬ 
spectively. Invoking Proposition 2.1, for any v G L 2 (0, To; D(A)) we obtain the 
equation 


r w"(t) — Aw(t) + F(t, v) + /(t), 0 < t < To, 

< w(0)=x o , w'(0)=y 0 (3.5) 

[ A w(t k ) = Il(v(t k )), A w'{t k ) = IkW(t%)), k = 1 , 2, ..., m 

has a unique solution w G L 2 (0, T 0 ; D{A)) D bP 1,2 (0, T 0 ; E). Let uq, w 2 be the 
solutions of (3.5) with v replaced by iq, u 2 G L 2 (0 ,Tq;D(A)), respectively. Put 

J(w)(t) = C(t)x 0 +S(t)y 0 + [ S(t - s){F(s,v) + f(s)}ds 

Jo 

0 <tk<t 0 <tk<t 


Then 


J(wi)(t) - J(w 2 )(t) = / S(t - s){F(s,v 1 ) - F(s,v 2 )}ds 

Jo 

+ c ( t ~ t k){ I k(M t k)) -il{v 2 {t k ))} 

0 <tk<t 

o <tk<t 

—h + h + h- 

So, from Lemmas 3.1, 3.2, it follows that for 0 < t < To, 

|| f S(t - s){F(s,vi) - F(s,v 2 )}ds\\ 

Jo 

< u) 1 KLT 0 (e U}T ° — 1 )||/ c || l 2 (o,t 0 )\\vi — u 2 | \l 2 (o,t 0 -,d(A)), 
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ll-^C(t) S(t - s){F(s,v i) - F(s,u 2 )}ds|| 

< HAS^) f S(t - s){F(s,v 1 ) - F(s,v 2 )}ds\\ 

Jo 

= || S(t)A f S(t - s){F(s,v l ) - F(s,v 2 )}ds\\, 

Jo 

and 

||A [ S(t - s){F(s,Vi) - F(s,v 2 )}ds\\ 

Jo 

-\\f “ 4 J o ^ k ( S - r )(^( r ^ ; l( r )) - g{'T,v 2 {T)))dT ds\\ 

+ 11 / (C(t - s ) - / )^(0)(s , (s,ni(s)) -^(s,u 2 (s)))ds|| 

Jo 

< tL||Ae W< + 11111^| \ w 1 ' 2 (0,To) 11^1 — v 2\\l 2 (0,T 0 ;D{A)) 

+ VtL\\Ke'' Wt + 1| |||^(0)| |||ni — V ‘2 | |l 2 (0,To;D( j 4)) • 

Therefore, we have 

1141 \l 2 (o,To;D(A)) 1 K LTq / 2 (e uTo - 1)||/c||l2( 0 ,t 0 )IK - ^2||l2(o,t o; d(A)) (3.6) 

+ {ca 1 K(e U}T ° — 1) + i}j , o 3 / 2 /v / 3A||A'e u ' T ° + 1 j[ ||4 Ivp 1 .2(o,t 0 )IK ; i — ^ 2 ) \l 2 (o,t 0 -,d(A)) 
+ {ca 1 K(e uT ° — 1) + 1}T 0 / V2L\\Ke uT ° + 1|| ||A:(0)|| ||ui — V 2 \\l 2 (o,t 0 -,d(A))- 

By Assumption (il), we obtain 

|| C'(^-4)(4 1 ( v i( i fe))-4 1 ( v 2(^))}|| < ^+ wT °+(4 1 )IKh -v 2 ||r»(A), 

0<t k <t 0<t k <T 0 

II jC{t) E c(t-t t ){il(vO-il(vM\ 

0 <t k <t 

<I|VS« 5] C (t - t k ){Il(vO - II(V 2 )}\\ 

0 <t k <t 

= ns((M E 11 , 

0 <t k <t 
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and 

P E c(t-t k ){i'Mt;))-i'Mt;))}\\ = \\ E c(t -tjAVlw - j4(« 2 )}|| 

0 <tk<t 0 <tk<t 

< E KeWt \\ I lM - iIM\\d(a) 

0 <tk<t 

< E KeWtL (ll)\\vi-V 2 \\ D (A)- 
o <tk<t 

Therefore, we have 

I \h 11 1 , 2 ( 0 ,T 0 ;D(A)) < {w 1 i^(e”' T ° - 1) + 2} ^ L(/fc)/le“ 2l, ||ni - t^llLZCO.To;^^))- 

0 <t k <t 

(3.7) 

We also obtain from Assumption (i2), 

I! J] S(t - t k ){ll(v[(t+)) - Il(y' 2 (tl ))}|| < ^w _ 1 (e”' To - l)L(ll)\\ Vl - v 2 \\ D (A), 

0 <£&<£ 0<tfc<To 

n|c(o e s((-4){7, 2 W)-/;w)}h 

o <t k <t 

<ps(«) E s(t-t k ){iM) -4(<4)}ll 

0 <t k <t 

o <t k <t 

and 

P E 5(«-4){4 2 W(«+))-/;w(«+))}|| = || E jcmiM) - I'M)} II 

0 <tk<t 0 <tk<t 

< E ii4V,)-4«)iu 

o <tk<t 

< E L (4)\Wi -^\\e. 

o <tk<t 
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Therefore, we have 


\\h\\L 2 (o,T 0 ;D(A)) < {w 1 K(e wT ° — 1) + 2} ^ L(ll)Ke wT °\\vi — v 2 \\l 2 (o,t 0 -d(A))- 

0 <tk<t 

(3.8) 

Thus, from (3.6),(3.7), and (3.8), we conclude that 

||J(«;i) - J(w 2 )\\li(0 } t o ;D(A)) (3.9) 

< u 1 K LT^ 2 (e wT ° - 1)||£;|| L 2(o i To)IK ; 1 - V 2 \\l^(o,t 0 -,d(a)) 

+ {a; 1 K(e uT ° — 1) + l}L\\k\\ L 2 ^ 0 ^^/To\\vi — v 2 \\l 2 (o,t 0 -,d(A)) 

+ {to l K(e uT ° — 1) + 1}T^ 2 /V3L\\Re ujT ° + 1|| ||fc||vpi.2(o,T 0 )IK ; i — v 2 \ |l 2 (o,t o; d(A)) 
+ {u- 1 ^ 1 ' 0 - 1) + l}T 0 /V2L\\Ke“ To + 1|| ||A:(0)|| \\ Vl - v 2 \\ L ^ To , D{A)) 

+ {w- 1 K(e v *> - 1 ) + 2 } £ L(ll)Ke wT °\\vi — v 2 \\l^(q,t 0 -,d{A)) 

0<tk<t 

+ {2w 1 K(e wT ° — 1) + 1} ^ L(I%)\\vi~ V 2 \\w 1 ’ 2 (p,t 0 -,d(A))- 

0 <tk<t 

Moreover, it is easily seen that 

\\J( w l) — J {^ 2 ) | |L 2 (0,To;D(A))nW /1 ’ 2 (0,To;£l) < C 2 \\vi — V 2 \ |L 2 (0,T o ;D(A))nW 1 ’ 2 (0,T o ;E)- 

So by virtue of the condition (3.4) the contraction mapping principle gives that the 
solution of (3.1) exists uniquely in [0, T 0 ], □ 


Theorem 3.2. Suppose that the Assumptions (G) and (I) are satisfied. If f : M —> 
X is continuously differentiable, x$ G D(A),y 0 G E, and k G bb 1,2 (0,T), T > 0, 
then the solution w of (3.1) exists and is unique in L 2 (0, T; D(A)) D bb 1,2 (0, T; E), 
and there exists a constant C 3 depending on T such that 

||'^||L 2 (0,To;D(A))n1V 1 .2(0,To;E) < ^(1 + !|^o||d(A) + ||?/o||e + 11/| |mT 2 (0,T;X))- (3.10) 

Proof. Let w(-) be the solution of (3.1) in the interval [0, T 0 ] where T 0 is a 
constant in (3.4) and v(-) be the solution of the following equation 

v”(t) = Av(t) + f(t), 0<t, 
u(0)=x o , v'(0)=y o . 
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11 


Then 

(w-v)(t) = j S(t—s)F(s, w)ds+ Y C(t-t k )ll(w(t k ))+ Y 

J 0 0 <tk<t 0 <t k <t 

and in view of (3.9) 

\\ w — v \\L 2 (0,To-,D(A))nW 1 ’ 2 (0,To-,E) < C 2 \\w\ |L 2 (0,T 0 ;D(A))n1V 1 ’ 2 (0,T 0 ;E) j (3-H) 

that is, combining (3.11) with Proposition 2.1 we have 

\\w\\L 2 (0,T o -D(A))nW^ 2 (0,T o -E) < J _ q~ I \ v I \l 2 {0,T 0 -,D{A))DW 1 ’ 2 (0,To;E) (3-12) 

c 

< 1 + ll^oll D{A) + I bolls + 11/| |wi’ 2 (0,To;X))- 


Now from 


rTo 


A S(T 0 — s){F(s , w) + f(s)}ds 


oTq 


= C(T 0 )f( 0) - /(T 0 ) + / (C(T 0 - s) - /)/ (s)ds 


fTo 


d 


-F(T 0 ,w) + J (C(T 0 — s) — I) J —k(s — T)g(T,w(r))dT ds 
+ f ( c ( T o ~s)~ l)k(0)g(s, w(s))ds, 


P Y C ^t-t k )ll{w l )\\ < Kw \e wT ° l )Ke wT ° Y L (4 1 )P(4)||d(A), 

0 <tu<t 0 <tk<t 

II 5] S(t-< Y L(ll)\\w'(tt)\\ E , 

0 <tk<t 0 <t k <t 

and since 

/c(«) J s(t - s){F(s,w) + f(s)}ds = S(t)A J S(t - s){F(s,w) + f(s)}ds, 
jC(t) Y C(« - h)ll(w) < S(t)A Y C(« - t k )H(w). 

0 <tk<t 0 <tk<t 


1092 


Ah-ran Park 1082-1096 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


12 




£ s(f~fc)4V)<s(fM £ s(t - t t )i 2 k (w’). 


0 <tk<t 


0 <tk<t 


We have 


| \w(T 0 ) \\ D (A) = \\C(T 0 )x 0 + S(T 0 )y 0 + S(T 0 - s){F{s, w) + f(s)}ds 

Jo 

+ Y C(t-t k )I l k (w)+ Y S ( t - t k) I k( w ')\\D{A) 

0 <t k <t 0 <t k <t 

— i u l K (e wT ° — 1) + l){Ke uT °\\xQ\\D(A) + I bolls + ^o-^lblli 2 (o,T 0 )ll Hls 2 (0,T 0 ;S(.4)) 
+ \ \Ke uT ° f(0)\ \ + ||/(0)|j + \ \K(e uT ° + 1) y/T 0 \\f\\ w i, H o, T ;X) 

+ tLWKe^ + 1|| | |/ib wl 2 (o,t 0 ) I Mb 2 (o, t o; d(A)) 

+ VtL\\Ke Wt + 1|| | b(0) | j | |w| \ L 2 ( 0 ,To;D(A))} 

+ {2 + Kw~\e wT ° -1)} Y KeWT ° L ( I l) 

+ {1 + 2Kw~ 1 (e wT ° — 1)} £ L(ll). 

0 <tk<t 

Hence, from (3.12), there exists a positive constant C > 0 such that 

IHTo)|| D(A ) < C( 1 + |bo||s>(A) + I bolls + 11/| | W 1,2 ( 0 ,To;X))- 

Since the condition (3.4) is independent of initial values, the solution of (3.1) can 
be extended to the interval [0, nT 0 ] for every natural number n. An analogous 
estimate to (3.12) holds for the solution in [0,nTo], and hence for the initial value 
(w(nT 0 ), w'(nT 0 )) e D(A) x E in the interval [■ nT 0 , (n + 1)T 0 ]. □ 

Example. We consider the following partial differential equation 

w" it, x) — Aw(t, x) + F(t, w) + f(t), 0 < t, 0<x<n, 

w(t, 0) = w(t, 7r) — 0, i e R 

< w(0, x) — Xq(x), w'(0, x) = Uo(x), 0 < X < 7T (E) 

A w(t k ,x) = Il(w(t k )) = {jk\\w"(t k ,x)\\ + 4), 1 < k < m, 

A w'(t k ,x) = I k (w'(t k )) = 5 k \\w'(t k ,x)\\, 

where constants j k and S k (k = !,••• , m) are small. 
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13 

Let X = L 2 ([0, 7r] ; M), and let e n (x ) = \J^sm nx. Then {e n : n — 1, • • • } is an 
orthonormal base for A". Let A : X —> X be defined by 

Aw(x ) = w"(x), 

where D{A) = {vj £ X : w, w' are absolutely continuous, w" G A", w(0) = w(n) = 
0}. Then 

OO 

Aw = ~n 2 {w, e n )e n , w G D(A), 

n= 1 

and A is the infinitesimal generator of a strongly continuous cosine family C(t), 
t G M, in X given by 


C(t)w = cos nt(w, e n )e n , w G A". 

n =1 

The associated sine family is given by 

OO . 

n/ \ sin nr, . 

b{t)w = 2_ J — - [w,e n )e n , w G A. 

n= 1 

Let gi(t,x,w,p), p G M m , be assumed that there is a continuous p(t,8 ) : M x 
M — > M + and a real constant 1 < 8 such that 

(fl) g\(t, x, 0, 0) = 0, 

(f2) \gi(t,x,w,p) - gi(t,x,w,q)\ < p(t,\w\)\p - q\, 

(f3) \gi(t,x, wi,p) - g 1 (t,x,w 2 ,p)\ < p{t, |iui| + \w 2 \)\wi - w 2 \. 

Let 

g(t, w)x = g\{t, x, w, Dw, D 2 w). 

Then noting that 

| \g(t, W\) — g(t, w 2 )| |o, 2 — 2 / \gi[t,x,wi,p) - g 1 {t,x,w 2 ,q)\ 2 dx 

Jvl 

+ 2 \gi{t,x,wi,q) - gi{t,x,w 2 ,q)\ 2 dx 

Jn 

where p = {Dw\, D 2 Wi) and q = {Dw 2 , D 2 w 2 ), it follows from (fl), (f2) and (f3) 
that 

II g(t,wi) -g(t,w 2 ) ||o , 2 < ^dkilln(A), ||w 2 ||r»(A))lki ~ w 2 \\ D (A) 
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where L(||iui||2j(a), |M|d(A)) is 
We set 

F(t,w) 


a constant depending on j| - uii||D(A) and ||w 2 ||.d(A)- 



s)g(s, w(s))ds 


where k belongs to L 2 (0,T). Then, from the results in section 3, the solution w of 
(E) exists and is unique in L 2 (0, T ; D(A)) nW 1,2 (0, T\E), and there exists a constant 
C3 depending on T such that 


H|l 2 (0,T;D(A)) < ^3(1 + ||^o||m(A) + 1 12/0 1 \e + H/||wT2(0,T;X))- 
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Abstract 

Very general univariate mixed Caputo p-fractional Ostrowski and Grtiss 
type inequalities for several functions are presented. Estimates are with 
respect to ||-|| , 1 < p < oo. We give also applications. 
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1 Introduction 

In 1938, A. Ostrowski [5] proved the following important inequality. 

Theorem 1 Let f : [a, b\ — > ffi. be continuous on [a, b ] and differentiable on 
(a,b) whose derivative /' : (a, b) —> R is bounded on ( a,b), i.e., ||/ / || 00 := 
sup I/ 7 (t)| < +°o. Then 

t(z (a,,b) 


1 f b 


, f(t)dt f (x) 

< 

a J a 



{b - af 


(b — °) ll/^loo > 


for any x € [a, b ]. The constant \ is the best possible. 


( 1 ) 


Since then there has been a lot of activity around these inequalities with 
important applications to numerical analysis and probability. 

In this article we are greatly motived and inspired by Theorem 1, see also 
[2], Here we present various ^-fractional Ostrowski and Griiss type inequalities 
for several functions and we give interesting applications. 


1 


1097 


Anastassiou 1097-1114 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


2 Background 

Here we follow [1]. 

Let a > 0, [a, b] C R, / : [a, 6] —■> R. which is integrable and ip £ C 1 ([a, b}) 
an increasing function such that ip' (x) ^ 0, for all x £ [a, b ]. Consider n = [a], 
the ceiling of a. The left and right fractional integrals are defined, respectively, 
as follows: 

Ia+f(x):=^^[ ip 1 (t){ip(x) -V>(t))“ _1 f it)dt, (2) 

r (a) Ja 

and 

J b-f ( x ) : = tTT-T [ ^ 0) O (*) - ^ (®))“ _1 / 4) dt, (3) 

r (a) ,/ x 

for any a: € [a, 6], where T is the gamma function. 

The following semigroup property is valid for fractional integrals: if a, /? > 0, 
then 


ra,-0 rP,ip 
1 a+ 1 a+ 




f (x ), 


and 4 “- V ' 4 ^/W= 4 a - W /W- 


We mention 


Definition 2 ([1]) Let a > 0, n £ N such that n= [a], [a, 6 ] C ffi. and f,ip£ 
C n ([a,b]) with ip being increasing and ip' (x) 7 ^ 0, for all x £ [a, b\. The left 
ip-Caputo fractional derivative of f of order a is given by 

and the right ip-Caputo fractional derivative of f is given by 

(5) 

To simplify notation, we will use the symbol 



with /j 0] (x) = / ( x). 

By the definition, wlrrn a = m £ N, we have 

c D:?f(x)=fW {x) 

and (7) 

c D^f(x)=(-irf l r ] (*)• 

If a ^ N, we have 

° D a+f (x) = J ^ 4) (440 -V’W)"”"” 1 /!" 1 (t)dt, (8) 
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and 


° D b- / ( x ) = ^ n [ (*) (V> (t) - $ {x)T “ 1 4” 1 (t) dt, (9) 

i yn aj j x 

V x £ [a, b]. 

In particular, when a £ (0,1), we have 


C Da+f 0) = r(T=^) fa ( X ) - V’ (t)) a f (t) d t, 

and (10) 

C Db-f ( x ) = r(Trro fl O’(t) - ( x))~° f (t) dt 


Vie [a, b] . 

Clearly the above is a generalization of left and right Caputo fractional 
derivatives. 

For more see [1]. 

Still we need from [1] the following left and right fractional Taylor’s formulae: 


Theorem 3 ([1]) Let a > 0, n € N such that n = [a], [a, b] C R and f,if £ 
C n ([a, b\) with if being increasing and if' (x) 0, for all x £ [a, b]. Then, the 

left fractional Taylor formula follows, 


n— 1 dfcj 

/(*> = £ — 
k—0 


k\ 


— (x) - if(a)) k 


■%? C DZ?f(x), 


( 11 ) 


and the right fractional Taylor formula follows, 


f{x) = 


k—Q 


ff (b) 

k\ 


(if (b) - if (x)) 


I^ c D^f{x), 


( 12 ) 


Vie [a, b]. 

In particidar, given a £ (0,1), we have 

f(x) = f(a) + I^ c D^f(x), 
and 


f(x) = f(b) + I^ c D^f{x), 


(13) 


Vie [a, b]. 

Remark 4 For convenience we can rewrite (11)-(13) as follows: 

"- 1 f[ fc l ( a ) 

/(*) = £ ' v k \ (^ ( x ) - ^ ( a )) fc + ( M ) 

k =0 

=^— f if 1 (t) (if (x) - if (t)) a_1 C Da+ f (t) dt, 

r (a) Ja 
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n-l (_i\fc f rM / u\ 

f( x ) = Yl - pf — (4* Q>) - i> ( x )) k + ( 15 ) 

k =0 

—f ip' {i){ip{t)-ip{x)) a ~ l c D^f(t)dt, 
r (a) J x 

Vie [a, b]. 

When a £ (0,1), we get: 

f{x) = f (a) + /“ ip' ( t ) {ip (x) - ip (V)) Q_1 c £>"+’/ (t) dt, 

and (16) 

/(*) = / 0) + rM fx 4>' (t) (V> (t) - ip Or))"” 1 C '£>6_ 7 0) di, 


Vie [a, 6]. 


Again from [1] we have the following: 
Consider the norms Ij-H^ : C ([a, b ]) —> 


■= E 

k=0 
We have 


I cW 

7 




R and ||-|Lm 

•0 


C n ([a,6]) ->K, where 


Theorem 5 ([1]) The ip-Caputo fractional derivatives are bounded operators. 
For all a > 0 (n = [a],) 


and 


where 


C n o,ii 

^a+ 


< A'I 


C 

^b- 


< K\ 


| C H , 


^ {4>{b)-4>{a)T~ a ^ n 

* = r (n + 1 — a) >a 


(17) 

(18) 
(19) 


3 Main Results 

At first we present the following ^-fractional Ostrowski type inequalities for 
several functions: 

Theorem 6 Let a > 0, n € N : n = \oi\, [a, b\ C ffi. and fi,ip € C n {[a,b]), 
i = 1 with ip being increasing and ip' (x) 0, for all x £ [a, b\. Let 

Xq £ [a, b} and assume that f^j {xq) = 0, for k = 1 ,n — 1; i = 1,r. Set 

f[fk{x) J dip(x)- (20) 

k =1 / 


7 o) :=r f 
J a 


4 


1100 


Anastassiou 1097-1114 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 29, NO.6, 2021, COPYRIGHT 2021 EUDOXUS PRESS, LLC 


Then 



0 )|<£ 

i —1 


C p,a,il> f 

^xo-J* 


oo,[a,xo] 


ra+Li/j 

J a+ 


/ r V 

n i/j (^0)1 

j-i 

W* / J 



c r ) “>V’ f 

U X 0 +jl 

JCZ + 1,-0 

oo,[a?o,fe] 

( \ 

r 

n I/? ( x o)i 

-i—i 










//0 < a < 1, i/ien (V21,) *5 valid without any initial conditions. 


( 21 ) 


Proof. By Theorem 3 we have that 

fi 0) - Si (zo) = [ i' (S) (V> (x) - i (t))“ _1 C '£>“’+/* (i) dt, (22) 

v^v -/lcq 


Vie [x 0 ,6], 

and 


1 f x ° 

fi (x) - Si (a>o) = p-^y J i' (t) H (t) - i 0)) a_1 C D2tfi ( t ) fit, (23) 


V i e [«, xo]; 

for all i = 1,r. 


Multiplying (22) and (23) by | Jj fj (x) j we obtain, respectively, 

3=1 
\j¥^i 


r r \ 

n ^ - n ^ (*) 

fc=i j =i , 

/ 


fi (xq) = 


n fj (x) 

3=1 
u¥* 


r (c 


if (t) a (x) - v > w )“ 1 Cd xo+Si ( t ) dt > 


V £ G [xo, 6], 


r r \ 

n ^ - n fi (*) 

fc=i .i =1 / 

v^» / 


fi (xq) = 


(24) 
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II fj (*) 

3 =1 


r(a) . 

Vie [a,xo]; 

for all i = 1, r. 

Adding (24) and (25), separately, we obtain 


n /* (*) - E 


-ip'(t) {ip (t) - ip {x)) a c D*f_fi(t)dt, 


(25) 


S,fc=l 


2=1 



A 

1 



n /* (*) 

/»Ao) 


3 = 1 

\j¥* 




v ’ i —1 

V x £ [xq, b\ 
and 


(r \ 


f[fji x ) [ (t) O'( x ) - (i)) a 1 C£) xo +fi(t)dt 

3 =1 


L V# / 


(26) 


n (*)) - e 


V/c—1 


2=1 



A 




n /* (*) 

/»Ao) 


3 = 1 
\j¥* 




—y 
!» 



A 

) 

/*« 0 


11 /j (*) 

/ i>' (t) (ip (t ) - ip (x))“ _1 c D^tfi (t ) dt 


3 = 1 
\j¥* 

J 

J X 


(27) 


V i e [a, xo] • 

Next we integrate (26) and (27) with respect to ip (. x ), x £ [a, b\. We have 


r f (n ( a; )) ^ ~ e 

Jx ° \ fe = 1 / »=1 


/i (®o) 


A V 

n ^ (*) 

vW / 


dip (x ) 


r(a) 


E 


(r \ 


Y[fj( x ) [/ fp’ (t) (ip (x) - ip (t)) a 1 c D^ + fi(t)dt\dip(x) 
j=i 72:0 




(28) 


and 


r HA ( x )) di P ( x )- E 


Vfc=l 


r 


( r \ 


E 

fi(x o) / 

n At ( x ) 

dip (x) 

2—1 

J a 

1 3=1 i 

VtA / 
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I-Xo r I-Xo 

/ l A (t) (ip (t) - ip (x))^ 1 c D^tfi(t)dt]dip(x) . 

[ \*i y J 


Adding (28) and (29) we derive the identity: 


$(/i,-,/r) (^o) := r n fk (x) I dip (x) - 


US 


[ t[fj{x) dip (x) 

A — 1 J CL a — 1 


1 r rx 0 r / rxo \ 

J UfA x ) yj , <P , {t){tp(t)-ip(x)) 0 ‘~ lc D2tfi(t)dtjdip{x) 

i=1 [r us 

m 

+ [ n fj (x) ([ A 0) O 0*0 - fp (i))“ _1 C Dxo+fi (*)# ( X ) • 

[ u* / J J 


Hence it holds 




(®o)| < 


+ / n i/^)i 


X ° I j =1 

\j¥» 


We observe that 


r / r x ° \ 

Y[\fj(x)\ yj ip' (t) (ip (t) - ip {x)) a ~ l G £>“’_/* (i) dtj dip(x) 

y 

(y 0) O ( x ) ~ *P W)“ _1 ° D xo+fi (*) # A) =■ (*) 

y xo J. 


1 r /-^o r 

(*) < p, , n X! C ' D X0-fi r , / ll l/j Wl fco) - i’ ( X ))° # ( X ) 

1 (a + ij “ oo,[a,x 0 ] J a ~~ 

2—1 J—1 

W* / 


\ C D a xoU\\ . J U\fAx)\ 

I ll°°.[*o ,b]Jxo ;_1 

, a -1 


(ip (x) - ip (x 0 )) a dip (x) = (32) 
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C f 


oo, [a,xo] 


rQ'+l,V' 

1 a+ 


II l/j Ml 




oo,[a?0)^] 


-ra+l,ip 

1 b- 




By Theorem 4.10, p. 98 of [3], we get that /^+ ^11 \fj\J ^ C ([a, 6]) and 

so at any Xo G [a, b\ is finite, i = Similarly, by Theorem 4.11, p. 101 of 


[3], we get that 


n \fj\ G C ([a, b ]) and so at any xo G [a, b} is finite, 

j= 1 , 


i = 1,..., r. Arguing similarly, we get that c D^' fi, c D“f? fi G C ([a, 6]), for all 
i = 1,..., r. 

The theorem is proved. ■ 

We continue with 
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= V °o‘4 *-!■ 


Li([a,a:o],' 0 ) 


T a,il> 

L a+ 


( , \ 

n i/? (^o)! 


V& 1 


j 


C r) a,ip f 
U x 0 + U 


L i([® 0 ,b],V’) 


T a,ip 

l b- 


( , \ 

n (*0)1 


I 3 = 1 

\j¥* 


J J 


(35) 


proving the theorem. 
We continue with 


Theorem 8 All as in Theorem 6 with p,q> 1 : ^ + ^ = 1, a > 1. Then 


(®o)| < 


r 


(“ + *) 


r (a) (p(a - 1) + l)p 

l, \ 


C' D a,i/j r 

^ Xo ~ Jl "L q ([a,x 0 \,i>) 


T a +l^ 


L a+ 




yj 


IC'na.V’ f. 

X ° + '\L q ([x 0 ,b],ip) 

Proof. From (31) we obtain 

1 


a+i 


l 


\ j = 1 
\j¥* 


n i/? (*o)i 

\ 

/jj 


(36) 


n i fj (®o)i 


v ' i=l 


( r \ 

ni/i(*)i 

W / 


/ *0 . . \ p /" /**0 <7 \ q 

- ip (x)) p{a ~ 1) dtp (t)j (^J c D%tf i {t) dip (t)J dtp(x) 


( r \ 


V& 1 / 

C -D“’+/i(£)r#(i)) #(a:) 


1 

[ (V> (*) - ip (t)) p{[a ~ 1] dtp (t)\ (37) 

•1^0 / 


< 


1 


{p (a - 1) + l) p T (a) 
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E 


C n a,i> f 

^xo — J* 

rx 0 

( \ 


L q ([a,x o ],' 0 ) J a 


(ip (X 0 ) - Ip (x)) a 1 + rdlp(x) 



J 



c f 

LJ x 0 +n 


L q ([x 0 ,b],V’) , 


(, \ 

n i£ (*)i 

j 


(ip (x) - ip (x 0 )) a 1+p dip (x) 


r (° + ?) y 

r (a) (p (a — 1) + 1)® S 


C na.lt r 


L q ([a,x o ],V 0 






a+ 


(, \ 

n i/j (*0)1 


(38) 


1 J=i 

W* 


) 


C r^a.ip f 
^xa+h 


a+i -0 


-Gd^o.b],^) 


* 6 - 


\ 


n I/? (*o)i 


1 j=i 
\j¥* 


1 


(39) 


proving the theorem. ■ 

We mention as motivation for Griiss type inequalities the following: 

Theorem 9 (1882, CebySev [4]) Let f,g : [a, b] —> K. be absolutely continuous 
functions with f',g' £ L x ([a, &]). Then 


b — a 


f (x) g (x) dx - 


b — a , 


f (x) dx 


b — a , 


g (a;) dx 


<^(*-«) 2 mulls ' 


OO Ml7 MOO 


(40) 


The above integrals are assumed to exist. 

Next follow ^>-Caputo fractional Griiss type inequalities for several functions. 
Theorem 10 Let 0 < a < 1, [a, 6] C ffi. and fi,ip € C 1 ([a, b]), i = £ 


N — {1 
sup 

xq E[a,b\ 

Set 


; with ip being increasing and ip' (x) ^ 0, for all x £ [a, b\. Assume that 

< 00 , i = 1, r. 


c f 

X’xn-Jl 


< 00 , and sup 

00,[a,x 0] xoG[a,b] 


C r>a,ip f 
^xo + Ji 


>[®0|f>] 


^ (fi,fr) ■■= r (ip (b) - ip (a)) {j fk (x) j dip (x) j - 


r 

/ nb \ 

(, 

(r ) 

y 

E 

i= 1 

( J fi(x)dip(x) \ 

J a 

V 

n & (*) 

1 i =1 1 

\jAi ) 

dip (x) 

J. 


(41) 
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A^ (/i,-,/r)| < {ip{b)-ip («)) 


£ sup C£) “o tfi . . su p mM 

x 0 €[a,b\ * 0 e[a,fc] 

\j& 


+ sup sup i^ 1 ’ 4 ' n I/; 0*01 

xo£[a,6] oo.[*o,6] x 0 e[a,b] •, 


Proof. Here 0 < a < 1, i.e. n — 1. Then (30) is valid without any initial 
conditions. Clearly <f> (/i, f r ) G C {[a,b]). Thus, by integrating (30) against 
ip we obtain 

r b 

(/l, fr)= $ (/l, fr) {Xo) dtp (x 0 ) = 

J a 

r {ip (6) - ip (a)) [j ^ JJ f k (x) j dip (x) j - 

r ( j-h \ f b r 

£ / /; 0*0 dip (x) / J! /)■ (x) dip {x) 

i=i \ Ja J Ja j=l 


hflt f n/iw 


/•®o \ 

J ip' (t) {ip (t) - Ip (x)) 0 ' 1 C D°pf_fi {t) dtj dip {x) + (43) 


I n fj (■ X) ( f Ip' {t) {ip {x) - ip ( t)) a 1 C D°pf + f i (i) dt \ dip (x) > dip (x 0 ) 

j—i V-'a^o / 

/ J J J 

Hence it holds 


E s; n I/O < 
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(t) {i/> (t) - ip (x)) a 1 C D°’tfi(t) dt ) dtp (x) 


ip' (t) (ip (x) - ip ( t)) a 1 I c £>“’+/; (t )I dt] dip (x) 


( r \ 

n i/# (*' 

\}3 / 

(44) 


dip (x 0 ) =: (**) • 


Using (21) we derive 


(**) < (ip (b) - ip (a)) 


E 

2=1 


sup 

iCoG[a,6] 


C /* 


sup I*+ 14 
oo,[a,xoj xq 6[a,b] 


( 


sup 

xoG[a,6] 


C f 
^xo + Ji 


sup /“_ +1 ^ 

cc 0 e[o,b] 


( r \ 

n !/?■ (*0)1 

\ 


\ i=i 
\j¥* 


;j 


n i/j (*o)i 


ii =1 


i 


(45) 


proving the theorem. 
We make 


Remark 11 Let a > 0, [a, b] C R, / € C ([a, b]) and ip € C 1 ([a, 6]) an increas¬ 
ing function such that ip' (a;) ^ 0, for all x £ [a, b]. Let Xo G [a, b]. We observe 
the following 


i:?n* o) 


< tyE [ ip' (t) (ip (x 0 ) - Ip (t)) a 1 1/ (t )I dt < 

r (a) Ja 


■,®o] 


r(a) 

That is 


f x ° II f II r 1 

/ (ip (x 0 ) - Ip (t )) Q_1 dip (t) = r °°(°' i to1 (ip (x 0 ) - ip (a)) a . 
Ja r (a + l) 


T a+ f (*o) 

Similarly, we obtain 

k^Hxo) 


< 


r(a+l) 


TTcW (xo )-ip(a)) a . 


(46) 

(47) 


(3) 1 pb 

<— iP' (t ) (ip (t ) - ip Oro))*- 1 1/ (t )| dt < 

r («) ix 0 


r 

That is 


[ b (ip (t) - ip (xo))"- 1 dip (t) = y, ( 6 ) _ ^ (x 0 )) a . (48) 

(a) 7^ r (a + 1) 


(xo) | < /(r+i) 1 (6) ■ ^ M)a • 


(49) 
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We make 

Remark 12 Let a > 1, the rest as in Remark 11. We observe that 

.So) i rXn 

I„+ f (x 0 ) 

' 1 W Ja 

{ip (x 0 ) — ip (a)) 0 ” 1 


{ip (a; 0 ) -ip{a)) c 


T(a) 


r (a) Ja r 

\f {t)\ dip {t) = 


T{a) 


lLi([a,x 0 ],^) ' 


That is 


Ia+ f {Xo) 


< 


{ip {x 0 ) -ip {a)) 

T(a) 


a—1 


\L 1 ([a,x 0 \,'ip) ' 


(50) 

(51) 


Similarly, we get 


lb- f (zo) 


(3) 1 

< 


{iP (6) - ip (x 0 )) 


T{a) 

a—1 r b 


ip' {t) {ip {t) - ip {x 0 )) a 1 |/ {t )| dt < 


Y{a) 


\f{t)\dip {t) = 


{iP {b)-ip{x 0 )) 


CL — 1 


r» 


\L 1 ([x 0 ,b]i' l P) ' 


That is 


Ib-fi x o) 


< 


{ip {b)-ip{x o)) c 


r(a) 

Next, we simplify our main theorems: 
Proposition 13 All as in Theorem 6. Then 

l$(/i, -,/r) (®o)l < 


\L 1 ([x 0 ,b\i' l l ; ) ‘ 


(52) 

(53) 


E 


+ 


C r>a,ip f 
^Xn-J l 


D,[a,a;o] 


n fi 

3 =1 


r (a + 2) 

{ip (a- 0 ) - ip (a))“ +1 

3 ,[a,xo] 









C n a,ip f 
U XQ + Jl 

00,[xo,fr] 

r 

iu 

3 =1 

{iP {b ) - Ip (X 0 )) Q+1 


- 



jAi 

oo,[tco ? &] 

- 


(54) 


If 0 < a < 1, then (54) is valid without any initial conditions. 

Proof. By (21), (47) and (49). ■ 

Next comes 
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Proposition 14 All as in Theorem 6 with a>\. Then 

l*(/l,-,/r)(*o)| < TT7-T 

r(a) 


E 










C r,a,ip f 

U X 0 -Jl 

Li([a,x 0 ],ip) 

r 

i f' 

j =1 

0 {x 0 ) - ip (a)) Q 1 

- 

- 













C r,a,ip f 

U Xf>+H 

Li([xo,b\,ip) 

r 

11 / 

j= 1 

{ip {b) - ip {x 0 )) a 1 


- 




Li([x 0 ,b],V’) 

- 


(55) 


Proof. By (33), (51) and (53). ■ 
Next follows 


Proposition 15 All as in Theorem 6 with p,q> 1 : ^ + ^ = 1, a > 1. Then 


l$(/i,-,/r) (x 0 )| < 


1 

r(a) (a+ (p (a — 1) + 1) ? 


E 










C n a,ip f 

L q {[a,x 0 ],V>) 

r 

11 /< 

t=i 

{ip {x 0 )-1p{o)) a+ r 

- 

- 




oo,[a,a?o] 









C p,a,ip f 
U x 0 + U 

L q ([x 0 ,b],t/j) 

r 

w, 

3 =1 

{ip {b) -ip{x o))“ +p 


- 




oo,[aio,fe] 

- 


(56) 


Proof. By (36), (47) and (49). ■ 
We continue with 


Proposition 16 All as in Theorem 10. Then 


A^ (/!,...,/ r ) < 


O (6) - ip (g)) a+2 
r (a + 2) 


i 



E 

sup 

C f 

U x 0 -h 

l - 1 




oo,[a,:ro] 






T 

1 

sup 

Xq 6 [a,6] 

c t-) q P t 

oo,[aio,b] 


IP 

i=i 

1#* 

I 

oo,[a,6] \ 


(57) 
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Proof. By (42), (47) and (49). ■ 

Next we make some applications of our main results. 

We need 

Remark 17 We have that (r = 2) 

$ (fi, h) (x 0 ) =2 f fi(x)f 2 (x)dip(x)~ (58) 

J a 

fi ( x o) [ f -2 (x) dip {x) - f 2 (z 0 ) f fi (z) dip (z), 

J a J a 

and (r = 3) 

4> (/i, / 2 , / 3 ) (z 0 ) = 3 f fi (z) f 2 (z) / 3 (z) dip (z)-/i (z 0 ) f f 2 (z) / 3 (z) dip (z) 

J a J a 

(59) 

/*6 /*6 
-/2 (z 0 ) / /l (z) / 3 (z) dip (z) - / 3 (z 0 ) / /i (z) / 2 (z) dip (z), 

J a J a 


etc. 


Furthermore we derive (r = 2) 


(/i,/ 2 ) = 2 


(ip (b) - ip (a)) (j fi(x) f 2 (x)dip(x)\- 


(60) 


(y /i (z) dip (z) J fi(x)dip(x) 

and (r = 3) 

A 0 (/i, / 2 , / 3 ) = 3 (ip(b)-ip (a)) ^ /i (z) / 2 (z) / 3 (z) dip (z) j - 
(y /i (z) dip (z)) (y /2 (z) / 3 (z) dip (z) j - 

(y /2 (z) dip (z) j (y /I (z) / 3 (z) dip (z) j - 

( [ fa (z) dip (z)^ ( [ fi (z) / 2 (z) dip (z)^ , (61) 


etc. 


We give the special cases of fractional Ostrowski type inequalities. 
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Proposition 18 Let a > 0, n £ N : n = |"a], [«,(i]cl and f\,fi £ C n ([a, b\). 
Let xq £ [a, 6] and assume that f [ k e i (xo) = f 2 (xo) = 0, for k = 1, ...,n — 1. 
Then 


2 f fi (x) f 2 (x) e x dx - /i (x 0 ) 


f h (x) e x dx - f 2 (x 0 ) f fi (x) i 

J a J a 


c dx 


< 


T (a + 2) 


E 


c n“’ e ‘ f. 
^ xn - L 


;X 0 \ 


n/, 

3 =1 


(e* 0 _ e «)“+i 


■,aso] 





2 




c D a ' e * f 

1J xo+ Jl 

oo,[xo,b] 

11 r 

j—1 

(e b -e X0 ) a+1 


- 




00 ,[xo,fr] 

- 


7/0 < a < 1, then (62) is valid without any initial conditions. 


(62) 


Proof. Case of ip (x) = e x , apply Proposition 13 for r = 2. ■ 
We continue with 


Proposition 19 Let a > 0, n € N : n = \a\, [a, b] C (0,+oo) and fi,f 2 ,f 3 G 
C n ([a, b\). Let Xq £ [a,b] and assume that /jE (^o) = 0> f or k = 1> ■■■i n ~ 1; 
i = 1,2,3. Then 


fl jx) h (x) / 3 (x) 

X 


dx - /i (x 0 ) / 
J a 


h (x) h (x) 


dx— 


J a ^ J a 


h (x) h (x) 


dx 


< 


_ t _ y 

r(a + 2 ) 7 ~[ 



C p)Ct,\nX r 
U XQ- Ji 

oo,[a,xo] 

n a 

j =l 

{-or 

- 




oo,[a,a?o] 



3 

/ / U \ \ 01+1 


C 7-)Ct,lnX r 

U XQ+ ji , , 

oo,[xq,o\ 

n u 

3 = 1 

Hi)) 


- 

j#* 

O0,[xo,b] 

- 


(63) 


If 0 < a < 1, then (63) is valid without any initial conditions. 


Proof. Case of ip (x) = lnx, apply Proposition 13 for r = 3. ■ 

Next we present the special cases of fractional Grtiss type inequality: 
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Proposition 20 Let 0 < a < 1, [a, 6] CR and fi, fz £ C 1 ([a, &]). Assume that 


sup 

xo E[a,b\ 

Then 


c D a,e , 
^xo - j * 


< oo, and sup 

oo,[a,xo] xoG[a,6] 


c n“> e f. 
±J x 0 + Jl 


,[x 0 ,b] 


< oo, i = 1,2. 


(e b - e a ) (/ /i (x) / 2 (x) e'Aixj - ^ | /i (x) e x dx j ^ / 2 (x) e x dx^ 


< 


a+2 


(e fc - e a ) 

r (a + 2) 


sup 

xq E[a,b\ 


C D a,e l - r 

^xo- J * 


+ sup 

oo,[a,xo] xoG[a,b] 



n 


2 

} 

c D a ’ e * f 

1J x 0 + Jl 

oo,[a?o,b] 


11 

j —1 

l 




oo,[a,b] / 


Proof. Apply Proposition 16, for if> (x) = e x , r = 2. ■ 

We finish with another ^-fractional Grtiss type inequality: 


Proposition 21 Let 0 < a < 1, [a, b] C (0, oo) and ft € C 1 ([a, h 
Assume that sup 

xoE[a,b ] 

j = 1,2,3. TTien 


C nQ.lm f 
Jl 


< 00 , sup 

oo,[a,xo] xo 6[a,6] 


C n a,Inx r 
U x 0 + h- 


(64) 


), i — 1,2,3. 
< oo, 

oo,[xq,6] 


In | - 


3 / rb 


h (a) f 2 (x) / 3 (x) 


dx — 


Si 0) 


dx 


h (a:) /3 (x) 


dx — 


f 2 Or) 


dx 


< 


^ /l(x)/ 3 (x) \ _ / f b Mx) d \ f r b f l (x)f 2 (x) dx 


(M!)) 


btt“+ 2 f 3 

E 


r (a + 2) 


sup 

tcoG[a,6] 


, i—1 


sup 

aioG[a,fe] 


C T-iCt,\n x p 
U XQ - ji 


oo,[a,aio] 



-i 


3 

1 

C 7-)Q;,ln x n 
■ L/ x 0 + Ji 

oo,[:co,6] 


11 f . 

j= 1 

l 




oo,[a,6] J 


(65) 


Proof. By Proposition 16, for if (x) = lnx, r = 3. 
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Abstract 

This paper investigates and states some properties of sequential 
conformable fractional derivative introduced by R. Khalil et. al. in [1], 
Further some theorems of the classical power series are generalized for 
the fractional power series(CFPS), where the CFPS technique is used 
to find the solutions of conformable fractional deferential equation 
with variable coefficients. 


1 Introduction 

The correspondence between L’Hopital and Leibniz, in 1695, about what 
might be a derivative of order 1/2, led to the introduction of a generalization 
of integral and derivative operators, known as Fractional Calculus. Since 
then, related to the definition of fractional derivatives have been many de¬ 
finitions. The most popular ones of these definitions are Riemann-Liouville 
and Caputo definitions see [6],[7]. 

Recently, R. Khalil et al. [1] give a new definition of fractional derivative 
and fractional integral. In their work they proved the product rule, the frac¬ 
tional Rolle’s theorem and Mean Value Theorem utilizing the conformable 
fractional derivative definition. New construction of the generalized Taylor’s 
power series is obtained by Abdeljawad in[2]. In recent years, many re¬ 
searchers have focused on the approximate analytical solutions of the system 
of fractional differential equations and some methods have been developed 
such as fractional power series method(FPS) in [5] . FPS method is a simple 
technique to find out the recurrence relation that determines the coefficients 

0 2000 Mathematics Subject Classification. 26A33, 41A58 . 

Key words and phrases. Conformable fractional derivatives ; Fractional power series. 
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of the fractional power series, where this method is one of the most useful 
techniques to solve linear system and non-linear system of fractional differ¬ 
ential equations with a fast convergence rate and small calculation error. 

In this work, we state some properties of sequential conformable frac¬ 
tional derivative, then use the FPS technique to solve conformable fractional 
differential equation of order two. 


2 Conformable fractional derivative 


In this section, we present some definitions and some important properties 
of the conformable fractional derivative. The definition of the conformable 
fractional derivative is defined as follows; 


Definition 1 [1] Given a function f : [0, oo) —> M. For a G (0,1), the 
conformable fractional derivative (CFD) of f of order a is defined by 


T a (/) (t) = lim 

£—>0 


f(t + et l ~ a )-f(t) 

£ 


( 1 ) 


for allt > 0. If f is a differentiable in some (0, a), a > 0, and lirn,^ o + f {a) (t) 
exists, then define 

f {a \ 0) = lim f {a) (t). 
o+ 


A function / is called a-diff'ercn! iable at t 0 if the above limits exists. 
For simplicity we sometimes use the notation f^ a \t) instead of T a (/) (t). 

Consider the limit a —> 1~. In this case , for t > 0, we obtain the classical 
definition for the first derivative of a function f^ a \t) = f'(t). 


Theorem 2 [l]Let f : [0, oo) —> M be a differentiable function in the clas¬ 
sical sense. Then f is a differentiable at t , a e (0,1) and 

fW(t) = t 1 - a f(t), t> 0. 

Also, if f is continuously differentiable at 0, then /^(O) = 0. 


Note that the function could be a-different iable at a point t 0 but not 
differentiable at that point, as in the following example. 

Example 3 For some fixed a, with a G (0,1), let f(t) = (p, t > 0. Note 
that f( 0) does not exists but T a (f)(t) = 1 for t > 0, therefore /^(O) = 
lim t _ >0 + T a (f)(t) = 1. 
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Theorem 4 [l\If a function f : [0, oo) —> M is a-differentiable at a > 
0, a G (0,1], then f is continuous at a. 

We list some Important properties of the operator T a as follows. 

Theorem 5 [l\Let a G (0,1] and f,g be a differentiable at a point t > 0. 
Then 

1. T a (Xf + g) = XT a (f) + T a (g), for all X G R. 

2. T a (fg) — fT a (g) + gT a (f). 

J 1 (T) = 9 T a(f)—JT a (g) 

Important examples of CFD are listed as follows: 

Example 6 [ 1} 

1. T a (t p ) = pt p ~ a 

2. T a (e at ) = a,t 1 ~ a e at , a G M. 

3. T a (sm(at)) = at 1 ^ 0 cos(af), a G M. 

4■ T a (cos(at)) = — at 1 ^ 0 sin(af), a G M. 

5. T a (e x ^ ta) ) = \e^ ta . 

6. T a (sm(H a )) = cos 

a a 

7. T a (cos(H a )) = — sin(—t Q ). 

a 

8. T a (H a ) = 1. 

There are some properties that are not satisfied by operator T a as follows: 

Theorem 7 [2]For ct,/3 G (0,1] and a + (3 G (1,2], and the function f : 
(0, oo) —> M is twice differentiable on (0, oo ).T a does not satisfy the Index 
Law; T a Tp = TpT a ,where 

T a T s (/) (i) = ((1 -/?)/'(() +1 /" («)) , 

1. while, 

TpT a (/) (() = ((1 - a) /' (i) + i /" (*)) . 

Proof. Calculating T a Tp, TpT a gives that 

T a T/3 (/) (t)^TpT a (f) (t), 


for a jtz /3. ■ 
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3 Sequential conformable fractional 

a -derivatives 

In this section the higher order of conformable fractional derivative will be 
defined and the relation between CFD and polynomials will be given. 

Definition 8 The second order CFD operator T a , will be denoted by 

Tl = T a (T a ). 

In general the n th order CFD operator T a is defined as 

rpn _ rri (HTTi— 1\ 

1 a ~ J-a y 1 a ) * 

Note that the operators commute for each positive integers n, m, 

rpnrpm _ rpmrpn 

^ a ^ a ^ a * 

The calculation of the second and the third sequential orders of CF op¬ 
erator T a can be found in [2]. 

Theorem 9 Given a function f : (0, oo) —> M . Then 

Tl (/) («) = T a T a (/) (t) = t'- 2 “ ((1 - a) f (t) + t f" (*)) . 
where f is twice differentiable, and twice a-differentiable at t . Also 
T a (/) (t) = ((! - a) (1 - 2 a) /' (t) + (3 - 3a) t f" (t) + t 2 f (t )) , 

where f is three times differentiable at t and three times a-differentiable at t 

Lemma 10 If m and n are any positive integers and p a real number, then 

Tf ( t p ) = n”^ 1 (p-ia) t p ~ ma . 

Proof. 

T 2 a (; t p ) = T a ( T a t p ) 

= T a ( ; pt p ~ a ) 

= p{p~a)t p ~ 2a . 
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Also, 

1i(t f ) = T„(pip-a)^) 

= p (p — a) (p — 2a) t p ~ 3a . 

Then 

T™ ( t p ) = p{p-a)(p-2a)...(p- (m - 1) a) t p ~ ma 
= n^io 1 ip-iot) t p ~ ma . 


Corollary 11 If n is positive integer , then 

T” ( t n ) = n’To in - i a) t n ^~ a) . 

Corollary 12 If m and n are any positive integers and 0 < a < 1 ,then 
T™ (tt na ) = n™o 1 a m ( n-i) t a{ - n ~ m \ 

Applying LemmalO and using the linearity property of Theorem 5, we 
get 

Lemma 13 If P n (t) = aot n + a\t n ~ l + a 2 t n ~ 2 + ■■■ + a n is a polynomial in 
t of degree n, then 

n 

T'JPn (t) = £ a, ns 1 (» -j-i a) 

3=0 

Changing variable from t —> t a , we get the following result. 

Corollary 14 If f (t) = a 0 t an + ait a ^ n ~^ + + • • • + a n , then 


T:s (() = £ a > n r.o‘ (a (n - * ) “ j) 

3=0 

The following theorem presents the n th sequential CF o-derivative utiliz¬ 
ing the limit definition as follows: 


Theorem 15 Given a function f : [0, oo) —> M. Then for 0 < a < 1 and n 
a positive integer, the n th order of the a— conformable fractional derivative 
of f °f is as follows 


T n J (t) 

where t > 0. 


E”=o(”)(-i)”‘T((i + rt-“W 

Inn —---- 
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Proof. Since 


T a f ( t ) = lim 


fit + et 


1 — Ot \ 


fit) 


= lim 

£—>0 


f(t(l + £t “)) - f(t) 


Let 6 — 1 + et “, we get 


T a f (t) = lim 


W) - fit) 


Thus 


T af it) = lim 


<5—>1 (5 - 1 )t a 

TafiSt) - T a f(t) 


<5^1 (5-l)t a 

f(ti 2 t)-2f(6t) + f(t) 
♦i ( 5-lft 2a 


= lim 


Again calculating the 3 rd order of the a—conformable fractional derivative, 
we get 


Tlf (t ) = T a T‘f (() = lim 

o —> 1 


T a fj5 2 t) - 2T a f(St) + T a f(t) 


= lim 

<5—> 1 


= lim 

5^1 


nft) ~ 3/(,s 2 t )+3 m)+m 
(5—1 ) 3 i 3 ” 

E?=o©(-! f-’Kvt) 


(5—1 ) 3 i 3 ” 

Repeating this process n times, we get 

ry (t) - lim gkhlLdhlLTd 

aJ[) Li (, s-i) n t na 

Substituting £ — (5 — 1) t a . then 

E" n ( n ) (~l) n ~ j f Ul + £t~ a ) j t) 

T»f (t) = lim ^ 3=0 1 J -—-—. 

“ W £ —>0 £ n 
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4 Conformable Fractional Power Series 

Representation 


Power series is an important tool in the study of elementary functions. Using 
this power expansion gives us the ability to make an approximate study of 
many differential equations . In this section, we will recall some important 
definitions and theorems of fractional power series theory . 

Definition 16 For a G (0,1) a conformable fractional power series of the 
form 


OO 

y, C n (t - t 0 ) na = Co + Cl (t - t 0 ) a + c 2 (t - to) 2 " +., 

n=Q 

where t > t 0 > 0 tis called the conformable fractional power series (CFPS) 
about t 0 , where c n denote the coefficients of the series, where n G N. 

Note that for CFPS, we have the value Co fom = 0,at t — to , while c n = 0 
for n > lat t — to .Also note that for t 0 = 0, then the CFPS becomes 


^ c n t no — Co + C\t a + c 2 f^ a + . 

n =0 

Proposition 17 [Jf\ If Y^=o °nt na converges absolutely for t = t 0 > 0, then 
we it converges absolutely for t G (0,f 0 )- 

Theorem 18 The seriesY^ =0 c n t na converges, — oo < t < oo has radius of 
convergence R, if and only if the series Y^=o c rf na R > 0 has radius of 
convergence R&, R > 0. 


Theorem 19 [2] Assume f is an infinitely a-differentiable function, for some 
a G (0,1] at a neighborhood of a point t 0 . Then f has the Taylor CFPS series 
expansion as follows 


/« = £ 


rp (to) (t - to) 


ka 


k =0 


a k k\ 


t G ( to,to + R c 


R > 0. 


The next following examples doesn’t have the Taylor PS expansion about 
to > 0 since there are not differentiable there. But they have Taylor CFPS 
expansion at t 0 . 
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Example 20 [2] 


1. “ = EX {± M~> f° r f e [^ 0 , oo). 

2. sin(4 (t - t 0 T) = EX (“X X^+n ■ f° r f e [^o, oo) 


3. cos(4 (t - t 0 )“ ) = EX XX XXfci ' /° r f - e X oo). 
^ : (X)“ = EX (* - tX“ , for te [to, to + 1) . 

OL 


5 Solving CFD equation’s using CFPS 

Example 21 Consider the following conformable fractional differential equa¬ 
tion 

Tlv (t) - t a y (t) = 0, (2) 

with initial conditions, 

V (0) = 0, T a y (0) = ?/o, (3) 

where y 0 is a real constant. 

Now using CFPS technique, let 


y (t) = ^Cnt™. 

n=0 


Then 


T ly (t) = " 2 ( n ) ( n _ x ) Cnt(n 2)a 

n =2 
oo 

= ^ a 2 (n + 1) (n + 2) c n+2 t na 

n =0 


and 


t“2/(t) = ^c n t ( - 1 > 

n=0 


^ ^ Cn—lt 

n= 1 

8 


(4) 
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Substituting T 2 y (t) and t a y ( t) in CFDE, we get 

OO OO 

^ « 2 (n + 1) (n + 2) c n+2 t na - ^ c n -it na = 0. 

n =0 n =1 

Then from Formula (), one can obtain 

OO 

2a 2 c 2 + ^2 [a 2 (n + 1) (n + 2) c n+2 - c n _i] t na = 0. 


n= 1 


Equating the coefficients of t na to zero in both sides gives the following; 

Cn— 1 


c 2 = 0, and c n+2 = 


a 2 (■n + 1) (n + 2) 
Considering the initial conditions of the CFDE, 


c 0 = 0, and c i = -y Q . 

a 


, n= 1,2,3,,. 


(5) 


Based on Equation 5 ,the coefficients of t na can be divided into two cate¬ 
gories: zero terms 

C2 = Cs = C$ = Cq = Cg = Cg = C\\ = C\4 = • • • = 0 , 

in general 

c 3 n+2 = C 3n+ 3, for n = 0 , 1 , 2 , 3 ,... 

and non zero terms 

c 3 n+i ^ 0, for n = 0,1, 2, 3 ,..., 
that is Ci, C4, c 7 , C10, Ci 3 , c 16 • • •, where 

Vo 


c 4 = 


Cl 


ct 2 (3.4) a 3 (3.4)’ 


c 7 

CIO 

C 10 


c 4 


y 0 


a 2 (6.7) a 5 (3.4.6.7) ’ 
c 7 f/o 


a 2 (9.10) a 7 (3.4.6.7.9.10)’ 

cio __ yo _ 

a 2 (9.10) “ a 9 (3.4.6.7.9.10)’ 
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Then, one can obtain the following CFPS as follows 


y (t) = cit a + c 4 f 4 ° + c 7 t 7a + c w t 10a + 
1 Vn Vo 


-t 7a + 


Vo 


— n. fa I yo lAoi , 

a a 3 (3.4) a 5 (3.4.6.7) * ' a 9 (3.4.6.7.9.10) 


f 10 “ + 


/ 


1 

= -Vo 
a 




k =1 


[I (3i) (3i + l) 


_^.(3fc+l)c 


a 


2k 


K i =0 


Conclusion 22 The mam azm of this work is to provide a reliable algorithm 
for the solutions to the systems of fractional differential equations by using 
the CFPS. 
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Abstract 

Here we present multivariate Ostrowski-Sugeno Fuzzy type inequali¬ 
ties. These are multivariate Ostrowski-like inequalities in the context of 
Sugeno fuzzy integral and its special properties. They give tight upper 
bounds to the deviation of a multivariate function from its Sugeno-fuzzy 
multivariate averages. 
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1 Introduction 

The famous Ostrowski ([4]) inequality motivates this work and has as follows: 


b — 


f (y) dy-f (x) 


< - 


i (x-^y 


(b~a) 




where f £ C 1 ([a, b]), x £ [a, b ], and it is a sharp inequality. 

Another motivation comes from author’s [2], pp. 507-508, see also [1]: 

Let f £ C l (um) , where a*,6i £ R, i = 1 and let 


•= (xoi, ...,Xofc) € n [oij&i] be fixed. Then 

i =1 


rbk 


f (zi ,..., Zk) dzi...dzk - f (xq) 


I! (h - a-i 


< 


1 
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E 



g») 2 + (h - x 0i ) 2 
2 (b', O ;) 



The last inequality is sharp, the optimal function is 


k 

f* (zi, ...,Zk) ■= ^2 | Zi - X 0i \ ai , OLi > 1. 
i —1 


Here first we give a survey about Sugeno fuzzy integral and its basic special 
properties. Then we derive a set of multivariate Ostrowski-like inequalities to all 
directions in the context of Sugeno integral wlritin its basic important properties. 
We finish with an application to a special multivariate case. 


2 Background 

In this section, some definitions and basic important properties of the Sugeno 
integral which will be used in the next section are presented. Also a preparation 
for the main results Section 3 is given. 

Definition 1 (Fuzzy measure [6, 8]) Let E be a a-algebra of subsets of X, and 
let p : E —» [0, +oo] be a non-negative extended real-valued set function. We say 
that p is a fuzzy measure iff: 

(1) p (0) = 0, 

(2) E, F £ E : E C F imply p ( E ) < p (F) (monotonicity), 

(3) E n G E (n e NJ, Ei C E 2 C ..., imply lim p(E n ) = p(U^ =1 E n ) 

n—> oo 

(continuity from below); 

(4) E n e E (n £ N), Ei D E 2 D ..., p(Ef) < oo, imply lim p(E n ) = 

n —»oo 

pipffLiEn) (continuity from above). 

Let ( X , E, p) be a fuzzy measure space and / be a non-negative real-valued 
function on X. We denote by T+ the set of all non-negative real valued mea¬ 
surable functions, and by L a f the set: L a f := {x £ X : f (. x ) > a}, the a- level 
of / for a > 0. 

Definition 2 Let (X, E ,p) be a fuzzy measure space. If f £ F+ and A £ E, 
then the Sugeno integral (fuzzy integral) [7] of f on A with respect to the fuzzy 
measure p is defined by 

(S) [ fdp :=V a > 0 (a A p(Ar L a f )), (1) 

J A 

where V and A denote the sup and inf on [0, oo], respectively. 

The basic properties of Sugeno integral follow: 
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Theorem 3 ([5, 8]) Let ( X , S, p) be a fuzzy measure space with A,B £ X and 
f,g £ 4F+. Then 

V (S) f A fdp < p (A ); 

2) ( S ) f A kdji = k A p (A) for a non-negative constant k; 

3) if f <g on A, then (S) f A fdp < (S) J A gdp; 

4) if Ac B, then ( S ) f A fdp < ( S ) f g fdp; 

5) p {A n L a f) <a=>(S) j A fdp < a ; 

6) if p ( A ) < oo, then p{AC\ L a f ) > a -o- ( S ) J A fdp > a; 

7) when A = X, then ( S ) fdp = V a >o (a A /.i (L a f )); 

8) if a < then Lpf C L a /; 

9) (S)f A fdp> 0. 

Theorem 4 ([8], p. 135) Here f £ T + , the class of all finite nonnegative 
measurable functions on ( X , T,,p). 27ien 

1) if p (A) = 0, then (S) f A fdp = 0, for any f € 

2) if (S) f A fdu = 0, then p (A n {x\f (x) > 0}) = 0; 

3) (S) f A fdp = ( S ) f x f ■ XAdp, where \ A is the characteristic function of 

A; 

4) (S) f A (/ + a) dp < ( S ) f A fdp + ( S) f A adp, for any constant a £ [0, oo). 

Corollary 5 ([8], p. 136) Here f,fi,h € T + . Then 

1) (S) f A (A V h) dp > (S) f A hdp V (5) f A hdp ; 

2) ( S ) f A (A A / 2 ) dp < (S) f A hdp A (5) / A f 2 dp ; 

3) (S) f AuB fdp > (S) f A fdp V (5) fdp ; 

4 (5) Lns f d » < (5) L f d T A (5) fdp. 

In general we have 

(5) f (A + A) dp {S) [ hdp + (S) [ f 2 dp, 

J A JA JA 

and 

(5) f afdp h a (S) [ fdp, where a £ R, 
ja J A 

see [8], p. 137. 

Lemma 6 ([8], p. 138) (S) J A fdp = oo iff p(A(l L a f) = oo /or am/ a € 
[0, oo). 


We need 

Definition 7 ([3]) A fuzzy measure p is subadditive iff p (dU B) < p(A) + 
p ( B ), for all A,B £ X. 

We mention 
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Theorem 8 ([3]) If g is subadditive, then 

(S) f (f + g)dg<(S) [ fdg + (S) [ gdg, (2) 

J X Jx Jx 

for all measurable functions f,g:X—> [0, oo). 

Moreover, if (2) holds for all measurable functions f,g : X —> [0, oo) and 
g(X) < oo, then g is subadditive. 

Notice here in (1) we have that a £ [0, oo). 

We have 


Corollary 9 If g is aubadditive, n £ N, and f : X —> [0, oo) is a measurable 
function, then 


(S) 

[ nfdg < n ( S ) 

[ fdg, 

(3) 


lx 

lx 


in particular it holds 

p 

p 


(S) 

/ nfdg < n (S) 

/ fdg, 

(4) 


Ja 

Ja 


for any A £ S. 





Proof. By (2). ■ 

A very important property of Sugeno integral follows. 

Theorem 10 If g is subadditive measure, and f : X —> [0, oo) is a measurable 
function, and c > 0, then 

(S) [ cfdg<(c+l)(S) [ fdg, (5) 

J A J A 

for any A £ S. 

Proof. Let the ceiling [~c] = m £ N, then by Theorem 3 (3) and (4) we get 

(S) [ cfdg < (S) [ mfdg < m(S ) [ fdg < (c+ 1) (S) [ fdg, 

J A J A J A J A 

proving (5). ■ 

From now on in this article we work on the fuzzy measure space ( Q,B,g ), 
where Q C R fc , k > 1 is a convex compact subset, B is the Borel cr-algebra on 
Q, and g is a finite fuzzy measure on B. Typically we take it to be subadditive. 
The functions / we deal with here are continuous from Q into R + . 

We make 


Remark 11 Let f £ C (Q,R+), and g is a subadditive fuzzy measure such that 
g ( Q) >0, x £ Q. We will estimate 


E{x) 


(S) [ f (t) dg (t) -g{Q) A f (x) 
JQ 


( 6 ) 


4 
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(by Theorem 3 (2)) 

= {S) [ f (; t ) d/i (: t ) - (5) [ / (a:) d/j (t) . 

JQ JQ 

We notice that 

= f (t) + f ( x) < |/ (t) - f 0)| + / 0), 

then (by Theorem 3 (3) and Theorem 4 (4)) 

{S) [ f (t) dn (t) < (S) f \f(t)-f{x)\dn(t) + (S)[ f{x)dfi{t), (7) 
J Q J Q J Q 

that is 

{S) [ f {t) d/x (t) - (S) [ f (x) d[i (t) < (S) f \f(t)-f(x)\dn(t). (8) 

J Q J Q J Q 

Similarly, we have 

f{x)=f (x) -f(t) + f (t) < |/ (t) - f (a)| +f(t), 
then (by Theorem 3 (3) and Theorem 8) 

(S) [ f (x) dfi (t) < (S) f \f(t)-f(x)\dn(t) + (S) [ f{t)dn{t ), 

JQ JQ JQ 

that is 

{S) [ f(x)dfi{t)-(S) f f (t)dn(t) <(S) [ |/(t) - / (x)\dfj,(t). (9) 

JQ JQ JQ 

By (8) and (9) we derive that 

i s ) [ f(t)dfj,(t)- {S) [ f(x)dn(t) <(S) f \f(t)-f(x)\dfi(t). (10) 
J Q J Q J Q 

Consequently it holds 

(by (6), (10)) r 

E{x) < (S) / \f(t)-f(x)\d»{t) t (11) 

JQ 

where t = {h, ...,t k ), x = {x\, ...,x k ) ■ 

We will use (11). 
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3 Main Results 


We make 


Remark 12 Here Q := II [a,;,6,;] ; where a,i < b{; a.i,bi £ R, i = 1,fe; 

i—\ 

k / k \ 

x = (xi,...,Xk) £ II [ai,bi] is fixed, and f £ C 1 I [a.;, , R_|_ I. Consider 


9t (r) '■= f (x + r (t — x)), r> 0. Note that g t (0) = / (a), g t (1) = / (t). Thus 


{x) = gt (1) - gt (0) = g' t (£) (1 - 0) = g' t (£), 


where £ G (0,1). 
I.e. 


(x) = E & “ X i) ff ( x + £ (* “ X )) • 

i—1 

k 

\f(t)-f{x)\ <^2\ti-Xi\ 
i=l 
k 


Hence 




i= 1 


df 

dti 


By (11) we get 


(S) [ k f (t) dg (t) - M ( n t a *’ b i\ J A / ( x ) 
J TH* A] \i=i / 


< 


(S) f k \f{t)-f{x)\dg(t) ( < 

J n kai 


( 12 ) 


(13) 


(14) 


(s) k E^-^i 

JnimM Vi=i 

k n, 

i= 1 Jnia.M 


df 


dti 

df 


dti 


( 2 ) 

dg ( t ) < 


, X (5) 

dg (' t ) < 


E f If + 1 ) \( S ) [k I U - Xi\ dg (t) ) . (15) 

V dti «, / \ inhA] / 


.ffere g is a fuzzy subadditive measure with g ( n J 0. 

\i= 1 
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Therefore we get 


(S) 


/rrr , A Am 

Mil [<*»>&»]) av 


/ (0 dp (t) - 


1 A 


f(x) 


M \J[ [ai,h} 


(15) , ^ 

< (16) 


E 


9 / 

c9i; 


+ 1 ' 

oo 

( 

[^2 5 ^ 2 ]^ J 

\ 


\(S) f k \ti-Xi\dn(t) ] . 

y inK.i-.] y 


Notice here | 1 A , —y < 1, and 

A( n[“i»b»]j J 

(by Thru. 3 (1)) 

—TIT 1 - v{S)U f (t) dh (t) < 1, 

f(n[»iA]J ni^M 

where ( S ) / k f (t) dp ( t ) > 0. 

II KAi] 

i — 1 

k 

iff ■■ n [^2 5 &i] -> R+ is a Lipschitz function of order 0 < a < 1, i.e. 

i— 1 

\f(x)~f(y)\ < K\\x-y\\f , V x,y € Jl ^ > 0,, w/iere ||a; - y||, := 

2=1 

k / k \ 

\%i - Vi\, denoted by f € Lip a ^ K ( J] [a», bi] ,M+ J, then by (11) we get 


(S) [ k f (t) dp (it) - /-t ( I a *’ b i\ J A / ( x ) 

•i n [<H,bi] Vi=i / 

i=l 

(S) f k \f(t)-f(x)\dp(t)< 

•i n ka»] 

i=l 

(A) [ k K\\t-x\\f dp(t) ( < 

i = l 

{K+l){S) [ k \\t-x\\ldp(t). 

J n foi. 6,-1 


< 


(17) 


n [atA] 

i = 1 


We have proved 


(S) 


(yi \ i J nKAi 
Mil [«»!&*] I AV 


/ (t) dp {t) - 


1 A 


f( x ) 


d ( n [ai,bi] 

\i =i 


< (18) 
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(K + l) 


(S) 


( b. \ / k 


[ k \\t-x\\ldn{t). 
J n io,-.6,-i 


We have established the following multivariate Ostrowski-Sugeno inequali¬ 
ties. 

Theorem 13 Here /i is a fuzzy siLbadditive measure with p (n 
k 

x e U [ai,bi ]. 

i =1 

1) Let f € C 1 ( ]”[ [ai,bi\ , R+V then 


(S) 


(\ i n 


/ (t) dn (t) - 


1 A 


/O) 


A ( II [ai,bi] 

\i =i 


< (19) 


E 


d£ 

dti 


+ i 




A II kA] 


i —1 


\( S )[h \ti-Xi\dn(t) ) . 

y in[»d,] y 


2) Let / € iiPa. in [a i, , R+ ), 0 < a < 1, then 

Ki =i 


(5) 


y A r , i\ in [Oi.bi] 

Mi ll [a* A] ) ii 


/ (i) d^L (t) - 


1 A 


/k) 


m n kA] 


< ( 20 ) 


A+l) 


(5) 


m ( n [« i , *<]) • / £ KA1 


[ k \\t -*11“ rf/x (i) . 

J n ioi. 6,-1 


We make 

Remark 14 Let Q be a compact and convex subset ofM. k , k > 1. Let f £ 
(C(Q,R + )nC" +1 (Q)), n G N and x € Q is fixed such that all partial deriva- 

8 a f K 

tives f a := where a = (ai ,...,a k ), on £ Z+, i = I..... k. |a| = E on = j, 

j = 1,..., n fulfill f a (x) = 0. 

By [2], p. 513, we get that 


I fit) ~ f{x)\< 


/ k 


\ n+l 

E k - a;*l 

d 

dti 

) / 

\»=i 

oo / 


(n + 1)! 


VteQ. (21) 
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D n +i (/) := max ||/ Q 

o;:|Q;|=n+l 

For example, when k = 2 and n = 1, we get that 




n d 2 f d 2 f 2 d 2 f 

{tl ~ Xl) M 2 + 2 1*1 “ * 111*2 -* 2 | +( t 2 ~ X 2 ) ^ 


Clearly, it holds 


E 


D 2 (/)= max Jl/alU. 

q ;:| q ;|=2 


/ < D 2 (/) (|ii — x\\ + \t 2 — x 2 \) 2 ■ (25) 


Consequently, we derive that 


E/ <^ + i(/)||t-< +1 , vteg. (26) 


ify (11) we get 


(S) [ f (t) dp, (t) - p{Q) A f ( x ) < 

JQ 

(S) f \f(t ) - /(a;)|d/i(i) V 
Jo 


E I*. -*<1 Jr 

i—1 11 11 

(n + 1)! 


f D n+ l{f)\\t-x\\£ 
Iq (n+1)! 


dp ( t) < 


-dp (t ) < 


^^r + i) (5) / llt-sC 1 ^*). 


.ffere p is a fuzzy subadditive measure with p ( Q ) > 0. 
5?/ ^7) and (28) we obtain 


(S) J f (t) dp (t) - ^1 A 
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( Dn+1 (/) | 1 A 

(n+1)! 


t(Q) 


{S) ( \\t-x\\^dp{i). (29) 

JQ 


We have established the following multivariate Ostrowski-Sugeno general 
inequality: 

Theorem 15 Let Q be a compact and convex subset ofM. k , k > 1. Let f £ 
(C (Q,R+) fl C n+1 (Q)), n £ N, x £ Q be fixed: f a (x) = 0, all a : \a\ = j, 
j = 1, n. Here p is a fuzzy subadditive measure with p ( Q ) > 0. Then 


<*)//(.) *(.)-(lAi«) 


h{Q) 

f Dn + l(f) , 

l (n+1)! +1 

m(Q) 


< 


(5) [ \\t-x\\l +1 dfi(t). (30) 

J Q 


Corollary 16 All as in Theorem 15. Then 


1 

h(Q) 


( s ) J^ f (t) dp (t) - ^1 A 


/(+) 

t{Q) 


< 


( 1+ (dryr) 
h{Q) 


(S) 






dxi 


n+1 


+ (f). (31) 


Next we take again Q := [a», fe»], we set a := (ai ,b := (6i,6+ 

i—1 

and 2±* = (+4> ^4^) G ft [ai, 6i] • 

i= 1 


Corollary 17 Let / G ^ [«*> 6*], H C m+1 n G N, 

such that f a (4^) = 0, all a : \a\ = j, j = 1 Here p is a fuzzy sub¬ 


additive measure with p ( [ai,bi] ) > 0. Then 

Vi=l 


( 


t (n 


(S) 


I n ka] 

i= 1 


f (t) dp (f) - 


1 A 


/m 


\ 


p ^ j | [a,.h, 


< 


( Dn+rU) ,A 

V (n+D! + V 

n (n ++]) V ,J k [a " b 


(S) 


t — 


n+1 


dp (t). 


(32) 
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Proof. By Theorem 15. ■ 
We make 


Remark 18 By multinomial theorem we have that 


n+l 


E 

r 1 +r 2 + ...+rk—n+l 

where 


By (27), (28) we get 


\\t-x\\z +1 = (E ^ - 

n + l 


r 1 + 2 , —,r k 


n+l 


\tl - Xil 1 1*2 - X 2 \ 2 |th - Xk\ 


(n + 1)! 


ri,r 2 ,...,r k J r\\r 2 \...r k V 


(33) 

(34) 


(S) [ f (t) dn (t) - n (Q) A / (a:) 

JQ 

c s ) / 


< 


(by (33), (34)) 


(S) 


E 


A .+1 (/) 


ii i /1TT + 

, , , v ri!r 2 !...r fe !y If* 

Tl+r 2 + ...+r-fc=n+l x ' \»=1 


( 2 ) 

dfi (t) < 


ri+r 2 + 


S„ + , <s) /«(ra)( 


E 


A.+i (/) 

ri!r 2 !...rfc! 


i) (S) (jj |i* - Xi\ r ^ dfj, (t). (35) 


fi+r- 2 + ...+rfc=ra+l 

We have proved the following multivariate Ostrowski-Sugeno general inequal¬ 
ity: 

Theorem 19 Here all as in Theorem 15. Then 

i r . (. . f(x) 


(S) J f (t) d/j, (t) - ^1 A 


E 

n+r2+<.+rk=n+l 


t{Q) JQ 

( p„+i(/) , ,\ 

l r.'.rJ....,; ! I" L ) 


< 


v(Q) 


t(Q), 

(S) (ii \ li ~ d T (*) • ( 36 ) 


We make 
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Remark 20 In case k = 2, n = 1, by (27), (28) we get 



(S) [ f 0 ) dp (t) - p{Q)Af (x) 

JQ 


< 


(£) \\t ~ x \\p dp (t ) = 

— X\) + 2 | ti — X\\ 1^2 ~ 2 : 2 ! + (t 2 — X2) 


- Xx) 2 dp (t) + ( S) [ D 2 (/) \h - x\\ 1 1 2 
JQ 


+ (S) J r (h - X 2 ) 2 dp (t) < 

(i + 0 S) j (h Xl f dp (t)+( 1 + d 2 (/)) (S) j \t\ 

+ (i + ) {S) J ^ (*2 - at 2 ) 2 0 ) ■ 


dp ( t ) < (37) 


;r 2 1 dp (t) 


£i| \t 2 - x 2 \dn(t) 


We have proved 


Corollary 21 Lei Q be a compact and convex subset 0 /M 2 . Lei f £ (C (Q,M + ) 
flC 2 (Q)), x = (£ 1 , 0 : 2 ) & Q be fixed: (xx,x 2 ) = ^ (£ 1 , 0 : 2 ) = 0. Here p is 

a fuzzy subadditive measure with p ( Q ) > 0. Then 


p{Q) 


(S') f (h - £i) 2 dp (t)+ ^ + (S) f \h -x 1 \\t 2 -x 2 \dp(t) 

jq M (<3) oq 

+ ^ 17 W ^(S ) l(t 2 - x 2 ) 2 dp(t). 


(38) 
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Abstract. In this paper, we consider subsethood measures introduced by Fan et al. [3] 
and the interval-valued Choquet integral with respect to a fuzzy measure of interval-valued 
fuzzy sets. Based on such a focus, we define three types of interval-valued subsethood 
measures and provide four interval-valued fuzzy sets to animal product exports between 
Korea and four selected trading partners. 

In particular, we investigate a strong interval-valued subsethood measure defined by 
the interval-valued Choquet integral which represents the degree of trade surplus between 
Korea and three trading partners in terms of the model of trade transactions with the 
United States and Korea 


1. Introduction 


Zadeh[18] first developed fuzzy sets and Murofushi-Sugeno [11] have studied fuzzy mea¬ 
sures and Choquet integrals. Subsequently, using set-valued analysis theory developed by 
Aumann[l], we studied interval-valued Choquet integrals and their related applications(see[5, 
6, 7, 8, 9]). In particular, through the restudy of the interval-valued Choquet integral in 
2004 by Zhang-Guo-Liu[21], this research has been developed in a much more systematical 


1991 Mathematics Subject Classification. 28E10, 28E20, 03E72, 26E50 11B68. 

Key words and phrases. Choquet integral, fuzzy measure, subsethood measures, the degree of trade surplus 
in trade exports. 
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manner. Xuechang [16], Zeng-Li[19] have examined fuzzy entropy, distance and similarity 
measures, the likes of which form three key concepts of fuzzy set theory. Ruan-Kerre [12] 
also introduced various fuzzy implication operators and the Choquet integral were suggested 
for the first time by Choquet [2], Further studied by Murofushi-Sugeno [9], Jang-Kwon [10], 
and Jang [12] provide some interesting interpretations of fuzzy measures and the Choquet 
integral. Subjective probability and Choquet expected utility were studied as an applica¬ 
tion of Choquet integral and form another pivotal component of fuzzy sets and information 
theories(see[13, 14, 15, 20]). 

A subsethood measure refers to the degree to which a fuzzy set is a subset of another 
fuzzy set. Many researchers have contributed to the area of a fuzzy subsethood measure that 
is closely related to the various tools introduced above (see[ 6 , 7, 8 , 11]). Their efforts have 
considered axiomatizing the properties of a subsethoods measure. 

In this paper, we consider subsethood measures introduced by Fan et al. [3] and the 
interval-valued Choquet integral with respect to a fuzzy measure of interval-valued fuzzy 
sets. Based on such a focus, we define three types of interval-valued subsethood measures 
and provide four interval-valued fuzzy sets to animal product exports between Korea and 
four selected trading partners. In configuring the four interval-valued fuzzy sets, the original 
data(see[4]) used had to be slightly modified to produce Table A4. In order to calculate the 
interval-valued Choquet integral, the rules (46) and (48) were introduced. 

Furthermore, we also investigate a strong interval-valued subsethood measure defined by an 
interval-valued Choquet integral which represents the degree of trade surplus between Korea 
and 3 trading partners in terms of the model of trade transactions with the United States and 
Korea. The information for the above degree of surplus is of great significance in providing 
accurate comparative figures on the size of trade that exists between the four countries that 
trade with Korea. 


2. Preliminaries and definitions 


Throughout this paper, we write X to denote a set, 

F(X) = {A\A = {(a;,mA(aj)| x £ X }, toa : X —> [0,1] is a function} (1) 

stands for the set of fuzzy sets in X(see[18]). We note that toa expresses the membership of 
a fuzzy set A, A c is the complement of A, that is, 

A c = {(x, mA^{x))\niAc{x) = 1 — toa(^), x £ X}. (2) 

Recall that for A, B £ F(X), A C B if and only if niA(x) < itib(x), for all x £ X, and for 
A £ F(X), [A] = {x £ X\ rriA{x) > 0}, n(A) is the cardinal number of crisp set [A], and 
M(A) is the fuzzy cardinal of A, that is, M(A) = ’)F x£ x rn A{ x )- Now, we introduce three 
types of subsethood measure in Fan et al. [3]. 


Definition 2.1. ([3]) Let c : F{X) x F(X) —> [0,1] be a function. 

( 1 ) c is called a strong subsethood measure if c has the following properties; 

(51) if A C B, then c(A, B) = 1; 

(5 2 ) if A 7 ^ 0 then c(A, B) 
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(S 3 ) if A c B c C, then c(C, A) < c(B , A) and c(C, A) < c(C, B). (3) 

( 2 ) c is called a subsethoocl measure if c has the following properties; 

(Ci) if A C .B, then c(A, B) = 1; 

(C 2 ) c(A,0) = 0 

(C 3 ) if Ac Be C, then c(C, A) < c{B , A) and c(C, A) < c(C, B). (4) 

(3) c is called a weak subsethood measure if c has the following properties; 

(Wi) c(0,0) = 1, c(0,0) = 1, c(A, B) = 1; and c(X, X) = 1 

(W 2 ) if A ^ 0 rmand A fl B = 0, then c{A , f?) = 0; 

(W 3 ) if 4 C B C C, then c(C, A) < c(f?, A) and c(C, A) < c(C, B). (5) 


We also list the set-theoretical arithmetic operators for the set of subintervals of an unit 
interval [0,1] in R. We denote 

/([ 0 , 1 ]) = {a = [a - ,a + ]| a~,a + € [ 0 , 1 ] and a~ < a + }. ( 6 ) 

For any a € [0,1], we define a = [a, a]. 


Definition 2.2. ([5, 6 , 7, 8 , 9]) If a = [a~,a + ],b = [b~, 6 +] € 7([0,1]), and k € [0,1], then the 
addition, scalar multiplication, minimum, maximum, inequality, subset, multiplication, and 
division as follows; 

( 1 ) a + b = [a~ +b~,a + + b + ], 

( 2 ) ka = [ka~ ,ka + ], 

(3) a A b = [a - A b~ , a + A b + ], 

(4) a V b = [a - V b ~, a + V b + ], 

(5) a < b if and only if a~ < b~ and a + < b + , 

( 6 ) a < b if and only if a < b and a y^b, 

(7) a C b if and only if b~ < a~ and a + < b + , 

( 8 ) a®b= [a~b~,a + b + ], and 

(9) a 0 b = [a~/b~ A a + /b + ,a~/b~ V a + /b + ]. 


From Definition 2.1 (9), the following theorem can be easily obtained. 

Theorem 2.1. (1) If a = [a ~, a + ] G 7([0,1]), then a 0 a = 1. 

(2) Ifb= [6 _ , b + ] e J([0,1]) and b~ > 0, then 10 6= [1 /b + , 1 /b~]. 


Definition 2.3. ([5, 6 , 8 , 9, 21]) Let (X, 12) be a measurable space. (1) A fuzzy measure on 
X is a real-valued function /.i : fl —> [0,1] satisfies 

(i) M 0 ) = 0 

(ii) < ii(E 2 ) whenever Ei,E 2 Cfl and E\ C E 2 . (7) 
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(2) A fuzzy measure /z is said to be continuous from below if for any sequence {E n } C £2 
and E £ £2, such that 

if E n f E, then lim fx(E n ) = n(E). ( 8 ) 

n—> oo 

(3) A fuzzy measure /z is said to be continuous from above if for any sequence {E n } C £2 
and E £ £2 such that 

if E n 4- E, then lim /J,(E n ) = i-i(E). (9) 

n—to o 

(5) A fuzzy measure /.j is said to be continuous if it is continuous from below and continuous 
from above. 


Definition 2.4. ([5, 6 , 8 , 9, 21]) (1) Let A £ F(X). The Choquet integrals with respect to 
a fuzzy measure /z of a fuzzy set A on a set E £ £2 is defined by 

C^e(A) = (C) [ m A dn = [ HE,m A (r)dr, (10) 

J e Jo 

where HE,m A (n) = n{{x £ X\ m A (x) > r} D E) and the integral on the right-hand side is an 
ordinary one. 

(2) A measurable function is said to be integrable if C^A) = C^x{A) exists. 


It is well known that if A is a finite set, that is, X = {xi,X 2 ,--- ,x n }, and A £ F(X), 
then we have 

n 

C v( A ) =J2 m A{x {i) ) (n{E (i) ) ~ K E ( i+ 1 ))) , ( 11 ) 

i -1 

where (•) indicate a permutation on {1,2, ••• , n} such that toa(iC(i)) < m A {x^ 2 )) < < 

m A {x(n) ) and also E^ = {(f), (* + !),■■■ , (n)} and £ (n+ i) = 0. 


Theorem 2.2. Let A,B £ F(X). (1) If A < B, then C^(A) < C^B). 

(2) If we define (m A V ms)(i) = m A (x) V itib{ x) for all x £ X, then C^{A V B) > 
Cn{A) V Cn(B). 

(3) If we define (m A A uib)(x) = m A (x) A itib{x) for all x £ X, then C fl (A A B) > 
C^A)AC„(B). 


3. Three types of interval-valued subsethood measures defined by 

INTERVAL-VALUED CHOQUET INTEGRAL 


In this section, we consider the interval-valued Choquet integral and list some properties 
of them. 
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Definition 3.1. ([5, 6, 8 , 9, 21]) (1) The interval-valued Choquet integral of an interval-valued 
measurable function f = [/“, /+] on E G It is defined by 

C»,e( f) = ( C ) f fdn = {C^ E {f) | / G 5(/)} , (12) 

J E 

where S(f) is the family of measurable selection of /. 

( 2 ) / is said to be integrable if (7 M (/) = C^^xif) ^ 0. 

(3) / is said to be Choquet integrably bounded if there is an integrable function g such 
that 

ll/( a: )|| — su Pref{x)\ r \ — d( x ), for all x G X. (13) 


Theorem 3.1. (|5, 6 , 21]) (1) If a closed set-valued measurable function f is integralble and 
if E 1 c E 2 and E 1 ,E 2 G It, then C^ El (f) < C Mi s 2 (/)• 

(2) If a fuzzy measure g is continuous , and a closed set-valued measurable function f is 
Choquet integrably bounded, then C M (/) is a closed set. 

(3) If the fuzzy measure /i is continuous, and an interval-valued measurable function f = 
[/~,/ + ] is Choquet integrably bounded, then we have 

CM) = [C»(n,C„(f + )}- (14) 


Let IF(X) be the set of all interval-valued fuzzy sets which are defined by 

A = {(x,m^)\m^: X —>I([0,1])}. (15) 

By using Theorem 2.2 and Theorem 3.1(3), we easily obtain the following theorem. 


Theorem 3.2. Let A,B& IF(X). (1) If A < B, then C^A) < C^B). 

(2) If we define (m-j V mrg)(x) = rri-j{x) V rn-g(x) for all x G X, then Cjz(A V B) > 
C„ I,LVC„ (/>’). 

(3) If we define ( m -j A mrg)(x) = m^(x) A rh-g(x) for all x G X, then C^(A A B) > 
C,(3)AC,(B). 


We denote rn A = [m^-,m^+] and define three types of interval-valued subsethood mea¬ 
sures on IF(X) x IF(X) as follows: 


Definition 3.2. Let c : IF(X) x IF(X) —> 7([0,1]) be a function. 

( 1 ) c is called a strong interval-valued subsethood measure if c has the following properties; 

(151) if A C B, then c(A, B) = 1; 

(15 2 ) if A^ 0thenc((4,B) 

(15 3 ) if Ac Be C, then c(C, A) < c(B, A) and c(C, A) < c{C , B). (16) 
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(2) c is called an interval-valued subsethood measure if c has the following properties; 

(ICi) if A C B, then c(A, B) = 1; 

(IC 2 ) c(Z,0) = O 

(IC 3 ) ificBcC, then c(C, A) < c{B , A) and c(C, A) < c(C, B). (17) 

(3) c is called a weak interval-valued subsethood measure if c has the following properties; 

(IWi) c(0,0) = 1, c(0,0) = 1, c(A, B) = 1; and c(X, X) = 1 
(IW 2 ) if A ^ 0 rmand Ad B = 0, then c(A, B) = 0; 

(IW 3 ) if A c B c C, then c(C, A) < c(B , A) and c(C, A) < c(C , B). (18) 


Let IF*(X ) = {A £ IF(X)\ A has the integrably bounded funstion m-4}. Note that if 
X is a finite set, then IF(X) = IF*(X). Finally, we give three types of interval-valued 
subsethood measures defined by the Clroquet integral with respect to a fuzzy measure on 
IF*(X). By Theorem 3.1 (3), we note that for A = [A~,A + ],B = [B~, B+] £ IF*(X ), 
C m (A) = [C /i (A-),C /l (A+)], C m (B) = [C^B~),C^B+)}, and CM A B) = [C^A~ A 
B-),C„(A+AB+)}. 


Theorem 3.3. Let X be a set. If we define an interval-valued function C\ : IF*{X) x 
IF*{X) —> /([0,1]), 


ci(A,B) = 


1 , _ 
C„(AABJ 
C„{A) > 


if A = B = 0, 
if not, 


then Ci is a strong interval-valued subsethood measure on IF*(X). 


(19) 


Proof. (ISi) If A < B and B = 0, that is, A = B = 0, then by the definition of cT, we 
have cl(AB) = 1. If A < B and B ^ 0, then m-^ < m Thus, we have m.A- < mj- and 
bja+ < rng+. Hence, we get 


ci (A,B) 


C^AAB) 

C,(A) 

[C fl (TAr),C,(#A5+)] 

[cm~MM + )] 
[CMMCM^l _j 
[cm~)’CM + )\ ' 


( 20 ) 


(15 2 ) If A 7^ 0 and A A B = 0, then we get 0 = m^ = 111^3 and hence c\(A,B) = 
c^aab) = n 

c^A) 

(153) If A < B < C, then we have 



(21) 

and hence, by (21), we have 


rn^j A m-A < 7?Tg A m^-. 

(22) 

Thus, by (21) and (22), we get 


CM) < ^(C), and C,(CAd)) < CM A A). 

(23) 
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Note that if (7 = 0, then B = 0. By using (23), we have 


ci(C,A) 


\ cy(C/\A) 
l cy(C) ’ 

ih 

) Cy(_BAA) 

l _cy(B) ’ 


if (7 = 0, 
if (7 ^ 0 
if B = 0 , 
if 0 


From (21), we also get 


C^CAA))<C^BAB). 


By using (25), we also have 


ct(C,A) 


\ C^CaA) 
l CJC) ’ 

f L __ 

< Cy_(CAB) 

{ _CjAC) ’ 
ci(C,B). 


if (7 = 0, 
if (7 ^ 0 
if B = 0 , 
iff? yf 0 


Therefore, Ci is a strong interval-valued subsetlrood measure. 


7 


(24) 

(25) 


(26) 


Theorem 3.4. Let X be a set.If we define an interval-valued function c 2 : IF*(X) x 
IF*(X) —> I([0,1]), 


C 2 (A, B) — | _ cy(B)_ 

l C„(AVAB)’ 


if A = B = 
if not, 


(27) 


f/ien C 2 is an interval-valued subsethood measure on IF*(X). 


Proof. (ICi) If A = B = $, then c 2 (A : B) = 1. Since A < B, we have ro;j < ra^. Thus, 
we get 


& (3,b ) = _ c 7 b L = 1 . 

C„(AVB) 


(IC 2 ) By the definition of C 2 , we have 

c 2 (X, 0 ) = - 


Cn 


C M (XV 0 ) 


= 0 . 


(IC 3 ) If A < B < (7, then we have 


mj < ?TTg < 771p 


(28) 


(29) 


(30) 


and hence, by (30), we hsve 

C M (C) > C^B), C^(C Vi) = C M (C), and £„(fl vl) = U„(B). (31) 

Therefore by using (31), we have 

c 2 (C,A) = 

C,(CVA) 
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and 


< 


CM 

CM) 

CM) 
C,{B)_ 

CM) 


= 


C2(C,A) = 


_CM)_ 

CM) 
CM) 
CM) 


< _ pv _ 


CM)_ 

_ CM) =r( rm 

CM^B) 2( ’ 

Therefore, c-i is an interval-valued subsethood measure. 


(32) 


(33) 


The following definition C 3 has some problem because of the definition of a complement of 
interval-valued fuzzy set. So, we note that for interval-valued fuzzy sets A = [A~,A + ], the 
modified complement A of A is defined by 


m A mc ( x ) = i m A+ {x ), 1]. (34) 

Through this definition A mc , we can take note of the followings: 

(i) m-grac = [m A +,l] 

(ii) MvA mc = l m A-, 1] 

(hi) if A < B, then B mc < A™. (35) 


Theorem 3.5. Let X be a set. If we define an interval-valued function C 3 : IF*{X ) x 
IF*{X) —I([0,1]), 


- r r\m- cM m °)vcM) 

3( ’ } c.flvrvsvr) 

then C 3 is an interval-valued subsethood measure on IF*(X). 
Proof. (IWi) By the definition of C 3 , we get 


cs(M) = = 


c„ 


vc„ 


- ,77 -^mc — —mc^ 

C M (0 V 0 V 0 V 0 ) 
C,(I)VC,(I) 
^(Ivlvlvi) 
CM) 

CM) 


(36) 


(37) 


Similarly, we have C 3 ( 0 ,X) = 1 and Cz{X,X) = 1. 
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(IW 2 ) By the definition of c 3 , we have 

, 3 (X, 0 ) = 


C^X V X mc V 0 V 0 mc ) 

M) =° = 0 

C'm(A') 1 


(IW 3 ) If A < B < C, then we have 
Thus, by (35) (i) and (39), we have 
From (40), we get 


— m c- 


fflp”c < ffigmc < mjmc. 


■ 7 ^ -^mc —r —rmCs -pr ,-pr —7-mc, 

C M (CVC vivd ) = C^fCVd ) 

— T m,Cs 

^ C/j,(B V 4 ) 


7^7 /-=• -r=-mc —T —rmCs 

= C^(B V .B vivd ) 


Therefore by using (41), we have 


C„(CVC VAVfi ) 
< C^rivC^A) 


-7^ ~^=rCm —T t~CTYI \ 

C„(B \J B VAVA ) 


= c 3 (B,A). 

Similarly, we have 

C 3 (U,A)<C 3 (U,H). 

Therefore, S 3 is a weak interval-valued subsethood measure. 


(38) 

(39) 

(40) 

(41) 


(42) 

(43) 


4. Applications 


In this section, by using the of Harmonized system (HS) product code data for product 

categories (si,_, S 5 ) between Korea and its trading partners (that is, Korea-United States, 

Korea-New Zealand, Korea-Turkey, and Korea-Indea) over the 2010-2013 period, we construct 
four interval-valued fuzzy sets related with four countries and calculate a strong interval-valued 
subsethood measure Si. 

Note that the product code definitions have been provided by the UN Comtrade’s online 
data base(see[ 22 ]) and the relevant categories are defined as follows: 

51. Live animals: animal products. 

5 2 . Meat and edible meat offal. 

5 3 . Fish and crustacreans, mollusks and other aguatic invertebrates. 

5 4 . Dairy produce: bird’s eggs; natural honey; edible products of animal origin, not 
elsewhere specified or included. 

5 5 . Products of animal origin; not elsewhere specified or included. 
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Firstly, we denote that s is year, a(s) is trade value, and u(a(s)) is the utility of a(s). 
By using the u(a(s )) for the trade values of animal product exports between Korea and 
selected trading partners for HS Product Codes i = 1,2,3,4, 5 in Table A1 in [4], we can 
calculate the Choquet integral of an utility on the set of trade values (in USD) that represent 
Korea’s trading relationship with a particular country for years 2010,2012,2012,2013. Let 
S = {si, s 2 , s 3 > s 4 > S 5 } and a(s) be the interval-valued trade value of s during four years and 


\l a (s) 1 

/ a+(s) 

V 100141401’ \ 

1 100141401 


(44) 


be an interval-valued utility of a(s). The following table A 1 is used to create four interval¬ 
valued fuzzy sets required to draw a strong subsethood measure Ci defined by the interval¬ 
valued Choquet integral. 


Table Al: The u(a(s)) for the trade value of animal product exports between Korea and 
selected trading partners for HS Product Codes s,; for i = 1, 2,3,4, 5. 


TP 

s 

a(s)(USD) 

u ( a (s)) 

USA 

Si 

[144949,364918] = a(s^) 

[0.03542, 0.06037] 

S2 

[144949,997539] = a(s^) 

[0.03542, 0.09981] 

S3 

[74866073,100141401] = a(s^) 

[0.86464, 1.00000] 

S 4 

[3722326,5016833] = a(s^) 

[0.19280, 0.22382] 

S5 

[1017895,863858] = a(s^) 

[0.09288, 0.10082] 

NZ 

Si 

[1589,6650] = a(sCl) 

[0.00398, 0.00815] 

S2 

[ 0 , 0 ] = a(sl 1) ) 

[ 0 . 00000 , 0 . 00000 ] 

S3 

[46632301,91263506] = a(s^) 

[0.68240, 0.95464] 

S 4 

[113751,277350] = a(s^) 

[0.03370, 0.05263] 

S5 

[218022,393025] = a(s^) 

[0.04666, 0.06265] 

TR 

Si 

[150,6900] = a(s (4) ) 

[0.00122, 0.00830] 

S2 

[ 0 , 0 ] = a(s^L) 

[ 0 . 00000 , 0 . 00000 ] 

S3 

[199874,2532837] = a(s^ 5 )) 

[0.04468, 0.15904] 

S 4 

[ 0 , 0 ] =a(sO) 

[ 0 . 00000 , 0 . 00000 ] 

S 4 

[ 0 , 0 ] =a(s^) 

[ 0 . 00000 , 0 . 00000 ] 

IND 

Si 

[450,1300] = a(s^) 

[0.00212, 0.00360] 

S2 

[12135,50630] = a(s^) 

[0.00992, 0.05551] 

S3 

[1865,8695] = a(s^) 

[0.00432, 0.00932] 

s 4 

[12135,30938] = a(s^) 

[0.00992,0.02249] 

S5 

[ 0 , 0 ] =o(sW) 

[ 0 . 00000 , 0 . 00000 ] 


We remark that in order to calculate the interval-valued Choquet integrals for four interval¬ 
valued fuzzy sets, we modified four interval-valued trading values for the United States and 
the India (see Table 5 in [4]) as follows; 


[286892,364918] = a(si) and [30005,997539] 

are changed by 

'286892 + 3005 
2 


-,364918 


= a(s 2 ) and 


286892 + 3005 
2 


and 


[2656,50630] = a(s 2 ) and [21614,30938] = 


= a(s 2 ) 


(45) 

,997539 

= a(s 2 ), 

(46) 

a(s 4 ) 


(47) 
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are changed by 

'2656 + 21614 
2 ' 


50630 


= a(s 2 ) and 


2656 + 21614 


30938 


= a(s 4 ), 


(48) 


From Table Al, we construct four interval-valued fuzzy sets from S to /([0,1]), U = 
U(USA),N = N(NZ),T = T(TR), and I = I (ID) as follows; 

U = {(si, [0.03542,0.06037], (s 2 , [0.03542,0.09981], (s 3 , [0.86464,1.00000]), 

(s 4 , [0,19280,0.22382]), (s 5 , [0.09288,0.10082])}, 


N = {(«!, [0.00398,0.00815], (s 2 , [0.00000,0.00000], (s 3 , [0.68240,0.95464]), 
(s 4 , [0,03370,0.05263]), (s 5 , [0.04666,0.06265])}, 

T = {(si, [0.00122,0.00830], (s 2 , [0.00000,0.00000], (s 3 , [0.04468,0.15904]), 
(s 4 , [0,00000,0.00000]), (s 5 , [0.00000,0.00000])}, 


(49) 

(50) 

(51) 


and 


I = {(si, [0.00212,0.00360], (s 2 , [0.00992,0.05551], (s 3 , [0.00432,0.00932]), 

(s 4 , [0,00992,0.02249]), (s 5 , [0.00000,0.00000])}, (52) 

In order to calculate the interval-valued Choquet integral, the four interval-valued fuzzy 
sets((49), (50), (51), (52)) were made to be increasing interval-valued fuzzy sets as follows: 

U = {(«(!), [0.03542,0.06037]), (s (2) , [0.03542,0.09981]), (s (3) , [0.09288,0.10082]), 

(s (4 ), [0,19280,0.22382]), (s (5) , [0.86464,1.00000])}, (53) 

N = {(s (1) , [0.00000,0.00000]), (s (2) , [0.00398,0.00815]), (s (3) , [0,03370,0.05263]), 

(s (4) , [0.04666,0.06265]), (s (5) , [0.68240,0.95464])}, (54) 

T = {(s (1) , [0.00000,0.00000], (s (2) , [0,00000,0.00000], (s (3) , [0.00000,0.00000]), 

(s {4) , [0.00122,0.00830]), (s (5) , [0.04468,0.15904])}, (55) 

and 

7 = {(s (1) , [0.00000,0.00000], (s (2) , [0.00212,0.00360], (s (3) , [0.00432,0.00932]), 

(s (4) , [0,00992,0.02249]), (s (5) , [0.00992,0.05551])}, (56) 

Now, the more diversified export items, the higher fuzzy measure are defined as follows(see[4]): 

K E (6)) = m(0) = 0,M^(5)) = Mi({s(5)}) = 0.1, (J,(E( 4) ) = Ml({S(4),S(5)}) = 0.2, 
K E (3)) = Ml({S(3),S(4),S(5)}) = 0.4, h(E {2 )) = IH (}S( 2 ), S( 3 ), S (4 ), S( 5 )}) = 0.7, 

V{E( 1)) = Ml({S(l),S( 2 ),S( 3 ),S ( 4),S (5) }) = 1. (57) 

By using two interval-valued fuzzy sets (53), (54) and the above fuzzy measure (57), we can 
calculate a strong interval-valued subsethood measure for C\(U, N) as follows: 

CM = [C li (U~),C ll (U + )] 

C^UAN) = (C^U- AN~),C li (U + AN + )], (58) 


and 




C„(U) 

C„{U- A N-) A C^(U+ A N+) C^U- A N~) y C„(U+ A N+) 


C„(U~) 


C,(U+) 


C„(U~) 


C,(U+) 


,(59) 


where 


C^(U ) = mu-(s w )(n(E {1) ) - h(E( 2 ))) 
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+1Tlu- (S( 2 )){^{E( 2 )) ~ H( E (3))) 

+771(7- ( s (3))(n( E (3)) - H( E (A))) 

+771(7- {s( 4) )(h(E {4) ) - n(E( 5 ))) 

+777(7- (s {5) )(fi(E {5) )) - h{E (6) ), (60) 

+m u +(s i 2)){n(E {2 )) ~ v( E ( 3))) 

+771(7+ (s (3 ))(/7(£ , (3)) - V(E { 4))) 

+777(7+(s ( 4))(/7(£ , (4) ) ~ V( E (5))) 

+777(7+ (S(5))(/7(-E(5)) “ V( E (6))), (61) 


£>(£/ AiV ) = 777.(7- AJV -(S(1 ))(m(£'(1)) - M(-E(2))) 

+ to C/-A7V- C-S( 2 ))(^(-£'( 2 )) — H( E (3))) 

+n^U-AN- ( S {3))(^( E {3)) — V(E(4))) 

+7?7[7- a tv- (S(4))(/7(-®(4)) ~ ^( E {5))) 

+777(7- a tv- (S(5))(m(-®(5)) — H( E (6))) 

= (mu- (s (1) ) A /ijv- (s (1) ))(/x(£; (1) -)/7(£; ( 2 ) )) 

+ (777(7- (S (2) ) A 777AT- (S(2) ) ) (m(-®(2) ) ~ V( E (3))) 

+ (777(7- (S (3) ) A 777AT- (S(3))Xm(-E(3)) - H( E (i))) 

+ (777(7- (s (4) ) A 7777V- (S(4)) ) (M^N)) “ H( E (5))) 

+ (777(7- (S (5) ) A ?77tv— (S(5))Xm(-E(5)) ~ V( E (6))), (62) 


C I1 (U + A iV + ) = 777(7+ A 7 V+(s (1 ))(/7(£ ; ( i)) - fJ-(E(2))) 

+7n.[7+ A 7V+(S(2))(/7(^(2)) ~ V( E (3))) 
+m U+AN +(S( 3 ))(n(E {3) ) - V( E (4))) 
+777(7+a7V+(S(4))(/7(-E(4)) - /J,( E (5))) 

+777.(7+aA7+(S(5))(/7(^(5)) ~ V( E (G))) 

= (777(7+ (S (1) ) A 777tv+(S(1)))(a7(£ ; (1)) “ H( E (2))) 

+ (777(7+(S(2)) A m N +(s {2 )))(n( E (2)) ~ V( E (3))) 

+(777(7+(s( 3) ) A m N +(s i3) ))(fi(E {3) ) - H(E( 4) )) 

+ (TO(7+(S(4)) A 7?77v+(S(4)))(/7(i; ( 4)) - /7 (K (5) )) 

+ (777(7+(S( 5) ) ATO7v+(S(5)))(/7(£ ( 5)) - V( E (6)))- (63) 

Thus, by using (58) and (59), we get the following table A2 for the strong interval-valued 
subsethood measure between United States and New Zealand. 


Table A2: The ci(U,N) between United States and New Zealand. 


C^(U) 

CV(t/,7V) 

ci(U,N) 

[0.14557,0.19060] 

[0.08084,0.11470] 

[0.55534,0.60178] 


Given that ci(U, V) represents the degree of trade surplus for the trading relationship for 
Korea and USA, and Korea and New Zealand. 

Finally, we can calculate C\(U,T) and <+ (U,I) in Table Al. 
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Table A3: The Ci(U,T) between United States and Turkey. 


C^U) 

C^(U,T) 

ci(U,T) 

[0.14557,0.19060] 

[0.00459,0.01673] 

[0.03153,0.08778] 


Table A4: The C\(U,I) between United States and India. 


C^U) 

C„(U,I) 

ci (U,I) 

[0.14557,0.19060] 

[0.00348,0.01074] 

[0.02393,0.05635] 


Tables A2, A3, and A4, demonstrate the results C\{U ,N),c\(U ,T),c\(U,I). They highlight 
the degree of trade surplus that exists with the three trading partners in terms of the model 
of trade transactions with United States and Korea. 


5. Conclusions 


Using the concept of intervals, we defined three types of interval-valued subsethood mea¬ 
sures in Definitions 3.2, 3.3 and 3.4. From these definitions, we proposed three types of 
interval-valued subsethood measures defined by the interval-valued Choquet integrals with 
respect to a continuous fuzzy measure in Theorems 3.2, 3.3, and 3.4. The fuzzy measure /r 
in (57) means that if set E includes more categories between Korea and its trading partner, 
then fJ,(E) receives a higher score. Moreover, intervals are also a very useful tool to express 
the degree of trade surplus between Korea and its four trading partners analyzed over the 
2010-2013 period. 

In order to illustrate some applications of a strong interval-valued subsethood measure, we 
provided the four interval-valued fuzzy sets which were aggregated in (49), (50), (51), and 
(52) to animal product exports between Korea and four selected trading partners from 2010 
to 2013. By using these interval-valued fuzzy sets, we obtained the strong interval-valued 
subsethood measure Ci(U,N),ci(U,T),Ci(U,I) which represent the degree of trade surplus 
between Korea and 3 trading partners in terms of the model of trade transactions with the 
United States and South Korea in Tables 2, 3, and 4. It was found that New Zealand was at 
least 0.55534 to 0.60178 times smaller than the United States, while Turkey and India were 
also smaller, with Turkey at least 0.03153 to 0.08778 times smaller and India being at least 
0.2393 to 0.05635 times smaller than the United States between 2010 and 2013, in terms of 
the trade values of animal product exports that exists between Korea and selected trading 
partners. 

Data Availability: All the authors solemnly declare that there is no data used to support 
the hidings of this study. 
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1 Introduction 

We are inspired by the following results: 

Theorem 1 ([2], p. 498, [1], [5]) (Ostrowski inequality) 

Let f € C 1 ([a, b]), x € [a, b\. Then 

—[ f (z) dz — f (x) 
o- a J a 

Inequality (1) is sharp. In particular the optimal function is 

f* (z) := \z - x\ a (h - a), a > 1. (2) 

Theorem 2 ([6], [7, p. 62], [8], [9, p. 83]) (Polya integral inequality) 

Let f (. x ) be differentiable and not identically a constant on [a, b] with f (a) = 
/ ( b ) = 0. Then there exists at least one point £ € [a, b} such that 

1/(01 > 77 4 ,2 [ f(x)dx. (3) 

[o — a) Ja 

In this short work we present inequalities of types (1) and (3) involving the 
left and right fractional local general M-derivatives, see [3], [4]. 


< 


(x — a) 2 + (b — x ) 2 
2 (b — a) 


I/I 


( 1 ) 


1 
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2 Background 

We need 

Definition 3 ([4]) Let f : [a, oo) —> R and t > a, a £ R. For 0 < a < 1 we 
define the left local general M-derivative of order a of function f, denoted by 
D^ a f(t), by 


D M?af (*) : = llm n 


/(t% (e(f-a) - fit) 


£—>0 


(4) 


V t > a, where (t) = ^ r(Bk+i) 7 y® > 0? £Ae Mittag-Leffter function with 
k =0 j 

one parameter. 


If D°tf a f (t) exists over (a, 7 ), 7 G R and lim f (t) exists, then 

’ i—>a+ ’ 


D a M P J{o)= lim^ a /(t). 


(5) 


Theorem 4 ([4]) If a function f : [a, oo) —* R has the left local general M- 
derivative of order a £ ( 0 , 1 ], ft > 0 , at to > a, then f is continuous at to- 


We need 


Theorem 5 ([4]) (Mean value theorem) Let / : [ 7 , <5] — > R with 7 > a, 0 ^ 
[ 7 , <5] , such that 

(1) f is continuous on [7,(5], 

(2) there exists D°ff a f on ( 7 , 6) for some a £ (0,1]. 

Then, there exists c £ ( 7 , S) such that 

/(*)-/ (7) = (D^J (c)) rG9 + 1) c (C ~ a)Q (^ - 7 ) ■ ( 6 ) 


We need 


Definition 6 ([3]) Let f : (— 00 , b\ —> R and t < b, b £ R. For 0 < a < 1 we 
define the right local general M-derivative of order a of function f, denoted as 
a J b Df(t), by 


a,(3 
M,b 


Df (t) := -lim 
£—»0 


/ (tEp (e (b -t) ) 

£ 


fit) 


(7) 


V t < b. 

If °(f b Df it) exists over ( 7 ,b), 7 £ R and lim a Df (t) exists, then 

t —* b ~M,b 


a, (3 
M,b 


Df(b)= lim Df (t). 

t ~* b ~ M.b 


( 8 ) 


2 
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Theorem 7 ([3]) If a function f : (—oo, 6 ] —» R has the right local general 
M-derivative of order a £ ( 0 ,1], ft > 0 , at to < b, then f is continuous at to- 

We also need 

Theorem 8 ([3]) (Mean value theorem) Let / : [ 7 , 5] —> R with S < b, 0 ^ 

[ 7 , <5] , such that 

(1) f is continuous on [7,5], 

(2) there exists < M l3 b Df on ( 7 , 5) for some a £ ( 0 , 1 ]. 

Then, there exists c £ ( 7 , S) such that 

f{S)-f ( 7 ) - (-£?*£/ (C)) ( r(/3 + 1 ^ (6 ~ Cr ) (5 — 7 ) • (9) 

Fractional derivatives D^f a and ff\D possess all basic properties of the 
ordinary derivatives and beyond, see [3], [4]. 

3 Main Results 

We present the following M-fractional Ostrowski type inequality: 

Theorem 9 Let a < 7 < S < b, 0 ^ [ 7 , 5 ], / : [a, b] —> R, which is continuous 
over [ 7 , 5 ]. We assume that Dff a , °(ff b D exist and are continuous over [ 7 , 2 : 0 ] 
and [xo, 5], respectively, where Xq £ [ 7 , 5], for some a £ (0,1]. Then 

s^l /(x)<fc - /(xo) 

(x 0 - a) Q (x 0 - 7) 2 + A ' I b f ^ (5 - t: 0 )“ (5 - x 0 ) 2 

X 

00,[7,^0] 00, 

( 10 ) 

Proof. Let x £ [ 7 , x 0 ], the by Theorem 5, there exists C\ £ (x,x 0 ), such 
that 

—— j r(^+l)(ci-a)“(x 0 -x). (11) 

Thus 

1 / (x) - f (x 0 )| = —^-— F (/? + 1 ) (ci - a) Q |x - x 0 | < 

Cl 

r(/3 + l) (x 0 - a)“ |x - x 0 |, (12) 

00, [7, *0] 

3 
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V x G [ 7 , x 0 ] • 

Let now x £ [a;o,<5], then by Theorem 8, there exists c 2 € (xq,x), such that 


f(x) - f(x 0 ) = - 


MxDfici)' 


Cl 


r (/? + 1) (b - c 2 )“ (x - x 0 ). (13) 


Thus 


1/0*0 ~ f( x o)l = 


a M 0 b Df(c 2 ) 


C2 


T(/3 + l)(b- x 0 ) a \x - x 0 | < 


a M 0 b Df(x) 


+ x 0 ) a |x - x 0 \ 


(14) 


V x € [xo, 5]. 

We have that 


1 


6 — 7 , 




f (x) dx- f (x 0 ) 


1 

8 — 7 


(/ 0*0 - f ( x o)) dx 


< 


— [ \f(x)~f(x 0 )\dx = 
7 


1 


5 — 7 

1 


8 — 


1/0*0 - f{x 0 )\dx+ / |/ (x) — / (x 0 )| dx 


(15) 


(by (12), (14)) 
< 


<5 — 7 


£&?<,/0*0 


OO,[7,(E 0 ] 


rx 0 

r (/3 + 1) (x 0 — a) 01 / (x 0 — x) dx 


#U>/o* 


r(/3 + 1 ) 

2(<5-7) 


T (/} + 1) (b — xo) a / (x — x 0 ) dx 

oo,[xo,<5] 

D a Jj{x) 


{x 0 - a) ( x 0 - 7) + 


(16) 


= i[7)*o] 


a A D fw 

(b - x 0 ) a (6 - x 0 ) 2 

X 

oo,[aio,<5] 


The theorem is proved. ■ 

Next we give two M-fractional Polya type inequalities: 


4 
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Theorem 10 All as in Theorem 9 and f (xq) = 0. Then 


/»<5 n8 

/ f(x)dx< \f{x)\dx < 
J •7 J 'y 


r(/? + i) 
2 


D a J a f(x) 


(x 0 - o)“ (x 0 - j) + 


= ,[7>®o] 


a M 0 b Df(x) 


(b - xo) a (5 - x 0 y 


,[x 0 ,S] 


(17) 


Proof. Same as in the proof of Theorem 9, by setting / (xo) = 0. 

>rollai 

/ (7±^j = 0. Then 


Corollary 11 (to Theorem 10, case of Xq = ) All as in Theorem 9 and 


r ‘\/(»)!*< r(g + 1 > (< - T) ’ 






7 + 5 


— CL ) + 


a, (3 

M.b 


Df(x) 


r 


b — 


7 + 5 
2 

(18) 


Proof. Apply (17) for Xq = 
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